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Abstract

:

In this work, we investigate the conformable space–time fractional complex Ginzburg–Landau (GL) equation dominated by three types of nonlinear effects. These types of nonlinearity include Kerr law, power law, and dual-power law. The symmetry case in the GL equation due to the three types of nonlinearity is presented. The governing model is dealt with by a straightforward mathematical technique, where the fractional differential equation is reduced to a first-order nonlinear ordinary differential equation with solution expressed in the form of the Weierstrass elliptic function. The relation between the Weierstrass elliptic function and hyperbolic functions enables us to derive two types of optical soliton solutions, namely, bright and singular solitons. Restrictions for the validity of the optical soliton solutions are given. To shed light on the behaviour of solitons, the graphical illustrations of obtained solutions are represented for different values of various parameters. The symmetrical structure of some extracted solitons is deduced when the fractional derivative parameters for space and time are symmetric.
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1. Introduction


The optical solitons have become an important research topic in the physical and natural sciences. It has been found that solitons play a significant role in various branches of science, such as optical fibres, plasma physics, nonlinear optics, and many other fields [1,2,3,4,5]. In fibre optics, for instance, solitons can propagate along trans-continental and trans-oceanic distances. Understanding the dynamics of solitons can lead to interpret the physics of phenomena in which they exist. Thus, a variety of powerful mathematical approaches have been developed to derive soliton solutions for many physical models. For more details, readers are referred to references [6,7,8,9,10,11,12,13,14,15,16,17,18,19,20].



Recently, the study of physical models with fractional derivatives has attracted a great deal of attention since some materials are well described as fractal media. To investigate such models, several definitions of fractional derivatives such as Caputo [21], Caputo–Fabrizio [22], Riemann–Liouville [23], and Grünwald–Letnikov [24] have been introduced. It is found that fractional derivatives do not satisfy some basic properties of derivatives, such as the product rule and chain rule. Recently, Khalil et al. [25] developed a local derivative called a conformable derivative where this fractional calculus satisfies all the properties of derivatives like the chain rule.



The present study sheds light on the space–time fractional complex Ginzburg–Landau (GL) equation [26,27]. The GL model addressed here is described by


  i  D t α  Ψ + a  D x  2 β   Ψ +   b F ( | Ψ |  2   ) Ψ −      | Ψ |  2   Ψ *    − 1      ν | Ψ |  2   D x  2 β     ( | Ψ |  2   ) − ϱ     D x β    ( | Ψ |  2   )   2   − γ Ψ = 0 ,  



(1)




where  α  and  β  are the fractional parameters. The complex-valued function   Ψ ( x , t )   denotes the soliton profile whereas the independent variables x and t are the spatial and temporal coordinates. Here, a and b stand for the coefficient of group velocity dispersion and the coefficient of nonlinearity, respectively. The real-valued constants   ν , ϱ , γ   represent the perturbation influences. The symbol ∗ indicates the complex conjugate of the function   Ψ ( x , t )  .



Note that the travelling wave reduction of the GL model (1) is obtained by taking   ν = 2 ϱ   in all previous studies [26,27,28,29,30,31,32,33,34,35,36,37,38]. Then, the analytic exact solution is extracted by applying various integration schemes (first integral method, semi-inverse variational principle,    G ′  / G   method, exp-function method, Riccati equation method, simplest equation method, trial solution approach, etc.). Recently, Equation (1) with Kerr law nonlinearity was studied by [27] using the same assumption (i.e.,   ν = 2 ϱ  ). The extended sinh-Gordon equation expansion method is employed to derive optical solitons and other solutions. In the current article, we investigate two types of solitons called the bright and singular optical solitons of Equation (1) by means of a straightforward mathematical approach. We discuss three types of nonlinearity associating with the GL Equation (1), which are the Kerr law, power law, and dual-power law. Contrary to the previous studies, herein we will consider   a = 4 ϱ   instead of   ν = 2 ϱ  . The aim of this assumption is to present the difference between the behaviour of solitons derived here and in the previous studies.




2. Conformable Fractional Derivative


A new form of conformable fractional derivative was introduced by Khalil et al. [25]. This new definition of fractional calculus is based on a limit operator which is more natural and effective in satisfying some conventional properties than the existing fractional derivatives. The definition of a conformable fractional derivative is given as follows:



Definition 1.

Let   f : ( 0 , ∞ ) ⟶ R  , then the conformable fractional derivative of f of order α is defined as


    D t α  f  ( t )  =  lim  ϵ → 0     f  ( t + ϵ  t  1 − α   )  − f  ( t )   ϵ  ,   



(2)




for all   t > 0 , α ∈ ( 0 , 1 )  . It is said that if the conformable fractional derivative of f of order α exists, then f is α-differentiable.





The conformable fractional derivative satisfies the properties shown in the following theorems:



Theorem 1.

Let   α ∈ ( 0 , 1 ]   and   f = f ( t ) , g = g ( t )   be α-differentiable at a point   t > 0  , then:


      ( 1 )      D t α   ( a f + b g )  = a  D t α  f + b  D t α  g ,  f o r  a l l  a , b ∈ R .       ( 2 )      D t α   (  t μ  )  = μ  t  μ − α   ,  f o r  a l l  μ ∈ R .       ( 3 )      D t α   ( f g )  = f  D t α  g + g  D t α  f .       ( 4 )      D t α    f g   =   g  D t α  f − f  D t α  g   g 2   .      








Moreover, if f is differentiable, then    D t α   ( f  ( t )  )  =  t  1 − α     d f   d t    .





Theorem 2.

Let   f : ( 0 , ∞ ) ⟶ R   be a function such that f is differentiable and also α-differentiable. Let g be a function defined in the range of f and also differentiable; then, one has the following rule:


    D t α   ( f g )   ( t )  =  t  1 − α    g ′   ( t )   f ′   ( g  ( t )  )  ,   



(3)




where prime denotes the classical derivatives with respect to t.





Remark 1.

We may use the notation     ∂ α   ∂  t α    f   for    D t α   ( f  ( t )  )    to denote the conformable fractional derivatives of f with respect to the variable t of order α.






3. Mathematical Analysis and Equations


In this section we describe the technique of reducing FDEs into ordinary differential equations (ODEs). Then, this method will be implemented to obtain the travelling wave reduction for the governing model (1) in order to extract exact analytic solutions.



3.1. Description of the Method


Suppose that a nonlinear conformable fractional partial differential equation, say, in two independent variables x and t, is given by


  P ( u ,  D t α  u ,  D x β  u ,  D t  2 α   u ,  D x  2 β   u ,  D x β   D t α  u , … ) = 0 ,  



(4)




where   u ( x , t )   is an unknown function, P is a polynomial in u and its partial derivatives, in which the highest-order derivatives and nonlinear terms are involved.



Using the wave transformation


  u  ( x , t )  = U  ( ξ )  ,  ξ = k   x β  β  + c   t α  α  ,  



(5)




where k and c are constants to be determined later, one can find


   D t α  u = c  U ′  ,   D x β  u = k  U ′  ,   D t  2 α   u =  c 2   U  ″   ,   D x  2 β   u =  k 2   U  ″   ,   D x β   D t α  u = k c  U  ″   ,  ⋯  



(6)







Employing (5) and (6), Equation (4) is reduced to the following ODE


  P ( U , c  U ′  , k  U ′  ,  c 2   U  ″   ,  k 2   U  ″   , k c  U  ″   , ⋯ ) = 0 ,  



(7)




where prime (   ′  ) denotes the derivative with respect to  ξ .




3.2. Travelling Wave Reduction for Equation (1)


Consider the complex fractional travelling wave transformation


  Ψ  ( x , t )  = ψ  ( ξ )   e  i ϕ ( x , t )   ,  



(8)




where the wave variable  ξ  is given by


  ξ =   x β  β  − c   t α  α  ,  0 < α ,  β ≤ 1 .  



(9)







The function   ψ ( ξ )   denotes the pulse shape and c is the velocity of the soliton. The phase component is defined as


  ϕ  ( x , t )  = − k   x β  β  − ω   t α  α  + θ ,  



(10)




where k is the soliton frequency,  ω  is the soliton wave number, and  θ  is the phase constant.



Using transformation (8), Equation (1) yields a nonlinear ODE of the form


   ( a − 2 ν )   ψ  ″   +  ( 4 ϱ − 2 ν )    ψ  ′ 2   ψ  −  ( ω + γ + a  k 2  )  ψ + b F  (  ψ 2  )  ψ = 0 ,  



(11)




from the real part and the relation   c = − 2 a k   from the imaginary part. All former studies given by references [26,27,28,29,30,31,32,33,34,35,36,37,38] assumed that   ν = 2 ϱ   so as to eliminate the term proportional to    ψ  ′ 2   / ψ  . Thus, Equation (11) becomes


   ( a − 2 ν )   ψ  ″   −  ( ω + γ + a  k 2  )  ψ + b F  (  ψ 2  )  ψ = 0 .  



(12)







In contrast to the assumption   ν = 2 ϱ   made by the previous studies, we assume here that   a = 4 ϱ  . Therefore, Equation (11) is converted to


   ( a − 2 ν )   (  ψ  ″   +   ψ  ′ 2   ψ  )  −  ( ω + γ + a  k 2  )  ψ + b F  (  ψ 2  )  ψ = 0 .  



(13)







In what follows, we aim to derive the soliton solutions of Equation (1) via the study of Equation (13) in the presence of three different laws of nonlinearity. These nonlinear effects include Kerr law, power law and dual-power law.





4. Solitons with Kerr Law Nonlinearity


For the Kerr law nonlinearity,   F ( ψ ) = ψ  . Hence, Equation (13) has the form


   ( a − 2 ν )   (  ψ  ″   +   ψ  ′ 2   ψ  )  −  ( ω + γ + a  k 2  )  ψ + b  ψ 3  = 0 .  



(14)







Multiplying Equation (14) by    ψ 2   ψ ′    and integrating with respect to  ξ , we arrive, after manipulating, at


  6  ( a − 2 ν )   ψ 2   ψ  ′ 2   + 12  c 0  − 3  ( ω + γ + a  k 2  )   ψ 4  + 2 b  ψ 6  = 0 ,  



(15)




where   c 0   is the integration constant. In order to simplify and solve Equation (15), the following assumption will be used. Setting


  ψ =  V  ,  



(16)




one can find that    ψ 2   ψ  ′ 2   =  V  ′ 2   / 4  . Thus, Equation (15) becomes


  3  ( a − 2 ν )   V  ′ 2   + 24  c 0  − 6  ( ω + γ + a  k 2  )   V 2  + 4 b  V 3  = 0 .  



(17)







Rearranging Equation (17) so it has the form


   V  ′ 2   = − A  V 3  + B  V 2  − C ,  



(18)




where


  A =   4 b   3 ( a − 2 ν )   ,  B =   6 ( ω + γ + a  k 2  )   3 ( a − 2 ν )   ,  C =   24  c 0    3 ( a − 2 ν )   .  



(19)







Now we will assume that


  V  ( ξ )  = W  ( ξ )  +  B  3 A   .  



(20)







Subsequently, Equation (18) reduces to


   W  ′ 2   = − A  W 3  +   B 2   3 A   W +    2  B 3    27  A 2    − C  .  



(21)







Multiplying Equation (21) by   − 4 / A   and assuming   Y  ( ζ )  = W  ( ξ )  ,  ζ =   − A    ξ / 2  , we reach


   Y  ′ 2   = 4  Y 3  −  g 2  Y −  g 3  ,  



(22)




where the prime (   ′  ) is the derivative with respect to  ζ . The invariants   g 2   and   g 3   are given by


   g 2  =   4  B 2    3  A 2    ,   g 3  =  4 A     2  B 3    27  A 2    − C  .  



(23)







It is well known that the general solution of Equation (22) is expressed in terms of Weierstrass elliptic function [39,40] as


  Y  ( ζ )  = ℘  ( ζ ,  g 2  ,  g 3  )  .  



(24)







Hence, the general solution of Equation (18) reads as


  V  ( ξ )  = ℘     − A   2  ξ ,  g 2  ,  g 3   +  B  3 A   .  



(25)







If the discriminant   Δ =  g 2 3  − 27  g 3 2  = 0  , this enables us to express Weierstrass elliptic function in the form of hyperbolic functions using the relations


     ℘  ( ζ , 12  r 2  , − 8  r 3  )  = r − 3 r  cosh  − 2    [   ( 3 r )   1 / 2   ζ ]  ,     



(26)






     ℘  ( ζ , 12  r 2  , − 8  r 3  )  = r + 3 r  sinh  − 2    [   ( 3 r )   1 / 2   ζ ]  .     



(27)







In order to extract soliton solutions for Equation (18) using relations (26) and (27), the discriminant   Δ = 0   should be satisfied. Therefore


  Δ =  g 2 3  − 27  g 3 2  =  1  A 4    ( 64  B 3  C − 432  A 2   C 2  )  = 0 ,  



(28)




implies that   C = 0   or   C = 4  B 3  /  ( 27  A 2  )   .



Case I.  C = 0   demands    g 2  =   4  B 2    3  A 2      and    g 3  =   8  B 3    27  A 3     . Thus, solution (25) leads to


     V  ( ξ )  =  B A   sech 2     B  2  ξ  ,     



(29)






     V  ( ξ )  = −  B A   csch 2     B  2  ξ  ,     



(30)




where   B > 0  . As a result, Equation (1) with Kerr law nonlinearity possesses a bright optical soliton solution in the form


  Ψ  ( x , t )  =    3 ( ω + γ + a  k 2  )   2 b    sech     ( ω + γ + a  k 2  )   2 ( a − 2 ν )       x β  β  − c   t α  α     e  i  − k   x β  β  − ω   t α  α  + θ    ,  



(31)




where   b ( ω + γ + a  k 2  ) > 0   and    ( a − 2 ν )   ( ω + γ + a  k 2  )  > 0  . Next, Equation (1) admits a singular optical soliton solution in the form


  Ψ  ( x , t )  =   −   3 ( ω + γ + a  k 2  )   2 b     csch     ( ω + γ + a  k 2  )   2 ( a − 2 ν )       x β  β  − c   t α  α     e  i  − k   x β  β  − ω   t α  α  + θ    ,  



(32)




where   b ( ω + γ + a  k 2  ) < 0   and    ( a − 2 ν )   ( ω + γ + a  k 2  )  > 0  .



Case II.  C =   4  B 3    27  A 2      demands    g 2  =   4  B 2    3  A 2      and    g 3  = −   8  B 3    27  A 3     . Thus, solution (25) gives rise to


     V  ( ξ )  =  B  3 A    2 − 3  sech 2      − B   2  ξ   ,     



(33)






     V  ( ξ )  =  B  3 A    2 + 3  csch 2      − B   2  ξ   ,     



(34)




where   B < 0  . Consequently, Equation (1) has singular optical soliton solutions in the form


     Ψ  ( x , t )  =     ( ω + γ + a  k 2  )   2 b    2 − 3  sech 2     −   ( ω + γ + a  k 2  )   2 ( a − 2 ν )        x β  β  − c   t α  α        e  i  − k   x β  β  − ω   t α  α  + θ    ,     



(35)






     Ψ  ( x , t )  =     ( ω + γ + a  k 2  )   2 b    2 + 3  csch 2     −   ( ω + γ + a  k 2  )   2 ( a − 2 ν )        x β  β  − c   t α  α        e  i  − k   x β  β  − ω   t α  α  + θ    ,     



(36)




with constraint conditions


   c 0  =    ( ω + γ + a  k 2  )  3   12  b 2    ,   ( a − 2 ν )   ( ω + γ + a  k 2  )  < 0 .  



(37)








5. Solitons with Power Law Nonlinearity


For the power law nonlinearity,   F  ( ψ )  =  ψ n   . Therefore, Equation (13) has the form


   ( a − 2 ν )   (  ψ  ″   +   ψ  ′ 2   ψ  )  −  ( ω + γ + a  k 2  )  ψ + b  ψ  2 n + 1   = 0 .  



(38)







Multiplying Equation (38) by    ψ 2   ψ ′    and integrating with respect to  ξ , we find the equation


  2  ( a − 2 ν )   ψ 2   ψ  ′ 2   −  ( ω + γ + a  k 2  )   ψ 4  +   2 b   n + 2    ψ  2 n + 4   = 0 ,  



(39)




where the integration constant is taken to be zero. Similarly, using assumption (16), Equation (39) changes to the form


   ( a − 2 ν )   V  ′ 2   − 2  ( ω + γ + a  k 2  )   V 2  +   4 b   n + 2    V  n + 2   = 0 .  



(40)







It is obvious that Equation (40) is symmetrical to Equation (17) once   n = 1   and    c 0  = 0  . Now, setting   V =  W  1 / n    , Equation (40) becomes


    ( a − 2 ν )   n 2    W  ′ 2   − 2  ( ω + γ + a  k 2  )   W 2  +   4 b   n + 2    W 3  = 0 .  



(41)







Equation (41) can be written as


   W  ′ 2   = − A  W 3  + B  W 2  ,  



(42)




where


  A =   4 b  n 2    ( n + 2 ) ( a − 2 ν )   ,  B =   2  ( ω + γ + a  k 2  )   n 2    ( a − 2 ν )   .  



(43)







By comparison, the structures of Equation (42) and Equation (18) are symmetric when   C = 0  . Therefore, Equation (42) has the solutions of the form


     W  ( ξ )  =  B A   sech 2     B  2  ξ  ,     



(44)






     W  ( ξ )  = −  B A   csch 2     B  2  ξ  ,     



(45)




where   B > 0  . Accordingly, Equation (1) with power law nonlinearity has bright and singular optical soliton solutions given by


     Ψ  ( x , t )  =       ( n + 2 )   ( ω + γ + a  k 2  )    2 b    sech      n 2   ( ω + γ + a  k 2  )    2 ( a − 2 ν )       x β  β  − c   t α  α      1 n    e  i  − k   x β  β  − ω   t α  α  + θ    ,     



(46)






     Ψ  ( x , t )  =     −    ( n + 2 )   ( ω + γ + a  k 2  )    2 b     csch      n 2   ( ω + γ + a  k 2  )    2 ( a − 2 ν )       x β  β  − c   t α  α      1 n    e  i  − k   x β  β  − ω   t α  α  + θ    ,     



(47)




where Equation (46) requires   b  ( ω + γ + a  k 2  )  > 0 ,   ( a − 2 ν )   ( ω + γ + a  k 2  )  > 0   whereas Equation (47) needs   b  ( ω + γ + a  k 2  )  < 0 ,   ( a − 2 ν )   ( ω + γ + a  k 2  )  > 0  .




6. Solitons with Dual-Power Law Nonlinearity


For the dual-power law nonlinearity,   F  ( ψ )  =  b 1   ψ n  +  b 2   ψ  2 n    . Consequently, Equation (13) has the form


   ( a − 2 ν )   (  ψ  ″   +   ψ  ′ 2   ψ  )  −  ( ω + γ + a  k 2  )  ψ +  b 1   ψ  2 n + 1   +  b 2   ψ  4 n + 1   = 0 .  



(48)







Multiplying Equation (48) by    ψ 2   ψ ′    and integrating with respect to  ξ , we obtain the equation


  2  ( a − 2 ν )   ψ 2   ψ  ′ 2   −  ( ω + γ + a  k 2  )   ψ 4  +   2  b 1    n + 2    ψ  2 n + 4   +   b 2   n + 1    ψ  4 n + 4   = 0 ,  



(49)




where the integration constant is set equal to zero. Using the transformation (16) reduces Equation (49) to


   ( a − 2 ν )   V  ′ 2   − 2  ( ω + γ + a  k 2  )   V 2  +   4  b 1    n + 2    V  n + 2   +   2  b 2    n + 1    V  2 n + 2   = 0 .  



(50)







In the case of    b 2  = 0  , Equation (50) will be symmetrical to Equation (40). Now, putting   V =  W  1 / n    , Equation (50) turns into


    ( a − 2 ν )   n 2    W  ′ 2   − 2  ( ω + γ + a  k 2  )   W 2  +   4  b 1    n + 2    W 3  +   2  b 2    n + 1    W 4  = 0 .  



(51)







Equation (51), after rearranging, becomes


   W  ′ 2   = A  W 2  − B  W 3  − C  W 4  ,  



(52)




where


  A =   2  ( ω + γ + a  k 2  )   n 2    ( a − 2 ν )   ,  B =   4  b 1   n 2    ( n + 2 ) ( a − 2 ν )   ,  C =   2  b 2   n 2    ( n + 1 ) ( a − 2 ν )   .  



(53)







6.1. First Type of Optical Soliton Solution


Assume that the solution of Equation (52) is expressed in the form


  W  ( ξ )  =  1  P ( ξ ) + λ   .  



(54)







Substituting (54) into Equation (52) we obtain the equation given by


   P  ′ 2   = − C −  ( B + 4 C λ )  P +  ( A − 3 B λ − 6 C  λ 2  )   P 2  +  ( 2 A λ − 3 B  λ 2  − 4 C  λ 3  )   P 3  +  ( A  λ 2  − B  λ 3  − C  λ 4  )   P 4  .  



(55)







Equating the coefficients of   P 2   and   P 4   to zero, we obtain the system of equations


     A − 3 B λ − 6 C  λ 2  = 0 ,     



(56)






     A  λ 2  − B  λ 3  − C  λ 4  = 0 ,     



(57)




from which we find


  λ =   5 A   3 B   ,  C = −   6  B 2    25 A   .  



(58)







Using this result, Equation (55) collapses to


   P  ′ 2   = −   5  A 2    9 B    P 3  +   3 B  5  P +   6  B 2    25 A   .  



(59)







Multiplying Equation (59) by   − 36 B / ( 5  A 2  )  , we arrive at


   S  ′ 2   = 4  S 3  −  G 2  S −  G 3  ,  



(60)




where


  S  ( ζ )  = P  ( ξ )  ,  ζ =  A 6     − 5  B   ξ ,  



(61)




and the invariants   G 2   and   G 3   are given by


   G 2  =   108  B 2    25  A 2    ,   G 3  =   216  B 3    125  A 3    .  



(62)







On account of the symmetry between Equations (22) and (60), the general solution of Equation (60) can be expressed in terms of Weierstrass elliptic function as


  S  ( ζ )  = ℘  ( ζ ,  G 2  ,  G 3  )  .  



(63)







The general solution of Equation (52) is given by


  W  ( ξ )  =  1  ℘   A 6     − 5  B   ξ ,  G 2  ,  G 3     +   5 A   3 B   .  



(64)







Using the relations (26) and (27), the solution (64) leads to the soliton solutions


     W  ( ξ )  =   5 A   B  3 −  cosh 2     A  2  ξ     ,     



(65)






     W  ( ξ )  =   5 A   B  3 +  sinh 2     A  2  ξ     ,     



(66)




where   A > 0  . Eventually, the solution of Equation (1) with dual-power law nonlinearity is described by the bright optical soliton of the form


     Ψ  ( x , t )  =     5  ( n + 2 )   ( ω + γ + a  k 2  )    2  b 1   3 −  cosh 2       n 2   ( ω + γ + a  k 2  )    2 ( a − 2 ν )       x β  β  − c   t α  α         1  2 n     e  i  − k   x β  β  − ω   t α  α  + θ    ,     



(67)






     Ψ  ( x , t )  =     5  ( n + 2 )   ( ω + γ + a  k 2  )    2  b 1   3 +  sinh 2       n 2   ( ω + γ + a  k 2  )    2 ( a − 2 ν )       x β  β  − c   t α  α         1  2 n     e  i  − k   x β  β  − ω   t α  α  + θ    ,     



(68)




with the constraint conditions


  6  b 1 2   ( n + 1 )  + 25  b 2    ( n + 2 )  2  = 0 ,   ( a − 2 ν )   ( ω + γ + a  k 2  )  > 0 .  



(69)








6.2. Second Type of Optical Soliton Solution


Here, we intend to obtain another form of optical soliton solution for Equation (1) with dual-power law nonlinearity. Assume that the solution of Equation (52) can be expressed as


  W  ( ξ )  =  1  R ( ξ )   .  



(70)







Hence, Equation (52) is converted to


   R  ′ 2   = A  R 2  − B R − C .  



(71)







Let us consider a first-order differential equation with fourth-degree polynomial in the form


   R  ′ 2   = P  ( R )  =  a 0   R 4  + 4  a 1   R 3  + 6  a 2   R 2  + 4  a 3  R +  a 4  .  



(72)







The solution of this equation can be represented in terms of the Weierstrass elliptic function as


  R  ( ξ )  =  R 0  +  1 4   P ′   (  R 0  )    ℘  ( ξ ,  g 2  ,  g 3  )  −  1 24   P  ″    (  R 0  )    − 1   ,  



(73)




where the invariants   g 2   and   g 3   are given by


   g 2  =  a 0   a 4  − 4  a 1   a 3  + 3  a 2 2  ,   g 3  =  a 0   a 2   a 4  + 2  a 1   a 2   a 3  −  a 2 3  −  a 0   a 3 2  −  a 1 2   a 4  .  



(74)







Herein, the prime (   ′  ) denotes the derivative with respect to R, and   R 0   is one of the roots of the polynomial   P ( R )   in (72).



Now, Equation (71) has second-order polynomial of the form


  P  ( R )  = A  R 2  − B R − C ,  



(75)




whose roots are


   R 0 ±  =   B ±    B 2  + 4 A C     2 A   .  



(76)







According to (74), the invariants   g 2   and   g 3   take the form


   g 2  =   A 2  12  ,   g 3  = −   A 3  216  .  



(77)







The solution of Equation (71) is given by


  R  ( ξ )  =  B  2 A   ±     B 2  + 4 A C    2 A      12 ℘ ( ξ ,  g 2  ,  g 3  ) + 5 A   12 ℘ ( ξ ,  g 2  ,  g 3  ) − A    .  



(78)







Since   Δ =  g 2 3  − 27  g 3 2  = 0  , one can use the relations (26) and (27) to obtain soliton solutions for Equation (71) in the form


  R  ( ξ )  =  B  2 A   ±     B 2  + 4 A C    2 A   cosh  (  A  ξ )  ,  



(79)




where   A > 0   and    B 2  + 4 A C > 0  . It can be noted that the soliton can be presented via   sinh ( x )  , so the solution to Equation (71) is expressed as


  R  ( ξ )  =  B  2 A   ±    − (  B 2  + 4 A C )    2 A   sinh  (  A  ξ )  ,  



(80)




where   A > 0   and    B 2  + 4 A C < 0  . As a result, Equation (1) with dual-power law nonlinearity has bright and singular soliton solutions in the form


     Ψ  ( x , t )  =      ( n + 1 )   ( n + 2 )   ( ω + γ + a  k 2  )     b 1   ( n + 1 )  ±  h  cosh     2  n 2   ( ω + γ + a  k 2  )    ( a − 2 ν )       x β  β  − c   t α  α        1  2 n     e  i  − k   x β  β  − ω   t α  α  + θ    ,     



(81)






     Ψ  ( x , t )  =      ( n + 1 )   ( n + 2 )   ( ω + γ + a  k 2  )     b 1   ( n + 1 )  ±   − h   sinh     2  n 2   ( ω + γ + a  k 2  )    ( a − 2 ν )       x β  β  − c   t α  α        1  2 n     e  i  − k   x β  β  − ω   t α  α  + θ    ,     



(82)




where    ( a − 2 ν )   ( ω + γ + a  k 2  )  > 0  . The validity of optical soliton (81) demands   h =  b 1 2    ( n + 1 )  2  +  b 2   ( n + 1 )    ( n + 2 )  2   ( ω + γ + a  k 2  )  > 0   while the optical soliton (82) is valid for   h =  b 1 2    ( n + 1 )  2  +  b 2   ( n + 1 )    ( n + 2 )  2   ( ω + γ + a  k 2  )  < 0  .





7. Interpreting Graphical Representations


The dynamics of solitons in the model of the space–time fractional complex GL equation is described graphically. In order to understand the physical properties of the obtained results, some of the derived solutions are depicted by selecting different values of parameters. For example, the 3D plot of solutions (35) and (36) is represented with different values of fractional parameters in Figure 1, where   α = 0.3 , β = 0.6   in Figure 1a and   α = 0.5 , β = 0.5   in Figure 1b. Both soliton solutions (35) and (36) are singular-type solutions with Kerr law nonlinearity. It can be seen that the shape in Figure 1b is symmetric when   α = β  . Figure 2 demonstrates the 3D plot of bright and singular soliton solutions (46) and (47) with power-law nonlinearity where the graphs are depicted with fractional parameters (a)   α = 0.8 , β = 0.4   and (b)   α = 0.5 , β = 0.5  . In Figure 3, the 3D plot of the first type of bright soliton solution (68) with dual-power law nonlinearity is displayed for   α = 0.3 , β = 0.6  . The second type of bright and singular soliton solutions given by (81) and (82) with dual-power law nonlinearity are shown in Figure 4 for the values (a)   α = 0.1 , β = 0.1   and (b)   α = 0.8 , β = 0.4  . It is clear that the symmetry of the bright soliton in Figure 4a is due to   α = β  .



As we can see, the changes in the parameters cause a clear effect on the dynamics of solitons. In particular, the fractional derivative parameters  α  and  β  lead to a remarkable variation in the behaviour of the soliton profile.



By comparing the results obtained here with those of previous studies, it is found that the bright and singular optical soliton solutions are different from those obtained in the previous studies. For example, the bright soliton solution (31) with Kerr law effect has a different expression compared to solutions (43) and (47) in [27]. The change in the behaviours of solution (31) in this work and solution (47) in [27] is displayed in Figure 5.




8. Discussion and Conclusions


The present study concentrated on the conformable space–time fractional complex GL equation under the dominance of three different laws of nonlinearity. The types of nonlinear effects are given in the form of the Kerr law, power law, and dual-power law. The model of fractional complex GL equation is reduced to a first-order nonlinear ordinary differential equation (ODE) which is different from the ones derived in all previous studies. Then, a special transformation is used to convert this ODE to a simple equation having a solution expressed in terms of the Weierstrass elliptic function. Applying the relation between the Weierstrass elliptic function and hyperbolic functions, the optical soliton solutions of the conformable space–time fractional complex GL equation are retrieved. The structure of extracted bright and singular optical soliton solutions are different from their corresponding solutions in the previous studies. The type of dark optical soliton is not derived in this study but it can be obtained by applying other integration schemes. The limitations for the validity of solitons are presented. Moreover, the 3D plots of some obtained solitons are illustrated by selecting different values of parameters to show the influence of changing parameter values, especially the fractional derivative parameters, on the soliton behaviour.
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Figure 1. The singular soliton solution (35) with   α = 0.3 , β = 0.6   (a) and the singular soliton solution (36) with   α = 0.5 , β = 0.5   (b). In both graphs   a = ν = γ = 2 , b = c = k = 1 , ω = 4 .   






Figure 1. The singular soliton solution (35) with   α = 0.3 , β = 0.6   (a) and the singular soliton solution (36) with   α = 0.5 , β = 0.5   (b). In both graphs   a = ν = γ = 2 , b = c = k = 1 , ω = 4 .  
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Figure 2. The bright soliton solution (46)   b = 1 , n = 2 , α = 0.8 , β = 0.4   (a) and the singular soliton solution (47) with   b = − 1 , n = 1 , α = 0.5 , β = 0.5   (b). In both graphs   a = ω = 4 , c = ν = 1 , k = γ = 2 .   






Figure 2. The bright soliton solution (46)   b = 1 , n = 2 , α = 0.8 , β = 0.4   (a) and the singular soliton solution (47) with   b = − 1 , n = 1 , α = 0.5 , β = 0.5   (b). In both graphs   a = ω = 4 , c = ν = 1 , k = γ = 2 .  
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Figure 3. The bright soliton solution (68) with   a = ω = 4 ,  b 1  = c = ν = 1 , k = n = γ = 2 , α = 0.3 , β  =  0.6 .   
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Figure 4. The bright soliton solution (81) with    b 2  = 2 , α = 0.1 , β = 0.1   (a) and the singular soliton solution (82) with    b 2  = − 2 , α = 0.8 , β = 0.4   (b). In both graphs   a = ω = 4 ,  b 1  = c = ν = 1 , k = n = γ = 2 .   
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Figure 5. The bright soliton solutions with   a = ω = 4 , b = c = ν = 1 , k = −  1 8  , γ = 2 , α = 0.8 , β = 0.5  . (a) Solution (31) in this work and (b) solution (47) in [27]. 
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