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Abstract: Nontrivial topological gluon configuration is one of the remarkable features of the Quantum
Chromodynamics (QCD). Due to chiral anomaly, the chiral imbalance between right- and left-hand
quarks can be induced by the transition of the nontrivial gluon configurations between different
vacuums. In this review, we will introduce the origin of the chiral chemical potential and its physical
effects. These include: (1) the chiral imbalance in the presence of strong magnetic and related physical
phenomena; (2) the influence of chiral chemical potential on the QCD phase structure; and (3) the
effects of chiral chemical potential on quark stars. Moreover, we propose for the first time that quark
stars are likely to be a natural laboratory for testing the destruction of strong interaction CP.
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1. Introduction

1.1. The U,(1) Problem, Chiral Anomaly, and Instantons

The QCD Lagrangian is given as

1 -
Lacp = —4F"EL, + §(iD — M)y, 0

where M is the mass matrix of quarks, Fy,, and ¢, respectively, denote the gluon fields and quark fields,
D = 4¥D,, is the covariant derivative. Since m,, my; < Agcp, for the two-flavor Lagrangian, it has an
approximate symmetry SUy (2) x Uy (1) x SUA(2) x Ua(1). The symmetry SU4(2) and Ux(1) are
so-called chiral or axial symmetry. As the appearance of nucleon and pion multiples in the hadrons
spectrum, it has been manifested that, in fact, the isospin and baryonic symmetries SUy (2) x Uy (1)
are good approximate symmetry of nature. For the chiral symmetry, it is spontaneously broken
due to the nonzero quark condensations. According to the Goldstone theorem, there should be
four Nambu-Goldstone bosons associated with the broken chiral symmetry. It is believed that
Nambu-Goldstone bosons associated with SU 4(2) are the pions which are pseudoscalar light mesons
with isospin I = 1. If U4 (1) is also a true symmetry of QCD, the corresponding Nambu-Goldstone
boson is an I = 0 pseudoscalar light meson. However, there is no such candidate because the 77 meson
is too heavy to be interpreted as a Goldstone Boson.
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This U(1) problem was resolved by ‘t Hooft [1,2], who was aware of the complexity of
the vacuum structure and took the contributions of topological instantons into account in the
QCD Lagrangian. The existence of the nontrivial topological solutions such as instantons in QCD
make U4 (1) not a true symmetry of QCD, although the QCD Lagrangian is invariant under the
Uy (1) transformation in the massless limit. ‘t Hooft’s solution to the U4 (1) problem relies on two
facts: one is the Adler—Bell-Jackiw anomaly [3,4], another is the existence of instantons in QCD.
The Adler-Bell-Jackiw anomaly identity in massless limit is

= g8 e B TH(ITY)
@)
2
— 8 NfNFa lf-u;n/
- lem M
where Ny is flavor number, Fonv = ”VP‘TF“ is a dual form of gauge field tensor F;,, and I, I b are the

generators of the gauge group Wthh satlsfy Tr(I°1°) = N /256%. This chiral anomaly can be obtained
from axial Ward-identity or the path integral method introduced by Fujikawa [5]. The right-hand side
of the Equation (2) can be expressed as a total divergence

Fﬁvﬁ”‘”“ = 8MKV 3)
where

KF =P (ATFS, — S fucAL AL AD)
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and Ay, = I"Aj,. As we can see, although we can define a current as
o g2NfNKV
j§ =15+ Tor2 N ©)

this current ]g " is not physical because K* is not gauge invariant. Due to the chiral anomaly, under the
U4 (1) transformation ¢ — €f751, the action changes

NN ¢ .
65 = p [atxd b = —pS L [atxrg P ©)

We will see that the instantons with nontrivial topological configuration can make the integral
nonzero, thus breaking the U4 (1) symmetry.

For a gauge field with the temporal gauge Ag(x,f) = 0, at t — Foo, the gauge field is expected to
be vacuum configuration and can be represented as pure gauges:

iA(x 1) = il AL (x 1) =2 ;Qg(x)voi(x), @)

where Q)4 (x) are elements of gauge group G. Assuming that the gauge field at |[x| — oo vanishes, so the
space point at infinity is mapped to a constant group element. Therefore, the gauge field A(t = o)
can be regarded as a map A(t = +c0) : R3(Joo — G. Considering R3|J oo 2 S3, these maps can be
classified by third homotopy group 713(G). In the SU(2) gauge theory, the generators are 7% /2 which
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satisfy Tr( % %b) = 16%, the third homotopy group 73(SU(2)) = Z and the topological invariant is
given as [6]

ik 3
ny = 24n2 €'l /d xTr[A;AjAx(x, t = £oo)] € Z. 8

If and only if two maps are homotopy equivalent, they have the same topological invariant.
For the SU(2) gauge theory, we have shown that the topological configuration of vacuum can be
classified by an integer which is called winding number. The tunneling events between these vacuums
are called instantons. After the instantons tunneling, the difference of winding number between two
vacuums at t = F-oo can be expressed as

. t=+o00
ny—n_ = ‘g S5€ ek /dSXTT‘ [A;AjAk(x, )]
247 t=—o00
2 t=-4o00
:35 JELS
= ©)
g /d4xpa -
= /d4x8H]5

This identity shows that the chiral charge Qs = Nr — N is not conserved and changes as
— Qs = NL — Nr = 2N¢qu, (10)

where g = ny — n_ is the winding number of the instanton and we assume N; = N att = —co.
This identity indicates that the instantons can flip the helicities of quarks from the right hand to the left
hand or vice versa, and the Uy (1) symmetry is broken by instantons tunneling.

1.2. -Vacuum and Strong CP Problem

The tunneling probability between two different vacuums under semi-classical approximation is
<n + qw|37HT:+°°|n> ~ giS[Afiw], (11)

where A, denotes the gauge field configurations with winding number g,. According to
the Bogomol'nyi inequality [7], this tunneling probability is suppressed by a factor
exp(—S[Ag,]) < exp(—87|qw|/g?). Since the tunneling between two vacuums with different winding
numbers is possible, we may ask what the true vacuum is. We want to construct a series of vacuums
which are the superposition of those vacuums with certain winding numbers

0) =) fu(0)In), (12)

nez

and transitions between these vacuums are forbidden. Thus, we expect these 6 bases to satisfy

(0'le=HT=0) =o(0" — 0)1 (9)

= Y faro(@)fa(O)(n+v]e” )
nveL (13)
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which implies

01(0) = T £ (0)1a(0) [ DA, (14)
VEZL v
where [ DA means that the integral domain of the functional integral is restricted to the gauge field
configurations with winding number v, i.e.,

2
/V DA = / DAS [v - 33’? F;VF“Wd‘*x] . (15)

It is obvious that we can choose f,(8) = ¢ %, and the f-vacuum is defined as
) = Y, e~ |n) [8]. The true vacuum may be the f-vacuum which is invariant after the instantons
tunneling. Since the different 6-vacuums do not communicate with each other, we cannot determine
which vacuum our world is in a priori way [8]. In the Minkowski space, the transitions between
f-vacuums is represented as

(0, 4+00]0, —00) =5(6' —6) } g0 / DAe S Lacp gy
vEZ v (]6)

where v = n — n_ is the winding number of instantons which is denoted as Equation (9). This path
integral takes into account the contribution of all the gauge configurations, and it is equivalent to add
a f-term Lo = 0g%/ (32712)1:;,,1:"“1“’ to the QCD Lagrangian. If 8 is nonzero, this term breaks the P and
T symmetry, so it violates CP invariance. We can cancel the 0 angle by redefining the fermion fields
as yy — exp(ivsas)py, but at the price of introducing P and CP violating phases in a mass matrix of
fermions [9,10]. Thus, the complex mass of fermions is unphysical and also leads to P and CP violation.
Thus, the basis-independent observable angle of CP violation is defined as

6 =0+ Argdet M, (17)

where M is the mass matrix of fermions. Theoretically, the CP invariance is not a necessary requirement
of QCD theory. Paradoxically, experimentally, there is no obvious signal of the global P and CP violation.
The estimate of the strong CP phase 6 from the neutron electric dipole moment (NEDM) is very small
(0 < 1079~10719) [11-13]. This fine-tuning problem of Equation (17) is called a Strong CP Problem.
There are main three possible solutions to the strong CP problem: massless up quark solution,
Peccei—Quinn (PQ) mechanism [14,15], and the Nelson—-Barr mechanism [16,17]. For the first solution,
if the up quark is massless, we can always redefine the fermions field to cancel the 6-term without any
influence, thus there is no strong CP problem. Unfortunately, the ‘t Hooft determinantal interaction
may generate a mass for up quark even if the bare mass of up quark is zero [18]. Thus, this solution
is ruled out. For the Peccei-Quinn mechanism, a global chiral U(1)pg symmetry is introduced and
0 is suggested to be a dynamical field called axion, which is the Nambu-Goldstone boson of the
broken U(1)po symmetry [19,20]. In addition, at the minimum of the effective potential for the axion,
the f-term is canceled out and CP is conserved [21]. The last scenario proposes that the CP symmetry
is an exact symmetry at a very high scale, and 0-term is forbidden there. Then, CP symmetry is broken
spontaneously, and it will generate a large CKM angle and a small strong CP violation angle [22,23].
Although several solutions have been proposed to explain the strong CP problem, there is no
direct evidence for which one is right. So far, the strong CP problem remains a mystery in physics.

1.3. Event by Event P and CP Violation and Chiral Chemical Potential

In recent years, the topological fluctuation effects induced by nontrivial gauge configurations
(instantons or sphalerons) have attracted much attention. Although the global strong CP violation has
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not been observed, the topological fluctuation in hot matter provides the possibility to observe the
local P and CP violation.

As mentioned above, the QCD vacuums have a lot of topological structures which are classified
by integers called winding numbers. In addition, each of them is separated from the others by a
potential barrier of scale Agcp. At low temperatures, a transition between different vacuums depends
on instantons tunneling. The instantons density with winding number |g,,| = 1 at zero temperature
was given in Refs. [24]
_0.0015 (871)6 ( 872
IR AN Y
where p is the size of instantons, and g(p) denotes the renormalized coupling constant. At the finite
temperature because of the Debye screening and asymptotic freedom, contributions from large size
instantons are ignored, and the coupling constant g(p) gradually goes to zero as temperature increases.
Thus, raising the temperature will lead to the decrease of instantons density. Instantons density at a
finite temperature is specifically calculated in Ref. [25]

no(p) ) (18)

nr(p) = no(p)exp(—2A* = 3A(A)/2), (19)

where A = 7pT and A(A) = In(1+ A?/3) — 0.1548(1 + 0.1586A~3/2)~8. At high temperatures,
although the instantons density is extremely low, the actual transition rate between different vacuums
increases instead of decreasing due to the sphaleron configurations in hot QCD [26]. If the temperature
is high enough, the sphalerons can have enough energy to leap over the potential barrier, and then
dramatically increase the transition rate. In Ref. [27], the sphaleron rate is estimated to be

Tsphar ~ 400 T*, (20)

where as = g2/ (471).

In the quark—gluon plasma (QGP), these gluon configurations with nonzero winding numbers can
be generated anywhere at anytime. Once this gluon configuration is excited at some space-time
point, the topological charge of the vacuum around that point will be changed by these gluon
configurations. Due to the chiral anomaly in Equations (9) and (10), this process will lead to chiral
imbalance between left-hand and right-hand quarks. Local chiral imbalance means the CP is broken
locally. Since there is no global P and CP violation, gluon configurations with negative and positive
winding numbers have the same possibility to be excited, so the average chirality of many events
vanishes. Therefore, we can say that the P and CP violation caused by nontrivial gluon configurations
is local and event-by-event [28]. The spontaneous parity violation in hot QCD was proposed in
Refs. [29-32], which argues that the P-odd metastable vacuum state can be produced in the vicinity
of the deconfinement phase transition. It is also suggested in Refs. [33,34] that an arbitrary induced
f-vacuum state should be created in heavy-ion collisions through a non-equilibrium phase transition.
We can imagine that, in heavy-ion collisions, some P-odd bubbles are produced, and 6 is nonzero
inside these bubbles but zero outside. Such bubbles may also be regarded as the space-time regions
filled by gauge field configurations with a nontrivial winding number.

In order to mimic the local P and CP violation and the topological fluctuation, we assume that the
0 angle in the Lagrangian depends on the space-time [28,35,36], i.e.,

2
Lo = ﬁ@(x,t)FﬁvF”W. 1)

The 6-term can be canceled out by performing an axial U(1) transformation on fermion fields

We(x,t) — expli0(x,t)ys/ (2Ng)|r(x, t), (22)
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and, due to the chiral anomaly, the Lagrangian changes as follows:

2
8 a Fapv 1 T 5
= = E; F* = — Hy2p. 2
L EQCD + 327‘(29(9(, t) nv — L ‘CQCD + 2Nf aMQ(x, t)lab')’ Y llj ( 3)
Thus, the local 0-term is equivalent to a fermionic contribution. If we further assume that the 6
angle is only or mainly dependent on time, i.e., | V| < 6, we can define a chiral chemical potential 5
as ps = dpf/ (2Ny) [37]. In addition, then the Lagrangian can be written as

L= Locp + sy . (24)

The chiral chemical potential ps is coupling to the chiral charge density operator .
In addition, just like the chemical potential being able to reflect the quark number density, the chiral
chemical potential can also mimic the chiral charge density. However, the chiral charge is not conserved
because of the chiral anomaly, and we cannot treat yi5 as a true chemical potential. The chiral chemical
potential is nothing but an indication of the magnitude of the chiral imbalance. Although chiral
chemical potential 5 is generated by the topological charge fluctuation, we are concerned with the
effects of the chiral imbalance rather than these dynamical processes, so we treat it as a free, dynamically
independent parameter. Moreover, it is very convenient for us to study the chiral imbalanced systems
by adding the chiral chemical potential into the Lagrangian.

2. The Effects of Chiral Imbalance

2.1. The Charge Separation Effect (CSE) and Chiral Magnetic Effect (CME)

Relativistic heavy-ion collisions can produce a fireball with energy density of 5 GeV/fm?3 [38,39],
which is already above the predicted energy density 1 GeV/fm? of the deconfinement phase transition.
Some experimental evidence suggests that the quark—gluon plasma has been produced in relativistic
heavy-ion collisions [39,40]. In the hot matter created in heavy-ion collisions, chiral imbalance is
more obvious because of the sphaleron-like transition at high temperature [26,27]. In the non-central
heavy-ion collisions, the fast-moving spectator protons can produce a strong magnetic field perpendicular
to the reaction plane on the B~10'* Tesla scale [41]. Due to the high energy density and strong magnetic
field, heavy-ion collisions can provide an excellent environment for the observation of local P and
CP violation.

The chiral imbalanced system has many interesting effects, especially when a magnetic field is
applied. Considering a system in which both strong and electromagnetic interactions are involved,
the Lagrangian of the SU(3) x U(1) gauge theory is

1 1 - . Al . 29 X, i’) ~
L= _ZFﬁVFﬂMV - ZFHVF”V + ;¢f l'YV(a}t - lgEAz — quA]l) —my ¢f + %Fﬁvpayv, (25)

where Af, and A, are, respectively, the gluon fields and photon field, ’\Tﬂ are the generators of SU(3)
gauge group which satisfy Tr(%ﬂ %b) = %(S”b , and we assume that the 6 angle is local. Through the
triangle diagram of the chiral anomaly, the electromagnetic field and the Chern-Simons current
are coupled together. Therefore, we introduce an effective Lagrangian which is used in axion

electrodynamics [42],

Loff = —%PP“’FHV - ge(x, t)Fu FHY — Ay JH, (26)
where )
N, Tf
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and N represents the color number. As shown in Equation (3), F,, F"" can be represented as a total
divergence of Chern-Simons current,

Fu F1 =3, K"

(28)
=0, ("M A Fy,).

By subtracting a total divergence term d,,[(x, t) K], then the Lagrangian (26) can be written as
1 K ~
Lopp = =3 F"Fuy = 53,0(x, ) A" — A", (29)

In addition, the following form of the Euler-Lagrange equation can be obtained by the variation
of the effective Lagrangian (29):
0y F1" = ]V +x0,,0(x, t) FI. (30)

Due to the Jacobi identity [D,, [Dy, D,]] + [Dy, [D), Dy]] 4 [Dy, [Dy, Dy]] = 0, the other pair of
Maxwell equations does not change:

avaA + avF/\y + a)\F;w =0. (31)

Then, the axion Maxwell Equations (30) and (31) can be written in terms of electromagnetic fields
Eand B:

VxB—aa—I::]—K(QB—f—VGxE),
V.-E=p+«xVH-B,
3B (32)
VXE—.—E:O,
V-B=0.

One can see from the above equations that the local CP violation angle 6(x, t) leads to significant
alteration of Maxwell equations. The local 6 angle will induce a four-dimension current density

Jind = (kV0-B, —x6B — kV0 x E). (33)

It indicates that, in the case of a strong electromagnetic field, the local P and CP violation can have
observable effects.

In the extremely strong magnetic field, all charged particles stay at the lowest Landau level. Let us
assume that the magnetic B is uniform and points in a certain direction. The spins of positively charged
particles point in the direction of the magnetic field, while the spins of negatively charged particles
point in the opposite direction. For massless fermions, the momentum and spin of the right-hand
particle point in the same direction, and the momentum and spin of left-hand particle point in opposite
directions. Therefore, for positively charged particles such as u quarks, right-hand u quarks will move
in the direction of magnetic field, while left-hand u quarks move in the opposite direction. At the
same time, for the negatively charged particles such as d quarks, left-hand d quarks will move in the
direction of a magnetic field, while right-hand d quarks move in the opposite direction. Thus, the total
net charge moving in the direction of magnetic field is

Q=Y (N, — N))lgyl, (34)
f

where f is the flavor index, and ¢y is the charge of quarks. Because of the chiral imbalance induced by
the nontrivial gauge field configurations (see the Equation (10)), the total net charge is nonzero and
can be represented as
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Q= 29w layl, (35)
7

where g, denotes the wind number of these nontrivial gauge field configurations. It indicates that,
in the case of strong magnetic, the chiral imbalance can induce an electric current along the direction
of magnetic field. This phenomenon is called a chiral magnetic effect [28,35-37]. In addition, at the
boundary of the chiral imbalanced domain, a charge difference can be produced between the two
boundaries perpendicular to the magnetic field. This is called charge separation effect [28,36,43].
This process is illustrated in Figure 1.

18

o
Al

Figure 1. The illustration of the charge separation effect and chiral magnetic effect. The blue arrows and

the red arrows respectively denote the spin and the momentum of quarks. (1) At the beginning, the u
and d quarks are all in the lowest Landau level and can only move along the direction of the magnetic
field. (2) The quarks interact with a nontrivial gauge configuration with g,. Assuming g, = —1,
this gauge configuration can convert the chiralities of quarks from left-hand to right-hand. It will
lead to the chiral imbalance between the left- and right-hand quarks. (3) In the presence of a strong
magnetic, the u quarks (or d quark) with different chiralities move in different directions. Due to the
chiral imbalance, the total net charge moving along the direction of the magnetic is Q = 2e. In addition,
it will result in a charge difference between two domain walls perpendicular to the magnetic field.
Reprinted from [28], with permission from Elsevier.

Let us revisit this process in terms of the axion Maxwell Equations (32). As mentioned above,
the local chiral imbalanced domains can be regarded as the P-odd bubbles occupied by nontrivial gluon
configurations. The 6 angle inside these bubbles is nonzero, but zero outside. We assume that the
external magnetic field is uniform and points in a certain direction, so V x B = 0, and there is no
external electric field. If the 6 angle is static, 0 = 0, from the second equation of Equation (32), we can
immediately obtain that a non-vanishing charge appears on the §-domain-walls (see Figure 2) [28,36,43]:

Qing = £x0BS, (36)

where + correspond to the opposite two domain walls perpendicular to the magnetic field and S
is their area. If the 6 angle is mainly dependent on time, i.e., |[V8| < 0, from the first equation of
Equations (32), we can see that there is an induced electric current (see Figure 3):

Jina = K0B. (37)

Considering the chiral chemical potential which is defined as ys = 6/2N r (see Equation (24)),
we can represent the induced current as
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Jind =2NfK;45B
(38)

In Ref. [37], the same result is obtained by calculating the thermodynamic potential for chiral
fermions in the case of finite chiral chemical potential and strong magnetic field.

B

Figure 2. Charge separation effect—the regions inside the domain walls with 6 # 0, outside with § = 0.
The domain walls is charged in the case of a strong magnetic field, with the surface charge density
~ 522%. Reprinted from [36], with permission from Elsevier.

Figure 3. Chiral magnetic effect—in the case of a strong magnetic field, in the region with 0 +£0,
an electric current J ~ 622792 is induced. Reprinted from [36], with permission from Elsevier.

2.2. The Effects of Chiral Chemical Potential on QCD Phase Structure

As the temperature increases, the strong interaction matter will undergo a deconfinement phase
transition from hadronic matter to quark—gluon plasma [44,45]. Since the nontrivial gauge field
configurations interact with the fermions and flip the helicities of fermions, the chiral charge Qs may
be generated during the phase transition. Some studies show that, in heavy-ion collisions, chiral charge
density reaches equilibrium shortly after the collision and keep equilibrium for a comparatively long
period of time [46-48]. Therefore, to better understand the phase transition in heavy-ion collisions, it is
necessary to study the effects of chiral imbalance on the QCD phase structure. As mentioned above,
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we can introduce the chiral chemical potential y5 to mimic the chiral imbalance between right- and
left-hand quarks. In terms of Lagrangian, the following term should be added:

us PPy . (39)

By solving the Dirac equation, we can get the energy spectrum of the free fermions

ws(p) = 1/ (p +spus)? +m?2, (40)

where s = +1 denotes helicity eigenstates of fermions and p = |p|. The energy spectrum shows
that, after the introduction of chiral chemical potential ys5, the the degeneracy of helicity is relieved.
For massless particles and antiparticles, there are some corresponding relations between chirality and
helicity eigenstates: right-hand particle—positive helicity, left-hand particle—negative helicity and
right-hand antiparticle—negative helicity, left-hand antiparticle—positive helicity. Thus, the chiral
chemical potential can make a difference in the numbers of modes with left- and right-hand chirality
below the Fermi-surface, so there is a chiral imbalance. In addition, we can obtain the thermodynamic
potential density

O=-) /Oc>o %;ﬁ {ws +Tln {1 + e‘ﬁ(“’sﬂ‘)} +Tln {1 + e‘ﬁ(“’s_”)} } . (41)
s==+1"

The chiral charge density can be expressed as

© q
pszszzﬂ 0 %szTtspﬂ—f(ws—u)—f(wsw)]f (42)

where f(w) is the Fermi-Dirac distribution represented as f(w) = [1 + exp(Bw)] . In the massless
limit, the chiral charge density p5 can be simplified as [37]

3 2
p5=%+%(ﬂ+%). 43)

The vacuum contribution to the chiral charge density at 5 = 0 and T = 0 is non-vanishing.
In massless limit, the vacuum contribution is finite; however, for massive fermions, the vacuum
contribution is divergent, p5 ~ mmzlogA2 [48].

In the following, we focus on discussing the effects of the chiral chemical potential on the phase
diagram of the strong interaction. Since the introduction of chiral chemical potential does not increase
the sign problem, we can study the phase transition of the chiral imbalanced QCD matter by the
lattice simulation [49-51]. The results of lattice simulation show that the chiral chemical potential plays
the role of a catalyst of spontaneous chiral symmetry breaking and enhance the chiral condensate of
quarks [50-52]. This result also appears in the model analyses [52-55]. Moreover, the critical temperature
of deconfinement phase transition increases with chiral chemical potential increasing [50,51]. In the
case of finite chemical potential, the sign problem will occur in the lattice calculation. In order to study
the phase diagram at finite chemical potential, we need to apply the effective model, and some of
the results we obtained is model dependent. The Nambu—Jona-Lasinio (NJL) model analyses on the
effects of chiral chemical potential are provided in Refs. [52,54,56,57]. The results of Refs. [54,56] show
that the chiral chemical potential can reduce the chemical potential of deconfinement phase transition
at low temperature and finite density. In Ref. [57], different regularization schemes of the NJL model
are employed to study the phase transition at finite chiral chemical potential and temperature. At high
temperature and low density, in different regularization schemes, the trend of critical temperature
changes with chiral chemical potential is different [54,57].



Symmetry 2020, 12, 2095 11 of 19

Recently, we proposed a self-consistent mean-field approximation method for the NJL
model [58-62]. This method introduces a free parameter a to mimic the weight between the direct
channels contributions and the exchange channels contributions when applying the mean-field
approximation. In addition, the Lagrangian can be written in a more general form:

Lr = § (i —m)p+ (1- )G [(F9)* + (Firsty)?| + a7 {G [(F9?+ Fivsty)?] b, @4

where % {} denotes the Fierz transformation of the interaction terms. Because the Fierz transformation
is a mathematically equivalent transformation, this redefined Lagrangian is equal to original
Lagrangian where & = 0. The parameter « cannot be determined by a priori and should be regarded as a
free parameter. In the case of finite chemical potential, the vector channel in the Fierz transformed terms
should be taken into consideration [58,63]. Thus, the axial-vector channel in the Fierz transformed
terms cannot be ignored when we study the phase transition at finite chiral chemical potential [54].
Within the self-consistent mean field model, we found that the location of CEP in the QCD phase
diagram strongly depends on the values of chiral chemical potential. For example, the baryon chemical
potential of CEP decreases with increasing the chiral chemical potential [54]. When « is larger than
0.71 and ps = 0, there has no critical endpoint (CEP) in the QCD phase diagram; however, with the
chiral chemical potential increasing, the CEP will reappear [54,58]. Moreover, the temperature of the
CEP shows a nonmonotonic dependence on the chiral chemical potential with a long plateau around
the maximum [54].

Theoretically, fluctuations of conserved charges (such as charge, baryon number, and strangeness)
are expected to be sensitive to the correlation length of the system, which will diverge near the
CEP. During the last few decades, the measurements of higher-order cumulants of net-charge [64],
net-proton [65-67], and net-kaon [68] multiplicity distributions have been carried out in heavy-ion
collisions by the STAR experiment in the first phase of beam energy scan (BES-I, 2010-2017) program at
Relativistic Heavy Ion Collider (RHIC). The fourth-order net-proton fluctuations exhibit non-monotonic
behaviors as a function of ,/snn;, with a 3.1 ¢ significance [69]. To further confirm this non-monotonic
behavior, RHIC started the second phase of beam energy scan program (BES-II), focusing on the
collision energies below 27 GeV. From the year of 2018 to 2020, the STAR experiment has collected
the high statistics data of Au+Au collision at \/snn = 9.2, 11.5, 14.6, 19.6 and 27 GeV under collider
mode and /syn = 3.0-7.7 GeV under a fixed target mode. It will allow us to map the QCD phase
diagram with the baryon chemical potential up to pp =~ 720 MeV. Current experimental strategies of
CEP search are mainly focusing on varying the temperature and baryon chemical potential of the hot
dense nuclear matter created in heavy-ion collisions. This theoretical model study could motivate
experimentalists to think about the possibility and importance to vary the chiral chemical potential in
the future heavy-ion collisions experiment by placing some special experimental selections.

In Refs. [53,70-74], the Polyakov-loop-modified Nambu-Jona-Lasinio models (PNJL) are
employed to study the effects of the chiral chemical potential. At high temperature and low density,
the results of the PNJL model show that the chiral chemical potential can reduce the critical temperature
of phase transition [70,71]. This result is consistent with the calculations of NJL model [57] and
linear sigma model coupled to Polyakov loop (PLSMy) [75]. Moreover, the phase diagram on ps—T
plane have a CEP5 (the critical endpoint on ys-T plane at 4 = 0), and the CEP on T plane can
consecutively move to the CEP5 on the ys—T plane [70,71]. This conclusion is consistent with the
result of the quark-meson model (QM) [71] and PLSMg [75], but disagrees with the calculation of the
NJL model [54], Dyson-Schwinger equations (DSEs) [55,72,76] and lattice simulation [50,51]. In the
NJL model and DSEs, the trajectory of CEPs cannot extend to the y5—T plane, and there is no CEP5
on y5—T plane [54,55,72,76]. The contradiction between the PNJL model and lattice calculation about
the existence of CEPs is resolved in Ref. [72]. If we apply a regularization scheme to suppress the
contribution of high-momentum quark modes in the effective potential connected with the PNJL
models, the chemical potential of CEP cannot decrease to zero, so there is no CEPs.
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Within the framework of Dyson-Schwinger equations, the effects of chiral chemical potential
on the phase diagram and CEP are studied in Refs. [55,72,76-78]. All the studies of DSEs show that
there is no CEPs5 on the ys—T plane. This is consistent with the result of lattice QCD. As the chiral
chemical potential increases, the chemical potential of CEP decreases at first, and then keeps constant
at large p5 [55,72]. In addition, the lowest chemical potential of CEP is in the range 40~60 MeV.
The temperature of CEP always increases with chiral chemical potential increasing [55,72,76].

Finite-volume effects on the phase diagram should be taken into account when we study the
small fireball produced in heavy ion collisions. The finite-volume effects on phase diagram with a
chiral chemical potential are studied in Refs. [55,73,74]. It is shown in the PNJL model analyses that
the chiral chemical potential can shift the location of CEP significantly but does not change the critical
exponents [73]. Moreover, the smaller system size will result in smaller chiral charge density ps [74].
However, we obtain the opposite result in DSEs. The results of DESs indicate that, in the smaller
system size, the chiral charge density becomes larger [55].

2.3. The Effects of Chiral Chemical Potential on Quark Stars

As shown in Ref. [74], at nonzero chiral chemical potential, the chiral charge density p5 rapidly
increases with chemical potential y in the deconfinement phase. It indicates that the chiral imbalance
is more significant in the dense QCD matter. Therefore, neutron stars are a natural object to study the
effects of chiral chemical potential because their density and magnetic fields are much higher than
those produced in the laboratory. As mentioned above, we can introduce the chiral chemical potential
U5 to the equation of state (EOS) to see whether the chiral chemical potential has effects on quark stars.

We applied the self-consistent mean field approximation method of NJL model to study the
effects of chiral chemical potential on the phase diagram in Ref. [54]. The Lagrangian of this model is
represented as Equation (44). In this subsection, we will discuss this method in more detail and use it
to explore the effects of chiral chemical potential on quark stars.

As proposed by Witten [79], strange quark matter might be the ground state of strong interaction
matter. However, recent studies demonstrated that up-down quark matter could be more stable
than the strange quark matter and the ordinary nuclear matter [62,80]. Accordingly, it has been
proposed that the compact stars involved in the binary merger events GW170817 and GW190814 may
be the up-down quark stars (nonstrange quark stars) [59,81-84]. Since theoretical predictions and
astronomical observations cannot rule out the existence of non-strange quark stars, we will discuss the
influence of chiral chemical potential on quark stars in the two flavor case.

In the case of finite chiral chemical potential and finite chemical potential, the effective Lagrangian
of Equation (44) is expressed as

Lo = (i@ —m) p+ (1= a)G [(9)2 + (Pivsty)?| + a7 {G [(9)* + (PinsTy)?] }

(45)
+ Ty + psptsy,
where .7 { } denotes the Fierz transformation of the interaction terms and can be represented as
P T N2 | (T 2V G [yr2 - 2 ai N2 sz 2
F{C @9 + Binsty)?] | =55 [2009)° +2(PirsTy) —2(F79) — 2 (Jirsy) )
—4(§19)” — 4 (Pinrsp)” + (Fo" ) — (o)’
If we set & = 0, the redefined Lagrangian is reduced to the original Lagrangian
g = § (18— m) g+ G [ () + (finsT)?| + uptp + psyT sy, 47)

Considering the Fierz transformation is a mathematical identity transformation, the redefined
Lagrangian Equation (45) is equal to the original Lagrangian Equation (47). As mentioned above,
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when we perform the mean field approximation for the effective Lagrangian, the scalar, vector, and
axial-vector interaction channels in the Fierz transformed terms should be taken into account. By the
mean field approximation and the self-consistent thermodynamic relations, we can obtain the
gap equations:

m =m—2G (1—a—|—4NC) (py)
, G
zq=uf—%jww> (f = u,d) (48)

aG
M = ps + 5 (¥ s9)
(o

and
) 2n25i1/ apE 11— flas— 1)~ fles +1)]
W= T gh X i i) - e ) )
N, A / /
<¢w5¢> “LmX, W%u — flws = ) = flws+ 1)),

where m’, y}, us are respectively the constituent quark mass, the effective chemical potential,
the effective chiral chemical potential, f(w) = [1 + exp(Bw)]~! is the Fermi-Dirac distribution

function, ws = \/ (u5 +sp)? + m'? with s = +1 denoting the helicity eigenstates of quarks, G and A
are respectively coupling constant and cut-off parameters which are fixed by fitting the experimental
results [63]. We can see that, although the redefined Lagrangian Equation (45) is equal to the original
Lagrangian Equation (47) of the NJL model, the introduction of « leads to essential modifications of the
gap equations. If we set « = 0, the gap equations Equations (48) are reduced to the conventional gap
equation which contains only the constituent quark mass equation. It indicates that the conventional
gap equation obtained from the original Lagrangian where « is zero only takes the direct contributions
into consideration when performing the mean field approximation. However, at the level of mean
field approximation, the exchange contributions from the Fierz transformed term are as important as
the direct contributions, and there is no physical reason to ignore the contribution from the exchange
channels when we apply the mean field approximation. Therefore, the parameter « is necessary to
be introduced to mimic the proportion between the direct and exchange contributions. Since the
parameter & cannot be determined theoretically, and we lack the experimental data at finite density to
fix it, « is treated as a free parameter.

Because of the electromagnetic repulsion and the electro-weak reactiond = u + ¢~ + ¥,, the charge
neutrality, i.e.,

2 1
3Pd = 3Pu T Pe (50)
and the chemical equilibrium relation
Ha = Hu + e (51)

should be imposed on the gap equations Equations (48) and (49) when studying the quark star.
Solve Equations (48)—(51) at zero temperature simultaneously, then we can obtain the solutions which
satisfy the charge neutrality condition and the chemical equilibrium relation. At zero temperature,
the pressure and energy density can be expressed as

(nus)
P@h#5):-—B-%j&0) pdu + psdps

€(p, ps) = —P(p, us) + po + psps,

(52)
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where B is the bag constant of MIT bag model [59,81,85]. Plugging the solutions we obtained into
Equation (52), we can get the EOSs of quark stars. Then, the mass-radius relation of quark star can be
obtained by solving the Tolman-Oppenheimer-Volkoff equations with these EOSs,

dP(r) G(M +47r3P)(e + P)

dr (r—2GM)r
dM(r)
dr

(53)
= 47'cr2€,

where G is the gravitational constant and M(r) is the total mass within radius r.

Our previous works have investigated the effects of « on the EOS and the properties of quark
stars [59,81,85]. The larger « leads to stiffer EOS and larger maximum mass of quark star. When «
is larger than 0.9, the results of our self consistent NJL model meet the astronomical observations
very well.

According to Ref. [59], when & = 0.9 and Bi = 90 MeV, the maximum mass of two flavor quark
star can reach 2 Mg, and the mass-radius relation is consistent with the observation of neutron star
merger GW170817. We plot the mass—radius relation of quark star with different chiral chemical
potential at « = 0.9 and B i =9MeVin Figure 4. Since the global CP violation is very weak in the real
world, it is reasonable for us to keep chiral chemical potential below 50 MeV in quark stars. As shown
in Figure 4, the chiral chemical potential can significantly reduce the maximum mass of quark stars.
The observations of gravitational wave (GW) give the constraint not only on the mass-radius relation
but also on the tidal deformability [86]. See Ref. [87] for the calculation method of tidal deformability.
The tidal deformabilities of 1.4-solar-mass quark stars at different chiral chemical potential are shown
in Table 1. We can see from Table 1 that not only the maximum mass but also the tidal deformability of
quark star decrease with chiral chemical potential.

9 0 - T T T T T T T T T T T T ]
1.8 .oooooonu\ ]
1.6 b
1.4 v ]
4 2
§ = =0 MeV SR AN
1.2 * u=10MeV Sy i
Hs € T 4 -.:
ol 2o mey \ e |
v =30 MeV R
. V.. A
0.8 ns=40 MeVy % 5, .
Poa
0.6 T T T T v.-\ T T T T T T T T
7.5 8.0 8.5 9.0 9.5 10.0 10.5 11.0
R(km)

Figure 4. The mass-radius relation of quark star with different chiral chemical potential at « = 0.9 and
1
B1 =90 MeV.
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Table 1. The maximum mass M;;qy of quark star with different 5 are shown. In addition, the tidal
deformabilities of the 1.4-solar-mass stars are also listed.

ps MeV)  Myax(Me)  Ava

0 1.96 236
10 1.79 221
20 1.71 204
30 1.61 150
40 1.53 104

The results in Figure 4 and Table 1 indicate that the quark star with smaller mass can have larger
chiral chemical potential. For a quark star with mass around 2 M), the chiral chemical potential is
zero. In contrast, for a quark star with mass around 1.5 Mg, the chiral chemical potential can be as
high as 40 MeV. The chiral imbalance is more obvious in the quark star with smaller mass which means
that the effects of CP violation are more easily observed in smaller mass stars. Moreover, among the
quark stars with the same mass, those with chiral chemical potential have smaller tidal deformabilities
than those without. If we observe a quark star that not only has a small mass but also small tidal
deformability, it may indicate that the quark star has large chiral chemical potential. Therefore, it is
possible to search for the evidence of CP violation from the astronomical observation of quark stars.

3. Conclusions

In this paper, we have made a brief review for the origin of chiral chemical potential ys and its
physical effects. The U4 (1) problem has been resolved by the realization of the more complex structure
of QCD vacuum. Since the nontrivial gauge field configurations can travel between different vacuums,
the Uy (1) is not a true symmetry of QCD. Considering the instantons tunneling, the real vacuum
should be the 8—vacuum. In addition, a  term that breaks the P and T symmetry should be introduced
into the Lagrangian. However, the experimental estimate of the 6 angle is very small, which raises
another problem: the strong CP problem. Despite years of efforts, the strong CP problem remains a
mystery. Fortunately, the topological fluctuations in the heavy-ion collisions open another door for
us to study the strong CP violation. In hot QCD, the sphalerons can leap over the potential barrier
and enormously increase the transition rate between different vacuums. This will cause a significant
fluctuation of the topological charge of vacuum. Because of the chiral anomaly, this process results in
local chiral imbalance. In order to mimic the local CP violation and chiral imbalance, we assume that
the 6 angle depends on space-time. In addition, it is equivalent to add the chiral chemical potential term
159t 95y to the Lagrangian if |[ V6| < 6. In the case of a strong magnetic field, the chiral imbalance can
induce an electromagnetic current along the magnetic. In addition, a charge separation is generated
between the two domain-walls perpendicular to the magnetic field. The influence of chiral chemical
potential on the phase diagram includes many aspects. We display the results of lattice simulation
and model analyses. The results of the NJL model, self consistent NJL model, PNJL model, and DSEs
are discussed in detail in this paper. Some results are model independent. For example, the chiral
chemical potential can increase the chiral condensate of quarks, and there is no CEP5 on the ps-T
plane. Other results may be model dependent, such as the trajectory of CEP. Finally, we discussed
the application of the self-consistent mean field approximation method of the NJL model to study
the effects of chiral chemical potential on the properties of quark stars. It was found that the chiral
chemical potential can reduce not only the maximum mass but also the tidal deformability of quark
stars, which indicates that the signal of strong CP violation could be more easily observed in smaller
mass stars. For these reasons, the quark stars may be a natural laboratory for testing the destruction of
strong interaction CP.
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