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Abstract: The aim of this study was to define a new operator. This operator unify and modify
many known operators, some of which were introduced by the author. Many properties of this
operator are given. Using this operator, two new classes of special polynomials and numbers
are defined. Many identities and relationships are derived, including these new numbers and
polynomials, combinatorial sums, the Bernoulli numbers, the Euler numbers, the Stirling numbers,
the Daehee numbers, and the Changhee numbers. By applying the derivative operator to these
new polynomials, derivative formulas are found. Integral representations, including the Volkenborn
integral, the fermionic p-adic integral, and the Riemann integral, are given for these new polynomials.
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1. Introduction

Special polynomials, special numbers, special functions, and operators are widely used in
mathematics, physics, and engineering. Our motivation was to construct new classes special
polynomials and numbers with the help of an operator. By applying a derivative operator and
p-adic integrals to these new special polynomials, many interesting identities, relations, and formulas
were found. The results of this paper include some well-known special numbers, such as the Bernoulli
numbers, the Cauchy numbers, the Euler numbers, the Stirling numbers, the Daehee numbers, and the
Changhee numbers.

The following notations and definitions are used throughout this paper: Let

N=1{1,23,...}, Ny=NuU{0}.

Let Z denote the set of integers, R denote the set of real numbers, and C denote the set of
complex numbers.

and

(f. [2-38)).
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The Bernoulli numbers of first kind B;, are defined by:

Lyl M
et —1 " = ""nl

where |t| < 27 (cf. [2-38]).
The Euler numbers of first kind E,; are defined by:

2 s "
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where [t| < 7T (cf. [2-38]).
The Euler polynomials of second kind E}; (x) are defined by:
2 = t"

tx __ *
pae e DAY

where |t| < 7. For x = 0, we have:
E, = E, (0),

which denotes the Euler numbers of the second kind (cf. [2-38]).
Let k € Ny . The Stirling numbers of the second kind S, (7, k) are defined by:

(ef — 1)k © "
T:,E)SZ(HIIC)E/ ()

Using Equation (2), we have Sy(n,k) = 0if n < k or k < 0 (cf. [2-38]).
The Stirling numbers of the first kind Sy (n, k) are defined by:

k 00 n
Lol tD) _ 3" sym i ®)

Using Equation (3), we have Si(n,k) = 0if k > nor k < 0 (cf. [2-38]).
The A-array polynomials S} (x; A) are defined by:
1 ke t"
wﬂwfwzgﬁmMa @)
(cf. [2,6,30]).
The Bernoulli numbers of the second kind (or the Cauchy numbers of the first kind) b, (0) are
defined by:

B i b (O)i (5)
log(1+t) = ""/nl
The numbers b, (0) are also given by:
1
b (0) = /0 (u), du ©)

(cf. [26] (p. 116)).
The central factorial numbers of the second kind T(n, k) are defined by:

00 t2n

L T k) @)

n=0
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(cf. [4,8,9]).
Operators O, [f;a,b] and T, [f;a, b]

Leta,x € R and
E*[f](x) = f(x +a)
(cf. [1,2,9,11,27,36,37]). The operators O, [f;a,b] and T) [f;a, b] are as follows, respectively:

O [fia,b] (x) = AE[f] (x) + E° [f] (x), ®)

and

T [fiab] (x) = 22U )

where A, g, and b are real parameters. (cf. [1]). In [1], the following special cases of the operator
T\ [f;a,b] were provided. These special cases have many different applications in mathematics,

, ©)

engineering, etc.:

1

ETl [£;0,0] (x) = I[f](x), (dentity Operator)
—2T_1[f;1,0] (x) = A[f](x), (Forward Difference Operator)
If] (x)+ %Tl [f;—1,—-1](x) = V][f](x), (Backward Difference Operator)
T [f;1,0] (x) = MIf](x), (Means Operator)
—T_4 [ f; %, —;] (x) = J[f](x), (Central Difference Operator)
%Tl [ f; %, ;] (x) = ulf](x), (Averaging Difference Operator)
—(2a+b+1)T_1[f;a+b,al (x) = AE"[f](x),(a # b, Gould Operator)
2T A [F1,01(x) = Ay [f](x)-

For details about the above operators and their applications, see [1,3-36].

The remainder of this paper is structured as follows: Section 2 outlines a new finite operator is
defined. Some properties of this operator are given. In Section 3, using this new operator, two new
classes of special polynomials and numbers are defined. The derivative formulas for these new
polynomials are given. In Section 4, some integral representations related to the Volkenborn integral,
the fermionic p-adic integral, and the Riemann integral for these new polynomials are given. Using
these integral representations, many new identities and formulas are derived including the Bernoulli
numbers, the Euler numbers, the Stirling numbers, the Daehee numbers, and the Changhee numbers.
Finally, Section 5 provides the conclusions.

2. A New Operator

In this section, we define a new operator that modifies the operators O, [f;a,b] and T, [f;a, b].
Some properties of this operator are given.

Let a and b be real parameters. Let A and 8 be real or complex parameters. A new operator
Y, [f;a,b] is defined by:

Y6 [fia,] (x) = AE? [f] (x) + BE" [f] (x). (10)

Some special values of this operator are given as follows:

Yaplfa 0] (x) = pOy [fia,b] (x)
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and
Y [f;a,b] (x)=B(a+b+1) T% [f;a,b] (x)
(cf. [1]).
Y r1[fL0](x) = =Arf(x) = —Af(x+1) + f(x)
(cf. [2]).

Y10 [f;4,0] (x) = E* [f] (x).
Y11 [f;4,0] (x) = Aa [f] (x) = f(x +4a) — f(x),

where A, denotes the forward difference operator.

Yy, 1 [£;0,=b] (x) = V_p[f](x)
= (Y1,-1[f;b,0] Y10 [f; —b,0]) [f] (x)
= (Y1,-1[f;5,0] Y10 [f;0,=b]) [f] (x)
= (B~ 1) E" AR

= fx) = flx=0),
where V_;, denotes the backward difference operator.

a a

Vi1 |fig5] (0 = &lfl(x)
= (E2-E%)[Al(®)
= Se5) s (- 3)

where §, denotes the central difference operator.

Yq,1 {f;%r—%} = (Yy,-1[f;a,0]) Y10 [f;—g, }
= (Y11 [£;0, —ﬂ])Ylo{f ; 0}

= dalf]
(¢f. [2-361). The Gould operator is:
Yy [f;a+b,0] = Y10[f;4,0] = Gap [f],
where a # b (cf. [25]).

A= Y0 [f;a,0] — I[f]
a

(cf. [11] (p. 27, Equation (1.17))).

The operator V [f] is provided by Goldstine [11] (p. 128). Applying this operator to f(x) =

we have:

v [f] (x) _ Yl,o [f/ 1,0]2(X) +f(x) = x",

where n € Ny. Therefore,

40f13
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(f. [11] (p. 136)).

Let,
Vg lfia ) = Yaglfiab) (Yi5 [fia b)) (1)
where k € N.
By applying the operator in Equation (10) k-times to the function f, and using Equation (11),
we obtain: )
KN ki . .
W fin 6] () = Y- () AT et o+ (k= ). )
j=0

Remark 1. Substituting b = 0 and p = —1 into (12), we have:

k . .
Y5 L FL0(x) = ) (k) NI (1) f(x + (k- )a)

=0\
= A
(cf. [2] (p. 155, Equation (29))).
Remark 2. Substituting f(x) = x", b = 0, and p = —1 into Equation (12), the polynomials

Y’)“ﬁl [x";1,0] (0) reduce to A-array polynomials S} (x; A):

Vi [0 (x) = AF "] (x)

(cf. [2] (p. 155)).

Substituting a = %, b= —%, A =1and B = —1 into Equation (12), we have:

10 =¥ [13 -3 0= L () (x4,

Substituting f(x) = x" (n € Np) into the previous equation, we have:
1 1 K (K k\"
Yk [x”;,—} (x) =Y (-1) ( ) (x —j+ ) ) (13)
' 2’2 = j 2

Let: ' '
Y])\,ﬁ [f;a,b] (0) = Yi\,ﬁ [f;a,b] (x) [x=0 -

Substituting x = 0 into Equation (13), we obtain:

1 1 1

T(n,k) = k!Y’{ﬁl {x”;z,—z] (0). (14)

where 1,k € Ny and:
1 1
_ vk n.- _ =
S0 = [3:5,—3] ©.
Equation (14) is also provided in ([4] Equation (2.8)), [20,32].

3. New Families of Special Polynomials and Numbers

In this section, we define two new classes of special polynomials and numbers.
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n
Substituting f(x) = Y d;x' (n € Np and d; € R) into (12), we define a new class of special
I=1

polynomials as follows:

n
Pu(x,k;a,b;A, B,d) = Y Y o [xl;a, b] (x),
=1

where,
d = (d1,d, ..., dy).
Therefore,
k
Py(x,k;a,b; A, B, d) :Z()/\k fﬁ]Z(x—irjb—ir(k—j)a)ldl. (15)
=0 =1

Observe that for B = 1, Equation (15) is unification of Equation (21) in [1]. Using Equation (15),
we obtain:

B bin ) =3 ()0 L a (1) 6ot

j=0 =1 o0=0

After some elementary calculations, we obtain:

Py(x,k;a,b;A, B,d) = é Zi: ( )dlx”Yﬁ,ﬁ [xl*z’;a,b} (0).

With the help of the previous equation, a new class of special numbers can now be defined as follows:

n
ys(nk;a,b; A, B) = Y dyYK 5 [xl;a, b} (0).
I=1

Combining the above definition with Equation (12), we have:
£ k k—jpnj - 1
s ko i, p) = 3 (5) 279 L dio+ (k= o). (16)
=0 =1

Observe that for § = 1, Equation (16) is unification of Equation (22) in [1].
By applying the derivative operator + to Equation (15), we obtain the derivative formula for
polynomials Py, (x, k;a,b; A, B) as follows:

dk k k—
& (P ka b, p ) z( )A By D+ jb+ (k — j)a) ¥,

=1

Combining the above equation with the following well-known formula (cf. [26]):
k .
vk =) 51k )y, (17)
i=0

we obtain a derivative formula for the polynomials P, (x,k; a,b; A, B) by the following theorem:

Theorem 1. Let n € Nand k € Ny with k < n. Then, we have:

dk Kok o~ Nk
Tk {Pu(x,k;a,b;A,B,d)} =) <])A g Zdl 2 Si(k,m)I™(x+jb+ (k—j)a) .  (18)

j=0 =1 m=0
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We now define another class of special polynomials as follows:
n

Qu (x;0,b;A, ) = Z( >Y]A,3[fﬂ b} (0).

In Equation (19), we assume that the values f(0) and f(mb + (j — m)a) are finite.
Using Equation (19), we obtain:

Qn<x;a,m,ﬁ>=§i_()( JAT B -+ = ma).

Some special values of the polynomials Qy (x;4, b; A, B) are given as follows:
Substituting n = 2, f(y) = €Y, and

. j H
- b (i
Y])uﬁ [e ; 4, b mX::O ( )/\] m g +(j—m)a

into Equation (19), we have:

Qz (x;a, b; A, ;B = (1)/\1—m‘3memb+(1—m)a

m

1
x )
m=0
z 2 b+ (2—m)
Z:: (m)A p"e )

Therefore,

Qo (x;a,b;A,B) =1+ (/\e“ + pet — (Ae“ + ,Beb)2> x4+ (/\e“ + [Seb>2 x?

Substituting A =1, = —1, and b = —a into (21), we have:

Q2 (x;a,—a;1,—1) = 1+ 2x(sinh(a) — cosh(2a) + 1) 4 4x? sinh?(a)
1+2x (sinh(a) - ZSinhz(a)> + 4x% sinh?(a).

Substituting A =1, = —1, and b = a into (21), we have:
Qo (x;a,8;1,-1) =1+ 2xe2?,
Substituting a = 0 into the aforementioned equation, we have:

Q2 (x;0,0;1,—1) =1+ 2x.

Substituting f(x) = x",a = A = 1and p = —1 and b = 0 into Equation (20), we obtain:

Qu (x:1,0;1, - Z( > 153(m, ).

j=0

Therefore,
Qn(x;1,0;1,—-1) = x™.

Combining Equations (22) and (17), we obtain the following corollary:

7 of 13

(19)

(20)

(21)

(22)

(23)



Symmetry 2020, 12, 237 8of 13

Corollary 1. Let n € Ny. Then, we have:
n o j
Qu(x:1,0;1,-1) = Y Y Sy(m,/)S1(j, 1)x'. (24)
j=01=0

Derivative Formula for Polynomials Qy, (x;a,b; A, B)

Here, we provide a derivative formula for the polynomials Q, (x;4a,b; A, B).
Taking derivative of Equation (19) with respect to x, and using the following well-known
derivative formula for the function (},) (cf. [24,33]):

{0} -0 £

we obtain:

A Quwabrpy = o {2 (’]f)\yg,ﬁ (fia,b) (0)}

After some elementary calculations in the above equation, we arrive at the following theorem:

Theorem 2. Let n € N. Then, we have:

n . =
5 Quabir ) =¥ (7)Y, 0l 0 T o @)

j=1 m=0* — M

4. Integral Representations for the Polynomials Q, (x; a,b; A, B)

In this section, we provide the Riemann integral and p-adic integrals representations for the
polynomials Q (x;a,b; A, B). Using these integrals representations, many new identities and formulas
are derived including combinatorial sums, the Bernoulli numbers, the Euler numbers, the Stirling
numbers, the Daehee numbers, and the Changhee numbers.

4.1. Riemann Integral Formulas of Polynomials Qn (x;a,b; A, B)

Here, we provide some integral formulas for Q, (x;4, b; A, B) polynomials. Using these formulas,
some new identities and combinatorial sums are derived including the Stirling numbers and the
Bernoulli numbers of the second kind.

Integrating Equation (20) from 0 to 1 and using ( refLamdaFun-1p), we obtain:

/Qn x;a,b; A, B) d _;Z< )”W mﬁmfg’!”bJr(J— mja)

Integrating Equations (22)—(24) from 0 to 1, we obtain:

1 n
/ Qu (:1,0;1,~1)dx = Y S5(n, )b;(0), (26)
0

j=0
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1
1
/Qn(x,lol Ddx = ——, (27)
0
and
noj
/Qn (x;1,0;1,~1)d 22 Sa(n,1)S1(j,1). (28)
Combining Equations (26) and (28), we arrive at the following theorem:
Theorem 3. Let n, k € Ny. Then, we have:
noj 1
Zzl—ls 2(n,7)S1(5,1) 25271] (29)

Remark 3. Considering the method reported by Simsek and Cakic [34], using the orthogonality relation of the
Stirling numbers, Equation (29) reduces to the following well-known relation:

), 52(n,/)b;(0) = nil (30)

(cf- [5,7,9,12,25,26,34-37]). Additionally, by combining (26) with (27), we obtain Equation (30).

4.2. p-Adic Integrals Formulas of the Polynomials Q, (x;a,b; A, B)

Here, by applying p-adic integrals to the polynomials Q, (x;a,b; A, ), many p-adic integral
formulas are derived. Using these p-adic integral formulas, some new combinatorial sums including
the Bernoulli numbers, the Euler numbers, the Stirling numbers, the Daehee numbers, and the
Changhee numbers are given.

We need the following definitions and notations for p-adic integrals:

Let Z, and Q, denote the set of p-adic integers and the set of p-adic rational numbers, respectively.
Let C, denote the field of p-adic completion of algebraic closure of Q. Let f : Z, — C, be a uniformly
differentiable function. C*(Z, — C,) denotes a set of uniformly differentiable functions.

Let f € C}(Zy — Cp). The Volkenborn integral of the function f on Z, is defined by:

pN-1
[£ @i )= lim T £ (0, @)

where 1 (x) denotes the Haar distribution:

1
p(x) = —5
pN
(cf. [16,18,19,27,32,38]).
The fermionic p-adic integral of the function f is defined by:

pN-1
[ F@dua (x) = lim ¥ (<) (x), (32)
Zy x=0
where:
poa @) = (-1)*

(cf. [17-19] see also [21,32]).
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Some p-adic integrals formulas are given as follows:

By = [ *dp (x), (33)
Zy
(cf. [16,17,27,32]).
J G- 252
where Dj, denotes the Dachee numl:ers (cf. [14,27,32]).
Eu= [ ¥y (x) (35)
Zy
(. 17]).
J (5o (0 = (-2 = S, 36)

P
where Ch;,, denotes the Changhee numbers (cf. ([15] Theorem 2.3), [32]).

By applying the Volkenborn integral to Equation (20), using Equations (33) and (34), we obtain
the following results, respectively:

_ n J . ) mppm
/Qn (x;a,b; A, B) duy (x —];)mz()( >]+1)\] B" f(mb+ (j —m)a), (37)
noj i
/Qn (x;a,b; A, B) duq (x ZZ( ) TN £ (b + (j — m)a), (38)
j=0m=0

and

noj ] . )
/ Qu (s, i, B)dyr (1) = - 32 5 ¥ ( 1)$1 G BN g b+ = mya). (39)

Combinmg Equations (37) and (39), we obtain the following theorem:

Theorem 4. Let n € Ny. Then, we have:

g ] (_1)j j—m gm :

B () ey o - ma

noj 1] i

gg]z( )54, BB o+ G = ).

Combining Equations (38) and (39), we obtain the following theorem:

Theorem 5. Let n € Ny. Then we have

n j ] & R . o
ngZ::o (m) J! NZEBTf(mb + (j — m)a) (40)
_njl.j | o o
= L XL ()5 008N o -,
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Substitutinga =1,b =0, A =1, § = —1 into (40), we arrive at the following result:

Corollary 2. Let n € Ny. Then, we have:

nj
ZZB,szn]sl i) ZSzn] (41)
j=01=0

Remark 4. Using the orthogonality relation of the Stirling numbers, Equation (41) reduces to the following
well-known formula:

B, = 2 Sa(n, j)Dj
j=0

(cf. [14,26,32,34]).

By applying the fermionic p-adic to Equation (20), using Equations (35) and (36), we obtain the
following results, respectively:

n

/anabAﬁdﬂl —2]2(') Uf*"ﬁf(mbw—)), (42)

j=0m=0

no N AT (b 4 (j— h;
/anabmd;uu 3y () e, 3)

j=0m=0 I:

and

no j H
/anab?tﬁdul =ZZ]1Z(>S1JZE1A]mﬁmf(mb+(J—))- (a4)

Combmmg Equations (42) and (44), we arrive at the following theorem:

Theorem 6. Let n € Ny. Then, we have:

Combining Equations (42) and (44), we obtain the following theorem:

Theorem 7. Let n € Ny. Then, we have:

(45)

Substitutinga =1,b =0, A =1, § = —1 into Equation (45), we obtain the following corollary:
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Corollary 3. Let n € Ny. Then, we have:

n j n
Y Y EiSa(n,j)S1(j,1) = Y _ Sa(n,j)Ch;. (46)
j=01=0 j=0

Remark 5. Using the orthogonality relation of the Stirling numbers, Equation (46) reduces to the following

well-known formula:
n

En =Y Sa(n,j)Chj
j=0

(cf. [12,15,26,32,34]).

5. Conclusions

This paper introduced a new operator and new two classes of special polynomials and numbers.
Many properties of this new operator, polynomials, and numbers were outlined. Using this operator,
some special values of these special numbers and polynomials were derived. Many fundamental
properties of these numbers and polynomials were investigated. p-adic integrals and the Riemann
integral representations for these polynomials were provided. Using these integral representations,
identities and formulas were derived including combinatorial sums, the Bernoulli numbers, the Euler
numbers, the Stirling numbers, the Daehee numbers, and the Changhee numbers. The results of this
paper may potentially be used in mathematics, physics, and engineering.
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