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1. Introduction

Differential invariants of various groups play an important role in applications [1-3].
Classical curvatures of submanifolds in Euclidean space arise as differential invariants of the orthogonal
group. The corresponding problem for symplectic spaces was initiated in [4]. Further works in this
direction include [5-10]. In this paper we consider the linear symplectic group action and compute
the corresponding algebra of differential invariants. We will use either the standard representation or
its trivial extension; other actions were also considered in the literature [11] and we comment on the
relations of the above cited works to ours at the conclusion of the paper.

Let V = R (x,y) be equipped with the standard symplectic form w = Y} dx; A dy;.
Every infinitesimal symplectic transformation of V is given by the Hamiltonian function H € C*(V)
and has the form Xy = w~'dH, and the Lie bracket of vector fields corresponds to the Poisson bracket
of functions. By the Darboux-Givental theorem, the action of Symp(V, w) has no local invariants.
However these arise when we restrict to finite-dimensional subalgebras/subgroups. Namely, functions
H quadratic in x, y form a subalgebra isomorphic to sp(2n, R). For functions of degree <2 we get the
affine symplectic algebra sp(21, R) x R?". We will concentrate on the linear case and compute the
algebra of differential invariants for submanifolds and functions on V.

It turns out that for curves and hypersurfaces one can describe the generators for all n that
we provide, while for the case of dimension and codimension greater than one, this becomes more
complicated. Of those, we consider in details only the case of surfaces in R%. Generators of the algebra
of differential invariants will be presented in the Lie-Tresse form as functions and derivations, and for
lower dimensions, we also compute the differential syzygies. We will mainly discuss the geometric
coordinate-free approach. The explicit formulae are rather large and will be shown in the Appendix A
only for n = 2.

We also consider the space W = R?>"*1(x,y,z) equipped with the standard contact form a =
dz — Y ! y;dx;. Every infinitesimal contact transformation of W is given by the contact Hamiltonian
H e C®(W)viaa(Xy) = H, Xy (a) = 0,(H), and the Lie bracket of vector fields corresponds to the
Lagrange bracket of functions. Again, the action of Cont(W, [¢]) has no local invariants, however,
these arise when we restrict to finite-dimensional subalgebras/subgroups. Namely, functions H
quadratic in x,y,z with weights w(x;) = 1 = w(y;), w(z) = 2 form a subalgebra isomorphic to
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csp(2n,R). For functions of degree <2 we get the affine extension (R @ sp(2n,R)) x heis(2n + 1)
by the Heisenberg algebra. For simplicity, we will concentrate on the action of sp(2n,R), and then
comment how to extend to the conformally symplectic algebra and include the translations.

It is interesting to remark on the computational aspect of the results. There are two approaches
to compute differential invariants. The infinitesimal method is based on the defining Lie equations
and works universally for arbitrary Lie algebras of vector fields. The moving frame method is based
on elimination of group parameters and is dependent on explicit parametrization of the Lie group
(or pseudogroup in infinite-dimensional situation) and its action. In MAPLE, these in turn rely on
pdsolve and eliminate commands or some algorithmically optimized versions of those (via Grobner
basis or similar). For the problem at hand, we can use both since one can locally parametrize the
group Sp(2n, R) and its linear action. The Lie algebra method works well in dimension 2 (symplectic
case n = 1) and fails further. The Lie group method works well in dimension 3 (contact case n = 1)
and fails further. Computational difficulties obstruct finishing calculations already in dimension 4
with these straightforward approaches. We show, however, how other geometric methods allow to
proceed further.

This paper is partially based on the results of [12], extending and elaborating it in several respects.
Some applications will be briefly discussed at the end of the paper. The paper is organized as follows.
In the next section, we recall the basics. Then, we describe in turn differential invariants of functions,
curves and hypersurfaces in symplectic vector spaces, and also discuss the particular case of surfaces in
R*. Then, we briefly discuss the invariants in contact vector spaces and demonstrate how to compute
differential invariants for conformal and affine extensions from our preceding computations.

We present most computations explicitly. Some large formulae are delegated to the Appendix A,
the other can be found as Supplementary Material in this article.

2. Recollections and Setup

We refer to [13] for details of the jet-formalism, summarizing the essentials here.

2.1. Jets

Let M be a smooth manifold. Two germs at a € M of submanifolds Ny, N, € M of dimension n
and codimension m are equivalent if they are tangent up to order k at a. The equivalence class [N]¥
is called the k-jet of N at a. Denote JX(M, n) the set of all k4ets at a and J*(M, n) = U,cpJ5(M, n) the
space of k-jets of n-submanifolds. This is a smooth manifold of dimension 7 + m(n;{“k) and there are
natural bundle projections 71y, : J*(M,n) — J'(M,n) for k > | > 0. Note that J°(M,n) = M and
JH (M, n) = Gry(TM), while 7ty ;1 : J§(M,n) — J*=1(M, n) are affine bundles for k > 1.

Since functions f € C*°(M) can be identified with their graphs £ C M x R, the space of k-jets of
functions J¥M is defined as the space of k-jets of hypersurfaces ©. C M x R transversal to the fibers
of the projection to M. This jet space embeds as an open subset into J¥(M x R, 1), where n = dim M
(and m = 1) and so its dimension is n + (”}fk ).

Sometimes, we denote spaces J*M and J¥(M, n) simply by J*. The inverse limit along projections
Tk k—1 yields the space J* = I'Ln]k. ‘ o

In local coordinates (x,y) on M a submanifold N can be written as y/ = y/(x'),i =1,...,n,
j=1,...,m. Then the jet-coordinates are given by x'([N]¥) = 4/, y{,([N]lg) = a(—‘;:g] (a) for a multi-index
o= (i,...,in) of length || = Y[ is < k.

For the jets of functions u = u(x) we use the jet-coordinates x([u]X) = a’, u,([u]¥) = aa‘j(,” (a).
We sometimes also write u instead of u(, and we often lower indices for the base coordinates, like x;

instead of x? etc, if no summation suffers.
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2.2. Prolongations

A Lie group action on a manifold M is a homomorphism ® : G — Diff(M). Any g € G determines
a point transformation ®,(a) = ¢ -a,a € M. This induces an action on germs of submanifolds, hence
on jets of submanifolds, namely

o (INJE) = [@g(N)]f, (o)

Similarly, if X is a vector field on M, corresponding to the Lie algebra g = Lie(G), the prolongation
or lift gives a vector field X () on Jk. If (x,u) are local coordinates on M (with x’ interpreted as
independent and 1/ as dependent variables) and the vector field is given as X = a'd,; + b/d ;, then its
prolongation has the form

Nk

x® =D 1 Y Dole))a,,
jol<k ’

where ¢ = (¢',...,¢") and ¢/ = b/ — a"u{: is the generating vector-function, Dy = d,i + L ¢ ujT +1,9
(k+1)
xi

j
Uz
is the total derivative, D its truncation (restriction to (k 4 1)-jets: |t| < k) and D, = D;ll - D

for o = (iy,...,in) is the iterated total derivative.

2.3. Differential Invariants

A differential invariant of order k is a function I on | k which is constant on the orbits of oK)
action of G. If the Lie group G is connected this is equivalent to Ly [ = 0 for all X € g (some care
should be taken with this statement, mostly related to usage of local coordinate charts in jets, see the
first example in [14]).

The space of k-th order differential invariants forms a commutative algebra over R, denoted by
Ay. The injection 71, ; ; induces the embedding Ay C A1, and in the inductive limit we get the
algebra of differential invariants A C C®(J*°), namely

A = lim Ay

Denote by G, = {g € G : g-a = a} the stabilizer of 2 € M. This subgroup of G acts on JX.
The prolonged action of G is called algebraic if the prolongation Gtgk) is an algebraic group acting
algebraically on J* ¥ a € M. For our problem, the action of G on M is almost transitive and algebraic,
so by [14] the invariants I € A can be taken as rational functions in jet-variables u{,; moreover they may
be chosen polynomial starting from some jet-order. This will be assumed in what follows.

In our situation A is not finitely generated in the usual sense since the number of independent
invariants is infinite. We will use the Lie-Tresse theorem [14] that guarantees that A is generated by a
finite set of differential invariants and invariant derivations.

Recall that an invariant derivation is such a horizontal (or Cartan) derivation V : A — A
(obtained by a combination of total derivatives) that it commutes with the action of the group: Vg € G
we have g§k+1)v =V gSf‘) for k > ko, where kj is the order of V, which can be identified with the
highest order of coefficients in the decomposition V = ¥; a(x, u{,)Dxi. Equivalently we can write
VX € g: Lyx)V = VL for k > ko. This implies V : Ay — Ay in the same range.

Invariant derivations form a submodule CD® C CD(J®) in the space of all horizontal derivations.
It is a finitely generated .A module: any V € CDC has the form V = I'V; for a fixed set V; and I' € A.
By ([14] Theorem 21), the number of derivations V; is n.

We compose iterated operators Vj : Ay — A ;| for multi-indices ], and then A is generated by
VI; for a finite set of ;.

2.4. Counting the Invariants

An important part of our computations is a count of independent differential invariants.
Denote the number of those on the level of k-jets by sx. This number is equal to the transcendence
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degree of the field of differential invariants on J¥ (when the elements of A, are rational functions) and
it coincides with the codimension of G*) orbit in J*.

Since in our case G is a (finite-dimensional) Lie group, the action becomes eventually free,
ie., Gélk() = id for sufficiently large k > ¢ and generic a; € Jk cf. [1]. In this case, the orbit is
diffeomorphic to G, in particular s; = dim J* — dim G for k > .

The number of "pure order” k differential invariants is I = s — sx_1, so it becomes

hy = dim J* — dim J*1 = m ("t for k > £

The Poincaré function P(z) = Y.3° ,iz* is rational in all local problems of analysis according to
Arnold’s conjecture [15]. In our case, this P(z) differs from m(1 — z) " by a polynomial reflecting the
action of G.

Note that by the eventual freeness of the action, the algebra A is generated by invariants and
derivations at most from the jet-level /.

2.5. The Equivalence Problem

The generators I; (1 < i <'s), V; (1 < j < n) are not independent, i.e., the algebra A is not
freely generated by them, in general. A differential syzygy is a relation among these generators.
Such an expression has the form F(Vy, (I;;),...,Vy,(I;,)) = 0, where F is a function of t arguments
and [y, ..., J; are multi-indices. Choosing a generating set F, of differential syzygies, we express

A= <Il';V]'|FV>.

This allows to solve the equivalence problem for submanifolds of functions with respect to G as
follows. Consider the above Lie-Tresse type representation of A. The collection of invariants I;, V;(I;)
(totally r functions) allows to restore the generators, while the relations F, constrain this collection.
Any submanifold N (for function f given as the graph ¥y ~ M) canonically lifts to the jet-space J*:
N > a+ [N]Z. Wethusmap ¥ : N — R", ¥(a) = (L([N]), V;(I;)([N]7)). Due to differential
syzygies the image is contained in some algebraic subset Q C R". Two generic submanifolds Ny, N,
are G-equivalent iff ¥(N;) = ¥(N,) as (un-parametrized) subsets.

2.6. Conventions

All differential invariants below are denoted by I with a subscript. The subscript consists of
a number and a letter. The number reflects the order of an invariant, while the letter distinguishes
invariants of the same order. If no letter is given, there is only one new (independent) invariant on the
corresponding jet-space.

The symplectic Hamiltonian vector field in canonical coordinates on V has the form Xy =
Y¥; Hy,0x, — Hyx;dy,. The Poisson bracket given by [X, X] = X{¢ ) is equal to

(s o
{f/g} - 1:21 (axi ay,' a]/i axi) .

A basis of quadratic functions (x;xj, x;y;,yiy;) 2 f gives a basis of vector fields X forming sp(2n, R).
This may be extended to csp(2n,R) by adding the homothety { = }; x;0x, + y;9, that commutes with
sp(2n,R).

The contact Hamiltonian vector field in canonical coordinates on W has the form Xy = Ho, +
Y D,((?)(H)ayi — Hy,.D,(C}) = (H — Y yiHy;)9: + Y1 (Hy;, + yiH:)0y;, — Hy,0x,. The Lagrange bracket
given by [Xy, X¢] = X[y is equal to

_y(9f98 939f\ -~ (9f9s 9g9f 9g _ 9f
[f’g].2<ax,'6yi ax; dy; +§yl dzdy; 0z dy; + faz 89z )"

i=1 =1
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A basis of quadratic functions (x;x;, x;y;,yiy;) > f gives a basis of vector fields X forming sp(2n, R).
This may be extended to ¢sp(21, R) by adding the homothety X¢ = Y x;0x; + y;0y; + 2z0; for f =
2z — Y; x;y; that commutes with sp(2n, R).

3. Functions on Symplectic Vector Spaces

The group G = Sp(2n, R) acts almost transitively on V = R?" (one open orbit that complements
the origin), and it is lifted to J°V = V x R(u) with Iy = u being invariant. The prolonged action has
orbits of codimension 2 on J'V (one more invariant appears) and then the action becomes free on | 2y,

An invariant on J! is due to the invariant 1-form du and the invariant (radial) vector field
¢ = Y.i X;0x; + y;0y,;: their contraction yields

n

L =du(l) =Y Xy, + yiuy,.
i=1

3.1. The Case of Dimension 2n = 2

Here V = R?(x,y). To compute differential invariants of order k we solve the equation EX(k) I=0,

I € C*(J*V), for a basis of the Lie algebra sp(2, R) = s[(2,R): X; = xdy, Xo = x0x — ydy, X3 = yox.
For k = 2, in addition to Iy and [;, we get

L, = xzuxx + 2xyuxy + yzuw,
Ly = xtytiyy — Ylxlyy + (Yiby — Xty )iy,

2 2
I = Uity — 2uxlyllyy + Uy Uy

These invariants are functionally (hence algebraically) independent.
To determine the invariant derivations, we solve its defining PDE. The invariant derivations of
order k = 1 are linear combinations of

V1 =xDx+yDy, Va2=uyDy—uyDs.

Let A denote the algebra of differential invariants, whose elements can be assumed polynomial
in all jet-variables. Since the obtained invariants are quasi-linear in their respective top jet-variables,
and this property is preserved by invariant derivations, the algebra A is generated by them.

To find a more compact description, note that I} = V(Ip) and

Lo = Vi(lo) = Vi(l), Iy =—V2Vi(l).

Thus only Iy and I, suffice to generate A.
To describe the differential syzygies, note that V5 (Ip) = 0, and the commutator relation is
I g—1
Vi, V] = 2, + 2 v,

I I
In addition, when applying V1, V3 to Ip,, Ipp, Io. and using the commutator relation we get five different
invariants of order 3, while there are only four independent 3-jet coordinates. Thus computing the
symbols of the invariants and eliminating those coordinates we obtain the remaining syzygy:

(Va(Ip) 4+ Vi(Ioe)) It = (3L — I) Ipe + 313, = 0.
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To summarize, define

R1 = Va(lp),
Ry =1L[V1, V2] = Vi — (I — 1) V3,
Rs = [ Va(Ip) + 1 Vi(Io) — (3120 — ) Ipc + 313,

Then, the algebra of differential invariants is given by generators and relations as follows:

A= (Iy,Irc; V1,V2 | R1,Ra, R3).

3.2. Another Approach forn =1

We act similar to [16].

Note that V4 corresponds to the radial vector field { and V, = w~Ydu, where d is the horizontal
differential (in this case d=dx® Dy + dy @ Dy, so du = uydx + uy dy). To find further invariants and
derivations we consider the quadratic form

Q2 = d?u = uydx® + 2uyydx dy + uyydy* € m3S*T*V.

Lowering the indices with respect to the symplectic form (or partially contracting with w ™! = 9x A 9)
we get the endomorphism

A=w1Q, = Uyyyx @ dy — UyyOy @ dY + U0y @ dx — Uyxdy @ dx.
This can be lifted to the Cartan distribution on /* and thus applied to horizontal fields:

AV = (x”xy + ]/uyy)px - (xuxx + ]/uxy)Dyr
AV = (uyttyy — tytixy) Dy — (Uxllxy — tylixx) Dy.

These are also invariant derivations and they can be expressed through the previous as follows:

I I I I

AV, = -2y, - 2y, AV, =2V, + 2V,
L L L L

Note also that I, = Q2(V1, V1), Ly = —Q2(V1, V2), Iy = Q2(V2, V2), so that we can generate all

the invariants uniformly.

3.3. The General Case

In general dimension 21 we still have the invariant derivations V; corresponding to the radial
field ¢ and V, = w™1Q; for Q; = dly. Then, the horizontal field of endomorphisms A = w~1Q, for
Q, = d2I generates the rest: the invariant derivations V;, = AV, (alternatively V;,, = AlV1)
fori =1,...,2n — 2 are independent (also with V1, V) on a Zariski open subset in the space of jets.
This gives a complete set of invariant derivations Vy,..., Va,.

Taking into account I; = V;(Ip) the generating set of invariants can be taken Iy and Lj =
Q2(V;, V;). By dimensional count and independence it is enough to restrict toi = 1,2and 1 < j < 2n.
We obtain:
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Theorem 1. The algebra of differential invariants of the G-action on J®(V) is
A= (o, Li, hj; Vi | Ry)
for some finite set of differential syzygies R.

This is a Lie-Tresse type of generation of A. Note also the following (non-finite) generation of this
algebra. The higher symmetric differentials Q; = d*u € n,’gSkT*V can be contracted with invariant
derivations to get k-th order differential invariants Q(Vj,, ..., V). These clearly generate .A.

There is an algorithmic way of describing relations (syzygies) between these invariants similar
to ([16], Section 4). We refer for explicit formulae of invariants to [12] for n = 2.

4. Curves in Symplectic Vector Spaces

Locally a curve in R2" ig given as u = u(t) fort = xy and u = (xp,...,%u,Y1,...,Yn) in the
canonical coordinates (x1, X2, ..., Xn,Y1,...,Yn) - The corresponding jet-space ]k(V, 1) has coordinates
u;, I < k, where [ stands for the I-tuple of t. For instance, | 1(V,l) = R‘L”’l(t, u,u1). Note that
dim J*(V,1) = 2n + k(2n — 1).

4.1. The Case of Dimension 2n = 2

Let us again start with the simplest example V' = R?(x,y). The jet-space is J*(V,1) =
Rk+2(x, Y, Y1,---,Yx). Here G = Sp(2,R) has an open orbit in | 1(V,1), and there is one new differential
invariant in every higher jet-order k.

Let us indicate in this simple case how to verify algebraicity of the action (this easily generalizes

to the other cases and will not be discussed further). The 1-prolonged action of g = Z b €Gis

d

dyq +c)

(1) —
(o) X, Y, = x + by, cx +dy,
g ( 3/]/1) (ﬂ yC ybyl a

Since the action is transitive on J°(V,1) \ 0 = R2, choose p = (1,0) as a generic point. Its stabilizer is
1 b
01
Thus, the Lie-Tresse theorem [14] applies and the algebra of invariants .A can be taken to consist

Gy = C G. The action of this on the fiber 7, ) (p) is algebraic: y; — byzﬁ'

of rational functions in jet-variables, which are polynomial in jets of order >2.
The first differential invariant is easily found from the Lie equation:

L=— Y2
(xy1 —y)?

Similarly, solving the PDE for the coefficients of invariant derivation, we find

V = ! Dy.
XYy1—Y

Now by differentiation, we get new differential invariants I3 = VI, Iy = V2I,, etc. Since these are
quasilinear differential operators, they generate the entire algebra. In other words, the algebra of
differential invariants is free:

A= {(L; V).
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4.2. The Case of Dimension 2n = 4

Let us use coordinates (f,x,y,z) on V = R* with the symplectic form w = dt A dy + dx A dz.
Note that dim ]k(V, 1) = 3k + 4, and the jet-coordinates on Jk are (t,x,,2,..., %Xk Yk 2x). The action
of G=Sp(4,R)on | k (V,1) has orbits of dimensions 4,7,9,10 for k = 0,1, 2, 3 respectively. Thus the
first differential invariant appears already in jet-order 2, then two more appear in jet-order 3, and then
hx = 3 new invariants in every jet-order k > 4.

The infinitesimal and moving frame methods fail to produce enough invariants here, so we apply
more geometric considerations.

We exploit that G preserves the symplectic form on V, but also the fact that the action is linear,
so the vector space structure of V is preserved as well. In particular, the origin is preserved, so we
can form a vector from the origin to any point p = (t,x,y,z) € J°(V,1). Denote the corresponding
vector by

vo = (t,x,Y,2) = td; + X9y + Yoy + 20..

Consider the space of 1-jets of unparametrized curves J!(V,1). For a parameterization of the
curve ¢ = (t,x(t),y(t),z(t)) the tangent vector at any point of this curve can be computed as w; =
Dt(l = 0t + X190y + Y10y + 210z, which is rescaled v; = Bw; upon a change of parametrization. To make
v invariant we fix B by the condition w(vg, v1) = 1. This normalization f = 1/(ty; + xz1 — x12 — )
gives a canonical horizontal (that is tangent to the curve) vector field, which can be interpreted as an

invariant derivative .

Dy
(tyr +xz1 —x12 —Y)

The further approach is as follows. On every step there is a freedom associated to a
parameterization of a given curve. Fixing it in a canonical way via evaluation with the symplectic
form, we obtain invariantly defined vectors and henceforth invariants.

On the first step, changing the parameterization ¢ = c(t) to another parameterization ¢ = ¢(7)
results in a change of the tangent vector by the chain rule:

dc dtdc

dt — dtdt’
This can be written as wy = kjvq, for dt/dt = kq. The vector wq, associated with a specific choice of
parameterization, is not canonical but convenient for computations. The above normalizationk; = 1/

makes v7 a canonical choice.
The change of parameterization on 2-jets gives

Po_ P 4tV de e
2~ 42 \ dt dr df2’

Denote vy = d?c/dt2, wy = d%c/dt? and d?t/dt? = k,. The equation becomes
Wy = 'Uzk% + v1ks.
In the parameterization ¢ = c¢(f) the acceleration is wy = (0, x2, Y2, z2). We solve for v, as

wy — viko
,02 = T.
1

Then, k; can be fixed by w(vg, v2) = 0. This uniquely determines v,, which can now be used to find
the first differential invariant. In fact, I, = w(vy, v,) is a differential invariant of order 2. In coordinates

X122 — 21X2 + 2
(ty1 + xz1 —zx7 — y)3°

L =w(vy,v) =
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There are 2 independent third order invariants by our dimension count. The first can be obtained
as V (), to find the second we exploit the above normalization method on 3-jets. The change of
parameterization is

Bc  dc (dr\®  _d*cdrdit | dcdit
P (dt) a2 dt de | dr ap

Again, rewrite it in simpler notations as
w3 = U3k? + 3k1kovy + k3vy.
Here, w3 = (0, x3,y3,23) and the unknown k3 can be fixed by the condition w(vg, v3) = 0, where

w3 — 3k1k202 - k32}1
I3
1

03 =

This uniquely determines v3, which allows the computation of two new differential invariants:
I, = w(v1,v3), Iz = w(vy,v3).

The invariants I3, and I3, are independent, but I3, can be expressed through V (I), so it is not required
in what follows.
Finally, we explore the forth order chain rule

d4c  d*c [dr\* B [dT\? Pt d’c dt d®t d?t 2 de d*t
=7l teozs |5 52 T3 4555 3| 57 + ——
dart  drd \ dt dr3 \ dt ) dt dt dt dt dt drt dt4
that can be written as
Wy = 04]{‘11 + 6031{%](2 + 07 (4k1k3 + 3k%) + v1ky

with wg = (0, x4, Y4, 24). Find k4 by w(vg, v4) = 0. This uniquely determines v,, then the invariants of
order 4 are found by the formulae

Iy = w(v1,v4), Ly = w(vo,v4), Iye = w(v3,v4).

These are independent, but I, and Iy, can be expressed by the invariants of order 3 and the invariant
derivation, so they will not be required in what follows.

This gives the necessary invariants to generate the entire algebra of differential invariants.
To summarize, if we denote I3 = I3, and Iy = Iy, then the algebra of differential invariants is
freely generated as follows

.A - <12, 13, 14,‘ V>

The explicit coordinate formulae of invariants are shown in the Appendix A.

4.3. The General Case

In dimension dimV = 2n the following dimensional analysis readily follows from the
normalization procedure developed above.
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Jet-level k | dim J¥(V,1) G-orbit dimension # new invariants f
0 2n 2n 0

1 4n —1 2n+(2n—1)=4n—-1 0

2 61 —2 (4n—1)+@n-2)=6n-3 |1

3 8n—3 (n—3)+(2n—3)=8n—6 2

4 10n —4 (8n—6)+ (2n—4) =10n—10 | 3

k 2n+k(2n—1) | 2(k+1)n— (*7h k—1

2n—1 @n—1)%+2n | (*5h 2n—2

2n 4n? --+ stabilized 2n—1

In particular, the number of pure order k differential invariants is iy = k —1for1 < k <2n and
hy =2n—1fork > 2n.

If the canonical coordinates in R?" are (t,x,y,z), where x and z and (n — 1)-dimensional vectors,
then the invariant derivation is equal to

1
(t]/l -V +xz1 — xlz)

We also obtain the first differential invariant of order 2

(120 — X021 + 12)

L = .
2 (ty1 —y + xz1 — x12)3

Then, we derive the differential invariant V(I,) and add to it another differential invariant I3 of order
3. Then, we derive the differential invariants V2(I,), V(I3) and add another differential invariant I of
order 4. We continue obtaining new invariants by using the higher order chain rule and normalization
via the symplectic form up to order 2n.

In summary, we obtain 2n — 1 independent differential invariants I,...,I», of orders
2,...,2n respectively.

Theorem 2. The algebra of differential invariants of the G-action on J*(V,1) is freely generated as follows:

A: <12,...,12n;V).

5. Hypersurfaces in Symplectic Vector Spaces

Since hypersurfaces in R? are curves, the first new case come in dimension 4. We consider this
first and then discuss the general case.

5.1. The Case of Dimension 2n = 4.

Let V = R?, denote its canonical coordinates by (x,y,z,u) with w = dx Adz + dy A du.
Hypersurfaces can be locally identified as graphs u = u(x,y, z) and this gives parametrization of an
open chart in | k (V,3). We use the usual jet-coordinates uy, tyy, Uy, etc.

As is the cases above, straightforward computations become harder. Maple is not able to compute
all required invariants and derivations, so we again rely on a more geometric approach. Before going
through the method, we investigate the count of invariants.

The group G = Sp(4, R) acts with an open orbit on J%(V,3). On the space of 1-jets the dimension
of the orbit is 7 = dim J!(V,3), hence there are no invariants. The orbit stabilization is reached on
T 2(V, 3), where the action is free. The rank of the action is 10 and dim | 2(V, 3) =13, so thereare i) = 3
independent differential invariants. For k > 2, the number of new differential invariants is /i = (kgz).
In particular, h3 = 10.
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The number of independent invariant derivations is 3, so these and 3 invariants of order 2
generate a total number of 9 invariants of order 3. In addition, commutators of invariant derivations
Vi, Vil =1 };vk give up to 9 more differential invariants of order 3. We will confirm that the totality of
these 18 contain 10 independent invariants of order 3, and hence suffice to generate also the differential
invariants of higher order.

The O-jet p = (x,y,z,u) € J°(V,3) can be identified with the vector from the origin to this point,
which we denote by

vo = (X,Y,2,u) = x0x + ydy + 20; + Uudy.

The 1-jet of a hypersurface & = {u = u(x,y,z)} can be identified with its tangent space
Ty = (3 + 12y, dy + thydy, 2 + 1u29,) = (D, DIV, DMy,
The orthogonal complement to T, with respect to w is generated by
Wy = Oy — Uz0x + UxOz + U0y,

that is TPZJ-“’ = (wy). The vector w; is determined up to scale, which we fix via the symplectic form
so: v1 = kyw; must satisfy w(vp,v1) = 1. This normalization gives ky = 1/ (xuy + yuy + zu, — u),
so the canonical vector v; is equal to

1
= 0y — U0 ] dy)-
a1 xux+]/uy+zuz—u<y z0 + 129 + hyOu)

This vector field is tangent to the hypersurface, so it is horizontal and can be rewritten in terms of the
total derivative. This yields the first invariant derivation:

Dy —u; Dy +uyD;
XUy + YUy +zU; —u’

Let ¢ = —u + u(x,y,z) be a defining function of the hypersurface ¥ = {g = 0}. We have
T,% = Kerdg. A change of the defining function 4" = fgq of ¥, with f € C*(V) such that f|s # 0, has
the following effect on the differential: dg" = qdf + f dq. Therefore at p € ¥ we have d,q’' = f(p)dyq
and so TpX = Kerdyq'.

Next we compute the second symmetric differential d2q of the defining function for £. A change
of the defining function 4’ = fq has the following effect on the second differential:

d*q' = d(d(fq)) = d(qdf + fdq) = qd*f +2df dq + f d°q.

At the points p € X this simplifies to
dyq’ =2dpf dpq + f(p) djq.
Restricting to the tangent space of X gives
dz‘ﬂT,,z = f(p>d2‘7|Tp2'

Thus, the defining differential dg and the quadratic form d?q are defined up to the same scale.
We fix it again via the symplectic form: dpq" = kod,q must satisfy d,q'(vo) = 1,1i.e., ko = 1/dq(vg) for
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generic 14ets. This normalization gives the quadratic form d?g’ T, = k2d2q|T,,): = dzq]TpZ /dq(vp).

In coordinates, with g = —u + u(x,y,z), we get the expression

UxdX? + 2uixydxdy + 2uzdxdz + uyydy?® + 2uy.dydz + u.dz*
Xty + YUy + 2U; — U ’

Q= dz‘ﬂTp): -
The first invariant is then computed by

uiuzz — 2UyUzUyy + u%uxx + 2uytly; — 2Uzlyy + Uy

I = , =
20 = Q(v1,01) (xitx + yity + 211, — u)>

Let us summarize the geometric data encoding the 2-jet that we obtained and which are supported
on the 3-dimensional tangent space T,X: the invariant vector vy, the symmetric 2-form Q of general
rank, the skew 2-form w|y » of rank 2 (v spans its kernel), and 1-form « = w(vy, ). These data
give a canonical splitting of the tangent space T,X = (v;) ® I, where IT = Ker(a). Indeed,
v1 ¢ Ker(a) because w(vg,v1) = 1 by the normalization. Using this data, we can construct 2 more
invariant derivations.

Choose a nonzero w3 € I1, Q(v1,w3) = 0. Then, choose w, € I1, Q(wy, w3) = 0. For generic
2-jet, the vectors w;, w3 are defined up to scale that we fix so: v; € (wy), v3 € (w3) must satisfy
Q(v1,13) =1, w(vy,v3) = 1.

Since vy, v3 € TyX are horizontal, they generate two invariant derivations V5, V3. Additionally
we get 2 differential invariants:

Ly = Q(v2,v2), I = Q(v3,v3).

A calculation of the rank of the corresponding Jacobi matrix shows that these are independent, and
moreover, that the data generate all differential invariants of order 3. Then, by independence of
V1, V2, V3 all higher order invariants can be derived, so for a finite set of differential syzygies R;
we get:

A = (Ing, Iy, Inc; V1,V2, V3 | Ry)

The coordinate formulae can be found in [12] (note that renumeration v, <+ v3 and a different
normalization is taken here).

5.2. The General Case

Now, we consider jets of hypersurfaces © C V = R?" for general 1 and compute their differential
invariants with respect to G = Sp(2n, R).

By the Lie-Tresse theorem [14] the algebra A can be assumed to consist of rational functions on
J®(V,2n — 1), which are polynomial in jet-variables of order > 2.

The dimensional count easily generalizes to give hg = hy =0, hp = 2n —1and hy = for
k > 2. There will be 2n — 1 independent invariant derivations V jr and as before these together with

2n—2+k
")

second order invariants Ir; (1 < s < 2n — 1) and the structure coefficients [ l’; of the horizontal frame
V; will suffice to generate all invariants.

We again have the position vector vy, the tangent vector v; normalized by w(vp, v1) = 1, and the
quadratic form Q on T,%. From this data in a Zariski open set of J2(V,2n — 1) of generic 2-jets we get
a canonical basis vy, . .., vp,—1 by normalizing in turn via w and Q as follows (we repeat steps 0 and 1
that are already performed).

Step 0: Ty = (v1,...,V2p—1)-
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ormalize w

Step 1: Choose v1 by (v1) Ly (v1,...,024-1), (V2,...,V24—1) Lw (v0). N
Normalize Q
N
N

( ) )-

Step 2: Choose (%) by <U , 02— 1> J_Q < 1>, <02> J_Q <'03, e, Oop— 1>

Step 3: Choose v3 by <Z)3> J_w <U3, e, Uy 1>, <Z)4 , Uop— 1> < 2>

Step 4: Choose vy by (vs, ..., v2,-1) J_Q (v3), (v4) J_Q (vs,...,00,_1).

Inductively, we get the interchangeable steps as follows.

Step (2r — 1): Choose vp,—1 by (v2,—1) Lw (V2r—1,---,V2n-1), (V2r, -, V2n—1) Lew (V2r—2).
Normalize w(vy, 2,09, 1) = 1.

Step 2r: Choose vy, by (Vg 41,-..,024-1) Lo (V2r-1), (V2r) L (V2r41,...,%20—1). Normalize
Q(vzr-1,02) = 1.

The procedure stops at step (21 — 1). The frame v; is canonical:

ormalize w

—~ N~

ormalize Q(v3, vy

w = Vo NV + Uy ANV3 A+ -+ Vo2 AUy
The only non-constant entries of the Gram matrix of Q in the basis v; are diagonal Q(v;,v;) = I, for

1 <i < 2n. The Gram matrix consists of (n — 1) diagonal blocks of size 2 x 2 and 1 diagonal block of
size 1 x 1 as follows:

Q Ui Uy U3 U4y ... Up3  Uppp  Uppi
(%1 12,1 1 0 0 ‘e 0 0 0
(%) 1 12,2 0 cee 0 0 0
03 0 0 12,3 1 cee 0 0 0
[ 0 0 1 12,4 0 0 0
U2pn—3 0 0 0 0 eee 12,2,1,3 1 0
U2pn—2 0 0 0 0 ce 1 12/27,_2 0
OUop—1 0 0 0 0 0 0 IZ,Zn—l

The horizontal vector fields v; correspond to invariant derivations V]-, 1 <j < 2n—-1.
To summarize, we obtain the following statement.

Theorem 3. For the G-action on [*(V,2n — 1) the algebra A is generated by the differential invariants I, ;
and the invariant derivations Vj, where1 <i,j <2n—1.

6. General Submanifolds in a Symplectic Vector Space

The case of submanifolds of dimension and codimension greater than 1 is more complicated, no
straightforward computations work for G = Sp(2n, R) action on J*(V,m), V = R?". Yet, the geometric
methods applied above do generalize, and to illustrate this, we consider the simplest case n = m = 2
and then remark on the general case.

6.1. Surfaces in a Four-Dimensional Symplectic Space

The action has an open orbit in J!(V,2), but becomes free on the level of 2-ets.
Since dim J?(V,2) = 14 we get h, = 4 differential invariants of order 2 and then at every higher
order k > 2 there will be hi = 2(k + 1) new invariants.

There will be two independent invariant derivations. Applying those to four differential invariants
of the second order gives a total of 8 invariants of order 3. A direct computation shows that
these are functionally (hence algebraic) independent. Since 3 = 8 this is enough to generate all
differential invariants.

In this case the algebra A of differential invariants can be chosen to consist of rational functions
that are polynomial in jets-variables of order >2.

Having done the counting, we can proceed with the geometric approach. Choose canonical
coordinates (t,s,x,y) on V = (R*,w). Locally surfaces in V are given as & = {x = x(s, ),y = y(s,t) }.
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Here s, t will be treated as independent and x, y as dependent variables, whence the coordinates on
J*(V,2).

The O4et p = (t,5,x,y) € J° can be identified with the vector to that point from the origin
vo = tdt + sds + xdx + ydy.The 1-jet can be identified with the tangent space

Ty = <D§1)/D§1)> = (0t + x49x + Y19y, 0s + Xs0x + Ys9y).

Equivalently, if the surface is described by £ = {f = 0,¢ = 0} with f = x — x(t,s) and ¢ = y — y(t,9),
then TyX. = Ann(d,f,d,g), where d, f = dx — x;dt — xsds and d g = dy — y;dt — ysds.

The restriction of w to TpX has rank 2 on generic 1-jets, so T,X is a symplectic subspace of
dimension 2 and T,V = T, X & TPZL‘U.

Denote by 7y : T,V — T,Z and m : T,V — T,Z1% the natural projections with respect
to this decomposition. Further for v € T,V denote v = oll +ovt, where vl = m(v) € TpX and
vt = mp(v) € Ty,

Thus, 1-jet [Z]}, is entirely encoded by (T,Z, w7z, v(l)‘) and (Tle‘”,w\sz 1w, 0y ). Note also that
Ann(T,X) is identified with T,Z-“ by the symplectic form w.

Moving on to 2-jets there is more structure on the tangent space. The defining functions f, ¢ can be
changed to F = af 4+ Bg, G = vf + 0g, where a, B, v, 6 are arbitrary functions that satisfy aé — By # 0
along 2. Then X~ = {F = 0,G = 0} and the tangent space can be described as the annihilator of the
differentials of the new defining functions at p € X:

dpF = a(p)dpf + B(p)dpg,
dpG = y(p)dpf +(p)dpg.

Next, compute the second symmetric differential of f, ¢ and restrict to T,Z. Doing the same for F, G
results in

diF = a(p)dyf + Blp)drg,
d,G = y(p)dpf +(p)dpg.

This gives a 2-dimensional space Q = <d%f|Tp>;, d%,g\Tp2> = <d%,F|Tp>;, d§G|sz> of quadratic forms, and
the above formulae show that there is a natural isomorphism between Ann(T,X) C T,V and Q. Our
goal is to find a canonical basis Q1, Q> in this space.

Let Q1 € Q be given by the condition Ql(vg,vg) = 0. This ensures that Q; has a Lorentzian

signature or is degenerate, and for a generic 2-jet we get that Q; is non-degenerate. The vector vg
becomes null-like vector for Q; that is yet defined up to scale. A Lorentzian metric on the plane has

two independent null-like vectors and this gives a way to fix Q; and a vector wl € Ty complementary

to v(‘)l as follows:

w(op,wl) =1, Qi(w!,wl) =0, Qi(v),wl) =1.

Note that this does not involve square roots, but only linear algebra. Indeed, the first condition fixes
the second null-like vector up to change wl — wl + kv(‘l. The second condition fixes k and the last
normalizes Q1.

The quadratic form Q; corresponds to a 1-form o7 € Ann(T,X) such that the symmetric
differential of an extension of 07 to a section of Ann(TX), restricted to T,X equals Q; = d;ym(ﬁ.
Then, fix wt € T,£1“ uniquely by the conditions o7 (w') = 0, w(vy, w') = 1 (for a generic 2-jet
a1(vy) # 0).

Then, define o, € Ann(T,%) by the conditions 02(v3) = 0, 0o(w) = 1. This gives a unique
1-form independent of ¢y . It in turn corresponds to a quadratic form Q, = d;,ymaz.

)
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The remaining evaluations yield differential invariants
by =0 (UOL)/ IZb = QZ(U(‘)ll z)(‘l)/ I = QZ(U(‘)‘/ w” )/ IZd = QZ(wH/ ZUH )

The vectors v(l)‘ and wll are tangent vectors to X (horizontal) so they correspond to the invariant
derivations V1, V, and we conclude:

Theorem 4. For the G-action on J®(V,2) the algebra A is generated by the differential invariants
Ig, Iy, Ipe, Irg and invariant derivations V1, V5.

The explicit form of these generators in jet-coordinates can be found in [12].

6.2. A Remark about the General Case

In general, it is easy to check that G = Sp(2n, R) acts with one open orbit in J'(V,m), V = R?",
so there are no first order invariants. However, there are always second order invariants. Their number
is at least dim J?(V,m) — n(2n + 1), but this can be non-positive for m < n.

Thus, combining the ideas on differentials and quadratic forms with w-orthogonal complements,
one can get some of the invariants. If they are not sufficient, third and higher symmetric powers d’ f of
the defining functions f should be explored.

From the investigated cases, we cannot observe a pattern and hence cannot universally describe
all differential invariants of G = Sp (21, R) action on J*(V,m), V = R?",

7. Note on Extension of the Group

One can also consider invariants of functions and submanifolds in symplectic V = R?" with
respect to conformal symplectic group CSp(2n,R) = Sp(2n,R) x R, the affine symplectic group
ASp(2n,R) = Sp(2n,R) x R?" and affine conformal symplectic group ACSp (21, R) = CSp(2n, R) x
R?". Denote a group in this list by H.

Since our G is a subgroup of H, the algebras of differential invariants Ap for each of the cases
are subalgebras in the algebra A that we previously computed (enhanced notations should be
self-evident). One imposes the homogeneity assumption or translation-invariance or both on a general
combination of invariants.

Let us discuss how to do this in all three cases. For brevity of exposition, we restrict to the case
n = 1 (functions and curves on symplectic plane), the general case is similar.

7.1. Conformal Symplectic Group Action: Functions

Consider functions on the conformal symplectic plane, H = CSp(2n,R). For n = 1 observe
H ~ GL(2,R). We recall the invariants from Section 3.1 and note that all of them are homogeneous
with respect to scaling & = xdy + ydy, corresponding to the center of h = gl(2,R). Restricting to
invariants and derivations of weight 0 we obtain the algebra of differential h-invariants.

The invariants Iy, [; have weight 0, and the invariants Ip,, Iy, I, have weights 0, -2, —4
respectively. Therefore, for the new algebra A there are two independent invariants of order <1 and
two additional invariants of order 2, namely Iy, I, I, and Iﬁb = szbz I in the notations of Section 3.1.

The invariant derivations are V1, V, of weights 0, —2 respectively. Therefore we obtain two
invariant derivations with respect to : V; and V) = Iz_bl V.

Now a straightforward verification shows that Vi (I2,), V1 (15,), V5 (I24), V5 (15,) are independent
in 3-jets, which implies that the algebra Ay of differential invariants is generated by Iy, I}, and V1, V5.
Note that I} = Vl(IO) and I, = Vl(Il) — L.

To complete the picture, here are the differential syzygies: V/(Iy) =0, V4(I;) = —1 and

1 I
[V, V] = = Vi + (22 + Vi (L) ) Vs
1 1
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Denote these by R1, Ra, R3. There is also a forth order differential syzygy Ra:

1 1
V/Z(ISa) + 7V£<13h) - v1(13c) -

Y {(IébIBb —3Lyls — L) 7
Zléb ZIéb

2
2071,

+ (((3lap + 4) Lo — 5130) Iy, — 4logI3e — 413 — 4) Iy + 613, I, — 61, = 0,

where Iz, = Vi(I), Iy = V5 (Ioq), Isc = V1(I},) and Iz; = V5(I},). With this we obtain a complete
description of the algebra of differential H-invariants:

AH = <IQ, Iéb’ V]/ Vlz ‘ 7?/1/ RZ/ RB/ R4>

7.2. Conformal Symplectic Group Action: Curves

Now, we discuss differential invariants of curves with respect to the same H as in Section 7.1.
Consider the invariants from Section 4.1 and note that all of them are homogeneous with respect to
scaling ¢ = xdy + ydy, corresponding to the center of h. Again, we have to restrict to invariants and
derivations of weight 0 to describe the algebra Ap.

The invariant I, has weight —4 and the derivation V weight —2. Thus the derived invariants
Iy.» = V¥(I) have weights —2(k + 2) for k > 0. In particular, I} = I2/I5 has weight 0 and similar for
V' =Dl 1V in the notations of Section 4.1. Therefore, these freely generate the algebra of differential
H-invariants:

Ag = <Ié,' V’>.

7.3. Affine Symplectic Group Action: Functions

Consider differential invariants of functions on the affine symplectic plane, H = ASp(2n,R). For
n =1 observe H = SAff(2,R). We recall the generating invariants from Section 3.1, and note that they
indeed depend explicitly on x, y except for Iy and .

To single out invariants in A that are x, y-independent eliminate x, y from the system {I; =
c1, g = c2, I, = c3} to get a translation-invariant polynomial on J? that depends parametrically
on c1, ¢y, c3. Taking the coefficients of this expression with respect to those parameters, we obtain
the invariants . and Ij = txyttyy — ujzcy = Hess(u). Then substituting the obtained expressions for
x,y into the invariant derivative V1 and simplifying modulo the obtained invariants (note that V; is
already H-invariant) we get new invariant derivative

Vi = (uxttyy — tytixy) Dy — (Uxlhyy — Uytizx) Dy.

Note that V{(Iy) = I so the latter generator can be omitted. The commutator of invariant
derivations is —_
V(I
[V}, Vs = — 2(I2c) /1+( 1(L2c) —Zlé)vz.
I Ipe
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Denote this relation and the relation V5 (Iy) = 0by R1, Ro. Note that V (Iy) is a second order invariant,
and application of V, V; to it and I} gives four third-order invariants. Further differentiation gives
six fourth-order invariants, whence the syzyzy Rj:

— I Va(Izp) + Vi (Ise) + 15 Va(I34)
1

- — [121;212% — 1015 I I3 + 31515, 4 315,13, — 3l Iap 134 + 315, | =0,
2c

where I3, = V(1) Iz = V2(1}), Iz = V| (Ip) and I35 = V3 (Iy.). Therefore the algebra of differential
H-invariants is

AH = <IO/ Iﬁ} ,1, vz | Rl,RQ,R3>.

7.4. Affine Symplectic Group Action: Curves

Now, we discuss the case of curves on the conformal symplectic plane, with the same H as in
Section 7.3. Consider the invariants from Section 4.1 and note that Iy, = VK1, are not translationally
invariant. However, using the elimination of parameters trick as above we arrive to micro-local
differential invariant and invariant derivation

1

3 ]/2 Dx.

Iy = ¥v2(3y;5%ya — 5y5°y3), V' =

In other words, these are invariants with respect to ) but not with respect to H. Indeed, by the global
Lie-Tresse theorem [14] we know that the invariants should be rational. To get generators we therefore

pass to
Iy =()* and V'=LV.

Consequently these freely generate the algebra of differential H-invariants:

Ay = <I//; V”).

7.5. Affine Conformal Symplectic Group Action: Functions

Let us discuss differential invariants of functions on the affine conformal symplectic plane,

H = ACSp(2n,R). For n = 1 observe H = Aff(2,R). We can combine the approaches of the previous

two sections, for instance by taking the affine symplectic differential invariants and restricting to those

of weight 0 with respect to the scaling by the center action.

Referring to the notations of Section 7.3 we get that the weights of Iy, I, are 0, —4, while that of

1, V2 are —4, —2 respectively. Therefore, the algebra of differential invariants A is generated by the
invariant derivations I
2

Va(L)

1
- Izv’, - v,

and the differential invariants (derived invariants V' Iy, (V/)2ly, V4 V" Iy are omitted)

Vi (15)
IO/ I:/)’/ _ 1\°2 , I// _
g

(Va15)?
()3
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Denote by R; the unknown differential syzygies. Then the algebra of differential invariants is

An = (lo, I35, I35 V1, V3 | Ry).

7.6. Affine Conformal Symplectic Group Action: Curves

Similarly for the case of curves on the conformal symplectic plane, with the same H as in
Section 7.5, we get in the notations of Section 7.4 that the weights of I} is —4 and that of V" is —2.
Therefore, the algebra of differential invariants Ay is generated by

(v// IZ ) 2 Ié/t /

" —
15 = 7(141/)3 and Vv V“(IZ)

v’

In fact, it is a free differential algebra

Ay = (Is; V).

8. Differential Invariants in Contact Spaces

Let W be a contact space that is a contactification of the symplectic vector space V. In coordinates,
W = R¥"*1(x,y,z) is equipped with the contact form & = dz — ydx such that its differential da =
dx A dy descends to the symplectic form on V = R?"(x, y).

As the equivalence group, we take either G = Sp(2n,R) lifted to an action on W from the
standard linear action on V, or its central extension G = CSp(2n,R) corresponding to the scaling
(x,y,z) — (Ax, Ay, A%z). (One can also consider the affine extensions, as was done in Section 7 but we
skip doing this.)

Note that the group G does not have an open orbit on W because Iy = 2z — xy is an invariant.
This gives a way to carry over the results on the algebra of differential invariants in V to that in
W (for both functions and submanifolds; note that the formulae from the symplectic case enter
through a change of variables, which is due to the lift of Hamiltonian vector fields X to contact
Hamiltonian fields).

Then, we can single out the subalgebra A C Ag as the space of functions of weight 0 with
respect to the scaling above (or its infinitesimal field). In particular, as Iy has weight 2, it is not a scaling
invariant, and in fact, the action of G on W is almost transitive.

Below, we demonstrate this two-stage computation in the simplest case n = 1. Note that the
action of G = GL(2,R) D G = SL(2,R) on W = R3(x,y, z) has the formula

@4 (x,y,2) = (ax + by, cx + dy, (ad — bc)(z — Sxy) + % (ax + by) (cx + dy)).

b A
with A = Z J € G. This explicit parametrization is a base for an application of the moving frame
method, which involves normalization of the group parameters via elimination. (This was already
exploited in Sections 7.3 and 7.4.) This algorithm (we refer for details to [1]; an elaborated version of
it, the method of equivariant moving frame, was further developed in the works by Peter Olver and
co-authors) allows to carry the computations below; however, for n > 1 it would meet the complexity

issues. Yet, the method we propose works for arbitrary n > 1 as a straightforward generalization.
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8.1. Differential Invariants: Curves

We begin with the group G = Sp(2,R) = SL(2, R). Its action on W has a base invariant
Iy =2z — xy.

The curves will be represented as y = y(x), z = z(x) and the projection to R?(x, y) restores the
symplectic action. We note that invariants from Section 4.1 are still G-invariants in the contact action,

and we will use them:
Y2 1

—2 V=
(xy1 —y)? Xy —y
Differential invariants of order < 2 are generated by Iy, I} = V(Iy), I, and I, = V(I;). Of course,
in Lie-Tresse generating set we omit the derived invariants Iy, I;, namely

by = x-

Ac = (Io, Ina; V).

However these derived invariants are useful in generating the algebra of G-invariants. Indeed,
with respect to the action of the center { = xdy +ydy + 2z0;, the weights of Iy, I, 24, I, are 2,0, —4, —2
and the weight of V is —2. Thus, in order to obtain G-invariants we pass to weight 0 combinations
(I; is already invariant)

B, = BBy, Iy = Ioly, V' =1LV.

Explicitly after simplifications I; — 3(I; + 1), I}, — %I}, we get:

I = zl—y, V’zzz_xny,
Xy1—Yy XYy1—Y
(2z — xy)?
=
2z — x
Iﬁb = ﬁ(ﬁc(y —z1)y2 — (xy1 —y)(y1 — Zz))'

The count of invariants is hg = 0, h; = 1 and h, = 2 for k > 2. We conclude:
Theorem 5. The algebra of differential invariants of the G-action on J*(W, 1) is freely generated as follows:
Ae = (I, L,; V).

8.2. Differential Invariants: Surfaces

Now we consider the action of G and G on surfaces given as z = z(x,y). Since projection
to R?(x,y) gives the symplectic plane, the G-computations can be derived from Section 3.1 with
substitution # = 2z — xy. This gives us the following differential invariants and invariant derivations
with respect to G:

Ip =2z — xy, Vi=xDy+yDy, V3= (x—2zy)Dx+ (2zx —y)Dy,
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and with the notations I; = 3V1(Ip), by = Vi(h) — I, Iy = —3(Va(l1) + L, — I) the following
first and second order invariants

Iy = xzy +yzy — xy,

Iy = X*Zyy + 2xYzyy + yzzyy —xy,

Ly = x(zy — %) zxx — Yzxzyy + (Y(2zy — X) — X2y ) Zxy + X2y,
e = 222y — 224 (2y — X)zxy + (2y — X)?Zax + 22 (zy — X).

Now to obtain G-invariants note that Iy, I1, I, Ly, I>c all have weight 2 with respect to ¢, while V1, V;
are already invariant. Thus the invariants are

L =10 I, =1 he By = Iy Ly, o, = Iy e

We have: , ,
By = Vi) + 2002 — 1, B, = 3 Va(l) = 5 Vo) — ()2 + 1,
so these can be omitted from the list of generators.
The count of G-invariants is iy = 0, h; = 1 and iy = k+ 1 for k > 2.
Applying the derivations to the generating invariants and counting the relations, we find that
beside the commutation relation

Vz(I{)Vl B (Vl(li)

[V1, Vo] + I{ I{

+2(1 - 1))v2 =0
there is one more relation generating the module of differential syzygies

Vi) +2ViVa(1}) + V3 (1) — 4Vi(L5,)
=3(1) N (Va()? + 2V (5) Va () — 4V (1) e + Va2 (11)?)
—2(I = 1)(3Va(I) +4Va(h) — 8L) —411(I —1)(2[; = 1) = 0.

Denote these syzygies by R and R,.
Let us summarize the results.

Theorem 6. The algebra of differential invariants of the G-action on J*(W,2) is generated as follows:
Ag =11, I ; V1, V2| Ry, Ra).

8.3. Differential Invariants: Functions

Skipping the intermediate computation with the group G let us directly pass to the description
of invariants on (W) with respect to the group G. Fix the coordinates as follows: W = R3(x, v, z)
with the contact form & = dz — y dx as before, J]° = W x R(u) and for the jet-coordinates we use the
numbered multi-index notations .

The count of the number of differential invariants is as follows: hp =1, h; =2 and hy, = (szrz) for
k> 2.

The zero and first order invariants are

Io=u, L,=(xy—2z)us, I =xuy+y(uy+ xuz).
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Next we obtain the invariant derivations

V1 =xDy +yDy + 22D,
Vi = (xy —22)D;,
V3 = (xu3 + up)(xy — 2z2) Dy — uy(xy — 22)Dy — xuy (xy — 2z)D,.
Note that I;, = Va(lp), I1; = (V1 + V2)(lp) and V3(Ip) = 0. The latter is the first differential

syzygy, denoted
R1 = V3(l).

Second order differential invariants V;(Iy,), V;(I;;) contain only 5 independent. We find the
remaining 1 differential invariant via the the method of moving frames and get

Second Order Differential Invariants

L, = ]/ZMZ,Z + y(4zu2,3 + 2xu1,2 + MZ) + 422”3,3
—|—z(4xu1,3 + 4uz) + x(xul,l +uy)

Ly = (xy — 2z) (yup3 + 2zuz 3 + xu1 3 + 2u3)

Le = —(xy — 2z) (x*(uqu1,3 — sty 1) + x(u1 (Yo + 2zuz 3 + uz + 11)
—yugyp — 2zuziy 3 — upiy1) + g (Yupp + 2zu3)
—up(yu1p +2zu13))

Ly = (xy —2z)(—2uz + (xy — 2z)uz3)

Le = —(xy — 22)(x2y(u1u3,3 —uguy3) + x(y(uiuz — u% — U1 3)
+u1(—22u3,3 — u3) + 221/131/!113) — Yupuz — 22(1/[11/[2,3 — M2M1,3))

Ly = x4y2u%u3,3 — 2x4y2u1u3u1,3 + x4y2u§u1,l + 2x3y2u%u2,3
—x3y2u1u§ — 2x3y2u1u3u1,2 — 2x3y2u1u2u1,3 + 2x3y2u2u3u1,1
—4x3yzu%u3l3 + 8x3yzu1u3u1,3 - 4x3yzu§u1,1 + xzyzu%um
—x2y2u1u2u3 — 2x2y2u1u2u1,2 + nyzu%uLl - 8x2yzu%u2,3
+4x%yzugu3 + 8x%yzuyuzuy p + 8x2yzuyuouy 3 — 8x2yzunuzy 1
+4x222u%u3l3 - 8x222u1u3u1,3 + 4xzzzu§u1,1 - 4xyzu%u2/2
+4xyzuquouz + 8xyzuupuy o — 4xyzu%u1,1 + 8x22u%u2,3
—4x22u1u§ — 8xzzu1u3u1,2 — 8xzzu1u2u1,3 + 8x22u2u3u1,1

—|—4z2u%u2,2 — 4221 upus — 822u1u2u1,2 + 4zzu%u1,1

Note that I, Ipp, Ioc, Ipg, e can be expressed through Iy, Ij,;, [;; and invariant derivations.
Thus they need not enter the set of generators.
All the differential syzygies coming from the commutators are

Ra = [V1, V2],

R3 = (Iia + 1) [V1, V3] + e (V1 + Va) — (g + 1) V3,

Ry = (Iia + Ip)[V2, V3] = (Iip(Iia + Ip) — Ie) Vi + (I1a(I1g + T1p) + Ie) V2
— (Iop + Iog — 2(I1a + I1p)) V3.
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The remaining differential syzygies are found by the symbolic method: find a relation between the
symbols of differentiated invariants, get a linear combination of lower order and express it through the
invariants established earlier.

(ha + Iip)(Va(Iop) — Vi(le)) = (Ic — Ioe) Iop + 2alae — Iocloa,

(Lo + 11p) (Va(Iae) = Va(laf)) = 315, — (I, + Dial1y + 3T2e) e + 3L (Iog + Lp),
= (ho + Ip) (= Va(Ize) + Va(ly)) — Iy, — 41,15, — (513, + 2D ) I,

— (2B, + (2Ipc — 3Dpe) Iy + 41yp) iy + 3L IT, + 41yp 1, + 315,

+ 3l — 3Ir¢ (Inp + Ia)-

Rs
Re
Rz

Theorem 7. The algebra of differential invariants of the G-action on J* (W) is generated as follows:
Ag = (Io, Ior; V1,V2, V3 [ R; =0,i=1...7).

9. Conclusions

In this paper, we computed the algebra of differential invariants for various geometric objects on
symplectic spaces with several choices of the equivalence group and touched upon a relation between
the invariants of the pair (group, subgroup) action.

For most of the text we worked with the linear symplectic group, but we demonstrated how to
extend the results for conformal symplectic and affine symplectic groups, treated in other publications.
Some of the objects were also investigated by different authors, namely jets of curves [5,10] and
hypersurfaces [9], yet the technique and the description of the algebras are quite distinct. Surfaces in
four-dimensional symplectic space were also studied in [6-8], but they considered Lagrangian surfaces
while our focus was on symplectic (generic) submanifolds.

Other geometric objects appeared in [11], which intersects with our work by studying functions
on the symplectic spaces. Again the approaches differ significantly: in [11] the infinite number of
generators were computed (with a nontrivial change of variables) while our method uses the Lie-Tresse
finite type presentation of the algebra (in the original jet-coordinates). This latter allows, in particular,
to solve the equivalence problem via a finite-dimensional signature variety.

The work [11] also described invariants in the adjoint bundle, and one can consider other
geometric spaces on which the symplectic group acts. For instance, [17] was devoted to four-fold
surfaces in 6-dimensional Lagrangian Grassmanian, satisfying the integrability condition. It would be
worth characterizing those via symplectic invariants.

Finally note that one can approach the equivalence problem of geometric objects via discretizations,
with more algebraic methods, see [18].
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Appendix A. Differential Invariants of Curves in 4-Dimensions

Here are explicit expressions of the differential invariants of curves x = x(t),y = y(t),z = z(t),
as derived in Section 4.2. These as well as other long formulae resulting from our calculations can be
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found in Supplementary Materials. Below ¢ = 1/(ty; + xz1 — x1z — y) is the factor of D; in V. The jet
notations are x; = xq, Xy = X, X+ = X3 etc, likewise for y and z.

Differential invariants that together with V generate A

L = v3(x1z2 — 2122 + y2)

I, = —yé(txlyzzg — tx1y3zo — txoy123 + txX2Yy321 + tx3Y122 — tX3Y221
—XY223 + XY322 + X2Y2z3 — X2Y3Z — X3YZ2 + X3Y22)

Lic = =y (Bx1y3y3z4 — Bxrydyazs — 330119324 + 45x1y12y323
+383x1y12Ya20 — 43311320 + 3331525 — 33 x113Y322 + 33 x013 Y024
—4B3x13y323 — 3 x201323 — 3P x2y12ya71 + 42 2011Y321
—|—3t3x2y§y3zl - f3JC3]/§’Z4 + 4t3x3y%y322 + t3x3y%y4zl + 3t3x3y1y%zz
—4t3x3y1y2y321 — 3t3x3y%z1 + t3x4y§’23 — 3t3x4y%yzzz — t3x4y%y321
—|—3t3x4y1y%zl - 3t2xx1y1y22224 + 4t2xx1y1yzz§ + 2t2xx1y1ygzlz4
—4t2xx1y1y37:223 — 2t2xx1y1y42123 + 3t2xx1y1y4z% - 3t2xx1y%zlz4
+6t2xx1y%2223 + 4t2xx1y2ygzlz3 — 6t2xx1y2y32% + 3t2xx1y2y42122
—4t2xx1y32120 + 32 xx0y3 2024 — P xX0Y325 + 32X X0Y1 Y221 24
—6t2xx2y1y22223 — 3t2xx2y1y42122 + 6t2xx2y2y3zlzz — 3t2xx2y2y4z%
+4t2xx01322 — 282xx3y32124 + A2 xX3Y32025 — A2XX3Y1Y22123
+6t2xX3y1yzz% + 4t2xx3y1y3,zlzz + 2t2xx3y1y4z% — 6t2xX3y%zlzz
—4t2xx3y2y32% + 2t2xx4y%2123 — 3t2xx4y%z% — 2t2xx4y1y3z%
+3t2xx4y%z% — 2t2x%y1y3224 + Zth%y1y4ZZ3 + 3t2x%y5224
—4t2x%y2y3223 — 3t2x%y2y4zzz + 4t2x%y§zzz + 4t2x1x2y1y3223
—3t2x1x0y1Ya220 — 612 x1X2Y3223 + 612 X1 X2Y2Y3222 + 3t X1 X2Y2Yaz21
—4t2x1x2y§zzl + 2t2x1x3y%224 - 4t2x1x3y1y2223 — 2t2x1x3y1y4221
+4t2x1x3y2y3221 — 2t2x1x4y%z,23 + 3t2x1X4y1yzzzz + 2t2x1x4y1y3221
—3t2x1x4Y3221 — 32x5Y3224 + 612X5Y1Y2225 + 3t2x3Y1Y4zZ1
—6t2x%y2y3zzl + 4t2x2x3y%223 - 6t2x2x3y1y2222 - 4t2x2x3y1y3221
+6t2x2x3y%zzl + 3t2x2x4y%zzz — 3t2x2x4y1yzzzl — 4t2x§y%zzz
+4t2x§y1yzzzl — 3tx2x1y2212224 + 4tx2x1yzzlz§ + 3tx2x1yzz%,23
+tx2x1y3z324 — Ax2X1Y3212023 — 3tx2x1Y325 — txPxqyaziz;
+3tx2x1y4z1z% + 3tx2x2y1212224 — 4tx2x2ylzlz§ - 3tx2x2ylz%Z3
+4tx2x2y32%23 + 3tx2x2ygzlz% — 3tx2x2y4z%zz - tx2x3y12%24
+4tx2x31212025 + 3tx2x3y125 — 4tx>xzyrz3zs — 3txPx3Y22125 + X2 X345
+tx2x4ylz%23 — 3tx2x4y1212% + 3tx2x4yzz%zz - tx2x4ygz? + 3txx%y222224
—4txx%yzzz§ — 2txx%y3zzlz4 + 4txx%y322223 + 2txx%y4zzlz3 — 3txx%y4zz%
—3txx1X2Y122224 + 4txx1x2ylzz§ + 3txx1X2Y222124 — 6EXX1X2Y22292Z3
—4txx1x2Y322123 + 6txx1x2y3zz% + 2txx1X3Y122124 — 4tXX1X3Y122223
+4txx1x3Y322120 — 2txx1x3y4zz% — 2txx1x4Y122123 + 3txxg x4ylzz%
—3txx1x4Y0222122 + 2txx1x4ygzz% — 3txx%ylzzlz4 + 6txx%y122223
—6txx3Y32212p + 3txx3yazzt + dtxxpx3y122123 — 6EXXpX3Y1225
+6txXX2X3Y22212) — 4txx2x3y3zz% + 3txxoX4Y122120 — 3txx2x4y222%
—4txx§ylzzlzz + 4txx§yzzz% + tx%y32224 - tx{’y42223 — 3tx%x2y22224
+3tx%x2y4zzzz — tx%x3y12224 + 4tx%x3y22223 — 4tX%X3y32222 + tx%x3y4z2zl
+tx%x4y12223 — tx%x4y3zzz1 + 3tx1x§y12224 + 3tx1x%y22223 — 3tx1x%y322zz
—3tx1x%y4zzzl — 4tx1x2x3y12223 + 4tx1x2x3y32221 — 3tx1x2x4y12222
+3tx1x2x4y22221 + 4tx1x§ylzzzz - 4tx1x§y2z221 - 3tx§y12223 + 3tx%]/32221
+3tx3x3y12%20 — Btx3x3Y22°21 — PXY3Y324 + t2XYTYaz5 + 32xY1Y324
—412xy1Yoy3z3 — 32 xy1Y2yaz0 + 42 xy1y320 — 32325 + 3t xY3Y52)
—262x1yy1y324 + 22 X1yy1Y423 + 3121524 — 42x1YY2y323 — 3EEX1YY2YaZo
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+4tx1yy320 — 6P Xayy1yaz4 + 81 x2yy1Y323 + 32 x0yy523 + 3P X0yyayazy
—4t2x2yy§zl + 3t2x0y1Y2Y4Z — 4t2x2y1y§z — 3t2x213y3z + 3t2x3yy%24
—8t2x3yy1y322 — 2t2x3yy1y421 — 3t2x3yy%zz + 4t2x3yy2y321

—12x3y3yaz + 42 x3y1y2y32 + 3t2x3y52 — 3t2xayy3azs + 612 x4y Y1220
+2t2x4yy1y3zl — 3t2x4yy%zl + t2x4y%y3z — 3t2x4y1y%z + 3tx2y1y22224
—4tx2y1yzz§ — 2tx2y1y3zlz4 + 4tx2y1ygzzz3 + 2tx2y1y4zlzg — 3tx2y1y4z%
+3tx%y3z124 — 6tx2y32023 — 4tx2Y2y32125 + 6tx%Y2Yy3z5 — 3tx>Yoyaz1 2o
+4tx2y%zlzz + 3txx1YYy22224 — 4txx1yyzz§ — 2txx1YY32124 + 4txx1YyY32223
+2txx1YY42123 — 3txx1yy4z% + 2txx1Y1Y3224 — 2tXX1Y1Y4223 — 3txx1y%ZZ4
+4txx1Yy2y3z23 + 3txxX1Y2Ysazzp — 4txx1y§zzz — 6txXX2YY12224 + 8txx2yylz§
—3txx2YY22124 + 6tXX2YY22223 + 3tXX2YYaZ120 — 3txX2Y1Y2224 — AEXX2Y1Y3223
+6txx2Y1Y4220 + 6tXny%ZZ3 — 12txx012Y3222 + 3txxoYoyazz| — 4txx2y%zzl
+4txx3yy1z12z4 — 8txx3yy 12223 + 4txXX3YY22123 — 6txx3yyzz% — 4txx3Yy3z12p
—2txx3yy4z% + 8txx3y1Y2223 — 4txx3y1Yy322p — 2txXX3Y1Y4221 + 6txX3y§zzz
+4txx3y2Yy3221 — 4txx4yy12123 + 6txx4yylz% + 2txx4yy3z% — 3txx4Y1Y2222
+2txx4Y1Y3221 — 3txx4y%zzl + 2tx%yy3224 — th%yy4z,23 — 4tx1XyY3223
+3tx1 X0y Y4220 — 3tx1x2y2y422 + 4txq xzygzz — 4tx1x3yYy1224 + 4tX1X3YY02223
+2tx1x3yYy4z21 + 2tx1 x3y1y422 —4txq x3y2y322 + 4tx1x4yYy1223 — 3tx1X4Y Y2222
—2tx1X4YY3221 — 2tx1x4y1]/322 + 3txq x4y§zz + 6tx%yy1224 — 6tx§yy2223
—3tx%yy4zzl — 3tx%y1y4zz + 6tx%y2y322 — 8txox3yy1223 + 6tX2X3YY02220
+4txax3YY3221 + 4xax3y1Y32% — 6txaX3Y32% — 6tX2X4YY1220 + 3tX2XaYY2zZ1
+3txpx4Y1Y22% + 8tx§yylzzz - 4tx§yyzzzl - 4tx§y1y222 + 3x3yp212024
—4x3yzzlz§ — 3x3y22523 — x3ygz%24 + 4x3y3212223 + 3x3y322 + x3y4z%23
—3x3y4z125 — 3x2x1Y222024 + 4x2X1Y0275 + 2x%x1Y322124 — 4X°X1Y322023
—2x2x1y4zzlz3 + 3x2x1y4zz% — 3x2x2y212224 + 4x2x2yzlz§ + 3x2x2y2%23
—3x2x2yzzzlz4 + 6x2x2y222223 — 4x2x2y3zzlz3 — 9x2x2y3zz% + 6x2x2y422122
+x2x3yz%24 — 4x2x3y212223 — 3x2x3yzg + 8x2x3yzzzlzg + 3x2x3yzzz%
—4x2x3y322120 — X2 X3YazZ5 — X*X4Yyz323 + 3x2x4Yyz1235 — 3x2X4Y22212)
+x2x4y322% — xx3y32%24 + xx3Yaz°23 + 3xx1 XoYz2p24 — 4XX1 X0y 275

+3xxq xzyzzzz4 + 4xx1x2y32223 — 6xXx1 x2y42222 — 2XX1X3Y2Z124
+4xX1X3Y220253 — 8XxX1X3Y22225 + 4xX1 X3Y32°20 + 2XX1 X3Y42°21
+2xx1x4Yz2123 — 3xX1 x4yzz% + 3xxq x4y22222 —2xx1 x4y32221

+3xx§yzzlz4 - 6xx%y22223 - 3xx%y22223 + 9xx§y32222 - 3xx%y4zzzl
—4xx9X3Yz2123 + 6xx2x3yzz% — 6xx2x3y22222 + 4xx2x3y32221
—3xxpX4Yzz120 + 3xXpX4Y02%21 + 4xx3yzz120 — 4xxFYr7°21 + X3x3YZP2y
—x%x3y4z3 — x%x4y2223 + x%x4y323 —3x1 x§y2224 + 3x4 x§y4z3

+4x1 x2x3y2223 — 4x1x2x3y323 + 3x1x2x4y2222 - 3x1x2x4yzz3 — 4x1x§yzzzz
+4x133y22% 4 3x3yz°z3 — 3x3y32° — 3x3x3yz%2p + 3x3x3Y22°

+2txyy1y3ze — 2tXyY1yazs — 3txyysza + Atxyyayszs + 3txyyayazo
—4txyy§zz + tx1y2y3z4 — tx1y2Yazs + txayPyazs — Atxoy?yszs

—=3txoyyoyaz + 4tx2yy§z — 3tX3y2y124 + 4tx3y2y322 + tX3y2y4zlz
+2tx3yy1y4z — 4tx3yyoys + 3tx4y2y123 — 3tx4y2y222 — tx4y2y321
—2tx4Yy1Y3Z + 3txayyaz — 3x2yYrzoza + 4xPyyaz3 4 2x%yysz124
—4x2yy32223 - 2x2yy4zlz3 + 3x2yy4z% — 2XX1YY32Z4 + 2XX1YY422Z3
+3xx2y22224 — 4xx2yzz§ + 3xx2yY2224 + 4XX2YY3223 — 6XX2YY4ZZ)
—2xx3yzzlz4 + 4xx3y22223 — 8xx3Y Y2223 + 4xX3YY32Z2 + 2XX3YY4221
+2xx4yzzlz3 — 3xx4yzz§ + 3xx4YY2zzy — 2XX4YY3221 + 2X1 x3y2224

—2xq xg,yy4,z2 — 2Xxq x4y2223 + 2x1x4yy322 — 3x§y2224 + ?>x§yy422
—|—4x2x3y2223 — 4x2x3yy322 + 3x2x4y22z2 — 3x2x4yy2z2 — 4x§yzzzz
+4x%yyzzz — xy?y3z4 + xY2Yaz3 + x3Y°24 — x3y2Y4z — x4y°23 + x4y%y32).
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