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Abstract: This paper is concerned with multiple solutions for a class of nonlinear fourth-order
boundary value problems with parameters. By constructing a special cone and applying fixed point
index theory, the multiple solutions for the considered systems are obtained under some suitable
assumptions. The main feature of obtained solutions (u(t), v(t)) is that the solution u(t) is positive,
and the other solution v(t) may change sign. Finally, two examples with continuous function f; being
positive and f, being semipositone are worked out to illustrate the main results.
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1. Introduction

It is well known that the subject of the existence of solutions to numerous boundary value
problems (BVP) for differential equations such as second-order [1-3], fourth-order [4-6], even fractional
order BVP [7-11] has gained considerable attention and popularity. A growing number of outstanding
progress has been made in the theory of such BVP in the last decades due mainly to their extensive
applications in the fields of hydrodynamics, nuclear physics, biomathematics, chemistry, and control
theory. For further details, please see References [12-29] and references therein.

It is noted that fourth-order boundary value problems have an important application in practical
problems, that is, they can be used to describe the deformation of elastic beam, see References [30-33]
and references therein. For example, in Reference [32], by means of the theory of fixed point
index on cone, Y. Li investigated the following boundary value problems of fourth-order ordinary
differential equation

{ () + pu’ (t)—zxu(t):f(t,u),0<t<1;
u(0) = u(1) = u"(0) = u"(1) =0,

where f € C([0,1] x R",R"), o, € R and satisfy B < 27%,a > —B*/4,a/7* + B/m® < 1.
By constructing a special cone, the existence of at least one positive solution was obtained under
some suitable assumptions.

Recently, in Reference [33], Q. Wang and L. Yang studied the following boundary value problems

+ B (t) —aqu(t) = fi(tu(t), o), 0<t<1;
+ Bov” (t) —a0(t) = fo(t,u(t),o(t)), 0<t<1;
(1) =u"(0) =u"(1) =0;

(0)=u W
v(0) =o(1) =9"(0) =2"(1) =0,
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where f1, f» € C([0,1] x Rt x RT,RT), and B;,&; € R(i = 1,2) satisfy the following conditions:
Bi <2m®, —Bi/A<w;, aj/mt+ Bi/ > < 1. ©)

These conditions involve a two-parameter non-resonance condition. By constructing two classes
of cones and using the fixed point theory, the existence of at least one positive solution was obtained.
It is remarkable that the premise of this establishment of the result in Reference [33] is that the nonlinear
term f, must be positive.

We point out that there are some limitations in those existing results of fourth-order boundary
value problems. All solutions obtained in the above references are positive, and moreover, the
corresponding conclusions in them are not valid when the nonlinear term is allowed to be non-positive.
Considering that two variables # and v in the nonlinear term usually have some connections in many
practical problems, there is no description of the relationship between them in the aforementioned
papers. It is an interesting problem to seek such solutions for BVP (1) that one variable is positive
and the other may be non-positive under the assumptions that nonlinearity may be semipositoned,
and some connection will be added between these two variables. As far as we know, there is no paper
considering such problem for BVP (1). The purpose of the present paper is to fill this gap.

This paper, motivated by all the above mentioned discussions, investigates the multiple solutions
for BVP (1) under the more different conditions compared with Reference [33]. By constructing a very
special cone and using the fixed point index theory, the existence and multiplicity results of solutions
to (1) are obtained when B;,«; € R (i = 1,2) satisfy the conditions (2), fi € C([0,1] x RT x R,R"),
and f, € C([0,1] x Rt x R,R).

The nonlinear term f, is allowed to change sign by contrast, f, € C([0,1] x RT x R,R).
A relationship is imposed between two variables u, v in nonlinear terms, which is that the variable
v is controlled by u. In obtained solution (1, v), the component u is positive, but the component v is
allowed to be negative in comparison with Reference [33].

The rest of this paper is organized as follows—Section 2 contains some background materials
and preliminaries. The main results will be given and proved in Section 3. Finally, in Section 4, two
examples are given to support our results.

2. Background Materials and Preliminaries

The basic space used in this paper is E := C[0,1] x C[0, 1]. It is a Banach space endowed with the
norm ||(u,0)|| = max{||u], |||} for (u,v) € E, where ||u|| = rn[ax} lu(t)], o] = m[ax] |o(t)|. Under
te[0,1 te[01

the condition (2), as in Reference [32], let

—bBi 7+ da; —Bi — /B +4a;
Bi+ /B +4u G p Vﬁl+a,(i:1,2),

i1 — 2 7 612 — 2

and let G; (t,s)(i,j = 1,2) be the Green’s function of the linear boundary value problem

—uf(t) + Gijui(t) =0, 0 <t <1;
ui(o) = ui(l) = O/ l/] == 1,2

Then for h; € C[0, 1], the solution of the following nonlinear boundary value problem

u® (6) + Bl (£) — gy = i), 0<t<1;
u;(0) = (1) = u//(0) = u/ (1) =0, i,j=1,2
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can be expressed as

1 1
:/ / Gi1(t, T)Gia(T,5)hi(s)dsdt, t € [0,1].
0 Jo

Lemma 1. The function G; ;(t,s)(i = 1,2) has the following properties:

(1) G;j(t,s) > 0fort,s € (0,1);

(2) Gij(t,s) <G Gl](s,s)for t,s € [0,1], where C;; > 0 is a constant;

(3) Gij(t,5) > 6;G;(t,1)G;(s,s) for t,s € [0,1], where 6;; > 0 is a constant;
(4) GzJ( ,8) < N]Gll](t,s)for t,s € [0,1], where N; > 0 s a constant.

Proof of Lemma 1. (1)—(3) can be seen from Reference [32]. In addition, by careful calculation and

Gyj(ts) i
G1,; e < oo Immediately,

Lemma 2.1 in Reference [32], it is not difficult to prove that N; := sup

0<t,s<1
(4) is derived. O

The main tool used here is the following fixed-point index theory.

Lemma 2 ([34]). Let Eq be a Banach space and P be a cone in Ey. Denote P, = {u € P : ||u|| < r} and
oP, ={u e P:|ul| =r} (Vr >0). Let T : P — P be a complete continuous mapping, then the following
conclusions are valid.

(1) If uTu # u for u € 0Py and y € (0,1], then i(T, P, P) = 1;

(2) Ifuierg% | Tu|| > 0and uTu # u for u € 0P, and y > 1, then i(T, P,, P) = 0.

3. Main Results

In this section, we shall establish the existence and multiplicity results, which is based on the fixed
point index theory. For this matter, first we define the mappings Ty, T, : E — C[0,1],and T : E — E by

Ty (1, 0)(t) = /0 ' /0 ' Gi1(t,T)Gra(T,8) fi (5, u(s), o(s))dsd,

To(u, 0)(t) = /0 ' /0 ' Go1 (1,7)Ga2 (1, 5) fo(s, u(s), v(s))dsd,

T(u,0)(t) = (Ti(w,0)(t), T2(u,0)(t)), V(u,0) € E.

Then, BVP (1) in operator forms becomes
(u,v) = T(u,v). ©)]

By (3), one can easily see that the existence of solutions for BVP (1) is equivalent to the existence
of nontrivial fixed point of T. Therefore, we need to find only the nontrivial fixed point of T in the
following work.

Subsequently, for simplicity and convenience, set

1
M;; = tr€n[0a>1<] Gij(t,t), Ci= /0 Gi1(t,7)Gip(t,T)dt, and A; = nt* — Bi® — a;.

Then, M; ;,C;, and A;(i, j = 1,2) are positive numbers.
Now let us list the following assumptions satisfied throughout the paper.

(H1) f1 € C([0,1] x RT x R,RT), fo € C([0,1] x RT x R,R), and there exists N3 > 0 such that
|2(tu,0)| < Nafi(t,u,0) for (t,u,0) € [0,1] x R x R.
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(H2) lim sup max hltuo) A < lim inf min fltu)

|o|<Nu te[0,1] u [o]<Nu te[0,1]
u—0+ u——+o0
L . t . t
(H3) lim inf min M > A1 > lim sup max M
[v|<Nu tE[O,l} |[v|<Nu tG[O,l}
u—0+ U—r—+00

In addition, for the sake of obtaining the nontrivial fixed point of operator T, let
P={(u,v) € E:u(t) > o(t)||u|| and |v(t)| < Nu(t),Vt € [0,1]},

01101,C
where o(t) = MGM(L t) and N = N1N;N3. N7, Np, and Nj are defined in Lemma 1 and
C1,1C1 oMy
(H1), respectively.

Obviously, P is a nonempty, convex, and closed subset of E. Furthermore, one can prove that P is
a cone of Banach space E.

For convenience, set
Ay ={(u,v) eRT xR:u e Y CR", |v| < Nu},

P, ={(u,v) €P: |lul| <r},
oP, = {(u,v) € P: ||ul| =r},
P ={(u,v) € P: |jul| <r}.

It is not difficult to see that P, is a relatively open and bounded set of P for each r > 0.

Lemma 3. To calculate the fixed point index of T in Py, we first need to prove the following result. Assume that
(Hy) hold. Then T : P — P is completely continuous, and T(P) C P.

Proof of Lemma 3. For (u,v) € P, by virtue of Lemma 1, one can easily obtain that

1 r1
T, 0)(t) = [ [ Gia(t7)Gra(r,)fi(s,u(s), (s) dsdr

01,1012C

= G (L DT =o(t)||Ty(u,0)||, Vtelo,1].
= C11CraMis L1t )Ty (w,0)]] = o (1) Ty (w,0)]| € [0,1]

Moreover, (H1) together with Lemma 1 guarantees that

1 /1
o) =1 [ [ Gaalt1)Gaa(m,8)fals,u(s),o(s))dsd
1 1
§N3/O /0 Go1(t,T)Gop(T,9) f1(s,u(s),v(s))dsdt

1 1
§N1N2N3/O /0 G11(t,T)Gr12(T,9) f1(s,u(s),v(s))dsdt
= N|T1(u,v)(t)|.

Therefore, T(u,v) € P, namely, T(P) C P. In addition, since fi, f2, and G;; are continuous,
one can deduce that T is completely continuous by using normal methods such as Arscoli-Arzela
theorem, and so forth. [

Now we are in a position to prove our main results in the following.

Theorem 1. Under the assumptions (H1) and (H2), the BVP (1) admits at least one nontrivial solution.
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Proof of Theorem 1. To obtain the nontrivial solution for BVP (1), we will choose a bounded open set
P, \ Py, in cone P and calculate the fixed point index i(T, Pg, \ P;,, P). For this, the proof of Theorem 1
will be carried out in three steps.

First, notice that by (H2), there exist ¢ € (0,1) and 7, > 0 such that

filtu,0) < (1 —e)hu YVt e [0,1],(u,0) € A,y 4)

We claim that
uT(u,v) # (u,v), Vu € (0,1], (u,v) € oP,,. )

To this end, suppose on the contrary that there exist j19 € (0,1] and (19, vg) € 9Py, such that
poT (1o, vo) = (uo, o).

Therefore, (19, vp) satisfies the following differential equation

{ u?) () + B (1) — aruo(t) = ik, u(t), 0()), 0<t<1; ©
u0(0) = (1) = 1§ (0) = (1) = 0;

It follows from (4) and (6) that
g () + Prug (1) — armo(£) < fik uo(t),2o(1)) < (1= )Myuo(t)
Multiplying the above inequality by sin(7tt) and then integrating from 0 to 1, one can easily get

1 1
/ Ao (£) sin(rt)dt < (1—¢) / At (#) sin(7et)dt.
JO JO

1
Noticing that / Mug(t) sin(7tt)dt > 0, we obtain a contradiction.
Second, from (HZ), there exist ¢ > 0 and m > 0 such that

filtw,0) > (1+e)du V€ [0,1], (1,0) € Apy,4oo)- (7)
SetC:= max |fi(t,u,v)— (1+¢€)Aju|+ 1. Then one can easily find that
te[0,1]
(u,0) ENo.m]
fi(t,u,0) > (1+e)Au—C, vVt € [0,1], (u,v) € Ag+- (8)

Now, we will show that there exists R; > r1 such that

inf ||T(w,v)|| >0 and uT(u,v) # (u,v), Yu > 1, (u,v) € OPg,. )
(u,v)€0PR,

Suppose, on the contrary, that there exist #y > 1 and (u9,vg) € 9Pg, such that poT (up, v9) =
(1o, vo). Combining (6) with (8), we immediately get

ul) (1) + Brugd () — ayuo () > fi(t,uo(t), 00(t)) > (1+€)Aqug(t) — C.

Hence,

1 1
[ uo(t)sinGetyde > (1+2) [ Aoty sin(oyat - 2,
0

which yields
2C
71'8/\1 '

-1
/ Mg (£) sin(rh)dt <
JO
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On the other hand, in view of the definition of cone P, one can easily obtain that

1 _ 2C
||u0||/ )sin(7t) dt</0 uo(f) sin(t)dt <
which means 2
[ < = Ry. (10)

TteA fol o(t) sin(7tt)dt

Therefore, if Ry > R}, immediately, one can get uT(u,v) # (u,v) for y > 1 and (u,v) € 0Pg,.

In addition, if Ry > S —— E, then by the definition of cone P, one can get that for any
min o(t)  o*
te[1.3]
t € [1,3] and (u,0) € 9Pg,,
u(t) > min u(t) > 0c*Ry > m. (11)
telq.3)

So, by (7), (11), and Lemma 1, one can get that for all (u,v) € dPg,,
1
IT(u, o)l = Ta(u,0)(5)
1 1 1
-1/ cu<§,r>cl,2<ns>f1<s,u<s>,v<s>>dsdr
1 1 '
> 01,101,2G1,2( ) Cl/ Gi12(s ,u(s), v(s))ds
11 1
> 51,151,2(31,2(515)(?1(1+Fr)/\1/1 Gia(s,s)u(s)ds
1

11 . (3
> 51,151,2(31,2(5,5)(?1(1+€)/\1R10 /1 Gi2(s,9)ds
s

11 i
> (51,1(51,2G1,2(§, E)Cl(l + E)/\1m/l GLQ(S,S)dS > 0.
1

Thatis, inf [T(u,v)|| > 0. So, we can ultimately choose R; > max{Rj,r1, 2%} such that

(u,v)e@PRl
(9) holds.
Based on (5), (9), Lemma 2, and Lemma 3, we have

i(T, Pg, \P_rl,P) =i(T,Pg,,P) —i(T,P;,,P) =0—-1= —1.
As a result, the conclusion of this theorem follows. [
Theorem 2. Assume that (H1) and (H3) hold. Then the BVP (1) has at least one nontrivial solution.

Proof of Theorem 2. In the following, we divide the proof of Theorem 2 into three steps.
Step 1. From condition (H3), there exist ¢ > 0 and 7, > 0 such that

filtw,0) > (1+e)Adqu, Vt € [0,1], (u,0) € Apy,)- (12)
Subsequently, we claim that

( i)nfap |T(u,v)|| >0 and uT(u,v) # (u,v), Vu > 1, (u,v) € P,. (13)
uv)e )
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In fact, if there exist 19 > 1 and (1, vg) € 0P, such that poT (g, v9) = (1o, vo), then by (6) and
(12), one can obtain immediately

ul (8) + Brutd (1) — aquo () > fr(t,ug(£),00(£)) > (1+ e)Aqug(t).
Hence,

1 . 1 .
/o Aug(t) sin(7tt)dt > (1 +€)/() Aqug(t) sin(7tt)dt.

1
Noticing that / Aqug(t) sin(rtt)dt > 0, we get a contradiction.
0
In addition, it follows from Lemma 1 and (12) that for (u,v) € 9P,,,

IT(,0)] = Ty (,0)(3)

1 r1 1
= | | 611G mGa(r9)fi(s,u(s), o(s))dsde
11 1
> 51,151,2G1,2(§,§)C1/0 Gi2(s,8) f1(s, u(s),v(s))ds
11 1
> 011012G12(5, 7)Ci (1 €)M /0 Gi2(s,s)u(s)ds
11 1
2 011012G12(5, 5)Ci(1+ 8)/\172/0 Gia(s,s)o(s)ds > 0,
which yields inf ||T(u,v)| > 0.
(u,‘u)eal’,2
Step 2. The assumption (H3) implies that there exist ¢ € (0,1) and m > 0 such that
filtu,v) < (1—e)Aqu, Vt € [0,1], (1,0) € Apy1o0)- (14)
Moreover, by the continuity of f; and f,, there exists C* > 0 such that
fi(t,u,0) < (1—e)Mu+C*, Vt€0,1], (u,0) € Ap-+. (15)
We claim that there exists a large enough R, > r; such that
]xlT(M,’U) 7& (ur Z)), v]’l € (0/ 1]/ (ur Z)) € aPRz' (16)

Suppose, on the contrary, there exist yg € (0,1] and (u9,vg) € 0P, such that poT(ug,vg) =
(1o, v0). Then (6) together with (15) guarantees

ul (£) + Bru () — aquo(t) < fi(t,uo(t), 00(t)) < (1—e)Aqup(t) + C*.

Consequently,
1 1 2C*
/Aluo(t)sin(rct)dtg(l—s)/ Aso(F) sin(t)dt + =,
0 0
namely,

1 2C*

. < '

/0 up(t) sin(mtt)dt < —

Moreover, based on the definition of cone P, we can immediately get

*

1 1 2C
i < i < —
o | /O o(£) sin(7et)dt < /O uo(f) sin(t)dt <~
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which means
2C* N

= R5. 17
e [Lo(t)sin(etydt a7

[[uoll <

So, one can choose R, > max{Rj, 7>} such that (16) holds.
Step 3. From (13), (16), Lemma 2, and Lemma 3, we deduce that

i(T,Pg, \ Py,, P) =i(T,Pg,, P)—i(T,P,,P) =1-0=1.
As a result, BVP(1) has at least one nontrivial solution. [

Up to now, some existence results of BVP(1) have been obtained by applying the fixed point index
theory. In the following, the multiple solutions will be considered for BVP (1).

Theorem 3. Assume that (H1) holds. In addition, suppose that

(1) lim sup max M < Ay, lim sup max M < Ay;
o] <Nu te[0,1] [o]<Nu te[0,1]
u—0" 1—+-+00

(2) There exists r > 0 and a continuous nonnegative function ®, such that
filt,u,0) = @ (8),¥(t,u,0) € [0,1] x (o(t)r, r) x [=Nr, Nr]

and

1 41
G11(t,T)G1o(T,8)P,(s)dsdT > 7.
tfen[gi(]/o/o 11(t, T)G12(T,5) P (s)

Then the BVP (1) has at least two nontrivial solutions.

Proof of Theorem 3. In order to obtain this conclusion, we firstly claim that

inf ||T(u,0)|| >0 and uT(u,v) # (u,0),¥Yu>1, (u,v) € IP,. (18)
(u,0)€0P,

Suppose, on the contrary, there exist ug > 1 and (1, v9) € 0P, such that poT (1, vo) = (1o, vo).
Then,
[uoll > [IT (1o, vo) || > T (o, vo)(t)

— /01 ./01 G11(t, T)G12(T,8) f1(s,u(s), v(s))dsdt 19)
2 ,/0.1 /(;l Glrl (t’ T)Gl,Z(TfS)CDr(S)deT.

Taking the maximum for both sides of the above inequality in ¢ € [0, 1], we get that

1 /1
lluo|| > trel}(e)‘)l(]/o /0 G11(t,T)G12(T,5) P, (s)dsdT > 7. (20)

This means (up,v9)€ 0P, which is a contradiction. Moreover, one can easily see that

inf ||T(u,v)|| > 0holds from (19) and (20).
(u,0)€0P;

Next, similar to the process of proving (5) and (16), there exist r; € (0,7) and Ry > max{R3,ry, 7}
such that
uT(u,v) # (u,v),Yu € (0,1], Y(u,v) € 0P, (21)

uT(u,v) # (u,v), Yu € (0,1], V(u,v) € oPg,. (22)

Thus, by (18), (21), (22), Lemma 2, and Lemma 3, one can immediately obtain that

i(T, Pg, \ P, P) = i(T, Pg,, P) —i(T,P,,P) =1 -0 =1,
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i(T,P,\ B,,,P) = i(T,P,,P) —i(T,P,,P) =0—1= —1.

Namely, there exist (u1,v1) € Py \ Py, and (up,v2) € Pg, \ Py satisfying T(u;,v;) = (u;,v;)(i =
1,2), that s, (u;,v;)(i = 1,2) is the solution of BVP(1).

Finally, we show (11, v1) # (ug,v2). To see this we need only to prove BVP(1) has no solution on
dP,. Suppose on the contrary, there exists (u*,v*) € 9P, being a solution of BVP(1). Then T (u*,v*) =
(u*,v*). By a similar process of obtaining (20), one can get |u*|| = ||T1(u*,v*)|| > r, which is a
contradiction. To sum up, Theorem 3 is proved. O

From a process similar to the above, the following conclusion can be obtained.

Theorem 4. Suppose that (H1) holds. In addition, suppose that

(1) lim inf min fl(tuu LN A1, lim inf min % > Aq;
ll<Nu  t€[0,1] lol<Nu  t€[0,1]
u—0+ U—r—+00

(2) There exists R > 0, and a continuous nonnegative function ¥ g such that
fi(t,u,0) < Ygr(t),V(t,u,v) €[0,1] x [c(t)R,R] x [-NR, NR]
and

max/ / 1(£,T)G12(T,5)¥Rr(s)dsdT < R.
telo1

Then the BVP (1) has at least two nontrivial solutions.
Proof of Theorem 4. We firstly prove that
uT(u,v) # (u,v), Yu € (0,1], (u,v) € oPg. (23)

To this end, suppose on the contrary that there exist g € (0,1] and (up,v9) € 0P such that
1oT (uo, vo) = (up,vo). Hence, we get 1y = poT1(up, vp), that is

ug(t) < Th(uo,vo)(t) < /01 /01 G11(t, T)G12(T,5) YR (s)dsdT < R. (24)

Noticing that (19, vg) € dPg, this is a contradiction.
Next, from a process similar to (9) and (13), there exist Ry > max{R, R}, 1, %} and r, € (0,R)
such that

inf ||[T(u,v)|| >0 and uT(u,v) # (u,v), Vu > 1, (u,v) € OPg,, (25)
(u,U)EaPRl
|T(u,v)|| >0 and uT(u,v) # (u,v), Vu > 1, (u,v) € OP,,. (26)
(u, v)eBP,2

So, by (23)-(26), Lemma 2, and Lemma 3, one can get
i(T,Pg, \ Pr,P) =i(T,Pg,,P) —i(T,Pg,P) =0—-1= -1,

i(T,Pg\ B,,,P) = i(T,Pg, P) —i(T,P,,P) =1—0=1.

Finally, from a process similar to the end of proof of Theorem 3, BVP(1) has at least two nontrivial
solutions. As a result, the conclusion of this theorem follows. [

4. Examples

In this section, two illustrative examples are worked out to show the effectiveness of the
obtained results.
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Example 1. Consider the following BVP of fourth-order ordinary differential systems

(27)

where
(et — 27t2) (1 + sin(7tt) Juv
fi(t,u,0) = (t* — 272) (1 + sin(7rt) v
(r* —272) (1 + sin(rct))u%v

ifo<u<l, o] <u;
ifu=1, || < u;
ifu>1, |y <uy,

B Rl e

(t* —2712) (1 + cos(7tt) )uv
fa(t,u,0) = (t* — 2712) (1 + cos(rtt))v
(4 — 272) (1 + cos(rtt) )uiv

ifo<u<l, |v| <u;
ifu=1, |v|<u;
ifu>1, |v|<u,

L S R S e

Then, BVP (27) has at least two nontrivial solutions.

Proof of Example 1. BVP (27) can be regarded as a BVP of the form (1). Choosing a1 = 2, f1=1,
and Ay = * — 2712 > 0, then we have

—B1+y\/Bitan 14 \Itan? : —B1—\/Bit4m 1 Tran?
= = , C1p = = .
2 7’

gl,l - 2 2 2

Clearly, a1 and B; satisfy the condition (2). Moreover, by careful calculation and Lemma 2.1 in
Reference [32], one can obtain that

sinh w11t sinh w11 (1 — S)

: 0<t<s<1;
Gua(ts) = w11 sinhw ¢

LIRE sinhw 1ssinhwy (1 —t) D<s<i<1
w11 s'mhwlll - !

sinwllztsinwm(l — S) 0<t<s<1:

w1 o Sinwq o - !

Gia(t,s) = . -, ’
i sinwipssinwy (1 —t¢
1.2 121 = 1) 0<s<t<l

wl,Z sin wl,Z

where wy; = /|¢1,|(i = 1,2).
Now, [v| < 2u, |fa(t,u,v)| < 2|f1(t,u,v)|, and N = N;N;N3. Thus, one can easily get that (H1)

Gzl‘(t,s) .
Gl,;(ffs)’ ] = 1,2.

N1N;
In addition, by calculation, we get that

holds by choosing N3 > max{2, }, where N; = sup

0<t,s<1

t 4 _272)(1 + sin(7tt) )uot

lim sup max M = lim sup max (m n7) (1 + sin(rtt) Juv =0<Aq,
[o|<Nu te[0,1] u [o|<Nu te[0,1] u

u—0+ u—0+t

4 2 . 11
) 1 1

lim sup max M = lim sup max (m 7)1 + sin(7t) Juioi =0< Aq.
Jo| <Nu tef01] U Jol <Nu te[0,1] u

U—+00 u—r+o00
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Choose

r = min{l, [(51,151,2 /(;1 \/O'(t) Sil’l(T[t)dt min (Gl,l(tr f)Glrz(t, t))z}z} >0

te[L.3]

and
D, (t) = \/ro(t) sin(7t).

Then, it is not difficult to obtain that the condition (2) in Theorem 3 holds. Hence, our conclusion
follows from Theorem 3. [

Example 2. Consider the following BVP of fourth-order ordinary differential systems

u® () + " (8) — 7Put) = fi(bu,v), 0<t<1;

o® () + EU”(l‘) - %zv(t) = fr(t,u,v), 0<t<1; 28)
u(0) =u(1) =u"(0)=u"(1) =0;

v(0) =o(1) =9"(0) =2"(1) = 0.

where

fo<u<l, O0<v<l;
ifu=1, O<o<l;
ifu>1, O<o<l,

Q= W= W=

(* —2m%) (1 + cos(nt))u%v
fa(t,u,0) = (% —2712) (1 + cos(rtt) v
(et —271%) (1 + cos(tt) ) u?v

fo<u<l 0<v<l;
ifu=1, O<ov<l1;
ifu>1, O<o<l,

QI W= Q=

Then, BVP (28) has at least two nontrivial solutions.

Proof of Example 2. BVP (28) can be regarded as a BVP of the form (1). Using a similar process of the
proof of Example 1, one can easily obtain that

1 1
t,u,v L. . =212 (2 4+ Huzovs
lim inf minfl(i): lim inf min ( )2+1) = 400>t —21% = Ay,
|o] <Nu te[0,1] u [o]<Nu t€[0,1] u
u—0+ u—0t
1
tu,v (=212 (2 4+ HuPos
lim inf minL): lim inf min ( )2+1) +oo >t =212 = Aq.
|[v]|<Nu te[0,1] u [v|<Nu te[0,1]
Uu—+o00 U—r+00

In addition, it is obvious that (H1) holds by choosing N3 = 2. In the following, set

2
57T2C1,1C1,2 max [Gl,l (t, t)G1,2<t, t)]
tel0,1]

’

R = max{1, }>0

and
Yr(t) = m*R2(2 4 t).

Then, it is trivial to verify that assumption (2) of Theorem 3 is true.
As a result, by Theorem 4, system (28) has at least two nontrivial solutions. [
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5. Conclusions

In this paper, we have obtained some appropriate results corresponding to multiple solutions for
a class of nonlinear fourth-order boundary value problems with parameters. The multiple solutions
for the considered systems are obtained under some suitable assumptions via fixed point index
theory. The whole theoretical results has been demonstrated by providing two interesting examples.
Hence, we claim that fixed point index theory can be used as a strong technique to study nonlinear
fourth-order boundary value problems with parameters.
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