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Abstract: The method of geometric deformation (MGD) is here employed to study compact stellar
configurations, which are solutions of the effective Einstein—-Dirac coupled field equations on fluid
branes. Non-linear, self-interacting, fermionic fields are then employed to derive MGD Dirac stars,
whose properties are analyzed and discussed. The MGD Dirac star maximal mass is shown to increase
as a specific function of the spinor self-interaction coupling constant, in a realistic model involving
the most strict phenomenological current bounds for the brane tension.
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1. Introduction

The method of geometrical deformation (MGD) is a protocol emerging in the context of the
AdS/CFT membrane paradigm, having general relativity (GR) as a limit that corresponds to rigid
branes [1-4]. The MGD well describes compact stellar configurations in braneworld scenarios [5-7].
The MGD has the brane tension, o, as a running parameter that encrypts Kaluza—Klein modes and
gravity in the bulk as well. A rigid brane corresponds to the GR, o — oo, limit. As the brane emulates
the universe we live in, cosmological expansion can be implemented from the brane deformation, due
to a finite brane tension, into the warped additional dimension of the bulk. In fact, realistic brane-world
models take into account a variable brane tension, which is proportional to the brane temperature,
according to the E6tvos law [8-10].

The MGD is a procedure that derives solutions of the Einstein field equations on the brane,
encompassing compact stellar configurations [2—4,11]. As a natural step in the membrane paradigm of
AdS/CFT [12,13], the holographic entanglement entropy of MGD black holes was computed in [14].
The MGD has observational bounds, derived in [15-18] in several physical contexts. In the MGD and
its extensions (EMGD) [19-23], the finite brane tension governs the deformation of the Schwarzschild
solution, in such a way that brane/bulk effects can be implemented. The information entropy was
employed to predict critical densities of several types of stars, in the MGD and EMGD contexts [17,18].
Besides, MGD dark glueball stars implementing hidden SU(N) gauge theories [24], whose signature
may be detected in eLISA, were scrutinized in [25]. EMGD compact glueball stellar configurations were
also studied in [26]. Hydrodynamical analogues of MGD black holes were discussed in [27]. The MGD
was also used in [28-37], that include anisotropic solutions of quasi-Einstein equations [1,38-41].
Besides, the MGD was employed in the context of the generalized uncertainty principle to study the
MGD black hole thermal spectrum [42].

The so called Dirac stars encompass compact stellar configurations generated by fermionic
fields [43,44]. Exact solutions for self-gravitating Dirac fields were studied in [45-50]. The works [51-53]
also scrutinize fermionic fields in gravity. Besides, [54] discussed Dirac stars generated by non-Abelian
gauge fields. The main aim of this work is to study MGD compact stellar configurations, that are
solutions of the effective Einstein—Dirac coupled field equations. The MGD-decoupling method is
employed to correct the effective energy-momentum tensor on the brane by fermionic background
effects. Non-linear, self-interacting, massive spinor fields are used to derive physical properties of MGD

Symmetry 2020, 12, 508; d0i:10.3390/sym12040508 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0003-3978-532X
http://www.mdpi.com/2073-8994/12/4/508?type=check_update&version=1
http://dx.doi.org/10.3390/sym12040508
http://www.mdpi.com/journal/symmetry

Symmetry 2020, 12, 508 20f 13

Dirac stellar configurations, with respect to both the finite brane tension and the spinor self-interaction
coupling constant. The MGD Dirac star stability is also discussed.

This paper is organized as follows. Section 2 is devoted to introduce a brief review, regarding
the MGD applied to stellar configurations on a fluid brane, ruled by a variable tension that encodes
the cosmological evolution. In Section 3 the Einstein—Dirac coupled system of ODEs is solved for
self-interacting fermionic fields, having the MGD as a natural input. Then, the solutions of the
coupled system of ODEs represent MGD Dirac stars, whose observational features are scrutinized and
illustrated in several regimes. In Section 4 the conclusions and perspectives are presented.

2. The MGD Setup and Fluid Branes

The MGD procedure is constructed to derive high energy corrections to GR [2,4,23]. Fluid branes
have a variable tension that emulates cosmological evolution [8,10]. The extended MGD has been
recently employed to derive, in the context of the quantum portrait of black holes, the strictest brane
tension bound o > 2.81 x 10° MeV* [18].

The brane Einstein field equations can be derived, by the Gauss—Codazzi projection method,
e
Mp
constant, where M denotes the Planck mass. The brane metric is governed by the brane effective
Einstein field equations

from the Einstein equations in the bulk. Hereon ¢ = 8Gy = 1, for G4 = is the brane coupling

G;w = /\g;w =+ T;n// (1)

where Gy = Ry — %ng is the Einstein tensor and A stands for the cosmological running parameter
on the brane. The energy-momentum tensor in (1) can be split into the following components,

1
T;u/ = Tyu + Eyv + E_Syv + L;u/ + Pyv- (2)

The term Tj,, denotes the energy-momentum encoding all kind of matter on the brane and E,,
is the electric component of the bulk Weyl curvature tensor, taking account the average over the
two edges of the Z, symmetric brane, whereas S, is a tensor whose intricate expression involves
quadratic terms of energy-momentum of the brane. Besides, the term L, comes from an eventual
asymmetric embedding of the brane into the bulk, whereas P, regards the pull back of fields in
the bulk that are beyond the standard model, encompassing moduli fields, dilatons and quantum
radiation, for instance [10].

Stellar configurations that can be modelled by solutions of Equation (1) are static and spherically
symmetric, described by a metric of type

2
ds? = —A(r)dt* + zj(rr) + 7% (d6% + sin” 0dp?). ©)

The MGD metric was initially derived in [3,4,11]. One can usually write A(r) = ') and
B(r) = ), for a more concise notation in what follows. When interior stellar configurations are
regarded, nonlinear terms in matter fields, arising from high-energy corrections, set in, what makes
analytical solution a hard task to derive. Nevertheless, the MGD and generalizations has been a
powerful method to generate analytical solutions [1-4]. In particular, the MGD generates interior
solutions for stellar configurations, that are physically viable.

The MGD method is essentially based on deforming the radial metric component of the interior
spacetime associated to a self-gravitating stellar configuration of radius R, where

r_ Jdrre(r)

[ drr?p(r) @
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is the effective stellar configuration radius, for p(r) being the compact stellar configuration energy
density [2]. This radial metric component deformation, generated by bulk effects, reads [19,20]

geometric deformation

r I K2
et = V(f)-i—e_l/o 'ﬁlii {H(p,p,v)—kG(p2+3pp)]dx+ﬁe_l
= pn+f(), ®)

where

(6)

(r) = —g Orx2pdx, for r <R,
wr = 1—2J>A°, for r>R.

It contains the usual GR mass function m(r) for r < R, and My for r > R, whereas the function
H(p,p,v) encrypts anisotropic effects due to bulk gravity on p, p and v. The function (o) in
Equation (5) also depends on the mass, My, of the self-gravitating configuration and must be zero in
the GR limit, and I is shown below in Equation (9). For interior solutions, the condition (o) = 0 must
be imposed, precluding singular solutions at r = 0. However, in the region r > R, where there is a
Weyl fluid surrounding the stellar configuration, 3(o) # 0. Hence there is a geometric deformation of
the Schwarzschild solution. The geometric deformation f(r) in vacuum (p = p = 0), hereafter called
g*(r), will be minimal, reading

gi(r)=pe ", @)
It implies that Equation (5) yields
2
e = 1—%+B(0)e", 8)
where R
(v + 5+ 2 +3)
I= / dr . 9)

The MGD introduces a family of Schwarzschild-like solutions can be generated when it is imposed
the Schwarzschild constraint

e—/\(r) _ ev(r) , (10)

Hence the Schwarzschild constraint in Equation (10) and the deformed vacuum solution in
Equation (8) yield

el =1-— g +C(o)e !, (11)

Yielding an equation for v(r). Next we show the general matching conditions between the generic
interior MGD metric characterizing the interior stellar r < R, where f*(r) is given by Equation (5)
with H = 0, and the most general exterior solution associated to the Weyl fluid U™, P*, p = p = 0 for
r > R, which, according to the expression in Equation (8), can be written as

dr?

2 102
—r2dO?, (12)
1— 2 4 g%(r)

ds? = ¢V (N2

where the mass M = M(0). The continuity of the first fundamental form at the stellar surface r = R,
when the metric in Equation (12) is considered, yields
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e (R = (R (13)
oM oMy . .
= - To‘f'(gR—fR)/ (14)

whereas the second fundamental form at » = R implies that
[Gur'], =0, (15)

where r;, is a unit radial vector and [f]s = f(r — R") — f(r — R™). Using Equation (15) implies
{T;V r"} .= 0, yielding

1<p2 2 ) 47?]
+- (S +pop+tZU)+5=| =0. (16)
[p c\2 PP Ta ko],

The Weyl fluid bathing the stellar configuration, described by the functions i/t and P*,p = p =0
for r > R, implies the matching condition

1 ( p% 2 4 Py
PR%(?“R'”RW”R)W?‘HGW' 17)

where fi = f(r — R*), with pr = py and pg = pg. The limit 0~ — 0 in the second fundamental
form in Equation (17) leads to the well-known GR matching condition pr = 0. Equations (13) and (14)
and Equation (17) are the necessary and sufficient conditions for the matching of the interior MGD
metric to a spherically symmetric background filled by a Weyl fluid.

Let us now find the explicit MGD function ¢*(r) produced by the Schwarzschild solution

_2M

els — e Ns — (18)
r
Using Equation (18) in Equation (7), we obtain
g (r)=- e (19)
=3
and the deformed exterior metric reads
o= 1M (20)
r
_ 2M B(o)
A
e — <1—r) <1_rm>, (21)
2
which matches the vacuum solution found in [55] in the particular case when (o) = — %0, for Cy > 0.
The Weyl fluid for the solution (20), (21) is then described by the functions
4M
1Pt ( - ?) B 11Ut M B
DT = T 3% 3/ and T = T 3.4 (22)
k> o 9 sM\*° T k> o 12 sM\° T
(1-%) (1-%)

The function (o) must be specified by considering the deformed Schwarzschild solution (20), (21) in
the matching conditions (13), (14) and (17). The first fundamental form leads to the expressions given
by Equations (13) and (14), where Equation (13) becomes
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- 2M
vo(R) —q - 222
e 1 R (23)
whereas the second fundamental form in Equation (17) gives
fo(ve 1Y _ 8k
YR R TR)T R @)

The matching condition (24) shows that the exterior geometric deformation g*(r) at the stellar
surface is negative. Therefore, the deformed horizon r;, = 2 M will always be smaller than the
Schwarzschild horizon ry = 2 My. Hence, bulk effects weaken the strength of the gravitational field of
stellar configuration.

Finally, when the explicit geometric deformation (19) is considered in the matching condition (24),

the function {3 reads
1=\ [(vk | 1)\ fi
— R3 2R Ry — ) IR
B(o) = R (1_2£4> () e 25)

Showing thus that 3(o) is always positive and (interior) model-dependent. For instance, we
can find (o) by considering the exact interior BW solution found in Ref. [2], where the geometric
deformation is given by

4C(z(r))

. 1 240 + 589Cr? — 25C%r* — 41C3%r° — 3C*8  80arctan(+/Cr)
F) = 5 "o -

3(1+ Cr?)2 VCr

. (26)

where C a constant given by CR? = @, (t(r))'=(1+Cr*)3(1+3Cr?) and v/ = 13%2. The form
of f(R) yields [2,3]

1CR? (13 240 + 589CR? — 25C2R* — 41C3R6 — 3C*R8
= —— 1+9CR?)(t(R
B(a) o 9872 (12%40 (- ) )){ 3(1+ CR2)2
_ 80arctan(v/CR) / @)
VCR
implying that
1 ~ 57 Co
= — = — 2
where y is a numerical value, as CR? = ‘/52_7. It is worth to notice that M = My + O(c~ 1), so B is the
expression above plus terms in O (o~ 2).
The MGD metric can be rewritten as [2,3]
A() = 1- g , (292)
l 2M
B(r) = 1+r_32M](1‘r>' 2P
where .
3M 2M\ G

In the general-relativistic limit 0 — oo, the Schwarzschild metric is recovered from the
MGD metric.
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3. Dirac Stars on Fluid Branes

Compact gravitating configurations on fluid branes, modelled by the MGD with a background
spinor field, ¥, of mass m, can be described by the Einstein field Equation (1), coupled to a Dirac
equation. To the action that generates the Einstein field equations, it must be added the spinor
Lagrangian

- ) )
Ly=5 (#r"Vip - PV ) —mpy — 0y, GD

where self-interacting spinor fields are implemented by

A
Qp = =5 (§y)*. (32)

Here {7#} is the set of gamma matrices, that satisfies the Clifford algebra {7#,7"} = 2g,1l4x4,
and ¢ = T4 is the spinor conjugate. Equation (32) displays non-linear, self-interacting, spinor fields.
In fact, compact stellar configurations, which are solutions of the Einstein—-Dirac coupled system of
equations for linear spinor fields, have mass much smaller than the Chandrasekhar mass. The work [44]
considered self-interacting spinor fields, demonstrating that the mass of compact stellar configurations
increase several orders of magnitude, encompassing astrophysical stars. A similar approach will be
used hereon, in the MGD setup.

Equation (1) can be obtained by varying the bulk Einstein—Hilbert action, when one uses the
Gauss—Codazzi equations. In the presence of a spinor field background, one derives the Einstein field
equations and the Dirac equation, using the MGD-decoupling method [1]

20
'V pred—mey —Ap — —2 = 0, (34)
up v - s
_ a0
i eyt red-rmep + A+ 5L IP"’ = 0, (35)

where { ~ o1

energy-momentum tensor reads

is a small parameter driving the MGD decoupling, and the fermionic

0 ih - -
T = 588 (F16V 9+ 85 (70)9) — 810Gy, (36)
for Gy = —Qyp + % (l[?aa% + %1{)). Equation (33) represents the brane Einstein field Equation (1),

now corrected by the MGD-decoupling for the spinor energy-momentum tensor TW in Equation (36).
In order to describe the background spinor field, the following two stationary ansatze for ip are
compatible with the metric (3) [43,44], given by

0 -
£ | —iel0-9)/2 Et 0
= 2 'h . , =2 " . , 37
i \[e in sinBe™'? $2 \fe X COS 96—1(9—(p)/2 ( )
—incosf —asingel6—9)/2

where «(r), (r) are real functions. When one replaces (37) into the field Equations (33) and (34), it
yields the coupled systems of ODEs involving also the MGD metric (3):
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a’+{4\‘;ﬁ+i(1+\}Eﬂajux/%(p%wmz—%)B:o, (38)
B’+[4jﬁ+i( —\;Z)]B+\/1§(1—\fz+87\(&2—[32))&:0, (39)

M = 8x2 [(542 + BZ)L 47 (&2 - 62)1 ) (40)

Sr
o

me ~ mfp r . E
& = 2 }\371 - 2 >\371 = 1 E = —y 41
¢ ™, P M, TN m )
- M . AM?
M3 4mA3m3

2

The mass of compact stellar configurations, M ~ %, is usually studied when the spinor field

mass, m, is much smaller than the Chandrasekhar mass, %3’.

As the MGD metric (3) is a solution of the Einstein field equations, we want now to verify which
are the spinor fields components in (37) that satisfy the coupled system (38)—(40). Hence, numerical
integration can be implemented, using boundary conditions near the stellar configuration center,

as in [44]:

B=PRc+pP+..., d&=ox+.., wm=m+.., (43)

“u_

where quantities indexed by “c” stand for central (x ~ 0) values of the respective variables. Some of
expansion coefficients in (43) can be derived once Equations (38)—(40) are taken into account. On the
other hand, the parameters 3. and E are constrained just in order that the Minkowski spacetime be a
solution of Equations (38)—(40), in the limit r — co, { — 0 and 0 — co.

The lower limit of integration of Equations (38)—(40) is the center of the compact stellar
configuration, where f3. is determined. On the other hand, the upper limit of integration is the effective
stellar radius where the functions &, &,  and p’ vanish [44]. After numerical integration, the MGD

compact stellar configuration mass parameter, M = 'X/I—A{I, as a function of E, has the profile illustrated
P

in Figure 1. Two different values of the coupling constant A, driving the spinor field self-interaction
in Equation (32), are considered, as well as three different values of the finite brane tension. In fact,
as the most strict current bound on the variable brane tension is ¢ > 2.81 x 10° MeV* [18], then in
what follows we take the lower brane tension limit o ~ 3 x 10° MeV?*, together with ¢ ~ 10° MeV*
and o ~ 10!2 MeV*, to study the physical differences among these cases. It is worth to emphasize that
the general-relativistic limit corresponds to a rigid brane, making o — cc and  — 0.

In Figure 1, for fixed values of the spinor coupling constant A, there is a peak of the mass, at some
value of E. The bigger the brane tension, the smaller the maximal mass is, for both analyzed values of
A. Boson stars were studied in a similar context, where a maximal mass was identified to a transition
point, splitting stable and unstable compact stellar configurations [56]. This aspect was emulated and
explored for MGD and EMGD compact stellar configurations, from the point of view of the information
entropy, by Refs. [17,18].
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— A=-100, for g~10"2Mev*

— A=-100, for ~109MeVv*

A=-100, for o~108Mev*
-------- A=0, for g~1012Mev*
-------- A=0, for g~109Mev*

A=0, for g~106Mev4

E

L L L L L b
0.75 0.80 0.85 0.90 0.95 1.00

Figure 1. MGD Dirac star mass, as a function of E, shown for two values of the coupling constant,
A, and for o ~ 3 x 10 MeV*, ¢ ~ 10° MeV* and o ~ 10'?> MeV*. The MGD-decoupling parameter
¢ = 0.1 is adopted.

It is worth to study compact stellar configurations in the regime |A| > 1. Ref. [43] derived the
2

maximal mass 0.7092 % of standard Dirac stars. The spinor field mass, m, of the order 1 GeV yields

the maximal MGD stellar mass M ~ 10! Kg, corresponding to small mass stellar configurations.
In fact, the Sun mass reads Mg = 1.989 x 10%0 Kg. Therefore it prevents positive values of A, as it
implies a decrement of the maximal stellar mass. Studying astrophysical compact stellar configurations
requires A < 0. Figure 1 shows that the more |A| increases, the bigger the maximal MGD stellar masses
are. In addition, for fixed values of E, the mass peaks are bigger, the lower the brane tension is.

Figure 2 illustrates how the maximal MGD stellar mass increases as a function of |A|, for different
values of the brane tension.

mM
M3
4r a~105Mev4
— 0~109MeV*
3 -
— 0~10"2MeVv4
2
1k
1 1 1 1 1 |X|
20 40 60 80 100

Figure 2. MGD Dirac star maximal mass, M, as a function of |A|, for o ~ 3 x 10° MeV*, ¢ ~ 10° MeV4
and o ~ 10'> MeV*. The MGD-decoupling parameter { = 0.1 is adopted.

Figure 2 shows that the bigger the brane tension, the steeper the slope of each plot is. It indicates
that more realistic models, involving observational values of the brane tension, yield a MGD Dirac star
maximal mass that increases with |A|, however in a lower rate. The general-relativistic limit o — oo,
{ — coisacquired, being very close to the black line plot in Figure 2, as indicated in Ref. [44]. It is worth
to emphasize that, when 0 — oo, Figure 2 can be described, for \7\| > 1, by the interpolation expression
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2

M™ = 0.4153(1 + )1/ |A| (44)

L.
m
This emulates the results in Ref. [44] in the MGD-decoupling context.
When coupling spinor fields to the MGD solutions, the resulting compact stellar configurations
present distinct profiles, in the [A| > 1 and the |A| &~ 0 regimes. Figure 3 illustrates the spinor fields
profiles with respect to the (adimensional radius) of the MGD Dirac star, for A = 0 and A = —100.

0.025
0.020
0.015
0.010

0.005|

: e e i e o e P—— [ L . X
5 10 15 20 25

Figure 3. Spinor fields profiles with respect to the Dirac star radius, x, for A = 0 and A = —100, for a
finite brane tension o = 10 MeV*. The MGD-decoupling parameter { = 0.1 is adopted.

Similar to bosonic stellar configurations [44], Equations (38)—(40) can be made adimensional,
at the [A| > 1 regime, by the mappings

1
2

IAIB, & &y = £/ A&, (45a)
=/ [Alm, XX, = ——. (45b)

VI

Ref. [44] showed that at a large |A| regime, the fermionic field percolates a large range @ This
implies that terms involving & and B’ can be disregarded. Hence, Equation (38) can be led to an
analogue of Equation (46). Taking only leading terms in Equations (38) and (39) yields, when 3 >> &,

_ 1 (E 1/2
b=an (1) )

Replacing it into Equation (40) yields

die o 250 (E(LHD) 50
dx* - SX*B* (\/Z 4‘3*> ’ (47)

*
*

N

|_>
m —

Since B, = 1/|A|B, then the self-interacting spinor field constant coupling, A, is explicitly evinced

in Equation (47). Therefore, Equation (47) can be employed to derive the rescaled MGD Dirac star

mass, M — M, = \%’%Mﬁ Numerical analysis yields the solutions of Equations (46) and (47), given

in Figure 4,
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m M/ X | 2M3)

0.5}

04}

— g~1012Mev*4
03[
— g~109MeV*4

0.2 g~108MeV4
0.1
. . . 1 . . . 1 . . . 1 . . . 1 . . =
0.0 0.2 0.4 0.6 0.8 IOg[E]

Figure 4. Dimensionless MGD Dirac star mass M.,, as a function of E, for the limiting configurations
described by Equations (46) and (47), for o ~ 3 x 106 MeV4, 6 ~ 10° MeV* and o ~ 1012 MeV*.
The MGD-decoupling parameter { = 0.1 is adopted.

In the general-relativistic, ¢ — oo limit, the maximal mass was derived in Ref. [54], being

— 2
0.41324/|A| %, matching Equation (44).

4. Concluding Remarks, Discussion and Outlook

MGD compact stellar configurations, coupled to self-interacting fermionic fields of spin-1/2,
were scrutinized. The time-dependent spinor field solutions are asymptotically flat. MGD Dirac stars
qualitatively resemble standard Dirac stars, as the MGD parameter is bounded, |I| < 6.1 x 10711,
by current experimental and observational data [16], together with the most strict bound for the brane
tension ¢ > 2.81 x 10° MeV* [18]. Therefore, due to the small physical values of these two parameters
that rule the deformation process in the MGD, the numerical solutions plotted in Figures 1-4, for MGD
Dirac stars, present qualitative profiles that are similar to the standard Dirac stars [44], as expected.
The MGD-decoupling parameter { = 0.1 was adopted in all the numerical calculations. As discussed
in [44], standard Dirac stars generated by linear spinors fields have tiny masses. Including non-linear
spinor fields, in particular the self-interaction (32), circumvents this feature. It thus makes possible to
approach astrophysical MGD Dirac stars. The MGD Dirac star maximal mass increases as a function of
the spinor self-interaction coupling constant, |A|, as illustrated in Figure 2. Moreover, for the strictest
phenomenological bound for the brane tension ¢ > 2.81 x 10° MeV#, the MGD Dirac star maximal
mass was shown to increase in a lower rate, compared to higher order values of the brane tension.

The spinor self-interaction coupling constant, A, in Equation (32), indicates stable compact
self-gravitating configurations, whose maximal mass is given by Equation (44). This value of the mass,
alternatively written as 1.96(1 + ¢) x 10°\/[A|M (MeV? /m) corresponds to the mass of a MGD Dirac
star that has similar order of magnitude as the Chandrasekhar mass, for fermions with mass m ~ 1 GeV.
In the general-relativistic limit, when { — 0 and 0 — oo, all the results in Ref. [44] are recovered.

For MGD bosonic stellar configurations formed by Bose-Einstein condensates of gravitons,
Ref. [17] showed that a critical local point of the star information entropy, as a function of the stellar
configuration mass, indicates a transition between stability and instability against linear perturbations.
The extended MGD case was discussed in [18]. In the case here studied, there is a family of MGD Dirac
stars, parametrized by central value of the spinor field 3. component. The mass of a MGD Dirac star
can be expressed in terms of 3, existing a local critical mass for each value of 3., given by the solution
of Equation (47). In addition to this analysis, the information entropy of MGD Dirac stars should take
place to provide a final answer to their instability /stability conditions. The developments in [57,58]
can shed new light on this important problem, that is beyond the scope of this paper.
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