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Abstract: In this paper, new sufficient conditions for oscillation of fourth-order neutral differential
equations are established. One objective of our paper is to further improve and complement some
well-known results which were published recently in the literature. Symmetry ideas are often invisible
in these studies, but they help us decide the right way to study them, and to show us the correct
direction for future developments. An example is given to illustrate the importance of our results.
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1. Introduction

Consider the fourth-order neutral differential equation of the form

(r (N 0)*) + a6 uf (e (1) =0, M)
where t > fgand Ny, (t) := u (t) + ¢ (t) u (7 (f)). In this paper, we assume that

H1: « and B are quotients of odd positive integers and > «;

H2: r e C' ([ty,)),r(t) > 0,7 (t) > 0and [T r /% (s)ds = oo;

H3: ¢,q € C([tp,)),q(t) > 0,0 <c(t) <cp < ooand g (t)is not identically zero for large t;
H4: 7 € Cl([tg,)),0 € C([to,)), T (t) >0, T (t) < tand im0 T (t) = lims_e0 0 (t) = c0.

By a solution of (1), we mean a function u € C3 ([ty,oo)) , ty > to, which has the property
r(t) (N (t))" € C! ([ty,o0)), and satisfies (1) on [t,, o). We consider only those solutions u of (1)
which satisfy sup{|u (t)| : t > T} >0, forall T > t,. A solution u of (1) is said to be non-oscillatory if
it is positive or negative, ultimately; otherwise, it is said to be oscillatory.

The qualitative study of the neutral delay differential equations has, besides its theoretical interest,
significant practical importance, see [1]. Lately, there has been a lot of research activities concerning
the oscillation of differential equations with a different order, see [1-24].

Next, we quickly audit some significant oscillation criteria got for higher-order equations which
can be viewed as an inspiration for this paper.

Theorem 1 (A. [23] (Theorem 2)). Every solution u of

NS () +q (B u (o (1) =0 @)
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is oscillatory, if

t _ (n—1)(n-2)
liminf [ Q(s)ds > =12

3
t—o0 g'(t) e ( )
or ,
lim sup Q(s)ds > (n—1)2=D=2) ¢/ () > 0,
t— 00 a(t)
where Q (t) :== "1 (t) (1 —c(c (t))) g (¢).
Theorem 2 (B. [24] (Corollary 1)). If either
o t (n—1)!
1 f ds > 4
im inf " Q(s)ds s 4)
or ,
lim sup Q(s)ds>(n—1)!, o(t) >0
t—o0 Jo(t)
holds, then (2) is oscillatory.
Theorem 3 (C. [22] (Corollary 2.16)). Equation (1) is oscillatory if
(') 2050 7B 200, (0 (1) <t
and , . .
a % —1)!
lim inf q(s) (s”_l) ds > (1+ ‘0 ) ((n =1 , (5)
t=r00 Jr=1(o (1)) 7 (8) oo 0T e
where § (t) :=min {q (¢71(#)),q (c 2 (r())) }.
It’s easy to see that results in [24] improved results of [23], where (n —1)! < (n —1)2("=1)(2=2)

for n > 3. Using a different comparison approach Xing et al. [22], improved the results of [23,24].

In this paper, we obtain new oscillation criteria for fourth-order differential Equation (1) with
neutral delay by using the Riccati transformations. Our results improve the results in [22-24].
An example is given to illustrate the importance of our results.

2. Main Results

Here, we consider the following notations:

c (t) =

1, )’
@O\ (1) e (1 (1))

__ (! (1 (1))
SN (1“<r1<o>c<r1<Tl<ﬂ>>)'

All functional inequalities are assumed to hold eventually, that is, they are assumed to be satisfied
for all t sufficiently large. We begin with the following auxiliary lemmas that can be found in [3,4,15],
respectively.

and

Lemma 1. Assume that u,v > 0 and B is a positive real number. Then

(u+0)Pf <261 (uﬁ +vﬁ) , for p>1
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and
(u+0)f <uP 4P, for p<1.

Lemma 2. If the function u satisfies u® (t) > 0,i =0,1,...,n, and u"+t1) (t) < 0, then

u (t) < u' (t)

tN/n! = =1/ (n— 1)1

Lemma 3. Let u € C" ([tg, ), (0,00)). Assume that u'™ (t) is of fixed sign and not identically zero on
[to,00) and that there exists a t; > to such that u™=) (£)u(™ (£) < 0 forall t > t;. Iflim;_yeou (t) # O,
then for every y € (0,1) there exists t;, > t1 such that

y n— n—
w(t) 2 1 ‘u( D (t)‘ fort > t,.

At studying the asymptotic properties of the positive solutions of (1), it is easy to verify—by [3]
(Lemma 2.2.1)—that the function N, has the following two possible cases:

Lemma 4. Assume that u is an eventually positive solution of (1). Then, there exist two possible cases:

(S1) NV (1) > 0 forx=0,1,23,
(S2) NV (1) > 0 forx=0,1,3, and N’ (u) < 0,

fort > t1, where t; > tg is sufficiently large.

Lemma 5. If u is an eventually positive solution of (1) and

(@ (0) < () e (e () 0

then
1 _ 1 _ _
w2 Sy <Nu (vm) - IR (v (= 1(t)))>. @)
Moreover,

(r )y (N (1)) < =g () (e () NE (27 (0 (1)), if Ny satisfies (S1) ®)

and

0 1 o 1 ((7 (s)) B 1/a

N (1) < —cﬁl/“NE/“ (t)/t (r(g)/g g (s) (s> ds) do, if Ny satisfies (S2).  (9)

Proof. Let u be an eventually positive solution of (1) on [fg, o). From the definition of N (),
we see that

c(t)u(t(t)) =Nu(t) —u(t)
and so

c (T—l (t)) u(t) =Ny (r—l (t)) —u (r—l (t)) .

Repeating the same process, we obtain

1 ] Nu (T (1) w (e (T (1)
“O= Ty (N“ (71 m) ‘( (T (T 1(H)  e(r I (TI(H) ))
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which yields
NET0) 1 N )
Y02 Ty eI ®) e(e (i)

Thus, (7) holds.

Next, it follows from Lemma 4 that there exist two possible cases (S1) and (S3).

Let (S1) holds. Using Lemma 2, we get N, (t) > 1tN/, (t) and hence the function t 3N, (¢) is
nonincreasing, which with the fact that 71 (t) < 77! (771 (t)) gives

OV N O) < (W) N (o). (10)

From (7) and (10), we get that

s x> @) (0 @ (@)
T c(ri(n) (T 1 (D)) e (r71 (x71 (1))
> a ()N (T (0). (11)

From (1) and (11), we obtain

(ry N )") + g0 @) NE (! @ (1) <0

Thus, (8) holds.
In the case where (S;) satisfies, by using Lemma 2, we find that
Nu (t) = tN (t) (12)
and hence (+" !N, (t))/ < 0. Therefore,
T L(H) N, (fl (7*1 (t))) <71 (Tfl (t)) Ny (Tfl (t)) . (13)

From (7) and (13), we have

11
u(t) > 11 (1_(T1(T (t (t>2(t)))>Nu(Tl(t)>

= ¢ (£) Ny (T_l (t)) ,

which with (1) gives

!/

(r(y (NI (9)") < =) (@ ()N (T (e (1)

Integrating this inequality from ¢ to ¢, we obtain

o) (NI (@) = () (N (1) < = [“q )k (o )NE (7 (o (1)) a. (19)
From (12), we get that
N (e (1) = Ty, ), (15)

Letting 0 — coiin (14) and using (15), we obtain

[} -1 B
r(b) (NL”(f))“zcg(a(t))Nf(t)/t q(s)(T (U(S))) N

S



Symmetry 2020, 12, 371 50f8
Integrating this inequality again from f to co, we get

-~ - 1 s B 1/a
NI () <~ NE ) [ (mlg)/g 7 (s) <T(S‘T()>> ds) do,

for all yp € (0,1). This completes the proof. [

Theorem 4. Let o (t) < T (t) and (6) hold. If there exist positive functions 8,0 € C! ([tg,00)) such that

/oo T(S)_ z a+1 ( ! ) 9/ t . 2\ % ds = oo (16)
t (a+ 1" (a6 (1) (- (a(t))) (@ (1) (v (e (1))
and 2
o (o' (s)) _
/to (q;(s)— 4p (s) >ds_oo' i

for some yy € (0,1) and every My, My > 0, where

¥ (1) == M0 (1) g (1) (o (1))

and

oo oo T*l o (s B 1/a
@ (1) = "o () MP" [ ((1@ [Cae () ds) o,

then (1) is oscillatory.

Proof. Let u be a non-oscillatory solution of (1) on [tp, c0). Without loss of generality, we can assume
that u is eventually positive. It follows from Lemma 4 that there exist two possible cases (S1) and (S;).
Let (S1) holds. From Lemma 5, we arrive at (8). Next, we define a function w by

w (1) :—e(t)m > 0.

Differentiating and using (8), we obtain

W' (t) < %,((tt))w (£) — 6 (t)q (t) b (o (1)) NE™ (T )
r(t) (Ng ()" () (o <t>>>’ o (1) Ny (=71 (0 (1))

0 0) NE (t1 (0 () | o

Recalling that 7 () (N!” (t))" is decreasing, we get
(e e ) (N (e ))) = (N ()"
This yields
11! — ® r (t) " o
(N (e 0))" 2 sy O (19)

It follows from Lemma 3 that

N (o) 2 B (e e @) N (e ), 0)
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for all y; € (0,1) and every sulfficiently large ¢. Thus, by (18)—(20), we get

W (1) = Grye®-0mand @ENT (T @)

m (o YO N O (e 1)) (0 0) (1)
"‘””(r(rl (t)))) NS (71 (0 (1)) |

W) = e —0@an @NT (T o)

(N Eem) @) )’ e
? (e emm) RE0 (1),

Since Nj, () > 0, there exist a t; > t; and a constant M > 0 such that

Ny (t) > M, (21)
forall t > t,. Using the inequality

1
Uw — Vw Pt/ < A V>0
T (BT VB '

with

I 2

(o (1) (T (¢ (1))
(r0)"/% (1)

)”“ (r ' (e (1)

This implies that

[ro-—2, r(rl(a(t/»)(e’(/t))““ x| ds<w(n),
: @+ D" (10 (1) (x1 (0 (1) (¢ (1) (= (0 (1))

which contradicts (16).
On the other hand, let (S;) holds. Using Lemma 5, we get that (9) holds. Now, we define

/ " / 2
W = Edumpn g e (37)

p(t) Ny (t) N (t)
' (t) 1,
R ICRATO RN
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Thus, we obtain

and so

Then, we get

which contradicts (17). This completes the proof. O

Example 1. Consider the equation

(1 (£) + cou (61))® + %u (At) =0, (22)

wheret > 1, g0 > 0,0 € (cal/B,l) and A € (0,6) . Wenote thatr (t) =1,c¢(t) = co, T (t) = 6t, o (t) = At
and q (t) = qo/t*. Thus, it's easy to see that (6) is satisfied. Moreover, we have

SO U W N R T WY
Cl(t)_Co (1 5360)'62(t)_60 (1 500)'T(t)_ t

and A
_ G2Aqo
D (1) = ot
Thus, (16) and (17) become
= (ertig 9041y ot
[T - 20 ) as = (atm- 55 ) (o)
and

(o) / 2
~/to <d> (s) — (Zp<(ss))) > ds = ((:62;\‘7 - i) (400),

respectively. Hence, from Theorem 4, we conclude that (22) is oscillatory if

1 1 964
— 1= == — 23
quO ( 53C0> = 274 ( )
n 1 1 30
—1-— —. 24
qOCO ( 560) >2A ( )
In particular case that co = 16,6 = 1/2 and A = 1/3, Condition (23) yields qo > 41.14. Whereas, the
criterion obtained from the results of [22] is qo > 4850.4. Hence, our results improve the results in [22].
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