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Abstract: We investigate a descriptor system of coupled generalized Sylvester matrix fractional
differential equations in both non-homogeneous and homogeneous cases. All fractional derivatives
considered here are taken in Caputo’s sense. We explain a 4-step procedure to solve the descriptor
system, consisting of vectorization, a matrix canonical form concerning ranks, and matrix partitioning.
The procedure aims to reduce the descriptor system to a descriptor system of fractional differential
equations. We also impose a condition on coefficient matrices, related to the symmetry of the solution
for descriptor systems. It follows that an explicit form of its general solution is given in terms of
matrix power series concerning Mittag—Leffler functions. The main system includes certain systems
of coupled matrix/vector differential equations, and single matrix differential equations as special
cases. In particular, we obtain an alternative procedure to solve linear continuous-time descriptor
systems via a matrix canonical form.

Keywords: descriptor system; linear fractional differential equation; Caputo’s derivative; Kronecker
product; vector operator; Mittag—Leffler function

MSC: 15A16; 15A24; 15A69; 33E12

1. Introduction

A motivation of this work comes from the treatment of linear algebra and differential equations for
control and system theory. Indeed, many physical processes can be formulated or at least approximated
by a generalized state-space system or a linear continuous-time descriptor system, namely,

ExX'(t) = Ax(t) + Bu(t),

@
y(t) = Cx(t) + Du(t),

where A, E € My, B € Mym, C € My, and D € My, are constant matrices. Here, we denote the
set of all m-by-n real matrices by M,,,, and we set M, = M, ,. The vector functions x(t), u(t), y(t)
represent the system state, the system input, and the system output, respectively. When E is a singular
matrix (i.e., rank E < n), the vector function x(t) is called a generalized state vector or descriptor
vector. Two simple examples of (1) are a planar pendulum modeled through Newton-Euler equations,
and an electrical circuit [1] consisting of energy storage elements such as capacitors and inductors.
A necessity and sufficiency condition for the system (1) to have a unique solution is the regularity, i.e.,
the matrix pencil sSE — A is nonsingular for some constants s [2]. The regularity and two other attractive
properties of the descriptor system, namely, the impulsive free and the asymptotical stability, turns
out to be equivalent to the symmetry property of the solution of the associated Lyapunov equation;
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see, e.g., [3,4]. To solve a regular linear continuous-time system (1), many authors used an idea of
transforming the generalized state vector x(t) through a suitable matrix canonical form [5-7]. In this
case, the system (1) is decomposed into a small number of simple subsystems, and the vector x(t) is
partitioned as a block-vector form. A coordinate form which is useful to verify specific properties of
the system (e.g., controllability) is a singular value decomposition (SVD) [8]. See more information
in [9-12].

On the other hand, there are renewal interests in linear matrix differential equations of Sylvester
type. A homogeneous Sylvester matrix differential equation takes the form

X'(t) = AX(t) + X(t)B,

where A, B € M, are constant matrices and X(t) € M, is an unknown matrix function. An explicit
form of the solution for this equation can be obtained through an equivalent scalar differential equation;
see [13]. A simple non-homogeneous linear matrix differential equation takes the form

X'(t) = AX(t)+ U(t), )

where U(t) € M, is a given matrix function. In fact, its general solution is given by [14]
t
X(t) = eAX(0)+ / =AU (5)ds.
0

A general system of non-homogeneous coupled linear matrix differential equations takes the form

X'(t) = AX(t)B+CY(t)D+ U(t), 3
Y'(t) = EX(t)F+ GY(t)H + V(t). )

Here, A,B,C,D,E, F,G, H are constant matrices and X(t), Y(t) are unknown matrix functions.
Many authors [14-22] investigated certain special cases of this system on the coefficient matrices.
A remarkable idea is to reduce the system of matrix differential equations to an equivalent vector
differential equation via the vector operator or the diagonal-extraction operator. In this case, the general
solution is given explicitly in terms of matrix power series concerning exponentials, hyperbolic
functions, or Mittag-Leffler functions.

The above studies can be extended to matrix differential equations with a fractional derivative.
Throughout this paper, we concern Caputo’s fractional derivatives, and we use the superscript («)
to indicate the Caputo’s derivative of order a. A simple system of non-homogeneous linear matrix
fractional differential equations takes the form

XW() = AX() 4+ U(®), (4)

where a € (0,1]. The solution is given as follows (see [23])

X(t) = Ex(t*A)X(0) + /Ot(t —8)Y LEL ((t —s)*A)U(s)ds,
where E, is the Mittag—Leffler function with parameter a. For the homogeneous case U(t) = 0,
the general solution is reduced to X (t) = E,(t*A)X(0); see [23,24]. Another technique to solve these
kinds of problems is to utilize the hybrid Jacobi and block pulse operational matrix of fractional
integral operator; see [25]. A general system of non-homogeneous coupled linear matrix fractional
differential equations takes the form

>
~
=
)
Py
~
=
Il

AX(HB + CY(H)D + U(t),

)
Y®(t) = EX(H)F + GY(HH + V(b),
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with unknown matrix functions X (#) and Y (¢). The case AC = CA and BD = DB of the system was
investigated in [17]. A linear matrix fractional descriptor system of the form

AX® (1) = BX(t) + CU(t) (6)

was investigated in [19].
In the present work, we consider a descriptor system of coupled generalized Sylvester matrix
fractional differential equations in a general form as follows:

I3 ko k3
Y PXW(HR; = Y AX(H)B; + Y CGY(H)D; + U(t),
i=1 i=1 i=1
ky ks ke
Y QYW(®)Ss = Y EX(HE + Y. GY()H; + V(b),
i=1 i=1 i=1

where 0 < a« < 1. To get an explicit form of the general solution, we apply the vector operator
and Kronecker products to reduce the system to an equivalent system of coupled vector differential
equations. The second step is to make a coordinate transformation to a simpler vector system with
new variables. This is done by matrix partitioning according to a matrix canonical form concerning
ranks. The third step is to solve the vector system obtained in the previous step. Here, we impose an
assumption about the invertibility of a coefficient matrix in a similar way as in [19]. The last step is to
transform the new variables to the original ones, so that an explicit formula of the general solution
is obtained in terms of Mittag-Leffler matrix functions. After that, we investigate certain interesting
special cases of the main system for both descriptor systems of coupled matrix equations, single
descriptor matrix equations, and linear continuous-time descriptor (vector) system.

The organization for the rest of the paper is as follows. In Section 2, we recall some useful tools
from linear algebra and fractional calculus for treating our problems. We explain how to solve the
main system into four steps in Section 3, and an explicit form of the general solution is presented here.
For the second step of the procedure, there are four cases of coefficient matrices, and they are named
as subsections. In Section 4, we discuss some special cases of the main system concerning matrix
descriptor systems. The results about linear continuous-time descriptor systems are extracted from the
main system, and presented in Section 5. Finally, we conclude the paper in Section 6.

2. Preliminaries

In this section, we important tools that will be useful later in our investigation for solving system
of linear matrix differential equations.

2.1. The Kronecker Product and the Vector Operator

Recall that the operator Vec : My, , — My, 1 transforms a matrix A € M, , to a column vector
Vec A by consecutive stacking the columns of A. The Kronecker product of A = [a;;] € My, and
B € M, is defined to be a block matrix A @ B of order mn x nq whose (ij) — th block is given by a;;B.

Lemma 1 (e.g., [26]). For any matrices A € My, n, B € My, and C € My, 4, the following identity holds:
Vec ABC = (CT® A) VecB.

2.2. Mittag—Leffler Function

The Mittag-Leffler function E,g is an entire complex-valued function depending on two
parameters a, 5 > 0 defined by
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(=) Zk
E,p(z) = —_—
xp(2) k;) T(ak + B)
where I is the Gamma function. In particular, we set E, := E, 1. For any A € M,, ,, we define
ad 1 X 1 1 5
E,g(A) = — A" =1, + A+ AT+ e
xp(4) k;:)l“(zxk+ﬁ) " T(a+p) T(2a + B)

See more information about Mittag—Leffler functions e.g., in [27]. The Mittag-Leffler function includes
the following special cases:

Ei(A) = e, Ey(A%) = coshA, AEy;(A%) = (Exn(A%))A = sinh A.
The following computations are used in later discussions.

Lemma 2 (e.g., [15,21]). Forany A, B € My, we have

E“( >_

0 A _ EZDC(AB) (EZa,zx-H (AB))A
B 0 (Ezans1(BA))B Ex.(BA)

A 0
0 B

E.(A) 0
0 Eu«(B)|’

Ea<

2.3. Fractional Differential Calculus in Caputo’s Sense

Denote the usual differential operator by D and the floor function by |-]|. Let f be a piecewise
continuous function on (0,00) which is integrable on any finite subinterval of [0,0). For an
integral-order case & € N, we set f(W(t) = D"f(t). For the fractional-order case & € (0,00) — N,
we define

0 (p) — 1 t_Dlf(r)
FO) = (] _a)/o (t_T)WMHdT.

When x(t) is a vector function, we denote by x(% (t) the vector function obtaining from x(t) by
coordinate differentiating.

Lemma 3 (e.g., [23]). The solution of the following non-homogeneous vector fractional differential equation of
order 0 < o < 1:

@) = Ax(t) + u(t), x(0) = x,

where A € My, ;, is a given constant matrix, u(t) € M, 1 is a given vector function, and x(t) € M, 1 is an
unknown vector, is given by

x(t) = Ex(t*A)xy + /Ot(t—s)"‘_lE,X((t—s)“A)u(s)ds.

3. Solving the Main System

Our main problem to consider is as follows:



Symmetry 2020, 12, 283 50f 16

Problem 1. Consider the following descriptor system of coupled generalized Sylvester matrix fractional
differential equations of order a € (0,1]:

K Ky
Y PXW(HR; = Y AX(t)B; + ZCY )D; + U(t),
i=1 i=1 i=1

kﬁQiY“)(t)si = kiEiX(ﬂFi + kﬁGﬂ(t)Hi + V(t),

i=1 i=1 i=1

@)

where all matrices are conformable. More precisely, let a,b,m,n,p,q,t,s,t,k1,ka, k3, ks, ks, ke be natural
numbers such that ab = mq = np = st. For each i, let P;, A; € My,n, R;, Bi € Mpq, Ci € M5, Dj € My,
Qi,Gj € Mags, Si,H; € Myy, Ej € Moy and F; € M, be given constant matrices. Let U(t) € My,q and
V(t) € M, be given matrix functions. Find the unknown matrix functions X(t) € My p and Y (t) € Ms.

Problem 1 includes the works about matrix differential systems [13,15,18-21]. We shall proceed to
find the general solution X(t) and Y (t) into four steps.

Step 1. Transform system (7) in unknowns X(t), Y(t) to an equivalent system of vector differential
equations in unknowns Vec X (t), Vec Y (t).

For convenience, we denote

kq ky ko
1=2<RT®P ZST®Q1 M =Y (Bl oA,
— = i=1
k3 ks ke
N =Y (DI ®C), ZFT®E T =Y (H ®G).

Applying the vector operator and using Lemma 1, we have

ky
ec <2 px® (t)Ri>
i=1

ec (% A;X(t)B; + iCiY(t)Di + Ll(t)),
i=1

i=1

kzl(RlT@Pi)VecX(“)(t) = kzz(BTeaA)VecX ) + 2 (DT @ C;) Vec Y (t) + VecU(t),
i=1 i=1 i=1
JVec X (1) = MVecX(t) + NVecY(t) + VecU(t). 8)
Similarly, we get
KVecY®(t) = LVecX(t) + TVecY(t) + VecV(t). ©9)

Step 2. Transform the vector systems (8) and (9) in unknowns Vec X(t), Vec Y(t) to an equivalent
system of vector differential equations in new unknowns z1 (), zp(t).

We shall make matrix partitioning according to canonical forms of the coefficient matrices | and
K. We consider the case when | and K are nonzero matrices. Note that, if ] or K is nonsingular, then
we can multiply both sizes of equations with its inverse so that the equation can be reduced to a simple
one. Thus, we divide our consideration into four cases as follows.
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3.1. Case 1: | and K Are Singular

We shall write | and K in a canonical form concerning ranks. Let us denote | = rank | and
r =rank K, so that 0 < ! < aband 0 < r < ab. We can apply elementary row/column operations to
obtain invertible matrices (being products of elementary matrices) J1, Jo, K1, Kz € My 45 such that

I of__
0’ 0 KL (10)

I o] _ _
]:]11[01 01]21, K = K;!

Now, we make matrix/vector partitioning as follows:

J1 M1 Mip Ni1 Nio
= , M = , NK = 7
h |]21 hMJ My Mp iNKs Ny1 Np
(11)
K11 L1 L1 T T
Ky = KL, = KiTK, =
! Ky|” 2 lel Lp|’ e Ty Tal|’

where all matrices are conformable, i.e., J11 € M;qp, K11 € M, 4, J21 € Map—1,ap, K21 € Myp—y g5, M11 €
M, Ni1 € My, Lin € My p, Tin € Mry, Mio € Mygp—1, Ni2 € Mygp—y, L12 € My gp—1, Tz € My gy,
M1 € Mgp—11, No1 € Map—14, Lot € Map—y1, To1 € Map—ry, Moz € Map—1,0p-1, N22 € Map—1,ab—1
Ly € Mpp—yqp—1 and Too € Mgy, op—,- We make the following coordinate transformations:

J; Ve X(t) = [223] K; ' VecY(t) = Blgﬂ (12)

where x;1(t) € M1, y1(t) € M1 x2(t) € Mgp—11, and yo(t) € My, 1. We can respectively reduce
Equations (8) and (9) using Equations (10)—(12) to the following:

I 0 x(“)(t) M1 M| |x1(t) Nii Niol| |y () I .

[0 01 Lcia)(t)] B an Mzz] [xz(t)] + lNZI NZz] [yz(t) + In Vec U(t),
I 0 y(zx)(t) L1171 Lip xl(t) T11 Tro yl(t) Ky

lO O] [Via)(t)l [Lm Lzz] [xz(t) + Ty sz lyZ(ﬂ + Ky Vec V(t)

It follows that

() =
0

(I
5 &
[
2R
—~

t) + Mipxa(t) + Niaya (t) + Niaya(t) + Jin Vec U(t),

t) + Maoxo(t) + Noqyr () + Nooya(t) + Jo1 Vec U(t),
yg“)(f) = Ly1x1(t) + Liaxa(t) + Ty () + Tiay2(t) + Kyg Vec V(t),
0 = Loyxy(t) + Loaxa(t) + Toaya (t) + Toya(t) + Koy Vec V(¢).

(13)

Rearranging the system (13), we get the following equivalent system via block matrix multiplication:

(a

L 0 0 0] |x () My Nip M, N [x1(8) Ji1 Vec U(t)
0 L 00 yY‘)(f) _ | Lun Tu L T |(n) " K11 Vec V(1)
0 0 00 xé"‘)(t) My Ny My Ny |x2(t) J21 Vec U(t)
0 0 0 O yg") (t) Lyy Tr1 Ly Tx» yz(t) K>1 Vec V(i’)

We transform (x1(t), x2(#)) to (z1(t), z2(t)) as follows:

a(t) = [xm)], (f) = [xz(f)]’ 14
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so that zy (t) € My, 1 and z5(t) € Mpgp—j4r1- Foreach i, j € {1,2}, denote

M;; N
v = |V N W =

Vec U(t)
Vec V ()

Jn O

0 Kyl w(t) = . (15)

Using the coordinate transformations (14) and the notations (15), we get

Ly o] [z2¥ ) W
[51 O] Lia)(t)] = Wj w(t).

Now, we get the following system of coupled vector differential equations:

+

Y Yol |z1(t)
Yo1 Yoo [22(¢)

Z§“)(t) = Ynuzi(t) + Yz(t) + Wiw(t), (16)
0 = ¥oizi(t) + ¥oz2(t) + Wow(t). (17)

Step 3. Solve the system consisting of (16) and (17) for z; (t), zp(t).
In a similar manner to [19], we impose the following condition, which is related to the symmetry
of the solution (e.g., [4]).

Assumption 1. Suppose that ¥y, is invertible.
We have from Equation (17) that
n(t) = ¥ ¥uzi(t) — ¥ Wow(t). (18)
Let us denote
Sy =¥ —¥¥,, Y21 and T =W; — ¥¥,, W,
Substituting the above equation into Equation (16), we obtain

291 = Wiz (t) + ¥io(—¥p ¥z () — ¥ Waw(t)) + Wiw(t)
S\Ile(t) + Fw(t).

Lemma 3 thus implies that

z1(t) = Eu(t*Sy)z1(0) + /Ot(t—T)”‘flEa((t—T)“Sxy)(l"w(r))d'r.

Once we get z1(t), we can get z5(t) via Formula (18).
Step 4. Transform z; (), zp(¢) back to X(f), Y (t). We have

VecX(t) = ) 281
_ L 0 0 0
T 0 0 Ipy 0 | |zi(t)
= J2 |l O] 0L 0 0 LQ(t)]
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To establish the solution X(t) and Y(t), we use the following transformations:

00 Iy, O

0L 0 0 |u
OOOIHb,IU.

Thus, X(t) = ®1(z1(t), z2(t)) and, similarly, Y (t) = P, (z1(t), z2(t)).

q)l :Rl+r X Rzabi(pﬁ) — Mn,pr q)l(u, U) = \/E!Ci1 (]2 [11 0 0 0‘| |fﬂ> ,

@, : R R20-047) 5 M, Do(u,0) = Vec ™! <1<2

Theorem 1. The solution of Problem 1 under Assumption 1 is given by X(t) = ®1(z1(t),z2(t)) and Y (t) =
Dy (z1(t), z2(t)), where

21(8) = Ea(Sy)z1(0) + / Y E (- 7)2Sy) (Tw (1)),
2(t) = —¥u ¥uzi(t) — ¥3, Wow(t).

(20)

In particular, for the homogeneous case U (t) = V(t) = 0 of Problem 1, we have

z1(t) = Eo(t"Sy)z1(0),
2(t) = —¥Yu ¥uz(b).

3.2. Case 2: | and K Are Nonsingular

From Equations (8) and (9), we have

Vec X®)(t) = J'MVecX(t) + J INVecY(t) + J~' VecU(t),
Vec YW () = K'LVecX(t) + K 'TVecY(t) + K Vec V(t).

Thus, we can transform this system to the following equivalent system:

VecXW(t)|  |J7'M J7IN| |VecX(t) N J~1 Vec U(t)
VecYW(t)| — [K'L K'T| |VecY(t) K 1VecV(t)
Lemma 3 now implies that
VecX(t)| e J7IM JTIN| Y | Vec Xo(t)
VecY(t)| ° K7L K7I'T| ) | VecYy(t)
t -1 -1 -1
a1 o |[JTM O JTIN| | Vecl(T)
+/o(t O B <(t " k-1 K1T> K~ Vee v (7) | 1

Theorem 2. The solution of Problem 1 when | and K are nonsingular is given by

X(t) = Vec! ([Iab 0] XZZ?E;; > and  Y(t) = Vec! ([0 Iy Yfzzﬂg )
where
VecX(£)| _ g (,a [J7IM JTIN| Y | VecXo(t)
VecY(t)| ™ K7L K7IT| ) | VecYy(t)

J7'M J7IN
K1 K-IT

J~1VecU(T)

dr.
K'Vecv(z)| ™"

)

+ /Ot(t —7)*'E, ((t —T)"
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In particular, for the homogeneous case U(t) = V (t) = 0 of Problem 1, we have
- EIX (tu )

3.3. Case 3: | Is Singular and K Is Nonsingular
Suppose 0 < rank | = < ab and rank K = ab. In a similar way to Case 1 and Case 2, we get the
following matrix decompositions:

Vec X ()
VecY (¥)

J7'M J7IN
KL k1T

Vec Xy (t)
Vec Yy (t)

1, 0
0 0

L0

_ 71
I= ]l 0 ILip—r

1];1, K = K Kt

Then, Equations (8) and (9) can be transformed to the following equivalent system:

() 1\
I 0 0 0] |x () My Nt N Mpp| |xi(t) J11 Vec U(t)
0O L, 0 O yi“) M _ |[Ln Tn T Lip| |n(t) Kiq Vec V(t)
0 0 Iy, O yé“) (t) Lyy, Ty Ty Lyl |yaft) Ko Vec V(t)
0o 0 O xé"‘) (t) My Ny Ny Mp| |x2(t) J21 Vec U(t)

Thus, the solution of Problem 1 under Assumption 1 is given by Formula (20), where

M;1 Nin Np My
Yiu=|Ln Tn To|, Y= |Lp| ¥Yn = [Mm Noyp sz] , ¥21 = My,
Loy To1 T Ly
(i 0 0 Vec U(t) x1(t)
Wi= 10 Ku 0 Wa=[m 0 0, w)=|Veev(t)| at) = |n®]|, =) = n.
| 0 0 Ky Vec V(t) y2(#)

3.4. Case 4: | Is Nonsingular and K Is Singular

Suppose rank | = aband 0 < rank K = r < ab. In a similar manner to Case 3, we get the following
matrix decompositions:

I 0

I 0
-1 |4 -1 -1 -1
] Il [ ] ]2 4 1 0 0 2

0 Iy

Equations (8) and (9) are transformed to the following equivalent system:

L 0 0 0] % : (t) My My Nip Nip| |x(t) J11 Vec U(t)
0 Ip—; 0 O ng) (f) _ My1 My Ny Ny XZ(t) n J>1 Vec U(f)
0 0 I 0 ygﬂd(t) Ly Lo Tn Tl |yt Ky Vec V(1) |
0 0 0 0 yg") (t) Ly Ly T Ty Y2 (t) Ky1 Vec V(t)
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The solution of Problem 1 under Assumption 1 is given by Formula (20) with

My Mip Np Nip
Y11 = My Mp Nop|,¥12 = |Nap|, %21 = [L21 Ly Tz1] , Y1 = T,
| L1n Lz Tn Tin
(.7 0 0 Vec U(t) x1(t)
Wi=10 Ju 0|, Wa=1[0 0 Ku| wt)= |Vecl())|, z(t) = |n(t)|, 2() = va(b).
10 0 Ky Vec V(1) y1(¢)

4. Descriptor Matrix Systems from Special Cases of the Main System

In this section, we investigate certain interesting special cases of system (7) for both descriptor
systems of coupled matrix equations and single descriptor matrix equations.

4.1. Systems of Coupled Equations

Corollary 1. Consider the descriptor system (7) when o« = 1. From the notations and Assumption 1 in
Section 3, we have

t
z1(t) = ¥21(0) + /0 e=DS¥Ty(1)dr.

Proof. We just use the fact that E1(Z) = ¢ for any square matrix Z. [J

Corollary 2. Let 0 < & < 1. Assume the notations and Assumption 1 in Section 3 for which A; =0, G; =0,
U(t) =0and V(t) = 0,s0 that M =T = 0, M;; = T;; = 0 for each i, j € {1,2}, and the invertibility of ¥2»
is reduced to the invertibility of both Ny and Lay. Then, the general solution of the system of coupled equations:

k] k3 k4
Y pXW(HR = Y. GY(HD;, Y QyW(Hs = Y EX(HEF
i=1 i=1 ]

i=1

is given by
_ -1 x1(t) _ -1 ya(t)
X(t) = Vec (]2 [xﬂt)]) , Y(t) = Vec (Kz b)) (21)
where
x1(t) = Ezu(**SnSL)x1(0) + t*Eng 1 (FP*SNSL)Sny1 (0), x(t) = —Ly' Lax(t),
yi(t) = t*Eagai1(P*SLSN)SLx1(0) + Ene (**SLSN)y1(0), y2(t) = —Ny'Noyya(t).

Here, Sy = Nq1 — N12N231N21 and Sy = L1 — L12L521L21.
Proof. From the notations and the assumption, we have

0 Npp B 0 Nypp 0 ngl 0 Ny
Ly O Lip O [|Ny' 0 |[Ln ©

0 Ni1 — NiaNy, ' Noy
Lyg — LipLoy Ly 0

Sy
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Then, by Lemma 2, we obtain

E (tth ) _ Esz(tzaSNSm t“EZu,a+l<t2aSNSL)SN
we e t* Epg 41 (H*SLSN)SL Ezu (£2S1.SN) ’

It follows from Theorem 1 that

ya(t)

_ Eoo (P**SnSL) t*Epg a1 (PP*SnSL)SN | | x1(0) ‘
t* Epg a1 (PP*SLSN) S Ezu (£2S1.SN) y1(0)

[m(f)l = 21(t) = Ex(S¢t¥)z1(0)

Thus,

x1(t) = Ex(t**SNSL)x1(0) + t*Engas1(H**SnS1)Snya(0),
yi(t) = t*Engai1(tP*SLSN)SLx1(0) + Ena(P*SLSN)y1(0).

Theorem 1 also implies that

PAGIE e B 0 Ly || 0 Nog| [x()
[&J‘@m‘”%“””;ﬂwlgum ﬂb%}

Hence, x,(t) = —L2_21L21X1(t) and yz(t) = —N2_21N21y1 (t). O

Corollary 3. From the notations and the assumption in Corollary 2, assume further that L = N. Then, the
general solution of the system when o = 1 is given by Formula (21) where

x1(t) = cosh(tS1)x1(0) + sinh (tS1)y1(0), X(t) = —Ly Layxi(t),

y1(t) = sinh(tSp)x1(0) + cosh(tSr)x1(0), ya(t) —No,' Nogy1 ().

Proof. We use the fact that E(Z) = cosh Z and ZE; »(Z?) = sinh Z for any square matrix Z. [

4.2. Single Equations

Corollary 4. Let 0 < a < 1. Assume the notations and Assumption 1 in Section 3 for which C; =0, E; =0,
sothat N = L = 0, Njj = L;j = 0 for each i,j € {1,2}, and the invertibility of Y2, is reduced to the
invertibility of both My and Tyy. Then, the general solution of the system:

ky k,
Y PXW(HR; = Y A;X(t)B; + U(t) (22)
i=1 i=1
is given by X(t) = Vec™! | > () where
x(t)
0(t) = Eu(tSu)xa(0) + [ (= 0 Ea((t ~ 1)) (T Ve U(r)d,
X(t) = =My Myx1(t) — My, Jo1 Vec U(t),

Sy = My — M12M2_21M21 and T = J11 — M12M2_21]21. For the homogeneous case U (t) = 0 of the system,
we have x1(t) = Eq(£*Sp)x1(0) and xa(t) = — My, Mo x1 (1).
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Proof. From the notations and the assumption, we have

oo — [Mu 0] [Mp 0][My o][My o
L 0 T 0 Ty 0 T2_21 0 Ty
_ My; — MiaMy! My 0
0 Ty — T Ty Tor |
p_ |Jn 0 (M 0| My 0| |Jx 0
0 Ky 0 Tio 0 T2_21 0 Ky
_ [ = MMy, 0
I 0 Ki1 — T1a T, Koy

It follows from Theorem 1 and Lemma 2 that

M:ﬂ = al) = RES)Z(0 / ) Ea((t = 1)*Sy) (Tw(7) )dT

S M1 — MypMy,' My 0 x1(0)
= E, N
0 Ty — Tia Ty T y1(0)
M11 — MiaMy,! My 0
+ / uc lE T ® 22 B
‘ <( ) 0 Ty — Tia Ty To
Vec U(T)

Ji1 — M1oMo,' o 0
( [ ” Vec V(1) ) aT

0 Ki1 — T1a Ty Ky
Eq(t* (M1 — M12M2_21M21))x1(0) 0
0 Eo(#*(T11 — T12T5 To1))y1(0)
t a—1
+ / t—1)"
Jy (t—1)

Ex((t — T)%(Mi1 — M1nMy,' May)) 0
0 Eo((t—7)*(T11 — T1a Ty, 1))

(J11 — MiaMy,! ) Vec U(T)

(K11 — T12T5,' Ka1) Vec V(1)

Thus, x1(t) = Ex(#*Sp)x1(0) + fg(t — )" 1E,((t — 7)*Spm) (T Vec U(7))dT. Theorem 1 also implies
that

lxz(t)] = n(t) = —¥5 ¥nzi(t) — ¥y Waw(t)

ya(t)
B [Mz; 0 ] xl(t)] - [Mnl 0 ]
B Ty' i (t) 0 Ty

— [M22 Mp1x1(t) + M22 Jo1 Vec U (¢ )
t

My Ja O

0 Ky

Vec U(t)
Vec V (¥)

t
T To1ya (t) + Ty, Koy Vec V()

Hence, Xz(t) = *M2_21M21X1(t) — M2_21]21 Vec U(t) O
Remark 1. The singular matrix fractional descriptor system

AYW(t) = BY(t) + CU(t)
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considered in [19] is a spacial case of Corollary 4 when all matrices are square, ki = ky =1,and By = Ry = L.
In this case, we put J11 = C11, Jo1 = Cp1 and partition

Remark 2. From Corollary 4, assume further that a = 1. Since E1(Z) = e? for any square matrix Z, we have
t
Bt = eSvx(0) + / =DM (T Vee U (1)) d.
0

5. Descriptor Vector Systems
In this section, we extract certain linear continuous-time descriptor (vector) systems from the

main system (7).

Corollary 5. Let 0 <a < 1. Let A,C, E, G, P, Q € My, be given constant matrices and u(t), v(t) € My
given vector functions. Consider

PxW(t) = Ax(t) + Cy(t) + u(t),

Qy("‘)(t) = Ex(t) + Gy(t) + o(t (23)

with unknown vector function x(t), y(t) € M,1. We apply the notation z1(t), z2(t), w(t), Y21, Y22, Sy and
I according to Theorem 1. Suppose 0 < rank P = rank Q < p. Then, the general solution of the system (23) is
given by x(t) = @1 (z1(t),z2(t)) and y(t) = Py (z1(¢),z2(t)), where

21(t) = Eu(FSy)z1(0) + / VB (- T)*Sy) (Tw(T))dx,

2(t) = =¥, ¥uzi(t) — Yo Wow(t).
Proof. We consider Theorem 1 in the particular case thatn = r =s =1, m = p = q, k; = 1 and
R; = S; = B; = D; = F; = H; = [1] for all i. Then, system (7) is reduced to system (23). According to

Theorem 1, wehave P=],Q=K,A=M,C=N,E=L,G =T Foreachi,j=1,2, denote A;; = M;j,

C = Njj, Ejj = Lyj, G,] = Tjj. Now, the desired result follows from Theorem 1. [

Corollary 6. Let 0 < a < 1. Assume P, A € My, be given constant matrices. Let u(t) € M, be a given
vector function. Suppose 0 < rank P < p. Then, the general solution of the system:

PxW(t) = Ax(t) + u(t), (24)

with unknown vector function x(t) € My, is given by

xa(t)
where
n(t) = (S0 + [ (60 B - 088 Tu(e)dr,
() = ARt Anxi(t) — AR nu(t).

SA = All — A12A£21A21 and T = Ji1 — A12A£21]21. Here, the notations xl(t), X2(t), A21, Ap and J>1 are
according to Corollary 5.
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Proof. From Corollary 5 putting C;j = 0, E;; = 0, Gj; = 1 foralli,j € {1,2}, we have

Se — |An 0] A 0 Ayl 0| |Ay O
T lo o o I[|0 I[|0 I
_ |Aun - ApAy Ay 0
0 0|’
and
o |fn 0 Ap 0| |[Ap O |[Ja O
0 Ky 0o Il o0 I]]0 Ky
_ i AnAyn 0
0 Ky — Ky

It follows Corollary 5 that

lxl(t)l = z1(t) = Ex(t*Sy)z1(0) + / ) 1E“ ((t = 1)"Sy)(Tw(7))dT

yi(t)
£ Ap — ApAy Ay 0] [x1(0)
' 0 11(0)

+ / IX 1E1x ( _ T)IX All - A12A£21A21 0
0 0
Ji1 — AnAR In 0 u(T) dt
0 K11 — Ko | |o(7)
Thus, x1(t) = Ex(£*S4)x1(0) + fo )2 1EL((t — T)*S4) (Tu(t))dt. Corollary 5 also implies that

[XZ(U] = 2(t) = ¥, ¥uz(t) — ¥ Wow(t)
Az 0 a(t)| _ |An 0
0 I o1

Jorn O

0 I| [n(d 0 Kyl |o(t)

u(t)] .

Ay 0]

Hence, x,(t) = —A£21A21x1(t) — A£21]21u(t). O

The next corollary provides an alternative way to find the general solution of system (1) mentioned
in the Introduction.

Corollary 7. Consider the linear continuous-time descriptor system (1) for which E € M, is a singular
matrix such that 0 < | := rank E < n. We put E in a canonical form and make matrix/vector partitions for
which there are invertible matrices |1, | such that

An A
Ayn Apl|’

I 0
00

JE] = [ 1, J1A] =
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Suppose that Ay, is invertible matrix. Denote Sy = A1 — A12A521A21 and T = By — A12A£21B21. Then,

t
x1(t) = eS4x1(0) + / =08y (1)dT,
0
x(t) = —Ap Anxi(t) — Ay Bayu(t).
Proof. From the first equation of (7), we apply a similar process as in the proof of Theorem 1 to get

x'(t) = Anx(t) + Apxp(t) + Biyu(t),
0 = Anxi(t) + Axnxa(t) + Buu(t).

Since Ay is invertible, we can use Lemma 3 (with &« = 1) to obtain x1(¢) and x,(¢). O

6. Conclusions

We investigate a descriptor system of coupled generalized Sylvester matrix fractional differential
equations in both non-homogeneous and homogeneous cases. All fractional derivatives considered
here are taken in Caputo’s sense. We explain a 4-step procedure to solve the descriptor system. Steps 1
and 4 are about transforming between matrices and vectors, and they require the vector operator and
the Kronecker product. Step 2 is a coordinate transformation from original (vector) variables to new
ones, and it is accomplished by matrix partitioning concerning a matrix canonical form concerning
ranks. Step 3 relies on fractional differential equations. An explicit form of its general solution
is thus given in terms of Mittag—Leffler functions. The main system includes certain systems of
coupled matrix/vector differential equations and single matrix differential equations as special cases.
In particular, we obtain an alternative procedure to solve linear continuous-time descriptor systems
via a matrix canonical form. Our results include the previous works [13,15,18-21] as special cases.
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