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Abstract: In several open and closed-loop systems, the trajectories converge to a region instead of
an equilibrium point. Identifying the convergence region and proving the asymptotic convergence
upon arbitrarily large initial values of the state variables are regarded as important issues. In this
work, the convergence of the trajectories of a biological process is determined and proved via
truncated functions and Barbalat’s Lemma, while a simple and systematic procedure is provided.
The state variables of the process asymptotically converge to a compact set instead of an equilibrium
point, with asymmetrical bounds of the compact sets. This convergence is rigorously proved by
using asymmetric forms with vertex truncation for each state variable and the Barbalat’s lemma.
This includes the definition of the truncated V; functions and the arrangement of its time derivative in
terms of truncated functions. The proposed truncated function is different from the common one as it
accounts for the model nonlinearities and the asymmetry of the vanishment region. The convergence
analysis is valid for arbitrarily large initial values of the state variables, and arbitrarily large size of the
convergence regions. The positive invariant nature of the convergence regions is proved. Simulations
confirm the findings.

Keywords: global stability; asymptotic convergence; Lyapunov-like function; vertex truncation;
invariant set

1. Introduction

In several open and closed loop systems, the trajectories converge to a region instead of an
equilibrium point. Some examples are: (i) chaotic systems [1-4], (ii) systems that converge to
limit cycles [5,6]; (iii) closed loop systems involving plant uncertainties [7-11]. The case of closed
loop systems results majorly in adaptive control design for systems with model uncertainties and
nonlinearities [8-10].

Identifying the convergence region of these systems and proving the asymptotic convergence
upon arbitrarily large initial values of the state variables are regarded as important issues [1,5,12].
This stability analysis can be achieved via the following Lyapunov-function based approaches:
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the finite-time Lyapunov theory [8-10], the ultimate bound approach [13-17], and the Lyapunov-like
function with vertex truncation approach [18,19]. For these approaches, the size of the target region is
not constrained to be small, and cases with no equilibrium points can be considered. The Lyapunov
function, its time derivative and the consequent convergence properties are important differences
among them. An ideal stability analysis would be the direct extension of the stability analysis
commonly used for systems converging to an equilibrium point, to the case of systems converging to a
compact set. That is, a radially unbounded Lyapunov function is formulated so that its time derivative
is upper bounded by a function that vanishes for the state variables being inside the convergence
region, and it is negative otherwise. Then, the Barbalat’s Lemma is applied to prove the convergence of
the state variables. The advantage of this analysis is its rigor, completeness and clarity. To the author’s
knowledge, it is only developed in the Lyapunov-like function with vertex truncation approach,
which is used for design of adaptive controllers, achieving the convergence of the tracking error to a
compact set [11,18-21]. However, it is not well developed for open loop systems.

The finite-time Lyapunov theory is commonly applied for controller design, featuring the
convergence of the tracking error of the closed loop system to a small target region within a well-defined
time [8-10]. The fundamentals of the finite-time Lyapunov theory were originally given by Theorem 5.2
in [22]. The ultimate bound theory is commonly applied for chaotic systems. The system trajectories
converge to attractive invariant sets that are properly identified [13-17]. The fundamentals of the
used Lyapunov based theory were originally given by Leonov at the eighties, according to [3,15-17].
In these approaches, the Lyapunov function is formulated so that it appears in the right hand side of
the expression of its time derivative. In this way, the Lyapunov function is monotonically decreasing
and converges to a compact set, so that the state variables converge to some compact set. The required
expression of the time derivative of the Lyapunov function can be obtained in some cases: (i) in open
loop systems, e.g., chaotic attractors [13,14]; (ii) in controlled systems, by properly defining the control
law [8-10,23]. Nevertheless, it is overly restrictive and overly difficult to obtain in other open loop
systems.

Hence, a less restrictive approach is needed for proving the convergence of open loop systems
to compact sets. To this end, in this work we prove the stability of a system comprising three
differential equations, with a disturbance that induces the system to dwell around an equilibrium
point, by proposing an extension of the Lyapunov-like function with vertex truncation approach.
To the author’s knowledge, this is new to the current literature. This system arises from an open
loop bioreaction model. The main contributions of this study are: (i) the asymptotic convergence of
each state variable to a compact set of asymmetrical bounds is proved, using truncated forms and
the Barbalat’s lemma; (ii) we propose a truncated form that is different to the common quadratic
truncated form, as it involves the nonlinear reaction rate terms of the model and an asymmetrical
vanishment region; (iii) the proof of asymptotic convergence holds for arbitrarily large initial values of
the state variables, and arbitrarily large size of the convergence region; (iv) the invariance nature of the
convergence sets is proved on the basis of the truncated forms.

The organization of the work is as follows. Section 2 presents the preliminary mathematical
definitions (Section 2.1) an the model of the system (Section 2.2), expressing it in terms of its difference
with respect to equilibrium conditions. Section 3 presents the main results of the stability analysis
of a three dimension model with external disturbance. Section 4 presents the Lyapunov-based
stability analysis of two simplified models. Section 4.1 considers a three dimension model with no
external disturbances, whereas Section 4.2 considers a one-dimension model with external disturbance.
Section 5 presents the detailed stability analysis of a three dimension model with external disturbance.
In Section 6 a simulation example is presented. In Section 7 the conclusions are drawn.
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2. Preliminary Definitions and Model Description

2.1. Preliminary Definitions

In this subsection, some mathematical expressions and terms used throughout this study
are defined.

Compact set. A compact set () C R is defined as () = {(o) : k;; < (o); <k, i =1,---,r},
being k; ;, k, ; constant real numbers, and r the size of (e) [8,24-26].

Boundedness. A scalar signal (e) is bounded if there exists a constant « > 0 such that |(e)| < &
forallt > t, [27].

Asymptotic convergence. The signal (e) converges asymptotically to the region (), if () converges
to N ast — oo [28-30].

Remaining in a region. The signal (e) remains in a region Q) for t > ty, t; > t, if (¢) € Q) for all
>t [24,31,32].

The term ‘region’ corresponds to a set.

2.2. Model Description

We consider ammonification, nitrification, plant uptake and denitrification as the primary nitrogen
removal and formation pathways. Ammonium is converted to nitrite in one step, whereas NO, and
NOj are produced by nitrification and are consumed by denitrification [33,34]. Thus, the mass balance
for nitrogen concentration across a single CSTR gives:

dON 1 1
7 = aONin — ;ON — 71 (1)
ANH, 1 1
ar = aNH&in* ;NH4+ra*rn*7’p 2)
d(NO, + NO; 1 1
(NG, 5) = —(NOy; +NO3 )iy — =(NO; + NO3) + 14 — 14 (3)
dt Tin T
NHy (NOZ_ + NO3_)
= k,ON, =ky——m-——, 3=k , —k 4
R I T N NHy T M R+ (NOy Oy T @
% 1%
Ty = =, T= p 5
" Qin Qout ( )

where ON is the concentration of organic nitrogen, and ONjy, is its inflow concentration; NHjy is the
N Hj — N concentration, and NHy j, is its inflow concentration; (N O, + NOy ) is the concentration
of nitrites plus nitrates, and (NOE + NOy )in is its inflow concentration. In addition, r, is the
ammonification rate, r,, is the nitrification rate, r, is the plant uptake rate, 7, is the denitrification
rate; Q;,, is the inlet flowrate, Q. is the outlet flow rate, V is the water volume. The effect of pH,
temperature and dissolved oxygen are not considered, in order to facilitate the dynamic analysis.
We use the following notation:

X; = ON, X, = NHy, X3 = NO; + NOj .

Thus, models (1) to (3) with functions (4) to (5) is rewritten as:

ax; 1 1

7 - axl,m - ;Xl - kuxl (6)

X, 1 1 X5

e R e e 7
dt Tin Xz,m TXZ + kaXl kn kAN ¥ X2 kp ( )

dX; 1 1 X5 X3

825 L Xy — X5tk K ,
dt T, Mt 3T "kan + X2 9Kyt X3

®)
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subject to the following features:
Characteristic 1. T, T, ko, kn, kan, Kys, kp are constant and positive.
Characteristic 2. X ;,, X3, are constant and positive.

Characteristic 3. X ;, varies according to Xy j, = Xf i + 60, where Xf i, 18 constant and positive, whereas
o is time varying and satisfies: max{d,} > 0; min{d,} < 0; min{é,} = —max{d,}.

Characteristic 4. Xj, Xy, X3 remain in the region 0123 = {(X1,X2,X3) €R3| X; >0, X >0, X3 >0}.

Now, we rewrite the model in terms of the equilibrium condition corresponding to X ;, = Xf in-

Subtracting the equilibrium condition from Equation (6), yields

X

_ 1

Xi=X1-X{!, ki = —+k, (10)
8

o1 = =, min{61} <0, max{d1} >0, min{d1} = —max{é}. (11)

m

Equation (11) follows from Characteristics 1 and 3. Subtracting the equilibrium condition from

Equation (7), yields
aX -
T =kXi- g (12)
X=X - X (13)
e 1, X + X3! x4
gZ(XZ) = 7X2 +k7’l = 2 gq - An 2 gq' (14)
T kan + X2 + X, kan + X,
Subtracting the equilibrium condition from Equation (8), yields
dXs
8 G4 1
T 85+ 8w (15)
X3 =X3— X3 (16)
o X5 + X X
ga(XZ) =k —=2 eq kn 2 eq 17)
kan + X2 + X, kan + X,
. 1, X3+ X3! x4
25(X3) = X3 +k 3 - 3. 18
g3( 3) T 3 des +X3+X§q deS +X§q ( )

The following properties hold:

202,20 = 0, Z2vlx,0 =0, Z3lx,=0 =0

dg> dgop dgs
i%, Ak, Y ax, 0

Remark 1. Characteristic 4 implies that Xy, X, X3 remain in the region

R123 = {(Xll Xz, X?)) € (7Xiq/ oo) X (7X§q/ Oo) X (7X§qr OO)} (19)
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3. Main Results

The stability analysis for a three dimension model with external disturbance includes: (i) definition
of the truncated functions V;, what involves the choice of its gradient and the definition of the
convergence regions ();; (ii) determination of the time derivatives of the V; functions, what involves
arranging the V; expressions in terms of g;; functions; and (iii) determination of the boundedness,
convergence and invariance properties of the state variables. The detailed procedure is presented in
Section 5, whereas the main results are presented at what follows.

The gradient of the V; function is chosen to be:

avi _
Xm - glt

where gy; is defined as

X1 — kl—lmax{]éﬂ} for X; > X;t
Q1 = 0 for X1 € (X3, X;?) (20)
X1+ %max{|51|} for X < Xj°

where

;"= — Lmax{|]}
k1

. 1

le = k—max{|(51\}
1

X <0, Xit >o0.
The main properties of gy; are:

Pi) gu (X1 + (=61)/k1) > g3,
Pii) g1; is continuous with respect to X
Piii) g1; = 0 for X3 € [X}* X;Y),
g1t > 0 for X1 > X;¥, and g1; < 0 for X3 < X}
Piv) if g1; — 0 as t — oo, then X; — (),

0, = {)'q X< Ry < ;‘qb}. 1)

Definition of the V; function:

; ( _*1 {lé |}>d for Xy > X
X max x
/_Tb K 1 124

Vi(Xy) = 0 for X; € (X}7, X{")
X
[ ' (x—l— klmax{|51|}> dx for X7 < Xj*
1

*a
1

whose main properties are
V1 > 0 for Xl > )‘qb

V1 > 0 for X] < Xiﬁa
Vi =0 for X; € [X]7, X,
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The time derivative of V is:

dv;
7 < _klg%t <0

By applying the Barbalat’s lemma, one obtains that X; converges asymptotically to ().

The gradient of the V; function is chosen to be:

av,
ix, S

where g; is defined as

g‘z—kukl—lmax{|51|} for }_{2 > Xzb
Q= 0 for X, € (X3, X3Y) (22)
$ +ka%max{|51|} for X, < X3°

where
- S 1
X530 = {Xz ) +kuamux{|(51|} = 0}
. _ 1
X5 = {Xz ) —kaamax{|(5l|} = 0}
X537 <0, X3t >0

The main properties of gy; are:

Pi) §21(32 + kad1) > g5
Pii) go is continuous with respect to X
Piii) gy = 0 for X, € [X3* X3Y],
got > 0 for Xp > Xi‘b, and gy < 0 for X, < X3°
Piv) if goy — 0 as t — oo, then X, — (),

0 = {%: %" < % < K5t} )

The function V5 is defined as:

i g ka 7 kb

/X*b $a(x) — k—lmax {|61]} ) dx for X, > X3

2

Va(Xz) = ) 0 for X € (X3%, X3P)
X k B )
/_ ) (gz(x) + k—amax {|51|}> dx for X, < X3°
1

*a
2
and its main properties are:

V> > 0 for Xz > X;b
V> > 0 for )_(2 < )‘sz
Vy = 0 for X, € [X37, X30).
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The linear combination of V; and V5 gives:

dvi d [ wk a3k ka 2 ap(1—m)k 5
I I R < 4272 _ g2 M2 o,
ey <4 o Vo) <-4 2 (82 5,8 78 <

a

By applying the Barbalat's Lemma, one obtains that g3, converges asymptotically to zero, and X,
converges asymptotically to ), (23).
The gradient of the V3 function is chosen to be:

A%
dT?g = &3t,
where g3; is defined as:
83— 8avlz,—xy for X3 > x;b

83t = 0 for X3 € (X357, X3b) . (24)
&3+ (—1)g2p|x,=xy0 for X3 < X3

where
X3 = {X3: 83+ (=1)%alx,-x; = 0}
ng ={X3:3+ (—1)572!:\5(2:;‘(;17 =0}

X537 <0, X3P > 0.

8ol g,—x50 > 0,

gzh |X2:X>2m < O'

The main properties of g3; are:

Pi) 831(83 + o) > g5
Pii) g3t is continuous with respect to X3
Piii) g3 = 0 for X3 € [X3* X3?],
g3t > 0 for X3 > X;‘b, and g3; < 0 for X3 < X3°.
Piv) if g3t — 0 as t — oo, then X3 — Qg3,

03 = {Xs: X3* < X < K5t} (25)

The definition of the function Vj is:

o 9 % % Txb
/ng <g3(x) _g2b|)‘(2:)‘qb> dx for X3 > X;

V3(X3) = ) 0 for X3 S (X;”, X;b)

s A
/X*g (gS(x) + (_1)8_2b|}'(2:5(2*a) dx for X3 < X3°
3
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and its main properties are:

V3 > 0 for Xg, > X;b
V3 > 0 for X3 < X3°
V3 =0 for Xg € [X*a, X;h]

The linear combination of Vi, V, and V; gives:
dV1 + & (40;(2%](1 V2> + % (16%‘/3)

4 Zk 2 2
< - D;fﬂl (th Ztlfzglt) +(-1) (16M) (ngt 1;/2g2bt> .
1 k
+(-1 )16“2( ]:Xz)ﬂs 1(1— )g3t <0

By applying the Barbalat’s lemma, one obtains that g3, convergences asymptotically to zero and
X3 to ()3 (25).

Proposition 1 (Boundedness). Consider the system (6)—(8) subject to Characteristics 1 to 4, and signals X;
(10), g1t (20); g2 (14), X5 (13), g2t (22); g3 (18), X3 (16), g3t (24). All these signals are bounded for X1, X,
X3 remaining in Ryp3.

Proposition 2 (Convergence). Consider the system (6)—(8) subject to Characteristics 1 to 4, and signals Xy
(10), g11 (20); g2 (14), Xo (13), g2t (22); 35 (18), X3 (16), g3¢ (24). Xy converges asymptotically to Oy (21), X3
converges asymptotically to Q) (23) and X3 converges asymptotically to Q3 (25).

Proposition 3 (Invariance). Consider the system (6)—(8) subject to Characteristics 1 to 4, and signals X; (10),
g1t (20); @ (14), X3 (13), g2¢ (22); g5 (18), X5 (16), g3 (24), and the sets O (21), Oy (23), Q3 (25). Let

OQp=MU0,, Op3=0UDUO;
The sets O3y, Q1p, Q23 are positively invariant.

The proof of Proposition 1 is presented in Section 5.4, the proof of Proposition 2 is presented in
Section 5.5, and the proof of Proposition 3 is presented in Section 5.6.

Remark 2. The proposed Vi, Va, V3 functions allow to develop a rigorous and complete proof for the asymptotic
convergence of X1, Xp, X5 to the compact sets O3y, Qp and )3, respectively, via the Barbalat’s lemma, taking into
account the nonlinear terms of the model and the asymmetry of ()1, Qp and Q3. To this end, the Vy, Vo and V3
functions involve the nonlinear model terms g (X») and g3(X3), and exhibit asymmetrical vanishment regions
0y, Oy and Q. Consequently, the linear combinations of the Vi, Va and V3 expressions involve the —kg?,,
—kg3,, —kg3, terms, which vanish for X1 € O, Xo € O and X3 € Q, respectively; then the Barbalat's
lemma can be applied in order to prove asymptotic convergence.

The main differences of the functions V1(Xy), Va(X2), V3(X3) with respect to the common truncated
quadratic form (e.g., [11,18]), are: (i) they involve the nonlinear asymmetrical functions ;(X;); (ii) the
vanishment regions Q); are asymmetrical, what renders V;(X;) asymmetrical.

The proof of asymptotic convergence is valid for: i) arbitrarily large but bounded positive initial values of
X1, Xy, X3, ii) arbitrarily large but bounded size of the convergence regions: the sizes of (31 (21), () (23), Q3
(25) depend on the bounds of J,, so that they can be arbitrarily large.

Remark 3. The proposed V1, Vo and V3 functions allow to develop a rigorous proof of positive invariance of the
convergence sets 1, Q1p, Q3. To this end, the characteristics of the V1, V,, V3 expressions allow to obtain:
Vi <0for X1 € Oq; Vo < 0for Xy € Qqand Xy € Oy and V3 < 0 for Xp € Qp and X3 € Q3.
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4. Preliminary Results: Stability Analysis for Simplified Models

In this section, the asymptotic convergence of two simple systems is determined by using
Lyapunov-like functions and functions with vertex truncation. The purpose is to provide the basic
procedures of the stability analysis that will be developed later for a three dimension model with
external disturbance. Section 4.1 considers a three-dimension system with no external disturbance,
whereas Section 4.2 considers a one-dimensional system with an external disturbance. Truncated forms
are only used in Section 4.2.

4.1. Three-Dimension Model with No External Disturbance

In this section, we determine the asymptotic convergence of the state variables of a
three-dimension model with no external disturbances. Consider the model (9) to (18). In absence of
disturbance, we have éy = 0, so that ; = 0 and Equation (9) becomes:

d i
=X = -k X
dtl 141

The time derivative of the function V; satisfies:

i _ v
dt — dXq dt
Combining the above expressions, yields:

v, dvy _

i r&(_kl) (X1) (26)

We impose the following condition on V;:
— =X (27)

so that the definition of V is:

whose main properties are:

V1>0f01‘X17£0
V1:0for)_(1:0

Combining Equations (26) and (27), yields

av;

= = CR)Xi (28)

This implies the asymptotic convergence of X; to zero, what is concluded by using the Barbalat’s
Lemma on X2.
The time derivative of the function V; satisfies

dVy _ dv d%
At dX, dt
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Combining with Equation (12), yields

Ay dvy

T @(—_2+kax1)- (29)

We impose the following condition on Vj:

avp,
ix, & (30)

On the basis of this condition, the definition of the function V5 is:
Xa

Vi) = [ (ga(x)dx

Its main properties are:

V2>OfOI'X27éO
Vo, =0 for X, = 0.

Combining Equations (29) and (30), yields:

av; _
= = 8 ThaXig (31)
We consider the constant a,, that satisfies
Ay € (O, 1)

Factorizing (31), arranging and multiplying by 4a,k; /k2, yields

2 S \2 _ _
foaky dVz 409 ( Ko X1> T L AU Vi)

2o e\ 2

Adding this and Equation (28), yields

dVl d azkl l’é%k] _ ki o 2 0(2(1 — Oéz)kl )
T2 (4828 y) < 47271 (- Deg ) R0 P22 2
ar at ( 2 VZ) =" &M FREECES ©2)

This implies the asymptotic convergence of > to zero, what follows by using the Barbalat’s lemma
on g3. Consequently, X, converges asymptotically to zero.
The time derivative of the function V; satisfies:

avs _ avyax,
dt — dXz dt
Combining with Equation (15), yields:
avs  dVs - _
Gt dXs [—(83) + 3] - (33)

We impose the following condition on Vj:

avs

iXs 83 (34)
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so that the definition of the function Vj is:

and its main properties are:

V3>0f01‘X3#0
V3 =0 for X3 = 0.

Combining (33) and (34), yields

avs

= = CDEB+ 33 (35)

From Equations (14) and (17), it follows that:
1320] < 1$2] (36)
We consider the constant a3, that satisfies:
az € (0, 1).
Factorizing (35), multiplying by 16a,(1 — a5 )azk; /k2 and using property (36), yields:
16“2(1 — ap)asky dVs < (—1)16“2(1 — ap)adky (_3 B 23{3@;,)2 +4p¢2(1 — vcz)k1g2

k2 t = k2 k2 2

a
wo (1 —ao)az(1 —az)ky
k% g3'

+(-1)16

Adding this and Equation (32), yields:

dV] 4&2](1 d& 160{2](1(1 - 062)053 %

dt k2 dt k2 dt
402kq ki - \?2 16a2kq (1 — ap)a 1 2
< -2 (s Tig) - 3 (g3— =3
> K2 <82 20 1> K2 <8 203 82b>
16azky (1 — az)as(l —a3)

This implies the asymptotic convergence of g3 to zero, what is concluded by using the Barbalat’s
lemma on g3. Consequently, X3 converges asymptotically to zero.

4.2. One-Dimension Model with External Disturbance

In this section, we determine and prove the asymptotic convergence of the state variable of
a one-dimension system to a compact set of asymmetrical size. This stability analysis is based on
the robust adaptive controller design that involves truncated forms (see [11,18]). In that approach,
the Lyapunov function comprises a truncated quadratic form for the convergent state variable,
and quadratic forms for other closed loop states. The truncated form exhibits a vanishment for
values of the convergent state variable inside the convergence region. An early version of this type
of functions is reported by [35], and later variants are reported by [11,18,19]. The time derivative of
the Lyapunov function is an inequality in terms of the truncated quadratic form. The convergence of
the convergent state variable is deduced by using the Barbalat’s Lemma, although the convergence
time is not usually well-defined [11,21,36]. In this section, we apply the aforementioned approach to a



Symmetry 2020, 12, 513 12 of 27

one-dimension model with an external disturbance whose bounds are asymmetrical. To that end we
propose a truncated form involving the nonlinear reaction rate terms and an asymmetrical vanishment
region, instead of using the common truncated quadratic form.

Consider the system:

X (s

where k is constant and positive; J is a time varying disturbance, satisfying max{d} > 0, min{é} < 0;
and § is a function of X that satisfies §|3x_o = 0 and dg/dX > 0. X is defined in the region

Rt ={X € (0, o)} (38)

Remark 4. The bounds of —6/k are asymmetrical, that is min{—5/k} # (—1)max{—35/k}, what implies
that X converges to a compact set of asymmetrical bounds.
The time derivative of the function V satisfies:
dv _ avdx
dt — dX dt’
Combining this with Equation (37), yields

av av

a5 = ko @ +d) (39)
1)

d=-7.

where d is a disturbance-like term satisfying max{d} > 0, min{d} < 0. We impose the following
condition on the function V:

av

ax "8 (40)

where g; is a truncated function that allows to prove the convergence of X. To generate a proper
expression of 4V /dt, we require g; to fulfill the following:

—gt(g+d) =0 for X € [X* X*P]
—g1(g+d) <0 for X < X* (41)
—g1(g+d) <0 for X > X,

For the case X < X*?, we have ¢; < 0, therefore X** must be chosen such that §{+d < 0 for
X < X*2. This implies § < —max{d} < 0 for X < X**. Thus, we choose

gt = §+max{d} for X < X** (42)
X ={X:g+max{d} =0}
where

max{d} >0, X* <0.

For the case X > X*¥ we have g; > 0. Therefore, X*¥ must be chosen such that § +d > 0 for
X > X*b. This implies § > —min{d} > 0 for X > X**. Therefore, we choose:
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gt = § +min{d} for X > X*® (43)
X = {X: g+ min{d} = 0}
where

min{d} <0, X** >0
Combining Equations (42) and (43), yields
g + min{d} for X > X*b

g = 0 for X € (X*, X*P) (44)
g+ max{d} for X < X*?

{X:g+max{d} =0}, X" <0
X = (X :g+min{d} =0}, X** > 0.
The main properties of g; are:

Pi) g1 (3+d) > g (45)
Pii) g; is continuous with respect to X
Piii) gt = 0 for X € [X*7, X*P],

o5 5 o 4
gt>0f0rX>X*b, and g < 0 for X < X*. (46)
These properties imply that requirements (41) are fulfilled, and also
if g¢ > 0ast— oo, then X — Q (47)
O={X:x"<x< X"} (48)
On the basis of conditions (40) and (44), the definition of the function V is:
X -
/_ (& + min{d})dx for X > X+t
X*
V(X) = 0 for X € (X*7, X*0) . (49)
X
/_ (g + max{d})dx for X < X**
J Xxa
whose main properties are:
% &4 % *a
V>0for X> X" V>0for X < X*, (50)

V=0for X € Q.

Remark 5. The function V is not a Lyapunov function in the context of the definition used by [35] (p. 61),
the main reason is that it is not positive definite, what is due to the truncation.

Remark 6. The main differences of the function V(X)) with respect to common truncated quadratic form
(e.g., [11,18]) are: (i) it involves the nonlinear asymmetrical function (X)) which is a nonlinearity of the
model; and (ii) the vanishment region Q) is asymmetrical, as | X*?| # |X*?|, what renders V(X)) asymmetrical.
This structure allows us to develop a rigorous convergence proof, taking into account the nonlinear terms of the
model and the asymmetry of the convergence set.
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Substituting (40) into (39), yields

using property (45), yields

=< kg (51)

Integrating, yields
Vi /tt ke2dt < V(X(t)).
In view of properties (50), we have
VS VX)), k[ g < VIR(),

This implies the asymptotic convergence of g7 to zero, what can be proved by using the Barbalat’s
Lemma [21,36] and properties (46) and (47). Consequently, X converges asymptotically to () (48).

Remark 7. Due to the condition (40) and the definition of g; (44), V (49) exhibits vertex truncation, and the
time derivative V can be expressed in terms of the truncated quadratic form g2, see Equation (51). This allows to
prove the asymptotic convergence of X. V (49) and g (44) have a common vanishment for X € Q) (48), being
the bounds of () asymmetrical.

Remark 8. The validity of the proof of asymptotic convergence of X is not disrupted by the following facts:
(i) X is defined in the region RT (38), so that its initial value X (t,) can take arbitrarily large positive values;
(ii) since & can be arbitrarily large, then the size of the convergence region () (48) can be arbitrarily large.

5. Stability Analysis for the Case of Three Dimension Model with External Disturbance

In this section, the asymptotic convergence of a three dimension system with an external
disturbance is determined by using functions with vertex truncation. The procedure is based on
Section 4: (i) the dependence of the V; functions on the state variables and the addition of the V;
expressions so as to obtain a non-positive nature is based on Section 4.1; (ii) the incorporation of
truncation in the definition of the V; functions and the arrangement of V;’s in terms of truncated forms
is based on Section 4.2.

5.1. Stability Analysis for Xy

Recall the differential equation for X3, that is, Equation (9). The time derivative of the function
V), satisfies:

Wi _ %%
dt — dX; dt
Substituting the X; expression (9) and arranging, yields

avi _ o dn (oo (=0
= hag <X1+ o) (52)
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In view of characteristic 1 and Equation (10), k1 is constant and positive. In view of (11), one further
obtains max{—461/ki1} = (1/ky)max{é1}, min{—é1/k1} = —(1/k;)max{é}. Thus, in view of the
—01/kq term, we impose the following condition on Vj:

avy
— =1 53
X, 81t (53)

where g1; is a truncated function. On the basis of the procedure used in Section 4.2, we define it as

Xl — %max {|§1|} for Xl > }‘qb
Q= 0 for X1 € (X3, X3%) , (54)
X1+ %maxﬂél\} for X; < X3°

where X;7, X b are defined as:

Xt = —klmax{|(51|} (55)
1
Xt = klmax{|(51|} (56)
1
with

X <0, X3P >0,
and the main properties of gy, are:

Pi) g1 (X1 + (—61)/k1) > g3 (57)
Pii) g1; is continuous with respect to X (58)
Piii) g1; = 0 for X € [X}° Xi“b],

_ i - - 59
g1t > 0 for X7 > Xi‘h, and g1y < 0 for X7 < Xj* (59)
Piv) if g1; — 0 as t — oo, then X; — (), (60)
o= {Xi: X0 < % < %5t} (61)
On the basis of condition (53) and definition (54), the definition of the function V; is:
5 ! 51|} ) dx for X; > X3t
/X{b (x Emax{| 1|}> x for Xy > Xj
Vi(Xy) = 0 for Xy € (X3°, X3?) , (62)

X 1 oo
/_ ' (x + —max {|(51|}> dx for X; < Xj*
X3 k1
with properties

Vi > 0 for X] > Xiﬂb
V; >0 for X3 < Xj*
V1 =0 for Xl € [Xim, Xikh]

Substituting (53) into (52), yields:

T =au |k (%14 52
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Using Property (57) yields:
— - < —kgi <o0. (63)

This implies the asymptotic convergence of g2, to zero, and X; to (1 (61), as stated by
Proposition 2. This is concluded by using the Barbalat’s Lemma [21,36].

Remark 9. Due to condition (53) and definition of g1; (54), V; (62) exhibits vertex truncation and Vy can be
expressed in terms of the truncated quadratic form g2,, see Equation (63). This allows to prove the asymptotic
convergence of Xj.

Remark 10. The validity of the proof of asymptotic convergence of Xy is not disrupted by the following facts:
(i) Xy is defined in the region Rqps, according to Remark 1, so that its initial value can take arbitrarily large
positive values; (ii) since d, can be arbitrarily large, then 61 (11) and the size of ()1 (61) can be arbitrarily large.

5.2. Stability Analysis for X,

Since Equation (12) involves the term Xj, we need to express Xj in terms of g1; (54),
which converges to zero as was already shown. Let

d1 = g1t — Xl. (64)
Therefore, X; can be expressed in terms of d:
Xy = g1 —dr.

Substituting into Equation (12) and arranging, yields

d _
EXZ = —(g'z + kad1> + kaglt/ (65)

where > (X5) is defined in Equation (14). The time derivative of the function V; satisfies:

v _av d%,
At dX, dt’
Combining with Equation (65) yields
av. av.
th = _TXE [(§2 + kad1) — kag1t] - (66)

Substituting (54) into (64) gives

—%max{wl\} for X; > X3P
di = -X for {21 € (_)‘qﬂ, Xt
+%max {lo1]} for X3 < X3¢

since k, and k; are positive and constant, then max{ka,d1} = (ko/ki)max{é1} > 0, min{k,d1} =
—(ka/k1)max{d1} < 0. In view of the k,d; term appearing in Equation (66), we impose the following
condition on V;:

av,

din = 2t (67)
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where g, is a truncated function, that we define as

= ku%max {|51|} for X, > X;b
Qo = 0 for )_22 € ():(3‘”, X;P) (68)
S+ kukl—lmax{|(51|} for X, < X357,

where X357, X ;b are defined as:

- S 1

X3 = {Xz D +kuk—1max{|(51\} = 0} (69)

X3b = {Xz o3 —kaklmax{|(5l|} = 0} (70)
1

where

X537 <0, X3t > 0.
The main properties of go; are:

Pi) g21(82 + kad1) 2 g3, (71)
Pii) go is continuous with respect to X
Piii) gy = 0 for X, € [X3" X3Y],

o - - - 72
ot > 0 for X; > X;‘b, and g < 0 for X, < X3° (72)
Piv) if goy — 0 as t — oo, then X, — (), (73)
O, = {Xz X< R < X;b}. (74)
On the basis of conditions (67) and (68), the definition of the function V; is:
X2 - kﬂ V. b
/_ $o(x) — —max {|61|} | dx for X, > X3
bel ky
(Xp) = ) 0 for X, € (X3°, X3Y) (75)
X
[ ’ (gz(x) + k”max{|51|}> dx for Xp < X3°
brel ky
where $,(X3) is defined in Equation (14). V;, exhibits the properties
Vo > 0 for Xp > X;b
V5> > 0 for Xz < X;ﬂ
V> =0 for )_(2 S [X*ﬂ, X;b]
Combining Equations (66) and (67), yields:
av;
TtZ = —82t(2 + kad1) + kagat81t-
Using Property (71), yields
av;
5 < G kagugue (76)

In view of the term k,g2;¢1;, it is necessary to factorize and add the above expression with V;.
We consider the constant «,, that satisfies
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Ky € (O, 1).

Factorizing the right hand side of (76), arranging and multiplying by 4ask; / K2, yields

40(2](1 de a%kl ka 2 0(2(1 — 062)](1 2 2
2 < _4@ 8ot — Eglt _4Tg2t + k181 (77)

Adding this and Equation (63), yields

dVl d 0(2](1 oc%kl ka 2 0(2(1 — {Xz)kl 2
4= < — -t —4= T2 L),
T + T, <4 2 V2> < —4 2 ot 20428” 4 2 9 <0 (78)

This implies the asymptotic convergence of g3, to zero, and X» to () (74), as stated by
Proposition 2.

Remark 11. Due to condition (67) and definition of gos (68), Vo exhibits vertex truncation, and the addition of
V1 and V; can be expressed in terms of the truncated quadratic form g3,, see Equation (78). This allows to prove
the asymptotic convergence of Xy.

Remark 12. The validity of the proof of asymptotic convergence of X, is not disrupted by the following facts:
(i) Xy is defined in the region Rqps, according to Remark 1, so that its initial value can take arbitrarily large
positive values; (ii) since J, can be arbitrarily large, then 61 (11) and the size of Q)p (74) can be arbitrarily large.

5.3. Stability Analysis for X3

Recall that in Equation (15) the term §y; is function of X;, being g, defined in Equation (17).
Since X; converges to (), (74), then gy, converges to a compact set satisfying

Sl =x50 < 8op < Soblx,—zp0-
where

g2b|5¢2:>‘(§b >0, (79)
Soblg,=x30 <0, (80)

and X3, X;b were defined in Equations (69) and (70). Thus, we express g, in terms of the truncated
function gy, defined as:

82b — Zob|x,—xyp for X > X3t
Sobt = 0 for X; € (X3, X3") (81)
Sop + (_1)g2b|5{2:)’(;“ for X, < X3°.

The main properties of g,y are:
Pi) gop = 0 for X € [X;a X;ﬂ )

gopt > 0 for Xp > X3P, and gop < 0 for Xp < X537
Pii) |gapt| < |82t |- (83)

(82)
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In Equation (15), the term §,;, must be expressed in terms of gop;. Let
dop = ot — §2b- (84)
Therefore, g», can be expressed in terms of dy, and gop:
S2b = Sapt — dop-
substituting this into Equation (15) and arranging, yields
d _
73X = — (&5 + da) + g, (85)

where g3 is defined in Equation (18). The time derivative of the function Vj satisfies:

avs _ v %,
dt  dXsz dt’
Combining with Equation (85), yields:
av; avs ., _
7: = *TXZ (83 + dap) — Qobt] (86)

where dy;, is a disturbance-like term. Substituting (81) into (84) gives:

—§ol g, _gp for Xp > X3
de = —ga for Xz S (X;ﬂ, X;h)
+(=1)82[g,=x50 for Xo < X3°

Therefore, max{dy, } = (—1)g_2h|X2:X;a > 0, min{dy,} = (—l)ga\XZZX;b < 0. In view of the dy;,
term appearing in Equation (86), we impose the following condition on V3:

dvs

di)_(g, = 33t/ (87)

where g3; is a truncated function, that we define as:

83— 8_2b|x2:x;b for X3 > X3P
83t = 0 for X3 € (X537, X3b) (88)
§3 + (=1)a|x,—xz0 for X3 < X3

where gy, satisfies properties (79) and (80), and X3, X;b are defined as:

X3" ={X3:8+ (=1)8alx,—x; = 0} (89)
X5 ={Xs: 8+ (_1)g2b|>z2:x;b =0}, (90)

where

X537 <0, X357 > 0.
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The main properties of g3; are:

Pi) g31(35 +doy) > 85 91)
Pii) g3 is continuous with respect to X3
Piii) g3 = 0 for X3 € [X3* X3Y),

_ ~ - . 92
g3t > 0 for X3 > Xg‘l’, and g3; < 0 for X3 < X3* (2)
Piv) if g3 — 0 as t — oo, then X3 — Qg, (93)
O = {Xs: X3" < X5 < K51 (94)
On the basis of conditions (87) and (88), the definition of the function Vj is:
X = = Y, kb
/X;b (83(x) - gzb|;-<2:;z;b> dx for X3 > X3
V3(X3) = 0 for X3 S (X;a, X;b) , (95)
% R
/X;ﬂ (gs(x) + (—1)g'zb|5<2:>’<;ﬂ) dx for X3 < X3
where g3(X3) is defined in Equation (18). V3 exhibits the properties
V3 > 0 for Xg > X;b
V3 > 0 for Xg, < X;a
V3=0 for Xg, € [X*a, X;h]
Combining (86) and (87), yields
dav: _
= (1)gai(83 + dap) + ga1am-
Using property (91), yields
av:
7: < — 3 + 83t8anr- (96)

In view of the term g3:gap, we need to factorize the —g%, + ¢5:g2p+ term and to add the equations
for dV, /dt, dV,/dt, dV3/dt. We consider the constant a3 that satisfies

a3 € (0, 1)

By using a3, the term fgét + g3t82pt can be rewritten as focgg%t + g3t8op — (1 — (xg)gé. In turn,
the term —a3¢3, + g3:92p+ can be factorized as

2 2
1 1
—0383 + g318ant = — (\/ X383t — Wgzm) + (hl/ngbt> .
3 3
Using this property, Equation (96) can be expressed as:

2
LA g [ — [ — (1 —
ar = <v0€383t ZN;/Zgat> + 4a3g2bt (1—a3)g3
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Multiplying by 16a3(1 — as)ask; /k and using property (83) on the g%b ; term, yields

2
1 — ay)aszky dV- ar (1 — ay)azk 1 ar (1 — o)k
16 ( 22) 341 3 S( )16 2( 22) 341 \/7g3t 1/2g2bt +4 2( > 2) 1g%t
k2 dt k2 k2
ar (1 — ay)azk
+(—1)162(k—22)31(1 — 03)g5-
a

Adding this and Equation (78), yields

dVl + £ (40(221(1 V2> + % (160{2(17:%2)0631(] V3)

) / 2
< —% (82t Zﬂ?zglt) +(=1) (16%) <\/@g3t_2“i/2g2bt) o7
+(- 1)16M< 43)g3; <0

This implies the asymptotic convergence of g%, to zero and X3 to )3 (94), as stated in Proposition 2.

Remark 13. Due to condition (87) and definition of g3; (88), V3 exhibits vertex truncation, and the addition
of Vi, Va, V3 can be expressed in terms of the truncated form g3,, see Equation (97). This allows to prove the
asymptotic convergence of X3.

Remark 14. The validity of the proof of asymptotic convergence of X3 is not disrupted by the following facts:
(i) X3 is defined in the region Rqps, according to remark 1, so that its initial value can take arbitrarily large
positive values; (ii) since J, can be arbitrarily large, then 61 (11) and the size of Q03 (94) can be arbitrarily large.

5.4. Boundedness Analysis (Proof of Proposition 1)

To prove the boundedness of X;, we begin by arranging and integrating (63), what yields

t -
Vit [ hghdr < vi(%a(h). 8)

Therefore, Vi € Leo. This and Equation (62) imply Xj € L. From (54) it follows that g1; € Le.
To prove the boundedness of X;, we begin by arranging and integrating (78), what yields

D(zkl
k2

azkq

Vi+4— k2

(1 —ap)ky [t - _
v2+4%/t §&dt < Vi(Xi(t)) + 4= Va(Xa(to)).- (99)
a v 10
Therefore, V; € Le. This and Equation (75) imply §» € Leo; hence, X5 € Lo, from (14). From (68)
it follows that g7t € Leo.

To prove the boundedness of X3, we begin by arranging and integrating (97), what yields

4ok (1—ap)azk (1—ap)azky (1—
V+ 0421V +16“2 ;{11’631‘/ +16ﬂ¢2 “2231 as) fto( )dt

100
SVl(Xl(to))+4“2le2( (%))Jr%wv(xa(fo)) (100

Therefore, V3 € Le. This and Equation (95) imply g3 € Leo; hence, X3 € Lo, from (18). From (88)
it follows that ¢3; € Leo.

5.5. Convergence Analysis (Proof of Proposition 2)

From (98) it follows that g3, € Ly. It is necessary to prove that g2, € Le and d(g3,)/dt € Leo
to apply Barbalat’s Lemma. Recall that g;; € Lo according to Proposition 1, hence g%, € Le.
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Differentiating g2, with respect to time, using (54), yields:

d(g%t) _ d(g%t) dX;

= B\ S 101
dt X, dt’ (101)
where
d(e2) 2(Xy — %max {[01]}) for X3 > X3P
Bl 0 for X; € (X3, Xit) . (102)
! 2(Xy + %max {—=61/k}) for X3 < X3°
Therefore

d(g? o o _ %
($1) _ 0 for % = Xj7 and for %, = X{"
aXy

Thus, it follows from (101) that d(g%,)/dX; is well-defined and continuous with respect to
X7. Recall that X; € Leo, §1 € Loo according to Proposition 1. This and Equation (102) lead to
d(g2,)/dX; € Leo.

Since dg?,/dX1, dX1/dt are bounded, it follows from (101) that d(g?,) /dt is bounded. So far we
have proved that g3, € Ly, g3, € L and d(g3,)/dt € Le. Thus, applying Barbalat’s lemma [27],
yields lim;,«(g%,) = 0. Hence, according to properties (59) and (60), X; converges asymptotically
to Ql-

From (99) it follows that (g3,) € L;. It is necessary to prove that (g3,) € Lo and d(g3,)/dt €
Le to apply Barbalat’s lemma. Recall that g5 € L« according to Proposition 1, hence g3, € Lco.
Differentiating g3, with respect to time, using (68), yields:

d(g3,)  d(g%) dX,

pr — — 1
dt aX, dt’ (103)
where

_ dg 5 -

o) 2(2 — frmax {|61}) 52 for Xp > X3
TXZ; - ) 0 p for X, € (X3, X;b) (104)

2(g + ﬁmaxﬂ&ﬂ})% for X, < X3°

dg, 1 kan
2= = +k = . 105
dX Tout " (kan + X2 + X;‘I)Z (105)
Therefore,

d(g3 - S - _
@ =0 for X, = X;" and for X, = X;b.

Thus, d(g5,)/dXs is well-defined and continuous with respect to X». Recall that §, € Leo, X2 € Loo
according to Proposition 1. This and Equations (104) and (105) lead to d(g3,)/dXs € Leo.

Since d(g3,)/dXa, dX,/dt are bounded, it follows from (103) that d(g3,)/dt is bounded. So far
we have proved that ¢3, € L1, g3, € Lo and d(g3,)/dt € L. Thus, applying Barbalat’s lemma [27],
yields lim;_, g3, = 0. Hence, according to properties (72) and (73), X, converges asymptotically to ().
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From (100) it follows that g3, € L;. It is necessary to prove that g3, € L« and d(g3,)/dt €
L to apply Barbalat’s lemma. Recall that g3 € Lo according to proposition 1, hence g%, € Leo.
Differentiating g3, with respect to time, using (88), yields:

g3 dg3 Xs
483t _ 83t A3 )
dt X, dt (106)
_ _ da . o
d(g2 ) 2(33 _gzb|)‘(2:x;b)£ for X3 > X3b
dXst — 0 for X3 € (X3, X3b) (107)
3

_ _ dg 5 o
2(83 + (—1)opl g,-530) 75 for X3 < X3°

dgs 1 Kis
+k — . 108
dXs Tout d (de + X3+ ng)z ( )

Therefore,

d(g3 % — X X3 = X
(8_3t) =0 for X3 = X3%, and for X3 = X3%.
dXs

Thus, d(g%;) /dX5 is well-defined and continuous with respect to X3. Recall that §3 € Lo, X3 € Loo
according to Proposition 1. This and Equations (107) and (108) lead to d(g2,) /dX5 € L.

Since d(g3,)/dX3, dX3/dt are bounded, it follows from (106) that d(g3,)/dt is bounded. So far
we have proved that g3, € Ly, g3, € Lo and d(g3,)/dt € Le. Thus, applying Barbalat’s Lemma [27],
yields lim;, g3, = 0. Hence, according to properties (92) and (93), X3 converges asymptotically
to Qg.

5.6. Invariant Properties (Proof of Proposition 3)

The positive invariant nature of the convergence sets of X3, Xp, X3 is proved at what follows.
A subset of the state space is positively invariant if the system trajectories starting inside it remain inside
in the future. In addition, the positive invariant nature of a residual set is guaranteed if V < 0[37,38].
Consider the compact sets ) (61), )y (74) and Q3 (94). Let

Qp=0UD
O3 = QL UOD UQOg.

According to Proposition 2,

limi 081t = 0
limi—e0got =0

lim 083t = 0

Therefore, )1, (), O3, N1, O1p3 are attractive sets.
The set () is positively invariant, what is concluded from:

dvy/dt <0 for X; € [X;°, X3Y],, (109)

what follows from Equation (63) and Property (59).
The set (1, is positively invariant, what is concluded from Equation (109) and:

dv,/dt <0 for X; € [X]*, )_qh] and X; € [X3°, )_(;b], (110)

which follows from Equation (77), and property (59).
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The set ()13 is positively invariant, what is concluded from Equations (109) and (110) jointly with
dVs/dt <0 for X, € [X3%, X3%] and X3 € [X37, X3,
which follows from Equation (96) and properties (92) and (72).

6. Example

We consider the model (1) to (3), with functions (4) to (5), subject to Characteristics 14, and with
the following parameter values, based on [33]:

V =1680L, Q;, = 113.4L/day, Quu = 31.5L/day, k, = 0.27day !, k, = 50.4day 'mg/L,
kan =40mg/L, k; = 134day_1mg/L, Kjs = 0.25mg/L, k, = 0.0lday_lmg/L,
Xf,in = 1l4mg/L, Xp;, = 55.1mg/L, X3;, = 0.007mg/L.

Therefore, 7;,, = 14.815 day, T = 53.33 day.

We consider &y = +1.4sin ((27t/Ts)t) mg/L, T; = 2 days. Therefore, max{|é1|} = 0.0945.

Using Equations (6)—(8), we obtain the following equilibrium points: Xiq = 3.273 mg/L,
X5' =394mg/L, X3! = 0.009 mg/L. From Equations (55) and (56) it follows that X;* = —0.327,
Xi? =0.327. From Equations (69) and (70) it follows that X3 = -0.083, X3’ = 0.083.
From Equations (89) and (90) it follows that X3? = —1.733 x 1074, X3* = 1.736 x 10~%.

Figure 1 presents the time course of X;, X5, X3. The lower and upper bounds of the convergence
regions, that is, X}*, )_(i‘b, X5, )_qb, X3, )_(gb are shown as horizontal dashed-lines. It can be noticed
that once the trajectories enter the compact set ()1»3, they remain inside it.

0.5 T T T T 0.3

0.25-

0.2

0.151

01

X lmg/L]
£ fmg/L]

0.05-

-0.05-

04 ‘ ‘ ‘ ‘ 04 ‘ ‘ ‘ ‘
0 10 20 30 40 50 0 10 20 30 40 50

time [days] time [days]

X [me/L]

time [days]

Figure 1. Time course of X; (upper left), X, (upper right), X3 (lower left). The lower and upper bounds
of the convergence regions, that is, X}*, be , X350, X;b, X3, X;b are shown as horizontal dashed-lines.
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7. Discussion

It was shown that the asymptotic stability of the bioreaction process considered can be proved by
using functions with vertex truncation. The size of the convergence region of the state variables depend
on the bounds of the external disturbance. This size can be large, and far from the equilibrium point.
A simple and systematic procedure was provided to determine and prove asymptotic convergence
of the state variables towards a compact set of asymmetrical bounds, what includes definition of the
truncated V; functions and the truncated forms appearing in its time derivative. Both of these truncated
functions exhibit a vanishment for values of the state variables in the convergence region. The analysis
is valid for arbitrarily large positive initial values of the state variables, and arbitrarily large size of the
convergence regions. The stability analysis was based on that of classical robust adaptive controller
design, but the truncated function was different to the common truncated quadratic function, as it
involves the model nonlinearities and an asymmetrical vanishment region.

Although the approach was developed for a specific biological process, it can be adapted to other
systems, including systems converging to limit cycles.
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