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Abstract: Let g > 2 be a prime, p be a given prime with p < g. The main purpose of this paper is
using transforms, the hybrid mean value of Dirichlet L-functions with character sums and the related
properties of character sums to study the mean value of the general Dedekind sums over interval
11, %), and give some interesting asymptotic formulae.
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1. Introduction

For a positive integer k and an arbitrary integer h with (h, k) = 1, the classical Dedekind sum

S(h, k) is defined by )
o £(()(®)

((x)) = x —[x] — %, if x not be an integer;
10 if x be an integer.

where

It plays a significant role in the transformation theory of the Dedekind # function. In [1-5],
many researchers have investigated the various properties of S(/, k). Perhaps the most well-known
property of the Dedekind sums is the reciprocity formula

P4+k+1 1
S(h, k) + S(k,h) = D 1

Conrey, ].B. et al. [2] studied the 2m-th power mean of S(/, k), and proved the following important

asymptotic formula

k 2m
k
Y S¥"(h, k) = fu(k) (12> +0 (K75 4 =141/ 0 D) ogd k),
h=1

where )7, denotes summation over all 1 such that (i, k) = 1 and f,, (k) is defined by the Dirichlet series

o fu(k) _,22m) {(st+dm—1)
k; s _2§(4m) {%(s +2m) £(s).

For m > 2, Jia, C. [3] reduced the error terms to O(k*"~1). While for m = 1, Zhang, W. [5] showed

4logk
+0 (kexp <loglogk>) .
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Zhang, W. and Yj, Y. [6] studied the first mean value of S(h, k), and obtained an asymptotic formula

1 1 k2w (k)
Y S(nk) = 9(k) <logN+'y+Z qu) +o< N +Nk€>

n<N vk P

for positive integer kand 1 < N < Ik.
Zhang, W. [7] defined the general Dedekind sum S(h, 1, k) as follows:

S(h,n, k) ZBn(f) (”:)

where
— Bu(x — [x]), if xis not an integer;
0, if x is an integer.

called the n-th periodic Bernoulli polynomials defined on 0 < x < 1, and B,(x) is the n-th Bernoulli
polynomials. Clearly, S(h,1,k) = S(h, k) is the classical Dedekind sum.
Recently, Kim et al. [8-10] studied the poly-Dedekind sums given by

k

s = £ ()8 ()

a=1

where R(j") (x) = B,(lm) (x — [x]) are the type 2 poly-Bernoulli functions of index 1, and obtained some
interesting identities. Obviously, Sgl) = S(h, k) is the classical Dedekind sum.

Let 4 > 2 be a prime, p be a given prime with p < g. Using the similar method of
Shparlinski, LE. [11] and combining with the mean value of L-functions and estimate of character
sums, the authors and Wang, N. [12] studied the mean value distribution of the general Dedekind
sums over short interval, that is

Yo 5 a'b*S(ab, n, q),

a<N b<N

here n and N be two positive integers with ¢¢ < N < g'~¢, I,k be two non-negative integers and b

denote the multiplicative inverse of b modulo g. However, in the final remarks, Shparlinski, I.E. [11]

pointed out that “the author sees no reason why an appropriate asymptotic formula cannot hold for

even larger values of N, up to 4/2”. In this paper we can take N to g/p, then through transform, mean

value of Dirichlet L-functions and the properties of character sums to study the mean value of the

general Dedekind sums over interval [1, p) and obtain some sharper asymptotic formulae for it.
Now we give the main conclusion.

Theorem 1. Let q > 2 be a prime, p be a given prime with p < q, n be a positive integer. Then we have
(i) when n be an even number,

)2 (1 () 1te
Y., ) S(abnq) = om0 \ 3,2 Cpn P2 +0(777),

u<q h<q

27Td1

vy (u,n)
here Cp = Z d cyp(un) =Y
u=1 u? dydy=u
(ii) when n be an odd number,

1-n
S,

7 _ (n!)zqz 1+e
2 2 S(ab,n,q) = —5——5Tpn +O0(q7°),

22n—2 ;2042
a<% b<%
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here
2
1& vp(un) 1 1\ & v2(u,n)
Tpn = Eu; s +2(1+P2)u21 ”
N 1 i v(u,m)vp(pun) 1 i v(u,n)v(pu,n)
pZ u=1 u? pZ u=1 u?
i": v(u,n)vy(u,n)
u=1 u? '

vp(u,n) = Y, cos —— 27ty dy" v(u,n) zzdlf”.
d1d2:u p d\u

It is clear that C,,, and T, are constants depending on p and n. From our theorem we may
immediately deduce the following corollaries:

Corollary 1. Let q > 2 be a prime, we have

Y Y S(ab,2,q) = —ﬂﬂ +0(g"+e),

a<%b<%

Y Y s (abg) = 2 q? +0(g1 ).
144i

u<qb<q

Corollary 2. Let q > 2 be a prime, we have

7, _ q 1+e

a<%b<%

Yy L o).
s ~ 10800

a<y b<y

For the general index m, the method of our article does not obtain the expected result. It would be

an interesting question to continue to study the mean value of s,({”) (h, k).

2. Some Lemmas

To prove the theorem, We need the following lemmas.

Lemma 1. Let k and r be integers with k > 2 and (r,k) = 1, x be a Dirichlet character modulo k. Then we have

L 0= ¥ w (%) o)

x mod k [(k,r—1)

where }* \ mod k denotes the summation over all primitive characters modulo k.
Proof. See Lemma 4 of reference [13]. [

Lemma 2. Let k > 3 and h be two integers with (h, k) = 1, n be positive integer. Then we have

S(h,n,k) = (n!)? Y > Y x|l x)|
gn—1}2n—12n i ¢(d) Y mod d ’
x(=1)=-1
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for odd n and
SO K) = g T A T xLn0f — p)
gn—1j2n—12n T ¢(d) (o d ’ 4n—172n
x(=1)=1
for even n.

Proof. See Theorem of reference [7]. [

Lemma 3. Let x be a primitive Dirichlet character modulo k. Then for any real number A € [0,1) with A # ¢,
we have

" )y X(n)sin(2mnA) ifx(—1) =
T n ’
MO =0 0" 0o
a=1 LT fa(=1) =-1.

where [x] denotes the greatest integer less than or equal to x, T(x) = YX_, X(a)e(%) is the Gauss sum and
ely) = 2.

Proof. See Section 3.1 of [14]. [

Lemma 4. Let k > 3 be an integer and p be a prime with p 1 k and p < k. Then we have the identity
(i) for even primitive character x mod k,

Y (@) = 0y @, ep).

g<% i (p) &mod p
Z(-1)=-1

(ii) for odd primitive character x mod k,

) (50 1 g, g4 2100 N
o) = D (1- 2 L)+ o) I oL
” &(-1)=1

Proof. From Lemma 3, (i) when x(—1) = 1, we can write

®  sin(27n/ Rl om0 g
L o) = 8§ g2 Ty 2§ L
i<y n=h( mod p)
Now
o X(n) 1 =y v 6x(n) 1 . _
fi = h)L(1, .
h(nzd) g, I, S0 L = g T
n= p
Furthermore,
P! 27th

where e(x) = €2,
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Thus, we obtain the identity for x(—1) =1,

09 N
L (o) = 2ty | I w1040,

a<k
’ e(-1)=—
(i) when x(—1) = —1, we can write
T(x) & _, \1—-cos(2rtn/p)
xa) = T3 gyl elmn/p)
u; 7T n; n

_ T(X) L1 i cos 27m/p)>

1 n

_ T@Om,@ ) § g icesms)

7Ti = n
Now
X icos(2mtn/
() (n p)
n=1
p—1 © —
= i COS@ Z ()
h=1 n=1 n
n=h( mod p)
Rl omn 1 _ ix(p)
= i cOS —— c(hL(,¢x) + L(1,%
Loos =% 5y, I, SmLen+ L0
p—1
- Enycos M) Lt e + 2P 11, ),
‘P(p)gmodp h=1 p
noting that
(h) (—h) 27th
e{—)+e|l— ) =2cos—,
p p p
we have

a1 Es0 (1) o(2)] - 22420

So, we can get

= zcos (27tn/p) i - . ix(p) ~
L=, ¢(p)gn§ipf(6)L(Lé‘x)+ 5 L)

Thus, we obtain the identity for x(—1) = —1,

¥ ato) = 2 (1- )

7T1
k
”<p

This proves Lemma 4. [J

50f15
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Lemma 5. Let q > 2 be a prime, p be a given prime with p < q, n be a positive integer. Then we have

Y Y X x(@d)|L(m )=

a<% b<% x mod q
x(-1)=1

© 2y, n 2
here Cpp =) Ll ),'yp(u,n) = ) sin iy

2
u=1 u dydy=u

2
Y Y x@h) el =1

a<1p<i xmodgq
p
x(=1)=-1

here

.d;_”. an

‘12 1
ﬁcp,n +0(g' %),

d

Tp,n + O(q1+€),

2
1 & vp(un) 1 1) & 1/2 u,n
Tp,n = = E > +* 1"'72 E
2 u 2 =

Proof. From Lemma 4, for x(—1) = 1, we have

Y Y X x@h)Linpf

9 9 d
a<pb<p X mod g

1 & v(u,n)v(pu,n)
72—

u=1

x(=1=1
= Y LeoP L x@ Y x®)
xmod q a<l b<
x(=1=1
_ 2 (%) (1 . T(%) NL(L A
L ol Sty B r@L DTy B )i
x(=1)=1 g-1)=-1 A=1)=—1
= gy L Lo ©or@Lac T tLiy
p x mod g ¢ mod p A mod p
x(=1)=1 ¢(-1)=-1 A(-1)=-1
- 1 z A
¢ (p) Xrgdq émzodp e )\Ir%dp R
x(=1)=1¢(-1)=-1 AM=1)=—-1
LR ©ogayay [ x@ T A"
dydy=u d} dy=v
x| Y - Z; -

1 M
2 ¢2(p)

6 of 15
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For convenience, we put

A(X/ S y) Z ) Y é(ddy",

N<u dldzzu

where N is a parameter with ¢ < N < ¢°. Then from Abel’s identity we have

M = ) )y ) Y
xmodg ¢modp A mod p
XD=1E(-D)=-1  A(-1)=-1

Ru) £ gy [ x) A

= dydy=u djdy=v
= X X t® X W
xmodg ¢ modp A mod p
x(=1)=1¢(-1)=-1 AM=1)=-1
X(u) ¥ G(di)dy ™" _
< Z didy=u +/ A(X,zg,y)dy
u<N u N Y
X)) © Al i
% Z dydy=v +/ A(?C/Z)\f]/)dy
v<N v N Yy
= X X @ X W
xmodg ¢modp A mod p
x(=1)=1¢(-1)=-1 A(=1)=-1
Ru) T d)dy" x@) T A"
d1dr=u did’zzv
| X
u<N u v<N v
+ Y X @ X W
xmodg ¢modp A mod p
AM=D=1E(-D)=-1  A(-1)=-1

$) L oeddy
" Z dle:Z 1)8; (/ A(X,/\,y)dy>

u<N N y2
+ X X @ Y
xmodg ¢modp A mod p
MED=1E D=1 A-)=-1

x(0) T Ad)dy "

dydy=o ® A(x,C,
«| v . (/N (xzéy)dy>

v<N Y
T OOA _/ 7 OOA //-\/
FEOD e E (AR ([ AL,
xmodg ¢ modp A mod p N y N Y
X(~D=18(-1)=-1  A(-1)=-1
= M+ My + Mz + My, 1)

we shall calculate each term in the above expression.
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(i) From Lemma 1 we have

x mod g x mod g
x(=1)=1
1 1
= 2 L xm)+y L x(-m)
x mod g x mod g
1 q 1 q
= 3 n(z)e@d+5 3 u(5)e@
2 d|(g,av—1) (d) 2 d|(g,av+1) d>
In addition, we have
z . 27ti &
T 1 = a)e 1
Y (@) Y Y (a)e™rg(d)
¢ mod p ¢mod p a=1
f(-1)=-1 {(-1)=-1
p .a
_ 2 E g-(a)eZm%
¢mod p a=1
f(-1)=-1
_ ¢(p) 2711'”171 _ ¢(2P)62ﬂi@
= ip(p)sin dl.
Similarly, we can also get
; 27d,
Y TO)A) = ig(p)sin =L
A mod p P
A=1)=—1

So, we have

¢ mod p A mod p dydy=u dydh=v
Z-1)=-1 AM-1)=-1
27td) _
= —¢*(p) ) n27‘cd1 " Y sin iy d’zl "
d1d2:M p dlld/2='0 p
= —¢*(P)rp(u,n)yp(o,n).
Hence, we can write
M = ) Y, @ )Y, )
xmodg ¢ modp A mod p
x(-1)=1¢(-1)=-1 A-1)=-1
X)) T Ed)dr x(0) T Ay
% Z didy=u Z dydy=v
U<N u v<N v

¢ mod p A mod p
é(-1)=-1 A(—=1)=-1
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Yot x Ay "

dldzzu d/ld/zzv

x 3oy

1<u<N 1<v<N uv x mod g
x(=1)=1
R r 0 (p)rp(u,n)yp(v,n) p
-2 Z Z uv 2 y(3><p(d)

1<u<N 1<v<N d|(g,uv—1)

2
Z’ Z/ ¢ (p)fyp(“/n)’)/ri(vln) Z I (Q) 4)(d)

uo

d

NI~

1<u<N 1<v<N d|(q,10+1)

1 q p)vp(u,n)yp(v,n)
- Do @ G

1<u<N1<v<N

u=v( mod d)
R Py P n)yp(on)
dZ# (7)o@ ¥ ¥ - : @
7 1<u<N1<v<N
u=—v( mod d)

where Z’ denotes the summation over n from 1 to N such that (1,4) = 1.
1<n<N
For calculation convenience, we divide the sum over u or v into four cases: (i) d < u,v < N;

(ii)d<u<Nand1<ov<d-1;(i)1<u<d—-landd <v < N;iv)1 <u,v <d-—1.So we have

Zi‘( ) )y Z P)rp ”:)7;7(0 1)

dlq Ad<u<N d<v<N
u=v( mod d)
d—1d—
(p)yp(rid + 1y, n)yp(r2d + 1o, n)
<Y Y ¥ YY
diq 1< <N 1<n< N h=1h=1 (r1d +11)(r2d + o)
l1=I( mod d)
. Y défn Y d/zlfn
2 471 ) (nd+h) dy|(rad+1)
<
9 (p)%w )1<§<N1<§<’;1 T (nd T h)(nd + 1)
d—1
(1’1d + ll)Tz (1’2d =+ ll)
< ¢*(p) Y ¢(d) '
i dZ\qM) 1<n <N 1< <N h=1 (rld‘Hl)(er‘Hl)
d rd +1)(rod +1)]€
< Fpr (nd +1)(r2d + )
dlg 1<n<N¥i<n<N 172
< ¢*(p)g°. 3)

§ u,n o,n
Yu(Dew ¥y 7 ()7 (1, 1) 7p (0, )

dlg d<u<N1<v<d—1 uv
u=v( mod d)
e d+1
< Yo ¥ Y Zr(l’(p)vp(md ll,ﬂ)’yp(v,n)
dg 1<n<N1<o<d-1h=1 (rd +h)o
v=I1( mod d)
To(rd + ) (v
< FTew Loy mperont
dlq 1<n < 1<v<d—1 1

< PYed Y Y (rnod)!
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and

10 of 15

< P(p)g". @

9\ o(d / 2 (P)rp(w,n)yp(o,n)

%y<d) 7 )1§u§d71dg;§N uv
u=v( mod d)

< FHYeD) ¥ L (unad)f?

dlg 1§u§d—11§r2§%
< ¢*(p)a", 5)

where we have used the estimate 17,(n) < n€.
For the case 1 < u,v < d — 1, the solution of the congruence u = v(modd) is u = v. Hence,

Z/ 4’2(P)7p(ur ”)')’p(vr n)

uo

Yu(f)e@ ¥

Then from (3)-(6), we have

dlg 1<u<d—-11<v<d-1
u=v( mod d)
= #orr(T) @ ¥ L
dlg d 1<u<d-1 u?
2 q > ’)/;27(1/{,1’1) 2 €
= ¢<p>d2u(d)¢<d> Y, Sz 0@ ()
lg (ub,lq_):l
©  42(u,n
— -2 ¥ PR o
()=t
0 A2 0 A2
= (1-26*(p) 21””(;”)21”2‘2’") +O(#*(p)g°)
qlu
2y 52 o) 20 g€
= @=29°) L 7 + 0 (p)r’) ©)
1 q ! ! ¢2<P)7p(”/”>7p(01")
2%“(01) (P(d)lg;gngvgN uv
u=v( mod d)
2 —2) & Yi(u,n
_ _47 (p)gq 2) ;717(112 )+O((P2(P)¢]€)
2 _
— 7(P (P)gq Z)Cp,n+o(¢2(17)qe)~ (7)

Similarly, we can also get the estimate

1 q r o PP n)rp(o,n)
—Z T g(d

zdzp,;y(d) # )15%1\]1;;51\1 uo
u=—ov( mod d)

2 n N
_%Zﬂ(g)‘l’(d) Z/ 1 97 (p)yp(u,n)yp(o,n)

dlg 1<u<N1<o<N uo
u+v=d




Symmetry 2020, 12, 2079 11 of 15

2 u,n u,n
_,Zy(g) Z’ Z/ ¢ (P)'Yp( )')’p( )

dlg 1<u§N1§v§N uo
u+ov=Id,1>2
Yp(,n)yp(d —u,n)
< PRy
dlg 1<u<d-1

] u,n —u,n
Lo Yy o ZZZZ”_(ZZZ )

i
d uc(d —u)¢
dlg 1<u<d—1
2@ v LT wea—upe
+¢°(p) o Y. 2
dlq 1<usN|=[4]+2 lu—7
2 ¢ ¢(d) & & uele
< P+ XY
==
q
< ¢(p)’. ®)
Then combining (2), (7) and (8), we have
2( 1) (g—
My = B C, L+ O(9% (p)gF). ©)
(ii) From Lemma 4 of [15], we have the estimate
Y AW X <yteg,
XF X0
where x denotes the principal character modulo g, A(y, x Z Xx(n ). Then from the Cauchy
N<'rl<y

inequality we can easily get

lie 3
Y, A< Y 1Al x)| <yiteqr.
x(-1)=1 XF#Xo

Using this estimate we have

My = )} t@) X
xmodg ¢ modp A mod p
x(=1)=1¢(-1)=-1 A-1)=-1

1
(1) (d1)dy ™" -
. R e fo (/Noo A(X,A,y)dy>

u<N

= —¢*(p) L W/Nwi Y Y x(@m(on) | dy

1<u<N u y x mod g N<ov<y
x(=1)=1

< ¢y MO Ly A |y

1<u<N u N Y x mod g
x(=1)=1
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© 1

< @ L o[l Lo law)l

1<u<N N Y Xx mod g
x(-1)=1

+€1
< (P quZ

dy < ¢*(p) ——

(iii) Similar to (ii), we can also get

NI

Mz < ¢*(p) ql

7€

dy

12 0f 15

(10)

(11)

(iv) Using the same discussion in (ii), and making use of the absolute convergent properties of the

integral, we can calculate

M= Y Y @ % T(A)</°°A(Xy,2€,y)dy> </N°°A(x,27\,y)dy>

xmodg ¢modp A mod p N

XMD=16(-1)=-1  A(~1)=-1

* 1
= ¢*(p) Y </N]/ N<Zu;<y7( ’Ypun)dy> (/Nyz

x mod g
x(=1)=1

< 90 ¥ (/Noo A(;/i)ady) (/Noo A(;X)do

)(modp
x(=1)=
< o[ [ AW DA, x)ldydz
N yZZZ )(modq
x(-1)=1

< ¢2<p>/N°°;2/N°°ZZ(z|A ) (Z|Ay,

XFXo0 XF#Xo0

1 2
< ¢*(p) (/N 7 (;IA% 2) dy)
X7X0

) 2 2
< ¢*(p) (/ . dy) <<4>2(P)N‘i_€-

Nyfe

y

2
2) dydz

Now taking N = g* and € < %, combining (1) and (9)—(12), we have

2 _
m=-TOU=D e, o)),

Thus we obtain the asymptotic formula for x(—1) =1,

Yo ) ). x(ab)|L(n x)| _WZ)M

a<lb<d xmodgq

x(=1)=1

‘1
277 2

Cpn+O0(g" ).

(12)
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For x(—1) = —1, from Lemma 4, we have

Y Y X x@d)Linx)P

u<% b<% X mod q
x(=1)=-1

_ 2| Tx) (, _ X(p) 09 : _
= Ll | (-1 )L(1,X)+mp(p)§ L @t
M(=1)=—1 Z-1)=1
(%) (| x(p) (@) :
x| == (1 ; )L(l,)()+n¢(p)AHEPT(A)L(I,AX)
A(-1)=1
4 RO (3 XD o L
= & T () (-E) el
x(=1)=-1
-1 _@ 2 - =
g I (- 5P) reorion s
x(=1)=-1 A(-1)=1
-4 _M 2 = _
e T (1) 0Pl T @)
x(=1)=-1 &(-1)=1
q 0 )2 z _ -
PR LT WL I AR
x(~1)=—1 E(-1)=1 A(=1)=1
== A+B+C+D.

Using the same method as proving x(—1) = 1, we can easily get

2 o 2
_q 1 vi(u,n pu n) 1
A—mﬂ@+ﬁ)§uz- Ar +0(§™),
v(u,n)vp(pu,n)  p?> & v(u,n)vy(u,n) 1
B= p -y 2 1 0(g ),

2 o 42
_ 1 Vp (u’ I’Z) 1+e
=aa L a 06
Thus we obtain the asymptotic formula for x(—1) = —1,
7 27
Y2 X x@)[L(n ) = 5Ty +0(g"").
a<db<i xmod q &
x(=1)=
This proves Lemma 5. [J
3. Proof of Theorem and Corollaries

In this section we will accomplish the proof of the theorem and corollaries. From Lemmas 2 and 5,
we have:
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(i) when 7 be an even number,

2 2 S(aE, n,q)

11<E b<E

_ (n)2¢*(n) (1
Togn— 17-[2714) ; b; Xr%dq X llb |L n, X)' + An—1,2n q2n—1 1 Z Z 1
T e

(n)*q® (1 g*(n) e
ER O P

22n—2 7121 2 P

(ii) when n be an odd number,

7 (”!)24 T 2
Z Z S(ab,n,q) = W Z Z Z x(ab) |L(n, x)|

q q
a<pb<p

(n!)*q?
= D22 2012 Ty +0(g'7).
This completes the proof of the Theorem.
Taking p = 2 and n = 2 or 4 in the Theorem, we get Co» = C4 = 0. When 7 be an even number,

from reference [7], we can easily calculate

(2m)n-1

(1) _
S}’l (h/k) - in+1 . 7’l'

S(h,n,k).

Noting that {(2) = 712/6 and {(4) = 7t*/90, we easily get Corollarys 1 and 2.
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