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Abstract: In this paper, a stochastic model with relapse and temporary immunity is formulated. The
main purpose of this model is to investigate the stochastic properties. For two incidence rate terms, we
apply the ideas of a symmetric method to obtain the results. First, by constructing suitable stochastic
Lyapunov functions, we establish sufficient conditions for the extinction and persistence of this
system. Then, we investigate the existence of a stationary distribution for this model by employing
the theory of an integral Markov semigroup. Finally, the numerical examples are presented to
illustrate the analytical findings.
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1. Introduction

Infectious diseases have always threatened the health of human beings. In recent decades,
mathematicians have tried to study the spread of infectious diseases. Many disease models have
been introduced to understand and analyze epidemics [1-6]. The simplest and best-known one is
the SIR (susceptible, infections, removed) model, where the total population is divided into three
compartments: susceptible (S), infections (I), and removed (R). If the epidemic models are conferred
on temporary immunity, then we can establish SIS (susceptible, infections, susceptible) or SIRS
(susceptible, infections, removed, susceptible) models. These models have been researched widely,
from the deterministic to stochastic perspective [7-16]. However, the recovery of diseases may relapse,
when latent infections reactivate and revert resulting in actively infected people. These types of
diseases can be modeled by the SIRI (susceptible, infections, removed, infections) model [17-20], which
reads as follows

9 — 5 —uS—¢(S,1),
G =S, —(p+mI+mnR, (1)
WR—pI—(p+m)R,

where y denotes the recruitment rate of humans, and we suppose that it is equal to the natural death
rate of humans. 7 is the recovery rate, 1 denotes the rate that recovered individuals are reverted to
the infective state. ¢(S,I) is the transmission function, which is important in order to analyze the
stochastic properties of the model. In such a model, relapse is an important feature of these types of
diseases that occurs in some animals and humans, for instance, tuberculosis and herpes.

Tudor [17] and Ding [20] established SIRI models with a bilinear incidence rate. However, in real
life, the types of incidence rates of the same disease may be different as the environment changes.
Nevertheless, on the basis of what we have studied, few works have been done on epidemic models
with different incidence rates. Thus, we propose a model with a novel type of transmission function,
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o(S,I) =Y 1 pi9i(S,I), where p; (i =1,2,...,n) denotes the probability of ¢;(S,I)(i =1,2,...,n)
occurring, and } ! ; p; = 1.

Taking into account a bilinear incidence rate and the Beddington-DeAngelis incidence
rate, in this regard, we assume ¢(S,I) = pB1SI+ (1 — p)anzissinlf where p represents the
probability of a bilinear incidence rate occurring, the corresponding 1 — p is the probability of the
Beddington-DeAngelis incidence rate occurring, and evidently 0 < p < 1. m and n are nonnegative
constants. B;(i = 1,2) are positive constants, which represent the disease transmission coefficients.

Hence, the corresponding model can be formulated as follows

S
dS = i —pS — pprSI — (1 - p) rbimy + VzR} at,
SI

Al = |pprST+ (1= p) by — (1) +mR| dt, @

dR =[] = (¢ + 71+ 72) Rl dt,
where 7, denotes the per capita immune loss rate of removed.

Stochastic differential equations (SDEs) are ordinary differential equations (ODEs) that include

random processes in their vector fields. In this paper, we establish an SDE system by introducing

terms representing stochastic perturbations into the ODE system (2), which is achieved by letting
Bi — Bi +0;B;i(i = 1,2). Hence the stochastic epidemic model of system (2) is given by

45 = [ — S — pP1SI — (1= p)rE5" y + 12R| dt — por SIdBy — (1= p) - 257Bs,
Al = |ppiST+ (1= p) b5y = (u+ I+ mR| dt + porSIdBy + (1 — p) ;2 dB, )
dR = [71 = (u+ 71+ 72) Rl dt.

With the following initial conditions: S(0) > 0, I(0) > 0, R(0) > 0 and S(0) + I(0) + R(0) =1,
we have
d(S+1+R) = [ —u(S+1+R)dt.

We can also easily show that
S(H)+1(t)+R(t) =1 forall £ > 0.
Therefore, in this paper we can also discuss the following system for (I(t), R(t))

B,(1—I1—R)I

dl =[pp1(1—1—-R)I+(1—p) — (p+n)1+mRldt,

1+m(l—1—-R)+nl
o B 0,(1-I1—-R)I (4)
+po(1—1—R)IdB; + (1 p)l+m(1 "y +nIdB2’

dR =[nI — (p + 71+ 72)Rdt.

Precisely, the region I'y = {(S, ILR) € R3S+ I+R< 1} is a positively invariant set of system (3)
and the region T, = {(I,R) € R?, I + R < 1} is a positively invariant set of system (4).

The symmetric method for differential equations is a popular way to study ordinary differential
equations (ODEs) and partial differential equations (PDEs). In this regard, we apply the ideas of this
method shown in [21,22] to the SDE system.

Unless otherwise specified, throughout this paper, let (Q), F, { F }+>0, P) be a complete probability
space with a filtration {F; },- , satisfying the usual conditions (i.e., it is increasing and right continuous,
while Fj contains all 7 -null sets). Let R® = {x; > 0,i = 1,2,3},R% = {x; > 0,i = 1,2}. Let B(t) be
an F; -adapted Brownian motion.

The rest of this paper is organized as follows. The existence and uniqueness of the positive solution
of the system (3) are provided in Section 2. In Sections 3 and 4, we explore sufficient conditions for
extinction and persistence results of the epidemic. In Section 5, we use integral Markov semigroup
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theory to study the existence of a unique stationary distribution for system (4). Finally, we present
some numerical simulations to demonstrate our analytical results.

2. Existence and Uniqueness of the Global Positive Solution

In the following, we discuss the existence and uniqueness of the global positive solution of
system (3) for any initial condition on R*. For further research, this is an important premise.

Theorem 1. There is a unique and positive solution (S(t), I(t), R(t)) of system (3) for any initial condition on
R. Then the solution remains in I'1, almost surely.

Proof. As the coefficients of system (3) are locally Lipschitz continuous, there exists a unique solution
on [0, 7|, where T, is the explosion time.

Let ny € N, such that the initial values 5(0), I(0), R(0) are all in the interval (1/ng, ng). For any
integer n > np, we consider the stop-time 7 as

T, = inf{t € [0, %) : min{S(t), I(t),R(t)} < %or max{S(t),I(t),R(t)} > n}.

Clearly, 1, is increasing as n — oo and less than 7, for any n > ny. Set Too = limy 0 7. We have
Too < Tp. If Too = o0 a.s. holds, then 7, = o0 a.s. Otherwise, there exist € € (0,1) and T € (0, ), such
that P (Tee < T) > e. Thus, there exists an integer n; > ng, such that P (7, < T) > e forall n > n;.

Let N(t) represent the population size at time . Thus, N(t) = S(t) + I(t) + R(t). For any n > ny
and t € [0, T,), we have by derivation

AN(t) = [ — uN(1)]dt.
Then, by the comparison theorem, we obtain

N(t) <1+ [N(0) —1]e " < M = max{1,N(0)},Vt € [0, 7).
Define a C2-function V;

Vi(S,LR)=(S—1—1ogS)+ (I—1—1ogI)+ (R—1—1logR).

Clearly, V;(t) is nonnegative. According to the It6 formula, one has
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Here A is a generic positive constant. We compute

B 1 1 1 1 0>SI

Integrating over [0, T, A T| and taking the expectation, then

EVi (S(tuAT), I(ta AT),R(tu AT)) < V1(5(0),1(0),R(0)) + AT,

which leads to

Vi(5(0),1(0),R(0)) + AT > E [l{TnAT}Vl (S(tu AT),I(ty AT),R (tn A T))}

28{(n—1—logn)/\<—1—logi>}

Let n — o0, and we obtain

oo > V3(5(0),1(0),R(0)) + AT = oo,
which is a contraction, then, Tec = o a.s. This completes the proof. O
3. Extinction of the Disease

In this section, we consider the extinction of the disease of the system (4) under some
sufficient assumptions.

Theorem 2. Assume that

Ry <1, (5)

B1 > poi, B2 > (1—p)o3, (6)
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where Ry = prp + fo(1 — p) , then for any initial value (1(0), R(0)) in T», the solution
07w+ i+ I30 - pr - for any initi (1{0), R(0)) in T "

(I(t),R(t)) of system (4) converges to (0,0) a.s.

Proof. Let Ry < 1and 0 > 1, such that

017

1 1
—k é 1— _ - 2.2 -2 1— 2)
o =ph1+(1-p)h2 <l4+77+2‘71p NS 2l R

Define the stop-time
T = inf{t >0, I(t) < ;}

We suppose that E(7;) < co. Actually, we assume that I(0) € (4,1) (if not 7y = 0). Hence, for all
T>0andt < T AT, onehas

1
I(t) > o @)
Now, employing It6’s formula to log I, we have
_ 7 _ poA—-1-R) R
Hlog 1 = |ppa(1 — 1= R) + (1= p) b = (et
T S PO 1-1-R ?
P o= I=Ry =30 =Pl a—T—ry ) |
t+por(1— 1= R)dBy(t) + (1 — p)—— 20 == R) ®)

1+m(1—I1—R) T B2(t)
1 1
< {—(# +1)+prp— 5pP0t + p2(1—p) = S(1—pPo3 + 97112] dt

05(1—1—R)

+por(1—1—=R)dBi(t) + (1 - p)3 Tm(I—I—R) +n1d32(f),

where (6) and the monotony of the functions x; — — (4 + 71 +72) + p1x1 — 2p?0?x3 , x5 —

2
—(pt+mtr)+0- p)% — 11 -p)2c? (#W) are used. Precisely, according to
assumption (6), the functions x1 and x; are both increasing on the interval [0, 1]. Combining (8) and
the R-equation, one has

071 } [ 155 1 2 2 Ov1n
dllogl+ ————R| < |—(u+79y)+ ——p°or+B(1—p)—=(1—p)0os + ——————1| dt
eIt TR ST A —gprert 1 —p) =5 =p)o+ o

o B m(l1-1—-R)
+ po1(1—1—R)dBy(t) + (1 p)1+m(1—I—R)+n1dBZ(t)
0n(1—1—R
< —kgdt+p0’1(1 —I— R)dBl(t) + (1 — p)l +m2((1 - R))—i- nIde(t).
Further,
01 011
Ellogl(TAT)+ ————R(TAT)| <logI(0)+ ————R(0) —kgE (T A1),
BIT AT+ TLR(TAD)| <10g1(0) + - TL—R(0) ~ k(T A7)
which leads to o E oo I (T
E(TATl)S T . [Og ( /\Tl)]'

(471 +72) ke ke
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Then, letting T — oo and using Fatou’s lemma, we have

071 log 6
E(hg) < < 0
(1)_(ﬂ+71+')/2)k9 ko

Therefore, our claim is true. In the next step, we shall show that I(t) goes by 9% in a finite mean
time. Therefore, we set

T —inf%t >7, I(t) > %},

T =infit <1, I(t) < 9%}
Hence, forall T > 0 and any ¢ € [13, T A 2] we obtain

1 im<

> . ©)

| =

By using (9), we can also have

62 1 1 62
d 10%”%13} = [51P+ﬁ2(1p) <u+17+2172012+2(1p)20%) SR Ay N T

B+71+72 p+v1+m7
o - o(1—1—R)
+po1(1—1—R)dB(t) + (1 p)l+m(1—I—R)+nIdBZ(t)
o»(1—1—R)

< —kgdt + po1(1 — I —R)dB1(t) + (1 —P)1+m(1 — I—R)+nIdB2(t)'

Integrating over [11, T A T2], one can find

02711
EflogI (T A <logl —R —kgE(T N1 — .
[log I (T A12)] < log (Tl)+#+’71+72 (1) —keE(T A2 — 1)
Thus we have )
0 2log 0
E(n) <E(n)+ n 987 o

(+71+72) ke kg

By induction, we have the following definitions

qzm?zmhuﬂ>g&,

T, =inft <7, I(t) < 9%}

We obtain

0" 1 nlog0
E(t) <E(t-1) + < 0
(")— (7’! 1) (V+71+72)k9 ke

Clearly, (t,) is an increasing sequence. Therefore, T, — T a.s. We denote Q) = Npeq (T < 00),
by (10) and we obtain

(10)

[e0]

P(Q’):P(ﬂ(‘(n<oo)>:’}EIJOP(Tn<w):1. (11)

n=1

We write ()’ in the following form
O = ((To <) NQ) U ((Too = 0) N Q') = (Too < 00) U ((Teo = 00) NQY).

We show that P(Te < 00) = 0. We assume that P(7e < ) > 0. Let w € (T < o). We obtain
foralln € N*

I(th(w)) = al”'
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By extending n to oo, we obtain I(Tw(w)) = 0. Hence, 1p(w) < Two(w) < oo, where 19 =
inf {t > 0,I(t) = 0}. Then
P(19 < 00) > P(Teo < 00) >0,

which is a contradiction with P(tp = o) = 1. Then, P(7e < o0) = 0, furthermore
P((to =0)NQY) =1

Finally, we set w € (T = ) N Y, € >0, > 0and 19 = [~ loge(log#)~!]. For t > Ty, there is
n such thatn > ngand 7, <t < 7,41. Then

71 <I < 1 < 1 <
gn+1 — (t) — 971 — gnot+l — €
which suggests
lim I(t) = 0. (12)
t—o0

This indicates that I(t) converges to 0 with probability 1. Using Fatou’s lemma and the last
equation of system (4), we obtain

limsup R(#) < hmsu et (f —y)dy < — T fimsu I(t),
Hoop 1 Hoop Htrit72 Hoop

which implies with (12) that lim;_,. R(¢) = 0. a.s. This proof is therefore complete. []
4. Persistence in the Mean
Theorem 3. Let (S(0),1(0),R(0)) € I'y) be an initial value. Assume that

RO >1

(1=p)bo
+ Ty o . .
holds, where RY = pf L N *;” T 5—. Then, the epidemic of (3) is permanent in the mean.
WA= iy 3P0+ 5 (1-p)%03

Precisely, we obtain

1ot i
- > .S.
htrgglft Os(u)du_y+iﬂﬁ1+(1—}7),32c as.,
1t U 1
liminf~ [ I(u)du > ————— <1 - ) a.s.
oo - 1-— 0 !
et phr T R
S un ( 1 )
liminf =~ [ R(u)du > - 1——5] as.
e B (H+71+72) (PﬁlﬂL%) Rs

Proof. Integrating the first equation of (3) between 0 and ¢, we obtain

= () = 5(0) = [ (15 + ppast + % - R ) ds
)(TzSI

+/ PUlSIdB] +/ mdB2(S)

g/ <y+pﬁ11+1(+s)le> Sds
p)oaSI

+/ P(TlSIdBl "‘/ mdB2(S)
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It is obvious that p51SI < pp1, % < C, where C is a positive constant. Thus, we have
t
pt = (S(t) = 5(0)) < (1 + pp1 + (1= p)B2C) / sds

)0’251
+/ porSIdBa (s +/ 1+mS+nIdB2(S)'

Multiplying both sides by %, we obtain

1 _5(t) =5(0)
f/ SRR )ﬁzC<” t )
! Lt (1=p)sSI
 utppr+(1-p)paC ( / porSIdBy(s) + ¢ | Wde(S)).

Note that fo po1SIdBy(s), J, (1 +m;‘f3{dB2( ) are continuous martingales with finite quadratic

variation. By employing the strong law of large numbers for local martingales, we have

. S(t)—S(0 0,SI B
i — / porSIdB (s t/ P T ms s a1 t2(8) =0 as.
Hence,

H
lim - / Sds > a.s
t—oo t p+pp1+(1—p)paC

Then, we define a function F on I'y

PIB + (1_}7)/32

F(S,LR) = log I + %S—FBlogR, (13)
where B is the unique solution to the equation
—(#+vl+72)B+2mx/§—$:o, (14)
givenby B = m Using (1 — I — R)? < 1 and (8) we infer that

S 1 1 R
dlogl > [P,B15+ (1 —P)% - (V+’7+2P2‘712+ 5(1 —P)2‘722> +71I] dt

15
+ porSdBy (1) + L= P)2S 4 "
=8P 1+mS+nl 27
Additionally, we also have
g(PPLt 1T Pt S Bt < (A-p)p B1S — (1—p)BaS _ pASI  p(1—p)BiP2SIroiisw
u — PP 1+m+n PP1 14+ m-+n u U
B3(1-p)*sl
o P(l—P),31,3251% . 1+ m+n)(1+ mS + nl) + (p,Bl 1}rn€’)ﬁzn)R:|dt
I M 4
(1=p)B, (1=p)B,
PPt Ty PBit Trmra (1—p)oaSI (16)
M porSIaB(f) - U 1+ mS + nl 2()
(1- )ﬁz B (1—p)p2S _ (pB1+(1—p)B2)® }
Zpﬁl_'— 1+ m PP1S 1+ m+n u I]at
(1*17)52 (1=p)Bs _
_ p51+1+m+”p(7151d31(t)— PBi+ Trwra (1—p)oaSI

1 U 1+ mS + nl 2(t).
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Moreover,
I
dBlogR = [UBR —(p+m+ Yz)B} dt. (17)

Combining (15)-(17), we have

(1-p)B2 1o2.14 262
dE(S, 1, R) 2 [Pﬁ1+1+m+n ptntopior+5(=p)yoy ) —(ptrn+12)B

+(\/711R_VB£I)2+2\/W_(pﬁ1+(1y—p)[s2)211dt

(1-p)B2 (1-p)B2 B
n (1 _ ’”51+1+m+nl> poSdBy (t) + (1 YL 1) (L=p)oaS 1p 1y

U U 14+mS+nl
(1-p)b 122 1
> _ Z _
_[Pﬁ1+1+m+n pAn+sptot+ 5 (1= p)*o3 ) = (k1 +72) B

s2yup - AL MZI]M

)Pz (1=p)p2 B
+ (1 p51+1+m+"z> poSdBy (t) + (1— p51+1+m+"z> (L=P)aS yp 4.

U U 1+mS+nl

By using (14), we have

(pm (1-p)p2 )(1_;) _(Pﬁ1+(1y - p)ﬁzﬁ} o

14+m—+n RY

(1-p)s —p)Bs B
+ (1 _ m[) pUlsdBl(t) + (1 P,Bl + T+m+n + m-+n 1) (1 p)UZS de(t).

dF(S,I,R) >

(18)

U U 1+mS+nl

Integrating the last inequality from O to t and multiplying by %, it yields that

F(S(t),I(t),R(t)) — F(S(0),I1(0),R(0 1-— 1
({010 R0 = FISOLIORO) (5, A=pBr) (1 1)
2 .,
- AL O DB g4 M1 M),

where

1+m+n I( ))dBl(u),

M (t) = poy /Ot S(u) (1 "

and

t u (1—p)p2
M) = (=P [ gt Parcay (-7 +;¢Hm+n 1) )a5a().

Therefore

1 H(ppr + L2k 1 ! F(S(t),1(t), R(t))
/OI(u)du Lrmy (1—) -

(pB1+ (1 - p)B2)’

n H F(5(0),1(0),R(0))
(pB1+ (1—p)B2)° t
H Myt u Myt

T Bt ppE t it (- ppaR t
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Clearly, M;(t),M;(t) are continuous martingales and M;(0) = 0, M(0) = 0 with their
quadratic variation

(L-p)p2 ? (1=p)Ba \ 2
[My](t) —P2012/ [Sz(u)<1 WI( ))} du <p*o;? < W) |
0

(1=p)pa 2 2
(M) =1 = ot [ (1= PR ) (et )
(A=p)ps \ 2
<(1-p)’e’ (1 + W) t.

Hence, by the strong law of large numbers for local martingales, we have

lim lMli(t) =0 as,
t—oo t
lim 1 Ma(t) =0 as
t—oo t
Consequently, we have
pB1+ 1+rz)f3)
iminfl [f ( D W I E(S()I().R(H)
Hminfy Jo Hdu = ey (1 Ri’) e —ppl oS v (19
Clearly,
(1=p)B>
lim sup F(5(), 1), R(t)) < lim sup PPt Tomew _ 0.
t—co t t—oo ut
Combining (19), we find the desired result.
1 st [plB1+l+m)+ﬁnz] 1
lim inf =~ [ I(u)du > (1 - 0) a.s. (20)
tmeo £ Jo (pB1+ (1= p)p2)? Rs

Integrating the last equation of (3) and multiplying by % , we obtain

Erm+m / _1n / 5)ds + RO = R(H) R(t)
t t
As tlim w = 0, using (20), we deduce that
—00

1 gt TH (P,B1 + 1+mzrﬁrf) 1
lim inf — | R(s)ds > 5 < — 0)‘
e (m+71+72)(pB1+ (1 - p)B2) Rs

Hence, we complete the proof. O

5. Existence of a Stationary Distribution

In Section 4, we obtain that the persistence in the mean of the system starts from any initial
condition of the invariant region I'; on certain conditions. In this section, to better understand the
asymptotic behavior of the diseases shown in the SDE system (4), in the case of RY > 1, we present
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that there exists a stationary distribution of the process (I(t), R(t)). The diffusion matrix of system (4)
is shown as

. . 2
Y (i,r) = <P01(1—i—r)i+(1—P)M) 8 )
0

As the diffusion matrix is degenerate and dissatisfies the uniform ellipticity condition, we can not
directly prove the asymptotic stability using Khasminskii’s theorem [23]. To handle this situation, we
apply the integral Markov semigroup theory, presented in [14,24,25].

Now, we consider the space (I'y, B(I'2), m), where B(I';) is the o-algebra of Borel subsets of I'
and m is the Lebesgue measure on (I'p, B(I'z)). Throughout this section, we denote the transition
probability function for the diffusion process (I(t), R(t)), i.e.,

P(t,ig, 10, B) = P((I(t),R(t)) € B|I(0) = iy, R(0) = ).

In Theorem 4, we show the absolute continuity of the transition function of the degenerate
diffusion processes, as described by the Stratonovich equation, using the Hérmander condition, given
in [26]. Let KC(t, 1, 7,19, r9) be the density of P(t, i, 1o, .). For any t > 0, the operator P(t) can be defined
as follows

P(t)g(i,r) :/r K(t,i,1,i0,10)g(i,r)m(di,dr), g€ D.
2

Hence, according to system (4), we define the integral Markov semigroup {P(t) }>0.

Theorem 4. The transition probability function P(t, i, ro,.) of the solution (1(t), R(t)) of system (4), has a
density IC(t,i,1,i9,19) € C®(R, Ty, ).

Proof. Denote a(x) and b(x) two vectors fields defined on R", then the Lie bracket [a,b](x) is
presented as

o) = - [akaxim b%(x)]

j=1,...,n. We write the It6 system (4) as the Stratonovitch SDE

( I ) _ ( a1(LR) )dH ( por(1— 1= R)I + (1= p) 72 Rt >odB(t) @1)
) 7

AR a(I, R 0
where
_ B2(1-1-R)I
a1(LR) =pp1(1—1—-R)[+ (1 - P)m —(p+mI+mR,
(L R)=yl—(p+ 71+ 72)R.
Let a(I,R) = (a1(I,R),a2(I,R)) and b(I,R) = (ps(1 — 1 — R)I + (1 —
p)M 0)". By direct calculation, we obtain det([a,b|(I,R),b(I,R)) =

T+m(1—1-R)+nl’
n(po(1—I1—R)I+ (1— p)%)2 > 0 for any [I,R] € T. Accordingly, the vectors
[2,b](I,R) and b(I, R) span the space I'2. By employing the Hérmander theorem, the probability

function P(t, iy, ro,.) has a density K(t,i,7,ip,19) € C®°(R,I'p,T5). O

Now we use the approach given in [24,25] to verify that K is positive. We fix a function ¢ €
C([0, T], R). Consider the system of differential equations below

{ Io() = a1 Ly (), Ro(0)) + (por (1~ (6) = Ry (1)) Ip(1) + (1 = D) i meat o ¥
Ry(t) = aa(Ip(t), Ry (1)),
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with the initial condition I,(0) = iy, Ry(0) = 7o and let D; . o be the Frechét derivative of the

function h — ;,Hh ((1;2) from C([0, T], R) to R?. The derivative D
¢-+h

Let E(t) = a’(I(t), Ry(t)) + ¢(t)b' (Ip(t), Rp(t)), where a’ and b’ are the Jacobian of a(I,R) and
b(I, R), respectively. Denote Q(t,ty), for 0 < tg < t < T, as the function satisfying Q(to, to) = I,
% (t,t9) = E(t)Q(t, to). Then

io,r0,¢ could be found as follows.

T
Digrogh = /0 Q(T,$)b(Ip(s), Ry(s))h(s)ds.

If, for some ¢ € C([0, T], R), the derivative Djy ¢ has rank 2, then K(t,i,r,io,r0) > 0fori = Iy(T)
and r = Ry(T).

Theorem 5. For each (io, 7o) € T2 and ¢ € C([0, T],R), the derivative D, o has rank 2.

g, 10,
Proof. Lete € (0,T) and h = 1j7_. ). By a first-order Taylor series approximation, we obtain
Q(T,s) = 1 —E(T)(T —s) +o(T —s). Then D,  oh = €e — 5¢*E(T)e + o(€?) where e = ( (1) >

By computation we have

_ P (t)  (nempp(Ip(t)
E(T)e = ( P(Br+901)@g(t) + (1= p) (B2 + $02) (p ()5t~ Tmpg(e) ot~ H ) ) ‘
n

where @¢(t) = 1 —2Ip(t) — Ry(t) and py(t) = 1 — Ip(t) — Ry(t). Therefore, e and E(t)e are linearly
independent and the derivative D; ,,  has rank 2. [

Now we verify the positivity of K. Hence, we investigate the controllability of the region I';.

Theorem 6. For each (Iy,Rg) € Ty and for almost every (I,Ry) € T, there exists T > 0, such that
IC(T/ I],R],IO, RO) > 0.

Proof. Fixed (i, 19), (i1,71) € T'». Without a loss of generality, we assume that r; < ry. Now we show
that there is a control function ¢ and T > 0 such that Iy(0) = iy, Ry (0) = ro, Ip(T) = i1, Ry(T) = ry.
We first consider the following ODEs

Xp=—(p+m+m)X,
Yi=n—(p+m+rt+nt, (23)
X1(0) = Y1(0) = ro,

with positive solutions X; and Y;. We define the function Ry (¢), as follows

Ri(t) = Xa() + T2 (1(0) - X (1),

Thus, we have
Ry(0) = ro, R1(0) = nip — (u+ 71+ 72)- (24)

Furthermore

Rit) = ~(etm + )R 0) + T (1= Wi (1),

it v Ry () + T ) ey g,
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As X (t),Y1(t) € (0,1) forall > 0. Then
—(p+m+7r2)Ri(t) <Ri(t) <y — (p+71+72+1)Ra(t). (25)
Similarly, we consider X; and Y, the solutions of the ODEs

Xz = —(p+m+72)X2,
Yo=n—(p+m+r2+n)Ys, (26)
X5(0) = Y2(0) =ry.

Then, the function

Z(1) = X(0) + T (5(0) ~ X (1),

verifies the following
Z(0) =r, Z(0) = nix = (+ 11+ 12)11- (27)

Now, we choose a differentiable function, R3(t) = Z(t — T), where T is a sufficiently large number,
such that
X1(t) < Rs(t) < Yi(t), Vte [T —¢¢, (28)

where ¢ is a small enough positive number. Hence, from (27) and (28) we get that for all t € [T —¢, T,
R3(t) verifies
= (H+ 71 +72)Rs(t) <Rs(t) <y — (u+71+72+17)Rs(t), (29)

Ry(T) =11, Ro(T) = iy — (p + 71+ 72)11. (30)
Finally, we define a function Ry (t) on [¢, T — ¢] such that X; () < Ry(t) < Y1(t), then we have

— (r+ 71+ 72)Ra(t) < Ro(t) <= (+ 71+ 712+ 1) Re(8). (31)
In addition, we choose R, () appropriate to define the C!-function Ry as follows

Ri(1),0 <t <,
Rp(t) =14 Ro(t),e<t<T—pg,
Ry(t),T—e<t<T.

Hence the function Ry, constructed above, possesses the properties below

Ry(0) =1y, Ry(t) =11,
Ry(0)=niog — (1t + 71+ 12)r0, Ryp(T) = i1 — (471 + 72)71, (32)
—(+71+72)Rp(t) <Rp(t) < — (4714 72+ 1)Rp (1)

Now, we define the function I (t) on the interval [0, T] by

1,.
Ip(t) = 5(R¢(t) + (1471 + 712)R (1))
Thus, we can deduce from (32) that 0 < I(t) + Ry (t) < 1 forall t € [0, T]. After that, we choose
the control function ¢(t) as follows

(P(t) _ j‘P(t) — a1 (I¢(t)' R‘P(t)) .
[(p1 (1= 1p(8) = Re(1)) + (1 = 1) piiop o ey o 8)
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Therefore, with the above determinate continuous function ¢, (I5(t), Rg(t)) is the solution to
system (22). Furthermore, from (32) and the chosen of Iy(t), we find that this solution satisfies

(1p(0), Rp(0)) = (io,r0), (Ip(T),Re(T)) = (iy,71).
This completes the proof. [

Theorem 7. If R > 1, then the semigroup {P(t)};>0 is asymptotically stable. This indicates that there exists
a unique density K*(i,r), such that

// \KC(t,1,1,i,70) — K (i,7)|didr =0 for all (ig,rg) € Ty.
I

Proof. First, we construct a positive C2-function V, and a closed set A C T'; such that

sup LV,(I,R) <0,
(LR)ET,\A

where L is the differential operator related to the system (4) and A = (aq,ap) X (a3,a4) C I'p in which
a, a1, ap, a3, and ay are positive constants to be chosen later. Then the semigroup {P(t)};>¢ is not
sweeping from the set A. It is clear that the function f, ,(x) = ulogx — vx, u,v > 0 has its maximum
at 7. Using the definition of F(S, I, R) in (13), we can easily deduce that

p,Bl + (1—P)ﬂ2
F(IL,R) +alogR =10g1+%(1717m +BlogR +alog R

(1=p)p>
pB1+ T+rm+n
I+ R)+ LT TEmin
V‘31+1(+ rﬁ)izn ( ) fB+ ;7ﬂ1+1(+ m)izn ( ) I’l
[ [

=f

(1=p)p>_

B+a pB1+
<f rﬁﬁw V p)B, +f rp +L( . ))ﬁz >+ 1+m+"
T+m+n p‘B1+ B+ta, 11;;rn+n pﬁ1+ H

" 1+m+n 1+m+n

Hence,

p)B2

AV B+a 1+

(LR =f 4 (%)H o ( [CEDNRIN. s
pﬁﬁl*’”*” p,31+1+m‘32 B+a % p‘31+1+m£2n U

—F(I,R) —alogR > 0.

Combining (18) and the differential operator £, we have

2
LVa(,R) < = (b 122 ) (1= g ) + PO ) - . 09)

Let (I,R) € T, \ A. We consider the following four cases:

e If I < a;. In this case, we choose a1 and a to be sufficiently small, such that

2

e Ifa; <I<1landR < a3, we choose a3 to be sufficiently small, such that

anay

2
LV,(I,R) < (phr+ (1= p)fs) a1+a(y+71+’yz)—? <0.

H
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o Ifay <I<1—azandas < R <1—ap wechoosea, < 1 to be sufficiently close to 1, such that

1— 2
LVZ(I,R) S (pﬁl_‘_(y p)ﬁZ) a]‘i‘a(‘u‘i")’l—'—’)/z)— 1&2@; <0.

o Ifag <I<1l-—agandays <R <1—ay, wechooseay <1 to be sufficiently close to 1 and a to be
sufficiently small, such that

_ _ 2
LVy(L,R) < — <pl31 + %) (1= ) + WBEEB 0, (1 — ay) +a(i+ 71 +72) <.

Then, with the above appropriate choice on the five parameters, we conclude that
LVy(I,R) <0, Y(I,R) € Tx\ A,
as intended. We complete the proof of this theorem. [

6. Numerical Simulations

We simulate the system (3) for various parameter sets to verify the main theoretical results raised
in this paper. For simplicity, we choose the following parameters 7 = 0.1, p = 0.3.

Example 1. Figure 1 presents a single path of the solution (S(t), I(t), R(t)) to the stochastic system (3) with
initial condition (0.7,0.2,0.1) for the parameters p1 = B = 0.3, 09 = 0 = 0.5, 71 = 0.04, 12, = 0.01,
m = 0.25, n = 0.3, where Ry = 0.8415 < 1. Then the disease of system (4) will die out.

Example 2. Figure 2 presents the solution (S(t),I(t),R(t)) to system (3) with an initial conditions
(0.7,0.2,0.1) for the parameters y = 0.3, 1 = B2 = 0.6, 07 = 0» = 0.2, 11 = 0.2, 72 = 0.1, m = 0.15,
n = 0.2, where R = 1.2983 > 1. Then from Theorem 4 the disease of system (3) is permanent in mean,
and admits a stationary distribution.

Example 3. Figure 3 presents the results of SDE (3) with initial conditions (0.7,0.2,0.1) for 1 = 0,0.5,1,
and the other parameters are the same as in Example 2. Then we have 1 < R2(0) = 1.1932 < RY(0.5) =
1.3794 < RY(1) = 1.4437. Therefore, a relapse can increase the incidence of the disease.
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7. Conclusions

In this paper, we focus on the principle properties of a stochastic epidemic model with relapse and
temporary immunity. The highlight of this paper is that, considering that the incidence rate of diseases
may change as the environment changes, we put forward a new version of the transmission function
9(S,1) = Xy pigi(S,1), Tty pi = 1. We assume (S, 1) = pp1SI+ (1 — p)rh2s (0< p < 1),
and this transmission function indicates that, in different environments, the disease has two different
incidence rates, which are the bilinear incidence rate and the Beddington-DeAngelis incidence rate.
Moreover, if the incidence rate of this disease is only the bilinear incidence rate, then p = 1. In contrast,
if p = 0, this implies that the disease has only one incidence, which is the Beddington-DeAngelis
incidence rate. Therefore, our assumptions are both mathematically and biologically reasonable.
The extinction result shows that the disease will die out almost surely when Ry < 1. Then we obtain
that the disease persists in the mean when R > 1, and there exists a stationary distribution for the
stochastic model in the meantime (see Figure 2). We also mention that a relapse can increase the risk of
diseases, as Ry increases with the relapse rate y; (see Figure 3).

There are also many related problems to be solved with further investigation. For example:

- The long-time behavior of the system (3) when RY = 1.
- If there exists a threshold R*, when R? < R* < Ry, for the behavior of the system (3).

In order to make this model more reasonable, we can also investigate delay stochastic differential
equation models, control stochastic differential equation models, and impulsive stochastic differential
equation models of system (2) for further work. The approaches are shown in [27-41].
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