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Abstract: In this paper, we present a stable and accurate high-order methodology for the symmetric
matrix form (SMF) of the elastic wave equation. We use an accurate high-order upwind finite
difference method to define spatial discretization. Then, an efficient complex frequency-shifted (CFS)
unsplit multi-axis perfectly matched layer (MPML) is implemented using the auxiliary differential
equation (ADE) that is used to build higher-order time schemes for elastodynamics in the unbounded
curve domain. It is derived to be compatible with SMF. The SMF framework has a general form
of a hyperbolic partial differential equation (PDE) that can be expanded to different dimensions
(2D, 3D) or different wave modal (SH, P-SV) without requiring significant modifications owing
to a simplified process of derivation and programming. Subsequently, an energy analysis on the
framework combined with initial boundary value problems is conducted, and the stability analysis
can be extended to a semi-discrete approximation similarly. Thus, we propose a semi-discrete
approximation based on ADE CFS-MPML in which the curve domain is discretized using the upwind
summation-by-parts (SBP) operators, and where the boundary conditions are enforced weakly using
the simultaneous approximation terms (SAT). The proposed method’s robustness and adequacy are
illustrated by conducting several numerical simulations.

Keywords: elastic wave equation; symmetric matrix form; perfectly matched layer; finite difference
method; SBP-SAT; stability

1. Introduction

In seismology, as well as in many other applications, such as acoustics, oceanography, and
electromagnetics, a number of numerical methods to simulate elastic wave propagation have been
developed. In general, the elastic wave equation can be discretized using various approaches, such as
the finite difference method (FDM) [1–3], finite element method (FEM) [4,5], spectral element method
(SEM) [6], boundary element method (BEM) [7,8], discontinuous Galerkin method (DGM) [9], and
others. Each of these methods has advantages, as well as drawbacks. FDM is successfully applied to
solving the problems related to wave propagation and has been widely used in the field of seismic
engineering, due to its high efficiency and ability to simulate complex media, such as layered ones.
However, it is difficult to handle complex geometry, specifically with regard to the staggered grid
method [10]. In addition, several methods related to FDM have difficulties in ensuring long-time
stability within the spatial and temporal domain [11]. These drawbacks impose significant limitations
to the simulation of large-scale, long-period, and undulating media. Therefore, a numerical method
ensuring time and spatial stability is proposed.
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Unlike the first- and second-order methods, higher-order FDMs (HOFDMs) can effectively reduce
the degree of freedom required to simulate wave propagation. Therefore, HOFDMs are able to capture
the wave-dominated phenomena, such as elastic wave propagation, more efficiently, as for a given
error tolerance, the number of grid nodes can be reduced substantially and in several dimensions,
and thereby, one may significantly decrease the computing time and memory required by orders of
magnitude [12]. However, one of the drawbacks of higher-order methods is their relative complexity,
both in terms of derivation of formulas and programming implementation. Moreover, the larger
amount of programming work is required during the simulation, meaning that a program has to
perform more calculations, and more calls per grid node are required. It is deemed that such methods
may become more broadly appealing and applied more widely if the associated complexity can
be reduced.

The main purpose of the present study is to develop a stable HOFDM for the elastic wave equations
both in 2D and 3D curve domains, and to facilitate an implementation procedure to be as simple as
possible by establishing a generic framework under the premise. One of the appropriate HOFDMs
combining the initial boundary value conditions is to apply summation-by-parts (SBP) [13–17] operators
to approximate derivatives of the spatial domain together with weak enforcement of boundary and
interface conditions using the simultaneous-approximation-term (SAT) [11,18] method, or the projection
method [19–21]. The SBP-SAT methodology can be used to provide a strictly stable proof using the
energy method that ensures the robustness within the spatial and temporal domain. Some review
papers of SBP operators and examples of SBP-SAT can be found in References [22–26].

The basic theory about the first-derivative SBP operators was proposed by Kreiss and Scherer [13]
seeking to transform the higher-order methods into a systematic means of proving stability through the
energy method [27]. The predominant concept of SBP operators is to mimic the integration-by-parts
(IBP) property, so that stability of a discretization framework can be proved by using the energy method
similarly to the case of the continuous problems. Initially introduced SBP operators principally have
been developed in the context of HOFDMs, where the nodal distribution in a computational space is
uniform. A matrix of SBP operators has periodically centered difference stencils in the interior grid
nodes and specific one-sided ones near the boundary grid nodes to maintain the SBP property. SBP
introduced above can be referred to as a classical SBP operator. Recently, the theory of classical SBP
operators has been extended to a broader set of operators, for instance, upwind SBP operators [28,29],
staggered and upwind SBP operators [30], generalized SBP operators [31–33], and multi-dimensional
SBP operators [34,35]. Newly proposed SBP operators have new properties not presented in the
classical SBP operators. A matrix of generalized SBP operators can use non-repeating difference
stencils in the interior grid nodes that can be non-uniform depending on the distribution of grid nodes.
Additionally, generalized SBP operators may exclude one or both boundary nodes. Multi-dimensional
SBP operators can avoid dimension expansion in the form of tensor products. Upwind operators
can naturally introduce artificial dissipation when combined with flux-splitting techniques for the
hyperbolic system.

The SBP-SAT methodology has many useful properties, and one of them is to facilitate the
derivation of higher-order spatial discretizations that are provably time-stable using a rather
straightforward approach based on the energy method, in which the procedure is similar to the
energy method in the continuous case. Another property is that the SBP-SAT methodology can handle
the boundary condition in a flexible way, and the boundaries contain those of the computational domain
and of interfaces between blocks, in which the blocks are obtained by dividing the computational
domain [36]. Referring to this property, an extremely large computational domain can be simulated
by dividing the domain into several blocks of the suitable size. Then, simulation can proceed within
blocks instead of in the whole computational domain, so that it can greatly alleviate the computer
memory consumption. Additionally, an approximation of the derivative in each of the blocks is
strictly determined by the solution in the particular block, and interfaces of blocks play the role of
data transfer and assignment tools. Therefore, using the SBP-SAT methodology, wave propagation
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in a computational domain with special shapes can be simulated, which is difficult to achieve using
the traditional FDMs, as it is shown in the conducted numerical simulation. Moreover, the interface
does not have to be continuous, so that a geometric discontinuity can be simulated intentionally. More
detailed contents on the SBP-SAT methodology can be found in Reference [37].

Numerical methods require the domain of simulation to be divided into a finite number of
nodes or elements, as it is difficult to simulate elastic wave propagation in a finite domain without
employing boundaries to prevent spurious wave reflections back into the computational domain. In the
elastodynamic simulation, a wide variety of absorbing layers and boundary conditions have been
developed to truncate these domains and “absorb” the outgoing waves as much as possible to simulate
the wave motion in finite computational domains (e.g., sponge zone [38,39], SMART layers [40], paraxial
conditions [41,42], continued fraction conditions [43], transmitting boundary conditions [44,45], viscous
boundary conditions [46,47], viscous-spring artificial boundary conditions [48], optimized boundary
conditions [49], etc.). In addition, the perfectly matched layer (PML) [50–53], and high-order absorbing
boundary conditions (ABCs) [54–56] are now the most commonly used approaches to considerably
limit spurious numerical reflections.

Considering a framework based on the SBP-SAT methodology, a suitable way to avoid artificial
reflection is to impose characteristic BC expressed in terms of physical parameters of inflow and outflow,
which represents a well-proven, first-order accurate non-reflecting BC. In this case, the energy method
is still effective for the semi-approximation system leading to a well-proven approximation [57–60].
Even though the stability of this framework can be guaranteed in an acceptable manner, the reflected
wave generated by the non-reflecting BC may cause continuous perturbations within the wavefield.
Consequently, the wavefield may be distorted by the reflected wave in a large-scale or long-time
simulation. This adverse effect can be corrected using PML. One of the advantages of PML is that it
can control the attenuation effect of waves by changing the number of absorbing layers or damping
functions in case of making waves attenuated as much as possible during the absorption. In the
present paper, we combine PML and the SBP-SAT methodology to facilitate wave absorption at the
boundaries. Description of frameworks utilizing SBP-SAT to discrete PML equations can be found in
several papers [61–64].

In most cases, PML has only one damping coefficient in the direction perpendicular to PML.
Even though the simulations of modeling using PML provide a stable and satisfying result in the
rectangular computational domains or isotropic medium, a well-known problem of PML and its
variants/improvements is that the simulations of modeling using PML provide unstable results in
certain kinds of the curve domains or anisotropic medium in terms of long-time wave propagation.
The instability problems of PML were analyzed by Bécache et al. [65] from a theoretical point of view
and found that stability is related to the relative direction of the group velocity and wavenumber,
which was defined as “slowness vector.” Meza-Fajardo and Papageorgiou [66] explained the stability
of PML referring to the eigenvalues of the coefficient matrix in the frequency domain, implying that
a system is unstable when eigenvalues have positive real part roots. To mitigate this problem, they
added appropriate non-zero damping coefficients to PML in the directions both parallel with and
perpendicular to the PML/non-PML interfaces simultaneously. They also proposed the damping
ratio defined as a ratio between the PML coefficients along with the directions parallel with and
perpendicular to the PML/non-PML interfaces referred to as multi-axial PML (MPML). More details on
MPML can be found in several related papers [67–70].

At present, a combination of the SBP-SAT methodology with PML is still mostly applied to the
rectangular domain. However, several researchers combine the SBP-SAT methodology with MPML.
In seismology, constructing a framework combining SBP-SAT and MPML is of great significance to
simulate the propagation of the elastic wave in complex media and in models with complex geometric
surfaces. Overall, the most applicable framework for the elastic wave equation is discretized in the
form of full expansion. The discretization framework for the elastic wave equation in a different modal
(SH, P-SV) or in different dimensions (2D, 3D) is rather different as it implies discrete each element of
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the elastic wave equation (every velocity and stress in the corresponding equation). The formula will
be more complicated in the case of discretization in the curve domain for the Jacobian matrix, and the
chain rules are introduced to reduce the generality of formula derivation and programming.

To address this situation, a generic representation of the elastic wave equation, referred to as
symmetric matrix form (SMF), is introduced. Using SMF, a framework for the elastic wave equation is
cast into the matrix form, and then the discretization can be treated in a generic system. Therefore, the
expression of the SMF framework requires generic programming as well. Additionally, a generic stable
discretization of SMF in the curve domain can be developed considering a similar framework in the
regular domain, and this property has a positive effect on simplification of the formula derivation and
program compilation, which can allow avoiding the introduction of direction vectors and the traction
effect on the velocity and stress. The proposed framework is, therefore, applicable to a wide range of
elastic wave equations.

The remainder of this paper is organized as follows. In Section 2, the SMF of the elastic wave
equation in 3D is formulated. It is shown that it can be further extended in the curve domain and
then, the well-posed BCs of SMF of the elastic wave equations are established. Thereafter, in Section 3,
we propose applying MPML for SMF of the elastic wave equations and present the results of the
stability analysis in continuous cases. A semi-discrete SBP-SAT methodology is presented in Section 4.
The results of the stability analysis within a discrete norm are discussed in Section 5. It should be
noted that the upwind SBP operators are used in this study. Numerical tests are presented in Section 6.
Subsequently, conclusions are drawn, and the future research directions are presented in Section 7.

2. SMF of Elastic Wave Equations

In this paper, a 3D isotropic elastic medium is considered. Then, the curve geometry is handled
through the use of curvilinear transformation in terms of the curve physical domain that can be
mapped to the computational domain represented as a regular block. This corresponds to the regular
computational domain of PML, and the FDMs are applied.

2.1. Wave Equation Symmetrization

Consider the Cartesian coordinates of a 3D spatial domain defined by (x, y, z) and t denotes the
time variable, the first-order elastic wave equation for the stress-velocity formulation is given by
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where σ =
(
σxx, σyy, σzz, σxy, σxz, σyz

)T
is the stress vector and v =

(
vx, vy, vz

)T
is the particle velocity

vector. ρ is the density of elastic medium and S is the compliance matrix. Note that S = C−1, where
C = CT is the stiffness matrix. Here, we show that the 3D elastic wave equations can be transformed
into SMF. First, Equation (1) can be written as

Ã0
∂Ũ
∂t

= Ãx
∂Ũ
∂x

+ Ãy
∂Ũ
∂y

+ Ãz
∂Ũ
∂z

, (2)

where

Ũ =

(
σxx

ρ
,
σyy

ρ
,
σzz

ρ
,
σxy

ρ
,
σxz

ρ
,
σyz

ρ
, vx, vy, vz

)T

, (3)

and the parameter matrices are

Ã0 =



a b b 0 0 0 0 0 0
b a b 0 0 0 0 0 0
b b a 0 0 0 0 0 0
0 0 0 c 0 0 0 0 0
0 0 0 0 c 0 0 0 0
0 0 0 0 0 c 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0


, Ãx =



0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0


,

Ãy =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0


, Ãz =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0



(4)

For convenience, we use the longitudinal and transverse medium wave speed as
material properties.

cp =
√
λ+2µ
ρ

cs =
√
µ
ρ

(5)

Then the elements of Ã0 can be written as

a =
c2

p − c2
s

c2
s

(
3c2

p − 4c2
s

) , b = −
c2

p − 2c2
s

c2
s

(
6c2

p − 8c2
s

) , c =
1
c2

s
. (6)

As Ã0 is positive definite, ansatz Ã0 = PTΛP. Thus, we have
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Λ =



1
3c2

p−4c2
s

1
2c2

s
1

2c2
s

1/c2
s

1/c2
s

1/c2
s


, P =



1
√

3
1
√

3
1
√

3
0 0 0

1
√

2
−

1
√

2
0 0 0 0

1
√

6
1
√

6
−

2
√

3
0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, (7)

P is an orthonormal matrix that satisfying PTP = I. By denoting

M = PTΛ−1/2P
M−1 = PTΛ1/2P

. (8)

Therefore, a symmetric positive definite matrix M can be calculated

M = PTΛ−1/2P =



m1 m2 m2 0 0 0 0 0 0
m2 m1 m2 0 0 0 0 0 0
m2 m2 m1 0 0 0 0 0 0
0 0 0 m3 0 0 0 0 0
0 0 0 0 m3 0 0 0 0
0 0 0 0 0 m3 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


, (9)

where
m1 = 1

3

(
2
√

2cs +
√

3c2
p − 4c2

s

)
m2 = 1

3

(
−
√

2cs +
√

3c2
p − 4c2

s

)
m3 = cs

(10)

Note that cp =
√

m1
2 + 2m22. Pre-multiply M from Equation (2) yields

∂U
∂t

= Ax
∂U
∂x

+ Ay
∂U
∂y

+ Az
∂U
∂z

, (11)

where U = M−1Ũ, and

Ax =



0 0 0 0 0 0 m1 0 0
0 0 0 0 0 0 m2 0 0
0 0 0 0 0 0 m2 0 0
0 0 0 0 0 0 0 m3 0
0 0 0 0 0 0 0 0 m3

0 0 0 0 0 0 0 0 0
m1 m2 m2 0 0 0 0 0 0
0 0 0 m3 0 0 0 0 0
0 0 0 0 m3 0 0 0 0


, (12)
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Ay =



0 0 0 0 0 0 0 m2 0
0 0 0 0 0 0 0 m1 0
0 0 0 0 0 0 0 m2 0
0 0 0 0 0 0 m3 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 m3

0 0 0 m3 0 0 0 0 0
m2 m1 m2 0 0 0 0 0 0
0 0 0 0 0 m3 0 0 0


, (13)

Az =



0 0 0 0 0 0 0 0 m2

0 0 0 0 0 0 0 0 m2

0 0 0 0 0 0 0 0 m1

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 m3 0 0
0 0 0 0 0 0 0 m3 0
0 0 0 0 m3 0 0 0 0
0 0 0 0 0 m3 0 0 0

m2 m2 m1 0 0 0 0 0 0


. (14)

So far, the 3D SMF of the elastic wave equation written as the first-order hyperbolic system is
derived. In the present paper, strategies to ensure convenience and universality are demonstrated. One
of them is the derivation procedure of ABC, where only the incoming variables need to be prescribed
on the boundary leading to a well-posed problem. Let us consider the wave propagation, which is
perpendicular to the west boundary as an example. To derive the incoming variables of the west
boundary, Equation (11) should be transformed into the system.

∂Û
∂t

+ Âx
∂Û
∂x

+ Ây
∂Û
∂y

+ Âz
∂Û
∂z

= 0, (15)

where the matrix Âx is diagonal that can be eigenvalue decomposition, and thus,

Âx = −TTAxT =



cp

cs

cs

−cp

−cs

−cs

0
0

0


, (16)

and

T = [T−, T+, T0] =



m1/cp 0 0 m1/cp 0 0 m1/cp 0 0
m2/cp 0 0 m2/cp 0 0 m2/cp 0 0
m2/cp 0 0 m2/cp 0 0 m2/cp 0 0

0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0
1 0 0 −1 0 0 −1 0 0
0 1 0 0 −1 0 0 −1 0
0 0 1 0 0 −1 0 0 −1


. (17)
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Therefore, the incoming variables at the west surface can be represented by

p = TT
−

U

=


m1
cp

U1 +
m2
cp

U2 +
m2
cp

U3 + U7

U4 + U8

U5 + U9


. (18)

Meanwhile, U = M−1Ũ⇔ Ũ = MU , using this property, Equation (18) is equivalent to

p =


σxx + ρcpvx

σxy + ρcsvy

σxz + ρcpvz

. (19)

Non-reflecting BCs Equation (19) equal to zero are imposed, as no incoming waves propagate
through the surface. Moreover, different boundary conditions, such as the free-surface boundary can
be defined by using the algebraic relation of incoming and outgoing characteristic variables. Therefore,
SMF of the elastic wave equation is used to establish a general formulation that is suitable for the wave
propagation in the curve domain. For the curve domain situation, SMF is able to avoid the derivation
process of a direction vector or traction in a different direction, which can significantly simplify the
complexity of the formulation and programming. In the following subsection, SMF of the elastic wave
equation in the curve domain is introduced.

2.2. Curvilinear Coordinates and Coordinate Transformation

In computations, the actual situation implies that the model discretization uses the curve domain
during the simulation, and is more appropriate, compared to when the model discretization is
performed using regular grids that have difficulty in handling the issues within the undulating surface
or complex medium construction, which deteriorates accuracy and stability. Therefore, the adoption of
curvilinear grids is required. Let us consider that the elastic wave propagates in a 3D curve domain
Ω ∈ (x, y, z) that can be transformed into a cuboid domain Ω′ ∈ (ξ, η, ζ), as shown in Figure 1. In this
case, we denote six boundary surfaces as west (W), east (E), south (S), north (N), bottom (B), and top
(T). The abbreviations in brackets will be applied to the derivation of the formula. From the stereogram,
it can be found that boundary surfaces of west, south, and bottom are opposite to east, north, and top,
respectively, which was not shown in Figure 1.

Figure 1. Coordinate transformation.

Consider the mapping

(x(ξ, η, ζ), y(ξ, η, ζ), z(ξ, η, ζ))↔ (ξ(x, y, z), η(x, y, z), ζ(x, y, z)). (20)
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The corresponding Jacobian determinant is defined as,

J =

∣∣∣∣∣∣∣∣∣
xξ xη xζ
yξ yη yζ
zξ zη zζ

∣∣∣∣∣∣∣∣∣ = xξyηzζ + xζyξzη + xηyζzξ − xξyζzη − xηyξzζ − xζyηzξ. (21)

Give rise to the derivatives in each direction

JUx = Uξ

(
yηzζ − yζzη

)
+ Uη(yζzξ − yξzζ) + Uζ

(
yξzη − yηzξ

)
JUy = Uξ

(
xζzη − xηzζ

)
+ Uη(xξzζ − xζzξ) + Uζ

(
xηzξ − xξzη

)
JUz = Uξ

(
xηyζ − xζyη

)
+ Uη(xζyξ − xξyζ) + Uζ

(
xξyη − xηyξ

) . (22)

Using Equation (22), SMF of elastic wave equations in the curve domain can be written as the
formulation similar to Equation (11) that in the regular domain.

Ut = AξUξ + AηUη + AζUζ, (23)

where
Aξ =

Ax
J

(
yηzζ − yζzη

)
+

Ay
J (yζzξ − yξzζ) +

Az
J

(
yξzη − yηzξ

)
Aη =

Ax
J

(
xζzη − xηzζ

)
+

Ay
J (xξzζ − xζzξ) +

Az
J

(
xηzξ − xξzη

)
Aζ =

Ax
J

(
xηyζ − xζyη

)
+

Ay
J (xζyξ − xξyζ) +

Az
J

(
xξyη − xηyξ

) . (24)

Obviously, Aξ, Aη, Aζ are symmetric matrices, since Ax, Ay, Az are symmetric as well.

2.3. Well-Posed Boundary Conditions

Since the computational domain cannot be infinite, also to apply other boundary conditions,
such as free-surface boundary, wall boundary and the clamped boundary in the framework of the
elastic wave equations, we denote six boundary conditions in 3D domain that is west, east, south,
north, bottom, top as shown in Figure 1. To simulate seismic wave propagation in the curve domain
a free-surface is set at the top boundary. Characteristic boundary conditions, a first-order accurate
non-reflecting boundary condition [71], are imposed at the other boundary surfaces.

A±ξ = Tξ

∆ξ ±
∣∣∣∆ξ∣∣∣

2

TT
ξ , A±η = Tη

∆η ±
∣∣∣∆η∣∣∣

2

TT
η , A±ζ = Tζ

∆ζ ±
∣∣∣∆ζ∣∣∣

2

TT
ζ , (25)

where ∆ξ, ∆η, ∆ζ are the diagonal matrices corresponding to Aξ, Aη, Aζ. Tξ, Tη, Tζ are the eigenvector
matrices. Using Equation (25), the characteristic BCs corresponding propagation of the elastic wave in
and out of the domain can be written as

pW =

(
T−

AW
ξ

)T

UW , qW =

(
T+

AW
ξ

)T

UW

pE =

(
T+

AE
ξ

)T

UE, qE =

(
T−

AE
ξ

)T

UE

pS =

(
T−

AS
η

)T

US, qS =

(
T+

AS
η

)T

US

pN =

(
T+

AN
η

)T

UN, qN =

(
T−

AN
η

)T

UN

pB =

(
T−

AB
ζ

)T

UB, qB =

(
T+

AB
ζ

)T

UB

pT =

(
T+

AT
ζ

)T

UT, qT =

(
T−

AT
ζ

)T

UT

, (26)
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pW,E,S,N,B,T and qW,E,S,N,B,T are the vectors for the incoming and outgoing variables, respectively, at the
different boundaries. Here, well-posed BCs conditions expound that only the incoming variables
which have the correct quantity need to be prescribed on the boundaries. In this case, the non-reflecting
boundary condition and the free-surface boundary conditions can be expressed as an algebraic relation
of (26).

p = Rq, (27)

where R is a reflection coefficient with R ∈ [−1, 1]. That is, different BCs can be defined through the
setting of R. non-reflecting BC is defined by R = 0, and the free-surface BC is given as R = −1. Thus,
a generic framework of BCs can be given using the SMF of the elastic wave equations.

3. PML for SMF of the Elastic Wave Equations and Stability Analysis

To obtain a PML system for the corresponding wave equation, complex frequency-shifted (CFS)
that introduces a coordinate transform, ξ→ ξ̃ , can be used, as equations inside the PML layer have
exactly the same form as in the physical domain. The stripe of PML at the positive ξ-axis and the
PML-non-PML interface starting at ξ = 0 are considered for convenience. Given a field variable u,
we obtain the following:

∂u
∂ξ

=
∂u

∂ξ̃

∂ξ̃
∂ξ

. (28)

Consequently, the complex stretch function is defined as follows:

sξ(ξ) =
∂ξ̃
∂ξ

, (29)

the Equation (29) can be rewritten as
∂

∂ξ̃
=

1
sξ(ξ)

∂
∂ξ

. (30)

From the relation Equation (30), we can transform the wave equation in the complex coordinate(
ξ̃, η

)
into the Cartesian coordinate (ξ, η), in which the analysis will be conducted. Then, employing

the Fourier transform results in the following:

iωÛ =
1
sξ

AξÛξ +
1
sη

AηÛη +
1
sζ

AζÛζ, (31)

where Û denotes the variable U in the frequency domain. Equation (31) can be transformed into the
time domain to obtain the PML equation suitable for the time-domain numerical method. The function
of sξ(ξ) has several forms, for standard PML, we obtain the following:

sξ(ξ) = 1 +
dξ(ξ)

iω
, (32)

and for generalized PML (GPML), we have

sξ(ξ) = aξ(ξ)
(
1 + i

bξ(ξ)
ω

)
, (33)

for CFS-PML, the function is given by

sξ(ξ) = βξ(ξ) +
dξ(ξ)

αξ(ξ) + iω
. (34)

In Equation (32) and Equation (34), dξ(ξ) ≥ 0 is the damping function, αξ(ξ) ≥ 0 is the complex
frequency shift and βξ(ξ) ≥ 1 is the scaling factor. bξ(ξ) ≥ 0 is also the damping function similar to
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dξ(ξ), and they are both used for damping the propagating wave exponentially inside PML. aξ(ξ) > 0 is
the scaling parameter contributing to either stretching or compressing the coordinate. As the functions
introduced above only depend on ξ, we omit the variable for convenience. Equation (34) is adopted
in the present study, and then the CFS-PML framework is implemented using auxiliary differential
equation (ADE). Moreover, sξ only has impact in PML, sξ = 1 in the physical domain in terms of
dξ(ξ) = 0 and βξ(ξ) = 1.

Here, ADE CFS-PML is built through separating the 1/sξ into two parts that has the form

1
sξ

=
1
βξ
−

1
βξ

dξ
(αξ + iω)βξ + dξ

. (35)

Therefore, Equation (31) is equivalent to

iωÛ = 1
βξ

AξÛξ −
1
βξ

P̂ξ + AηÛη

iω
^
Pξ =

dξ
βξ

AξÛξ −

(
αξ +

dξ
βξ

)
P̂ξ

, (36)

where P̂ is the auxiliary variable transformed into the frequency domain. Equation (36) is the
unsplit-field CFS-PML framework in the frequency domain. The corresponding framework of Equation
(36) in the time domain is given by,

Ut = AξUξ + AηUη +
(

1
βξ
− 1

)
AξUξ −

1
βξ

Pξ

Pξ,t =
dξ
βξ

AξUξ −

(
αξ +

dξ
βξ

)
Pξ

. (37)

Obviously, the PML framework is based on the original wave equations, so that it is easy to
implement an existing code with minor necessary changes. Furthermore, SMF of the elastic wave
equation can simplify the process of the problem analysis, as well as that of programming, as only U
and A are modified to represent the different wave modal and wave dimensions. The PML framework
presented above that has one damping function in the direction perpendicular to the stripe of PML
is unstable in certain kinds of anisotropic medium or in the curve domain having curvilinear grids
distribution. The MPML framework has a form similar to PML in which an additional damping
function is implemented along the direction parallel with the stripe of PML. Therefore, the damping
ratio defined as a ratio between the damping functions along with the directions parallel with and
perpendicular to the stripe of PML, is introduced as follows:

p(η/ξ) =
sξη
sξ
ξ

p(ζ/ξ) =
sξ
ζ

sξ
ξ

. (38)

Here, ADE CFS-PML is utilized in the main damping direction, and the standard PML is introduced
in the additional damping directions, where β = 1 and α = 0. For convenience, we present MPML
located at the west of the physical domain as an example. Similar to Equation (37), the additional
damping function in the direction parallel with PML is set to be proportional to the damping function
in the direction perpendicular to PML, which can be expressed by the damping ratio.
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Ut = AξUξ + AηUη + AζUζ +

[(
1
βξ
ξ

− 1
)
AξUξ −

1
βξ
ξ

Pξ
ξ
− Pη

ξ
− Pζ

ξ

]∣∣∣∣∣∣
W

Pξ
ξ,t =

dξ
ξ

βξ
ξ

AξUξ −

(
αξ
ξ
+

dξ
ξ

βξ
ξ

)
Pξ
ξ

Pη
ξ,t = dη

ξ
AηUη − dη

ξ
Pη
ξ

Pζ
ξ,t = dζ

ξ
AζUζ − dζ

ξ
Pζ
ξ



∣∣∣∣∣∣∣∣∣∣∣∣∣
W

(39)

We should note that all functions in square brackets only have an impact in the west stripe of PML,
as well as ADE will be eliminated in the physical domain given that less memory usage is needed
compared with split-MPL. MPML can be used to stabilize the numerical simulation for anisotropic
medium or on curvilinear grids. The framework based on MPML does not differ significantly from the
framework based on PML. Furthermore, SMF of the elastic wave equation has the same formulation
both in the regular and curve domains. This property can allow simplifying considerably the derivation
of the framework by hands, where more work can be done by computational means.

3.1. Energy Analysis of SMF Based on MPML in the Frequency Domain

In this section, the energy analysis is presented for SMF of the elastic wave equations combined
with BC. It should be noted that the energy analysis of the SMF framework based on MPML and
non-PML requires different procedures. The framework based on MPML cannot derive an analysis
estimate in the time domain, while this can be done for the framework without MPML. Nevertheless,
these two cases have a similar form in the corresponding domain. To begin with, we take the Fourier
transform of (39) in time and remove the auxiliary equations that take the following form:

iωÛ =
1

sW
ξ

AξÛξ +
1

sW
η

AηUη +
1

sW
ζ

AζUζ. (40)

It should be noted that sW
η = sW

ζ
and sW

ξ
, sW
η , sW

ζ
are have impact to PML only in the west domain

and are removed in the rest of the domain. Pre-multiplying sW
η ÛH and adding the conjugate of the

product, then integrating over the domain yields.

sW
η iω

∥∥∥Û
∥∥∥2

=
sW
η

sW
ξ

s
s1

(
ÛHAξÛ

)
dS

∣∣∣∣ξ=1

ξ=0
+

s
s2

(
ÛHAηÛ

)
dS

∣∣∣∣η=1

η=0
+

s
s3

(
ÛHAζÛ

)
dS

∣∣∣∣ζ=1

ζ=0

=
sW
η

sW
ξ

ˆBTW + ˆBTE + ˆBTS + ˆBTN + ˆBTB + ˆBTT

, (41)

where s1, s2, s3 are bounary surfaces and the boundary terms are

ˆBTW = −
∫ ∫

W

(
ÛH(

A+
ξ
+ A−ξ

)
Û
)
dS = −

∫ ∫
W

(
ÛH(

A+
ξ

)
Û
)
dS ≤ 0

ˆBTE =
∫ ∫

E

(
ÛH(

A+
ξ
+ A−ξ

)
Û
)
dS =

∫ ∫
E

(
ÛH(

A−ξ
)
Û
)
dS ≤ 0

ˆBTS = −
∫ ∫

S

(
ÛH(

A+
η + A−η

)
Û
)
dS−

∫ ∫
S

(
ÛH(

A+
η

)
Û
)
dS ≤ 0

ˆBTN =
∫ ∫

N

(
ÛH(

A+
η + A−η

)
Û
)
dS =

∫ ∫
N

(
ÛH(

A−η
)
Û
)
dS ≤ 0

ˆBTB = −
∫ ∫

B

(
ÛH(

A+
ζ
+ A−ζ

)
Û
)
dS−

∫ ∫
B

(
ÛH(

A+
ζ

)
Û
)
dS ≤ 0

ˆBTT =
∫ ∫

T

(
ÛH(

A+
ζ
+ A−ζ

)
Û
)
dS =

∫ ∫
T

(
ÛH(

A−ζ
)
Û
)
dS ≤ 0

. (42)
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Note that
∥∥∥Û

∥∥∥2
is the inner product and Equation (42) represents non-reflecting boundaries in the

cure domain. For the free-surface BC, take the top boundary surface, or other types of BC, as shown in
Equation (27), yields

ˆBTT =
s

T

(
ÛH(

A+
ζ
+ A−ζ

)
Û
)
dS

=
s

T

(
ÛH

(
T−Aζ

(
R∆+

Aζ
RT + ∆−Aζ

)(
T−Aζ

)T
)
Û
)
dS ≤ 0

. (43)

All boundary terms are non-positive, and Re
(
sW
η iω

)
> 0. Therefore,

∥∥∥∥∥ ^
U
∥∥∥∥∥2

≤ 0.

3.2. Energy Analysis of SMF without PML in the Time Domain

The stability of SMF without PML can be proceeded in the time domain using the energy method.
The derivation is similar to Section 3.1. Multiplying Equation (23) by UT, setting data to zero and
adding its transpose, then integrating over the domain yields∫ (

UT
t U + UTUt

)
dS =

∫ (
UTAξUξ + UTAηUη + UTAζUζ + UT

ξAξU + UT
ηAηU + UT

ζAζU
)
dS (44)

Equation (44) is equivalent to

∂
∂t
‖U‖2 = BTW + BTE + BTS + BTN + BTB + BTT, (45)

where the boundary terms in the time domain are similar to Equation (42), the bottom boundary as
non-reflecting BC and the top boundary as free-surface BC or others are

BTB = −
s

B

(
UT

(
A+
ζ
+ A−ζ

)
U
)
dS−

s
B

(
UT

(
A+
ζ

)
U
)
dS ≤ 0

BTT =
s

T

(
UT

(
A+
ζ
+ A−ζ

)
U
)
dS

=
s

T

(
UT

(
T−Aζ

(
R∆+

Aζ
RT + ∆−Aζ

)(
T−Aζ

)T
)
U
)
dS ≤ 0

. (46)

Equations (46) non-positive so that Equations (45) satisfies the energy estimate. Using SMF, energy
analysis can be greatly simplified as a generic system.

4. SBP-SAT Methodology of SMF

4.1. Upwind SBP Operators

In this paper, the differential SBP operators with non-central interior stencils referred to as upwind
SBP operators are introduced to perform the discretization of the proposed framework. More details
can be found in Reference [29]. Here, a simpler and clearer SBP-SAT methodology for the 1D scalar
hyperbolic equation is considered similar to the procedure used for the discretion of the 3D SMF of the
elastic wave equation. First, it is necessary to introduce the main definitions. The result at the grid

point is stacked as a vector, where uT
1 =

[
u(1)

1 , u(2)
1 , . . . , u(k)

1

]
and uT

2 =
[
u(1)

2 , u(2)
2 , . . . , u(k)

2

]
. The inner

product is given by (u1, u2)A =
∫ xr

xl
uT

1 A(x)u2dx, A(x) = AT(x) > 0 in the domain u1, u2 ∈ L[xl, xr].

Therefore, the corresponding norm can be expressed as ‖u‖2A = (u, u)A. Here, the computational
domain is discretized using the following N+1 equidistant grid points:

xi = xl + (i− 1)h, i = 1, 2, . . . , N + 1, h =
xr − xl,

N
. (47)
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Some common vectors are introduced:

el = [1, 0, . . . , 0]T, er = [0, 0, . . . , 1]T, B = ereT
r − eleT

l . (48)

The scalar hyperbolic system is given by

ut = Aux, x ∈ (xL, xR), t ≥ 0, (49)

here, A = AT is a constant coefficient matrix of size (k× k). Pre-multiplying uT then adding its
transpose and integrating over the domain yields

∂‖u‖2

∂t
= uT

L AuL − uT
RAuR, (50)

where uL, uR are the vector unknown variables at the left and right boundary, respectively. To perform
semi-discrete approximation and combine with the upwind SBP operators, an important step is to split
into two parts with positive and negative running characteristics, which are referred to as flux splitting.
In these cases, we split A into a positive and a negative part as follows: A = A+ + A−. Meanwhile, the
eigenvalues of A+ are non-negative, and those of A− are non-positive. The purpose of matrix splitting
can be realized in several ways. Here, the splitting form of matrices is defined as follows:

A± = TT(Λ + Σ)T = A±R, (51)

where Λ is the diagonal matrix holds the eigenvalues of A. T is the corresponding eigenvector and Σ

is a symmetric positive definite matrix. Note that R is symmetric and positive definite. Hence, the
flux-splitting form of the hyperbolic Equation (49) can be written as

ut = A+ux + A−ux, x(xL, xR), t ≥ 0. (52)

The semi-discrete form of Equation (52) using upwind SBP operators is given by

vt = (A+ ⊗D+)v + (A− ⊗D−)v, (53)

where v is the approximate solution of u at the corresponding grids. ⊗ is the Kronecker product.
D+ = H−1(Q+ + B/2) and D− = H−1(Q− + B/2) are the difference operators approximating ∂/∂x.
H is the diagonal matrix which is defined as a discrete norm. Q+ +QT

− = 0 and
(
Q+ + QT

+

)
= S where

S is negative semi-definite. Hence, upwind, dual-pair, SBP operators will naturally introduce artificial
dissipation.

Using the energy method, the energy estimate in the semi-discrete case can be represented via
pre-multiplying Equation (52) with vTIK ⊗H and adding the transpose yields

∂‖v‖2

∂t
= 2vT(R⊗ S)v + vT

r Avr − vT
l Avl. (54)

That is, the energy estimate is mimicked through the addition of non-positive artificial dissipation.
The system is equivalent to a semi-discrete non-split form using a traditional SBP operator with the
addition of artificial dissipation. These newly defined SBP operators allow performing significantly
more robust and accurate numerical approximations comparing with the traditional SBP operators.
Another advantage of the upwind SBP operators is the ability to simulate the point source terms that
cause many limitations for the traditional SBP operators to realize the procedure. In this paper, fifth
order upwind SBP operators are used, as mentioned in Reference [29].
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The SBP-SAT methodology is an efficient approximation that can be used to yield stable and
accurate results. In the case of non-PML, the stability of the framework based on SBP-SAT can be
proven using the energy method.

4.2. SBP-SAT Methodology of SMF

In this subsection, a semi-discrete approximation of 3D ADE CFS-MPML for SMF of the elastic
wave equations is proposed. To begin with, a computation domain is discretized into (Nξ + 1) × (Nη +

1) × (Nζ + 1) grids. All corresponding numerical solutions at each grid are stacked into a vector, as
well as the auxiliary variables. Define I9 be the 9× 9 identity matrix

Upwind SBP operators in 3D are

Dξ = D1D
ξ ⊗ INη ⊗ INζ ⊗ I9

Dη = INη ⊗D1D
η ⊗ INζ ⊗ I9

Dζ = INη ⊗ INη ⊗D1D
ζ ⊗ I9

Hξηζ = Hξ ⊗Hη ⊗Hζ ⊗ I9

. (55)

The coefficient matrices are determined in 3D yields

Aξ = Iξ ⊗ Iη ⊗ Iζ ⊗A1D
ξ

Aη = Iξ ⊗ Iη ⊗ Iζ ⊗A1D
η

Aζ = Iξ ⊗ Iη ⊗ Iζ ⊗A1D
ζ

. (56)

Boundary direction vectors extend to 3D are given as

EW = elξ ⊗ Iη ⊗ Iζ ⊗ I9

EE = erξ ⊗ Iη ⊗ Iζ ⊗ I9

ES = Iξ ⊗ elη ⊗ Iζ ⊗ I9

EN = Iξ ⊗ erη ⊗ Iζ ⊗ I9

EB = Iξ ⊗ Iη ⊗ elζ ⊗ I9

ET = Iξ ⊗ Iη ⊗ erζ ⊗ I9

. (57)

By definition, 3D ADE CFS-MPML for SMF of elastic wave equations utilizing the SBP-SAT
methodology can be written as

Ut = A+
ξ

D+
ξ

U + A−ξD−ξU + A+
η D+

η U + A−ηD−ηU + A+
ζ

D+
ζ

U + A−ζD−ζU

+

[(
1
βξ
ξ

− 1
)(

A+
ξ

D+
ξ

U + A−ξD−ξU
)
−

1
βξ
ξ

Pξ
ξ
− Pη

ξ
− Pζ

ξ

]∣∣∣∣∣∣
W,E

+

[(
1
β
η
η
− 1

)(
A+
η D+

η U + A−ηD−ηU
)
−

1
β
η
η
Pηη − Pξη − Pζη

]∣∣∣∣∣∣
S,N

+

[(
1
βξ
ξ

− 1
)(

A+
ζ

D+
ζ

U + A−ζD−ζU
)
−

1
βξ
ξ

Pζ
ζ
− Pξ

ζ
− Pη

ζ

]∣∣∣∣∣∣
B,T

+SATW + SATE + SATS + SATN + SATB + SATT

, (58)

where the auxiliary variables and boundary condition terms are defined as
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Pξ
ξ,t =

dξ
ξ

βξ
ξ

(
A+
ξ

D+
ξ

U + A−ξD−ξU
)
−

(
αξ
ξ
+

dξ
ξ

βξ
ξ

)
Pξ
ξ
+

dξ
ξ

βξ
ξ

SATW,E

Pη
ξ,t = dη

ξ

(
A+
η D+

η U + A−ηD−ηU
)
− dη

ξ
Pη
ξ

Pζ
ξ,t = dζ

ξ

(
A+
ζ

D+
ζ

U + A−ζD−ζU
)
− dζ

ξ
Pζ
ξ


∣∣∣∣∣∣∣∣∣∣∣∣
W,E

Pηη,t =
dηη
β
η
η

(
A+
η D+

η U + A−ηD−ηU
)
−

(
α
η
η +

dηη
β
η
η

)
Pηη +

dηη
β
η
η
SATS,N

Pξη,t = dξη
(
A+
ξ

D+
ξ

U + A−ξD−ξU
)
− dξηPξη

Pζη,t = dζη
(
A+
ζ

D+
ζ

U + A−ζD−ζU
)
− dζηPζη


∣∣∣∣∣∣∣∣∣∣∣∣
S,N

Pζ
ζ,t =

dζ
ζ

βζ
ζ

(
A+
ζ

D+
ζ

U + A−ζD−ζU
)
−

(
αζ
ζ
+

dζ
ζ

βζ
ζ

)
Pζ
ζ
+

dζ
ζ

βζ
ζ

SATB,T

Pξ
ζ,t = dξ

ζ

(
A+
ξ

D+
ξ

U + A−ξD−ξU
)
− dξ

ζ
Pξ
ζ

Pη
ζ,t = dη

ζ

(
A+
η D+

η U + A−ηD−ηU
)
− dη

ζ
Pη
ζ


∣∣∣∣∣∣∣∣∣∣∣∣
B,T

, (59)

and

SATW = +H−1
ξ EWT−

AW
ξ

∆−
AW
ξ

(
T−

AW
ξ

)T

UW

SATE = −H−1
ξ EET+

AE
ξ

∆+
AE
ξ

(
T+

AE
ξ

)T

UE

SATS = +H−1
η EST−

AS
η
∆−

AS
η

(
T−

AS
η

)T

US

SATN = −H−1
η ENT+

AN
η

∆+
AN
η

(
T+

AN
η

)T

UN

SATB = +H−1
ζ EBT−

AB
ζ

∆−
AB
ζ

(
T−

AB
ζ

)T

UB

SATT = −H−1
ζ ETT+

AT
ζ

∆+
AT
ζ

(
T+

AT
ζ

)T

UT

. (60)

In Equation (59), equations of auxiliary variables contain SAT terms, which are referred to as PML
stabilizing SAT terms. It is a necessary input to establish numerical stability [63]. In the present paper,
this property is demonstrated in the procedure of the energy analysis. Additionally, the SAT terms are
identically set equal to zero if BCs Equation (26) are satisfied. The framework of 3D SMF for the elastic
wave equation discretized by the SBP-SAT methodology is concise, which can significantly simplify the
complexity of the elastic wave equation. Compared to the discretization based on non-SMF framework,
programming of Equation (58) also can be greatly simplified, as well as it can be applied to more
high-level situations, such as different types of PML, that is, not only MPML, but also classical PML
can be defined through the definition of the damping ratios. Non-PML applied to the SMF framework
can be demonstrated meaning that is suitable for the classical SBP-SAT system with characteristic
boundary conditions. The stability of SBP-SAT without applying PML can be proven using the energy
method. The considered scenario is to establish a generic SMF framework that can be switched to
PML/MPML and even non-PML cases depending on a concrete problem. In the following section,
stability is analyzed in the frequency domain, if the framework is combined with MPML, and in the
time domain, if not.

5. Stability Analysis for the Semi-Approximate SMF Framework

In this section, the energy analysis is shown for the SMF framework for the elastic wave equation
with the BC in Equation (26). Depending on whether the framework can or cannot be combined with
PML, the energy analysis is divided into the framework without PML in the time domain, and the
framework with PML in the frequency domain. In these cases, the advantage of the energy analysis is
that we can construct stable numerical discretization by mimicking this continuous energy analysis in
a discrete setting.
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5.1. Stability Analysis for the SMF Framework without PML

The framework without PML equivalent to the classical SBP-SAT formula is considered. The
SMF framework presented in the present paper is very flexible and can be used to transform into
PML/MPML and even non-PML. The SBP-SAT discretization of SMF in Equation (23) with BCs in
Equation (27) can be described as follows:

Ut = A+
ξ

D+
ξ

U + A−ξD−ξU + A+
η D+

η U + A−ηD−ηU + A+
ζ

D+
ζ

U + A−ζD−ζU
+SATW + SATE + SATS + SATN + SATB + SATT

, (61)

Multiplying Equation (61) by UTHξηζ and adding the transpose, then integrating over the
domain yields

∂‖U‖2Hξηζ
∂t = 2UTSξHηζA+

ξ
U− 2UTSξHηζA−ξU + 2UTSηHξζA+

η U
−2UTSηHξζA−ηU + 2UTSζHξηA+

ζ
U− 2UTSζHξηA−ζU + BT

. (62)

The boundary terms are

BT = BTW + BTE + BTS + BTN + BTB + BTT

BTW = −UT
WHW

ηζA
W
ξ UW + 2UT

WHW
ηζT
−

AW
ξ

∆−Aξ

(
T−

AW
ξ

)T

UW

= −UT
WHW

ηζT
+
AW
ξ

∆+
AW
ξ

(
T+

AW
ξ

)T

UW + UT
WHW

ηζT
−

AW
ξ

∆−
AW
ξ

(
T−

AW
ξ

)T

UW

BTE = UT
EHE

ηζA
E
ξUE − 2UT

EHE
ηζT

+
AE
ξ

∆+
AE
ξ

(
T+

AE
ξ

)T

UE

= −UT
EHE

ηζT
+
AE
ξ

∆+
AE
ξ

(
T+

AE
ξ

)T

UE + UT
EHE

ηζT
−

AE
ξ

∆−
AE
ξ

(
T−

AE
ξ

)T

UE

BTS = −UT
S HS

ξζA
S
ηUS + 2UT

S HS
ξζT
−

AS
η
∆−

AS
η

(
T−

AS
η

)T

US

= −UT
S HS

ξζT
+

AS
η
∆+

AS
η

(
T+

AS
η

)T

US +ωT
S HS

ξζT
−

AS
η
∆−

AS
η

(
T−

AS
η

)T

US

BTN = UT
NHN

ξζA
N
η UN − 2UT

NHξζT+
AN
η

∆+
AN
η

(
T+

AN
η
−RT−

AN
η

)T

UN

= −UT
NHN

ξζT
+
AN
η

∆+
AN
η

(
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, (63)

where boundary terms are all non-positive.
∂‖U‖2Hξηζ

∂t < 0 is satisfied shows that the framework is stable,
since the upwind operators introduce additional artificial damping.

5.2. Stability Analysis for the SMF Framework Using MPML

In this subsection, the process is similar to the continuous case. First, Equation (58) is transformed
in the frequency domain, as the energy analysis cannot be used in the time domain. Then, considering
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analogous to Equation (62) and using the properties of upwind SBP operators and the symmetry of
SMF, the stability of Equation (58) can be proved. Transforming Equation (58) in the frequency domain
and then inserting an auxiliary differential Equation (59) into Equation (58) yields the following:

iωÛt =

[
1

sW
ξ

+ 1
sE
ξ

+ 1
sS
ξ

+ 1
sN
ξ

+ 1
sB
ξ

+ 1
sT
ξ

](
A+
ξ

D+
ξ
+ A−ξD−ξ

)
Û

+

[
1

sW
η
+ 1

sE
η
+ 1

sS
η
+ 1

sN
η
+ 1

sB
η
+ 1

sT
η

](
A+
η D+

η + A−ηD−η
)
Û

+

[
1

sW
ζ

+ 1
sE
ζ

+ 1
sS
ζ

+ 1
sN
ζ

+ 1
sB
ζ

+ 1
sT
ζ

](
A+
ζ

D+
ζ
+ A−ζD−ζ

)
Û

+ 1
sW
ξ

ˆSATW + 1
sE
ξ

ˆSATE + 1
sS
η

ˆSATS

+ 1
sN
η

ˆSATN + 1
sB
ζ

ˆSATB + 1
sT
ζ

ˆSATT

, (64)

where

ˆSATW = +H−1
ξ EWT−

AW
ξ

∆−
AW
ξ

(
T−

AW
ξ

)T

ÛW

ˆSATE = −H−1
ξ EET+
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ξ
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ξ

(
T+

AE
ξ

)T

ÛE
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η
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(
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η
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η
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ÛN
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ζ

∆−
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(
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)T

ÛB

ˆSATT = −H−1
ζ ETT+
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ζ
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AT
ζ

(
T+

AT
ζ

)T

ÛT

. (65)

Here, only the west boundary surface is considered for convenience that other boundary surfaces
are treated in the same way. Note that the sW

ξ
is only effective to the PML in the west domain and

vanish in the rest of the domain. That is

iωsW
η Ût =

sW
η

sW
ξ

(
A+
ξ

D+
ξ
+ A−ξD−ξ

)
Û +

(
A+
η D+

η + A−ηD−η
)
Û

+
(
A+
ζ

D+
ζ
+ A−ζD−ζ

)
Û +

sW
η

sW
ξ

ˆSATW

. (66)

Pre-multiplying sW
η ÛH and adding the conjugate of the product, then integrating over the domain

yields. In this case, define sW
η = sW

ζ
yields

sW
η iω

〈
Û
〉2

Hξηζ
= 2

sW
η

sW
ξ

ÛTSξHηζA+
ξ

Û− 2
sW
η

sW
ξ

ÛTSξHηζA−ξ Û + 2ÛTSηHξζA+
η Û

−2ÛTSηHξζA−η Û + 2ÛTSζHξηA+
ζ

Û− 2ÛTSζHξηA−ζ Û

+
sW
η

sW
ξ

B̂TW + B̂TE + B̂TS + B̂TN + B̂TW + B̂TB + B̂TT

. (67)

The boundary terms are non-positive, and S is negative semi-definite. Therefore, Equation (67)
< 0. Here, the left side of the formula in the frequency domain has a high degree of similarity with
the left side of the Formula (62) in the time domain. Equation (67) can be transformed into Equation
(62) when the non-PML condition is considered as a transition from the frequency domain to the time
domain. This is important to build a generic program that can be able to design flexibly according to
requirements of simulation.
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6. Numerical Experiments

In this section, several numerical examples are presented to demonstrate the generic, feasible,
and flexible characteristics of the SMF framework. First, a numerical experiment considering
PML/MPML/non-PML is implemented to show the advantage of the generic SMF framework, which
can be easily switched between PML/MPML and non-PML. In this experiment, the necessity of applying
MPML in some cases can be observed. Then, a model of the circular domain with the anisotropic
medium is simulated using a multi-block. Finally, elastic wave propagation in a 3D curve domain with
a free-surface boundary is simulated. The first two examples are simulated in the 2D case to display
the implementation effect of the proposed framework better.

6.1. Comparison among PML/MPML/Non-PML in the Curve Domain

In this simulation, the necessity of MPML is verified only in terms of the ability of MPML to
stabilize the result in the case of using PML that may lead to an unstable simulation. Below, a curve
domain is presented, the contour of the curve physical domain is listed in Table A1.

For the PML damping coefficients, we set

d(θ) =

dmax

(
|θ|−δ

h

)2
, i f |θ| ∈ PML

0 , i f |θ| ∈ PML
, (68)

dmax ≥ 0 denotes the damping strength as Duru et al. [63].

dmax =
4vmax

2h
ln

( 1
tol

)
, (69)

here, h is the width of PML, and δ is the coordinate for the PML/non-PML interface. The damping
coefficient parallel with PML is defined as prd(θ) in which pr is referred to as the damping ratio
in Equation (38). The framework becomes ADE CFS-PML when we set pr = 0. Properties and
discretization parameters for simulation are presented in Table 1. It should be noted that xc, yc represent
the central coordinate of the domain.

Table 1. Properties and discretization parameters for simulation.

Parameters Value

Curve physical domain properties
ρ 2 kg/m3

G 20 MPa
vs 100 m/s

Discretization parameters

Initial condition 10× exp
(
−((x−xc)

2+(y−yc)
2)

50

)
Number of grids in the x-direction 201
Number of grids in the y-direction 201

Time step 0.0005 s
Total duration 20 s

PML include grids interval-number 20
α 2
β0 2
tol 10−4

Damping ratios 0.05

The stripe of PML corresponds to the boundaries of the curve domain. In practice, the framework
of MPML and non-PML can provide stable results, while the framework of PML is incapable of
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generating them (see Figure 2e). The elastic wave has been damped in the MPML and PML zone, as a
wave propagates to the PML/MPML zone (see Figure 2a,b). In Figure 2c, the reflected wave is not
discovered in the first two figures, which indicates that PML can absorb the direct wave and suppress
the reflected one. A stable simulation for the SMF framework based on SBP-SAT with non-PML can be
obtained, however, weakly reflected waves generated at the non-reflecting BCs cause a continuous
disturbance to the wavefield, which may cause its distortion, as the undesirable wave propagates to
the medium internal. This phenomenon is more prominent at the time of 1.25 s (see Figure 2d), as the
direct wave has propagated out of the domain. However, eventually, the wavefield is going to stabilize.
The instability can be clearly observed for the framework based on PML at the time = 1.25 s, and the
instability simulation is started in the PML zone. Although the stability analysis is satisfied with the
framework based on PML, it may still provide unstable results. This characteristic was also reflected in
the paper [52]. Accordingly, MPML is able to stabilize the simulation in terms of the curve domain
that has the properties of the anisotropic medium. Therefore, the framework based on SMF for the
elastic wave equation combined with MPML has important applications in the field of earthquake
engineering, such as the simulation of models with a complex surface or cracks. Moreover, it can
simplify the program compilation and enhance the universality of the program as far as possible.

Figure 2. Cont.
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Figure 2. Snapshots of propagation of the velocity magnitude (m/s) in the curve domain correspond to
the SMF framework of MPML/PML/non-PML. For (a) time = 0.40 s; (b) time = 0.50 s; (c) time = 0.60 s;
(d) time = 1.25 s; (e) time = 2.50 s.

The energy of simulation using MPML and PML at different instants of time is shown in Figure 3.
Here, the decay of energy and long-time stability is verified. However, instability of the wavefield for
PML without auxiliary damping coefficients is observed. The energy obtained by using SBP-SAT with
the non-PML condition provides a stable result that is suitable for the long-time simulation. However,
continuous disturbance of the wavefield is caused by the reflected wave that may distort the wavefield,
as the undesirable wave propagates to the medium internal.

Figure 3. Energy decay in the curve domain using the framework of MPML/PML.

To observe the absorption effect on the frameworks based on MPML/PML/non-PML, the amplitude
of velocity at the node grid (row, column) is exhibited (see Figure 4). The wavefield used in the
framework of non-reflecting BC is perturbed for a long time, and the reflections become more prominent
than the wavefield based on the framework of MPML. Whereas, the stability of this method is ensured.
It should be noted that the generation of the reflected wave can be suppressed using the framework of
PML at the beginning, however, the simulation will be unstable with the increase in the simulation
time. It indicates that PML may deteriorate the stability of the original numerical framework; however,
potentially, it is not confined to the SBP-SAT methodology. The reason for the instability of the results
may be due to the fact that the curve domain has similar properties to anisotropic media, which leads
to the unstable results of the numerical simulation of PML in the curve domain.
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Figure 4. A comparison of the wavefield at node (101, 151).

6.2. Framework for the P-SV Wave Modal Corresponding to the Anisotropy Medium and the Circular Domain

Although the SMF presented here is based on isotropic media, and thus, has a simply stiffness
matrix, the elastic wave equation for anisotropic media can be similarly cast in its framework.
The solution of the stiffness matrix characteristic system is very difficult to describe with algebraic
expressions or in the form of flexibility matrix. However, the SMF of elastic wave equations in
anisotropic media can be established by a numerical solver, i.e., a purely numerical approach is
considered. Using the SBP-SAT methodology, a model of the circular domain can be simulated by
HOFDMs, which is difficult to achieve using the traditional FDMs. Here, the circular domain is divided
into five blocks, and numbering of each block is presented in Figure 5, the solid black circle line on the
edge is the non-reflecting BCs, and the solid black lines inside are the boundaries of the interface of
blocks. Each block is computed independently during a simulation time, and the data related to nodes
can be passed through the boundaries of the interface using the SBP-SAT methodology. Properties and
discretization parameters for simulation are presented in Table 2, and the curve physical domain is
listed in Table A2.

Figure 5. Model of the decomposition of the circular domain into a multiblock.
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Table 2. Properties and discretization parameters for simulation.

Parameters Value

Curve physical domain properties
ρ 1000 kg/m3

c11 9.00 MPa
c22 5.94 Mpa
c33 1.60 MPa
c12 2.25 MPa

Discretization parameters

Initial condition 100× exp
(
−((x−xc)

2+(y−yc)
2)

15

)
Number of grids in the x-direction 201
Number of grids in the y-direction 201

Time step 0.0005 s
Total duration 25 s

PML include grids interval-number 30
α 5
β0 5
tol 10−8

Damping ratios 0.05

The elastic wave propagates to other blocks from block 5 at time t = 1.50 s (see Figure 6a,b), and
the wave propagation is not affected by the continuous interface BCs. Then, the elastic wave is damped
in MPML at 2.00 s, and the absorption of MPML is conditioned on the fact that the wavefield is not
distorted by the reflecting wave (see Figure 6c,d).

Figure 6. Cont.
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Figure 6. Snapshots of propagation of the velocity magnitude (m/s) in the curve domain.

p-wave vanishes when the wave enters MPML at t = 2.50 s (see Figure 6e,f). Then, SV wave
propagates to the MPML zone at t = 3.75 s (see Figure 6g,h). It can be seen that the amplitude of the
elastic wave smoothly decreases to zero near the outermost boundary. For the long-time simulation,
MPML ensures a stable solution (see Figure 6i,j). Despite the fact that the simulation is performed in
an anisotropic medium and a circular domain, the framework of SMF of the elastic wave equations
performs according to expectations. At the same time, the number of types and shapes of models
that can be simulated has greatly increased owing to the multi-block method. In this simulation,
PML without the damping ratio provides an unstable result, and the reason causing the unstable
behavior of the PML solution is that the propagation of the elastic wave in the curve domain is similar
to the propagation of elastic in an anisotropic medium. Besides, the anisotropic medium is used
in this simulation. Generally, a larger damping ratio will be more favorable to ensure the stability
of simulation; however, MPML is no longer “perfectly matched,” as the non-zero damping ratios
are introduced, and the larger become the damping ratios, the stronger is the artificial reflections.
A relatively small value of damping ratios in this numerical simulation can stabilize the solution, and
it is deemed that that SMF of the elastic wave equation discretized by SBP-SAT requires a smaller
damping ratio and consequently, behaves stable.

The total energy in the circular domain at different instants of time is shown in Figure 7. Here, the
decay of energy and long-time stability of the framework of SMF combined with MPML are verified.
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The amplitude of the energy decays rapidly, while the direct wave passes out of the domain, so that
the SMF framework can simulate the unbounded domain appropriately.

Figure 7. Energy decay in the curve domain of multi-block.

6.3. The 3D SMF Framework with Free-Surface Boundary Condition

To allow performing the 3D simulation, it is important to obtain a stable result in the curve domain,
as well as seeking to have a smaller number of reflected waves generated at the boundaries surface.
In this numerical simulation, a 3D SMF framework combined with MPML in the curve domain with
undulating free-surface is tested. This scenario is consistent with the actual propagation of seismic
waves. The MPML zone is utilized to better suppress the generation of the reflected wave comparing
with non-PML. The parameters are listed in Table 3, and the curve physical domain is listed in Table A3.

Table 3. Properties and discretization parameters for simulation.

Parameters Value

Curve physical domain properties
ρ 2 kg/m3

vp 100 m/s
vs 70 m/s

Discretization parameters

Initial condition 10 exp
(
−((x−xc)

2+(y−yc)
2+(z−zc)

2)
100

)
Number of grids in the x-direction 121
Number of grids in the y-direction 121
Number of grids in the z-direction 61

Time step 0.0005 s
Total duration 5 s

PML include grids interval-number 10
α 5
β0 5
tol 10−4

Damping ratios 0.02

To visually represent the propagation of seismic waves in the 3D curve domain, a slice of the model
is used to demonstrate the waveform of the seismic waves at different moments. Figure 8a shows the
slice of the vz component in the reference simulation at time = 0 s. BC of the top is free-surface, so that
the propagation path of the elastic wave will be changed. Moreover, the reflected wave propagates to
the interior model, and the scattered waves will continue to move along the free-surface (see Figure 8b).
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Thereby, the behavior of MPML is illustrated, and the evolution of the elastic wavefield is demonstrated
(see Figure 8c). Because of the existence of MPML, the body and surface waves are well-absorbed
by the curve PML zone that matches the contour of the curve domain (see Figure 8d). Additionally,
PML at the curve free-surface preserves the stability even if the elastic wave vanishes; therefore, the
framework has not changed in terms of stability in this, which has its unique conveniences. Using
other numerical methods, the implementation of the free-surface condition in PML when the absorbing
layer reaches the free-surface has to change the algebraic form that satisfied BCs [52].

Figure 8. Snapshots of propagation of the velocity magnitude (m/s) in the curve domain. For (a) time =

0 s; (b) time = 0.50 s; (c) time = 0.75 s; (d) time = 5.00 s.

The energy in the 3D curve domain at different instants of time is shown in Figure 9. In this
numerical experiment, the adoption of PML is in line with the stability requirements in terms of it is
flexibility to use the SMF framework for the elastic wave equation combined with PML/ MPML/non-PML.
Because of the existence of a free boundary, the energy decay rate in the three-dimensional curve
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domain is lower than that in the full-space model. However, the free boundary poses challenge the
stability of the system to a greater extent. The proposed framework can realize the transformation
of multiple boundary conditions with less modification required (BCs) and obtain stable numerical
simulation results. It is shown that the establishment of a generic simulation process can greatly reduce
the workload and complexity of formula compilation. Therefore, the proposed framework is intended
to realize the synchronization of the wave absorption effect and stability simulation.

Figure 9. Energy decay in the 3Dcurve domain using the framework of PML.

7. Conclusions

The key purpose of conducting the present research work was to develop an SMF framework for
the elastic wave equation combined with MPML and to discretize this framework using the accurate
high-order SBP-SAT methodology in the curve domain. This generic form, SMF, encapsulates various
formulations of the elastic wave equation. In this case, SH and P-SV wave equations can be cast in
an identical form only in the case when the parameter matrices are different. For the 3D elastic wave
equation, SMF also has a form to similar the case of 2D. In turn, ADE CFS-MPML is extended to the
curve domain to better suppress the reflected wave generated by the elastic wave propagated to the
truncated boundary. SMF of the elastic wave equation facilitates the formulation derivation, and the
implementation of program compilation becomes more convenient. Moreover, the generalization of
SMF, implying that the wave equations are handled in the matrix form to avoid the full expansion
of equations and introduction of the tangent/normal vectors. Thereafter, a numerical approximation
using the SBP-SAT methodology combined with ADE CFS-MPML is proposed in such a way to allow
the proposed framework being conveniently switched between PML/MPM/non-PML, so that a suitable
case can be chosen to enable stability and absorption. Energy analysis is conducted considering both
continuous and discretization cases. Several numerical examples are presented to demonstrate the
properties of the resulting numerical method. It can be seen that discretization of the SMF framework
combined with MPML results in high robustness, even though the curve domain causes anisotropic
effects in the wave propagation behavior. The superiority of the proposed framework is confirmed by
the observations that it allows simulating a more complex shape of the model and that the reflected
wave can be suppressed by using MPML.

In the future research work, we will aim to perform an extension of the current model using a
more efficient BC and also without deteriorating stability of the model. Moreover, another interesting
research direction will be to set a more reasonable damping ratio for different models and parameters.
Numerical simulation indicates that the proposed method has many application prospects. It can
be challenging to model, discretize, and simulate an actual elevation and geological structure, and
therefore, strict requirements are required to ensure the stability of such a method.



Symmetry 2020, 12, 202 28 of 32

Author Contributions: Conceptualization, C.S.; Funding acquisition, Z.Y.; Methodology, C.S.; Project
administration, Z.Y.; Supervision, Z.Y.; Writing—original draft, C.S.; Writing—review and editing, G.J. All
authors have read and agreed to the published version of the manuscript.

Funding: The project was supported by the National Natural Science Foundation of China (Grant No. 11872156),
National Key Research and Development Program of China (Grant No. 2017YFC1500801).

Acknowledgments: The authors are thankful to the program for Innovative Research Team in China
Earthquake Administration.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

SMF Symmetric Matrix Form
SBP Summation-by-Parts
SAT Simultaneous Approximation Terms
CFS Complex Frequency Shifted
PML Perfectly Matched Layer
MPML Multi-axis Perfectly Matched Layer
ADE Auxiliary Differential Equation
PDE Partial Differential Equation
FDM Finite Difference Method
HOFDM High-Order Finite Difference Method
ABC Absorbing Boundary Condition
BC Boundary Condition

Appendix A

Table A1. Contour of the curve physical domain.

Side x(ξ, η) y(ξ, η)

West 6× sin(7πη) 100× η
East 100 + 5× sin(9πη) 100× η

South 100× ξ −2× sin(10πξ)
North 100× ξ 100 + 2× sin(10πξ)

Table A2. Contour of the curve physical domain.

Side x(ξ, η) y(ξ, η)

W(1), E(2) −50 −50 + 100η
E(1), W(3) 50 −50 + 100η
S(1), N(4) −50 + 100ξ −50
N(1), S(5) −50 + 100ξ 50
S(2), W(4) 100

√
2(ξ− 1) − 50ξ 100

√
2(ξ− 1) − 50ξ

N(3), E(5) 50 +
(
100
√

2− 50
)
ξ 50 +

(
100
√

2− 50
)
ξ

N(2) 100
√

2(ξ− 1) − 50ξ 100
√

2(1− ξ) − 50ξ
W(5) −50−

(
100
√

2− 50
)
η 50−

(
100
√

2− 50
)
η

S(3) 50 +
(
100
√

2− 50
)
ξ −50−

(
100
√

2− 50
)
ξ

E(4) 100
√

2−
(
100
√

2− 50
)
η −100

√
2 +

(
100
√

2− 50
)
η

W(2) 200 cos
(

5
4π−

η
2π

)
200 sin

(
5
4π−

η
2π

)
E(3) 200 cos

(
7
4π+

η
2π

)
200 sin

(
7
4π+

η
2π

)
S(4) 200 cos

(
5
4π−

ξ
2π

)
200 sin

(
5
4π−

ξ
2π

)
N(5) 200 cos

(
3
4π−

ξ
2π

)
200 sin

(
3
4π−

ξ
2π

)
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Table A3. Contour of the curve physical domain.

Side x(ξ, η, ζ) y(ξ, η, ζ) z(ξ, η, ζ)

BW 0 100η+ 2sin(4πη) 2sin(4πη)
BE 100 100η− 2sin(4πη) 2sin(4πη)
BS 100ξ+ 2sin(4πξ) 0 2sin(4πξ)
BN 100ξ− 2sin(4πξ) 100 2sin(4πξ)
TW 0 100η+ 2sin(4πη) 50− 2sin(4πη)
TE 100 100η− 2sin(4πη) 50− 2sin(4πη)
TS 100ξ+ 2sin(4πξ) 0 50− 2sin(4πξ)
TN 100ξ− 2sin(4πξ) 100 50− 2sin(4πξ)
SW 2sin(4πζ) 100η+ 2sin(4πζ) 50ζ
NW 2sin(4πζ) 100η− 2sin(4πζ) 50ζ
SE 100ξ− 2sin(4πζ) −2sin(4πζ) 50ζ
NE 100ξ− 2sin(4πζ) −2sin(4πζ) 50ζ
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