

  symmetry-12-01944




symmetry-12-01944







Symmetry 2020, 12(12), 1944; doi:10.3390/sym12121944




Article



Classification of Efficient Total Domination Sets of Circulant Graphs of Degree 5



Young Soo Kwon 1 and Moo Young Sohn 2,*





1



Department of Mathematics, Yeungnam University, Kyongsan 712-749, Korea






2



Department of Mathematics, Changwon National University, Changwon 641-773, Korea









*



Correspondence: mysohn@changwon.ac.kr







Received: 4 November 2020 / Accepted: 24 November 2020 / Published: 25 November 2020



Abstract

:

An efficient total dominating set D of a graph G is a vertex subset such that every vertex of G has exactly one neighbor in the set D. In this paper, we give necessary and sufficient conditions for the existence of efficient total domination sets of circulant graphs whose degree is 5 and classify these sets.
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1. Introduction


All graphs considered in this paper are finite, simple, undirected, and connected. For a graph G, we denote the vertex set and edge set by   V ( G )   and   E ( G )  , respectively. A total domination set of G with no isolated vertex is a subset D of   V ( G )   such that every vertex in G is adjacent to a vertex in D. An efficient total dominating set D of a graph G is a total dominating set of G such that every vertex of G has exactly one neighbor in the set D. Please note that a graph G has an efficient total dominating set if and only if each component of G has an efficient total dominating set. So we only consider connected graphs in this paper. For a connected graph G and for a vertex   u ∈ V ( G )  , let   N ( u )   be the set of neighbors of u. For any positive integer i, let    N i   ( u )    be the set of vertices v such that   d ( u , v ) = i  , where   d ( u , v )   is the distance between u and v. Please note that for an efficient total dominating set D of G, if u is an element of D, then    N 2   ( u )  ∩ D = ∅  . For more information on dominating sets of graphs, we refer the readers to [1].



Let  Γ  be a finite group and   X ⊆ Γ ∖ {  1 Γ  }   be a generating set for  Γ  which is closed under taking inverses. The Cayley graph   C ( Γ , X )   has vertex set  Γ  with any two vertices   g , h ∈ Γ   joined by an edge whenever    g  − 1   h ∈ X  . It follows that the Cayley graphs considered in this paper are finite, connected and undirected. Please note that a Cayley graph   G = C ( Γ , X )   is very symmetric graph because the automorphism group of G contains a subgroup isomorphic to  Γ  which acts regularly on   V ( G )   [2]. For a positive integer n, if  Γ  is a cyclic group   Z n  , the Cayley graph   C (  Z n  , X )   is called the circulant graph and denoted by    C n   [  a 1  , … ,  a k  ]   , where   X = { ±  a 1  , … , ±  a k  }  . For a Cayley graph   G = C ( Γ , X )  ,   D ⊂ Γ   is a total dominating set (an efficient total dominating set, resp.) if and only if   D ∘ X = Γ   as a set (a multiset, resp.) [3,4], where   D ∘ X = { g x | g ∈ D    a n d    x ∈ X }  . Please note that any connected graph of order at least 2 contains total dominating set but not all connected graphs contain efficient total dominating set.



Efficient total dominating sets were first studied by Gavlas, Schultz, and Slater [5]. The problem of deciding whether a graph has an efficient total dominating set was shown to be NP-complete in general by Bakker and van Leeuwen [6] (also see [5]), and even when restricted to planar bipartite graphs of maximum degree three by Schaudt [7]. Lee proved that a Cayley graph on an Abelian group has an efficient dominating set if and only if it is a covering graph of a complete graph [8]. MacGillivray and Warren showed that the same methods can be used to relate efficient total dominating sets in Cayley graphs to covers of a reflexive complete graph [9]. Obradović et al. characterized the circulant graphs of degree two, three and four that have efficient dominating sets [10]. A consequence of their results is that, for circulant graphs of degree two, three or four, the vertices in the efficient dominating sets are equally spaced, i.e., are a coset of a subgroup of   Z n  . In [11], the authors and Chen classified all circulant graphs of degree 4 containing an efficient total dominating set. In [12], Feng et al. obtained a necessary and sufficient condition for the existence of efficient total dominating set of a circulant graph whose degree is an odd prime p.



The present paper deals with classification of efficient total domination sets of circulant graphs    C n   [ a , b ,  n 2  ]    whose degree is 5. The paper is organized as follows. In Section 2, we give some properties of circulant graphs and efficient total domination sets of circulant graphs. In Section 3, we construct efficient total domination sets of circulant graphs    C  10 m    [ a , b ,  n 2  ]    with some conditions for a and b, where m is a positive integer. In Section 4, we classify all efficient total dominating sets of circulant graphs of degree 5.




2. Preliminaries


For a circulant graph   G =  C n   [  a 1  , … ,  a k  ]    of degree   d = 2 k − 1   or   2 k  , suppose that G has an efficient total dominating set D. Then for any   g ∈ D  , there uniquely exists    g ′  ∈ D ∖  { g }    adjacent to g. For any such elements g and   g ′   in D, the set   N  (  { g ,  g ′  }  )  = N  ( g )  ∪ N  (  g ′  )    is composed of   2 d   vertices. Furthermore, the vertex set of G is a disjoint union of such sets   N (  { g ,  g ′  }  )  , and hence   2 d   should divide n, namely   n = 2 d m   for some positive integer m. So it suffices to consider circulant graphs of order   2 d m   for classifying circulant graphs of degree d which contain an efficient total dominating set.



A connected circulant graph    C n   [ a ]    of degree 2 is a cycle and    C n   [ a ]    has an efficient total domination set if and only if n is a multiple of 4. A connected circulant graph    C n   [ a ,  n 2  ]    of degree 3 is a Möbius ladder and one can show that    C n   [ a ,  n 2  ]    has an efficient total domination set if and only if n is a multiple of 6. For a circulant graph    C n   [ a , b ]    of degree 4, the authors and Chen [11] obtained the following result.



Theorem 1

([11]). Let   G =  C  8 m    [ a , b ]    be a connected circulant graph of degree 4 with   a ≡ 1 ( mod  8 )   and   b ≡ 0 , 1 , 2 , 3   or   4 ( mod  8 )  . Now G has an efficient total dominating set if and only if   b ≡ 3 ( mod  8 )   or   ( b ≡ 1 ( mod  8 )   and   gcd ( 8 m , | a − b | ) = gcd ( 4 m , | a − b | ) )  .





Please note that any connected circulant graph    C  8 m    [ a , b ]    of degree 4 is isomorphic to a circulant graph    C  8 m    [ c , d ]    such that   c ≡ 1 ( mod  8 )   and   d ≡ 0 , 1 , 2 , 3   or   4 ( mod  8 )  .



For a connected circulant graph   G =  C  10 m    [ a , b , 5 m ]    of degree 5, assume that G has an efficient total dominating set D. If for any   x ∈ D  ,   x + 5 m   also belongs to D, then we call D a type-I efficient total dominating set of G. If there exist   x , y ∈ D   such that   x + 5 m ∈ D   and   y + 5 m ∉ D  , then we call D a type-II efficient total dominating set of G. If there is no   x ∈ D   such that   x + 5 m ∈ D  , then D is called a type-III efficient total dominating set of G. The following is the main theorem in our paper.



Theorem 2.

Let   G =  C  10 m    [ a , b , 5 m ]    be a connected circulant graph of degree 5. Now we have




	(1)

	
G has a type-I efficient total dominating set if and only if   { ± a , ± b } ≡ { 1 , 2 , 3 , 4 }    ( mod  5 )  . In this case, any type-I efficient total dominating set of G is the subgroup   〈 5 〉   of   Z  10 m    or its coset.




	(2)

	
There is no type-II efficient total dominating set of G.




	(3)

	
G has a type-III efficient total dominating set if and only if m is odd and   { ± a , ± b } ≡ { 1 , 3 , 7 , 9 } ( mod  10 )  . In this case, any type-III efficient total dominating set of G is   ( 〈 10 〉 + i ) ∪ ( 〈 10 〉 + j )  , where i is even and j is odd with   j ≠ i + 5 ( mod  10 )  .












3. Constructions


For    G 1  =  C  10 m    [ a , b , 5 m ]    with   { ± a , ± b } ≡ { 1 , 2 , 3 , 4 } ( mod  5 )  , let


   D 1  =  { x ∈  Z  10 m    |  x ≡ 0   ( mod  5 )   }  =  〈 5 〉  .  











Please note that   { ± a , ± b , 5 m } ≡ { 0 , 1 , 2 , 3 , 4 } ( mod  5 )  . So for any   y ∈  Z  10 m    , we have    |  { y + a , y − a , y + b , y − b , y + 5 m }  ∩   D 1   | = 1   , namely   D 1   is an efficient total dominating set of   G 1  . In this case, for any   x ∈  D 1   ,   x + 5 m   is also an element of   D 1  , and hence   D 1   is a type-I efficient total dominating set of   G 1  .



Let    G 2  =  C  10 m    [ a , b , 5 m ]    satisfy that m is odd and   { ± a , ± b } ≡ { 1 , 3 , 7 , 9 } ( mod  10 )  . For any   i  =  1 , 3 , 7 , 9  , let


   D 2   ( i )  =  { x ∈  Z  10 m    |  x ≡ 0   or   i  ( mod  10 )   }  =  〈 10 〉  ∪  (  〈 10 〉  + i )  .  











Please note that   { ± a , ± b , 5 m } ≡ { 1 , 3 , 5 , 7 , 9 } ( mod  10 )   because m is odd. So for any   y ∈  Z  10 m    , we have    |  { y + a , y − a , y + b , y − b , y + 5 m }  ∩   D 2    ( i )  | = 1   , and hence    D 2   ( i )    is an efficient total dominating set of   G 2  . In this case, for any   x ∈  D 2   ( i )   ,   x + 5 m   is not an element of    D 2   ( i )    because   x + 5 m ≡ 5   or   i + 5 ( mod  10 )  . Therefore    D 2   ( i )    is a type-III efficient total dominating set of   G 2  .



In the next section, we prove Theorem 2 by showing that these efficient total dominating sets are all such sets up to translation.




4. Proof of Main Theorem


For a circulant graph   G =  C n   [  a 1  , … ,  a k  ]    of degree d, if n is not a multiple of   2 d  , then there is no efficient total dominating set of G. So to prove Theorem 2, it suffices to consider a circulant graph   G =  C  10 m    [ a , b , 5 m ]    of degree 5. Please note that if D is an efficient total dominating set of   G =  C  10 m    [ a , b , 5 m ]   , then for any   s ∈  Z  10 m    ,   s + D = { s + x  |  x ∈ D }   is also an efficient total dominating set of G. So from now on, we assume that 0 is an element of any efficient total dominating set of G.



For the first case, we aim to consider type-I efficient total dominating set of G. For classifying type-I efficient total dominating sets, we need the following proposition.



Proposition 1

([10]). For a connected circulant graph   G =  C n   [ a , b ]    of degree 4, G has an efficient dominating set if and only if n is a multiple of 5 and   { ± a , ± b } ≡ { 1 , 2 , 3 , 4 } ( mod  5 )  .





Remark 1.

Let   G =  C n   [ a , b ]    be a connected circulant graph of degree 4 and satisfy that n is a multiple of 5 and   { ± a , ± b } ≡ { 1 , 2 , 3 , 4 } ( mod  5 )  . In the proof of Proposition 1 in [10], it was showed that the subgroup   〈 5 〉   of   Z n   is the unique efficient dominating set containing 0.





Assume that there exists a type-I efficient total dominating set   D 1   of   G =  C  10 m    [ a , b , 5 m ]   . For any   k ∈  Z  10 m    , let   k ¯   be an element of   Z  5 m    such that    k ¯  ≡ k  ( mod  5 m )   . Please note that     5 m  ¯  = 0   in   Z  5 m   . For our convenience, let    G ¯  =  C  5 m    [  a ¯  ,  b ¯  ]    and     D ¯  1  =  {  x ¯   |  x ∈  D 1   }    as a subset of   Z  5 m   . Now we have the following lemma.



Lemma 1.

For a connected circulant graph   G =  C  10 m    [ a , b , 5 m ]    of degree 5, if there exists a type-I efficient total dominating set   D 1   of G, then the circulant graph    G ¯  =  C  5 m    [  a ¯  ,  b ¯  ]    is simple and connected, and    D ¯  1   is an efficient dominating set of   G ¯  .





Proof of Lemma 1.

If   a ¯   equals to   b ¯   or   −  b ¯    as elements of   Z  5 m   , then   a = b + 5 m   or   a = − b + 5 m  , and hence a is adjacent to both 0 and   5 m   in G. Since both 0 and   5 m   are elements of   D 1  , it contradicts the assumption that   D 1   is an efficient total dominating set of G. So   G ¯   is simple.



Since G is connected, for any   y ∈  Z  10 m    , there exists a path   0 ,  x 1  ,  x 1  +  x 2  , … ,  x 1  +  x 2  + ⋯ +  x k  = y  , where for any   i = 1 , … , k  ,    x i  ∈  { ± a , ± b , 5 m }   . This implies 0 and   y ¯   belong to the same component of   G ¯  , and hence   G ¯   is connected.



For any   z ∈  Z  10 m   ∖  D 1   , we have    |  { z + a , z − a , z + b , z − b }  ∩   D 1   | = 1    because   D 1   is a type-I efficient total dominating set of G. This implies that for any    z ¯  ∈  Z  5 m   ∖   D ¯  1   ,    |   {  z ¯  +  a ¯  ,  z ¯  −  a ¯  ,  z ¯  +  b ¯  ,  z ¯  −  b ¯  }  ∩   D ¯  1   | = 1   . Therefore    D ¯  1   is an efficient dominating set of   G ¯  . □





Using Proposition 1 and Lemma 1, one can prove Theorem 2(1) as follows:



Proof of Theorem 2(1).

By a construction in Section 3, we know that if   { ± a , ± b } ≡ { 1 , 2 , 3 , 4 } ( mod  5 )  , then   G =  C  10 m    [ a , b , 5 m ]    has a type-I efficient total dominating set.



Conversely, assume that G has a type-I efficient total dominating set   D 1   containing 0. By Lemma 1,    D ¯  1   is an efficient dominating set of    G ¯  =  C  5 m    [  a ¯  ,  b ¯  ]   . Hence we have    { ±  a ¯  , ±  b ¯  }  ≡  { 1 , 2 , 3 , 4 }   ( mod  5 )    by Proposition 1. This implies that   { ± a , ± b } ≡ { 1 , 2 , 3 , 4 } ( mod  5 )  . Furthermore,    D ¯  1   is the subgroup   〈 5 〉   of   Z  5 m    (see Remark 1). This means that   D 1   is the subgroup   〈 5 〉   of   Z  10 m   . □





From now on, we aim to consider a type-II or type-III efficient total dominating set of   G =  C  10 m    [ a , b , 5 m ]   .



Lemma 2.

Let D be an efficient total dominating set of   G =  C  10 m    [ a , b , 5 m ]   . For any   x ∈ D   and for any   α ,  β   satisfying   { ± α , ± β } = { ± a , ± b }  , we have




	(1)

	
   N 2   ( x )  ∩ D = ∅  ,




	(2)

	
  x + 2 α + 2 β ∉ D  ,




	(3)

	
  x + 3 α + 5 m ∉ D  , and




	(4)

	
  x + 4 α ∉ D  .











Proof of Lemma 2.

(1) Suppose that    N 2   ( x )  ∩ D ≠ ∅   and let   y ∈  N 2   ( x )  ∩ D  . Then there exists a common neighbor z of x and y, and hence z is dominated by x and y, a contradiction.



(2) Suppose that   x + 2 α + 2 β ∈ D  . Then,   N  ( x + α + β + 5 m )  ∖ (  N 2   ( x )  ∪  N 2   ( x + 2 α + 2 β )  ) = ∅  , and hence there is no element in D which dominates   x + α + β + 5 m  , a contradiction.



(3) Suppose that   x + 3 α + 5 m ∈ D  . Then,   N  ( x + 2 α + β )  ∖ (  N 2   ( x )  ∪  N 2   ( x + 3 α + 5 m )  ) =  { x + 2 α + 2 β }   , and hence   x + 2 α + 2 β   should be an element of D to dominate   x + 2 α + β  . It contradicts   ( 2 )  .



(4) Suppose that   x + 4 α ∈ D  . Since   N  ( x + 2 α + 5 m )  ∖ (  N 2   ( x )  ∪  N 2   ( x + 4 α )  ) =  { x + 2 α + β + 5 m , x + 2 α − β + 5 m }   , we have   x + 2 α + β + 5 m ∈ D   or   x + 2 α − β + 5 m ∈ D  . Without loss of generality, assume that   x + 2 α + β + 5 m ∈ D  . Now   N  ( x + α − β + 5 m )  ∖ (  N 2   ( x )  ∪  N 2   ( x + 2 α + β + 5 m )  ) =  { x + α − 2 β + 5 m }   , and hence   x + α − 2 β + 5 m ∈ D  . In this situation,   N  ( x + 2 α − β )  ∖ (  N 2   ( x + α − 2 β + 5 m )  ∪  N 2   ( x + 4 α )  ) = ∅  . Therefore, there is no element in D dominating   x + 2 α − β  , a contradiction. □





Corollary 1.

Let D be an efficient total dominating set of   G =  C  10 m    [ a , b , 5 m ]   . If   x ∈ D  , then we have




	(1)

	
  { x ± 2 a ± 2 b } ∩ D = ∅  ,




	(2)

	
  { x ± 3 a + 5 m , x ± 3 b + 5 m } ∩ D = ∅   and




	(3)

	
  { x ± 4 a , x ± 4 b } ∩ D = ∅  .











Proof of Corollary 1.

(1) By Lemma 2(2), we have   { x ± 2 a ± 2 b } ∩ D = ∅  .



(2) By Lemma 2(3), we have   { x ± 3 a + 5 m , x ± 3 b + 5 m } ∩ D = ∅  .



(3) By Lemma 2(4), we have   { x ± 4 a , x ± 4 b } ∩ D = ∅  . □





Lemma 3.

Let   G =  C  10 m    [ a , b , 5 m ]    be a connected circulant graph of degree 5. If there is a cycle of length 3 in G, then there is neither a type-II efficient total dominating set nor a type-III efficient total dominating set in G.





Proof of Lemma 3.

Assume that G contains a cycle C of length 3 and let   V ( C ) = { 0 , x , y }  . Suppose that there exists a type-II or type-III efficient total dominating set D of G which contains 0. Note that D contains at most one vertex in any cycle of length 3. So D contains neither x nor y.



For the first case, suppose that C contain   5 m  . Without loss of generality, assume that   x = 5 m   and   y = a  . Then   a + 5 m ∈ { − a , ± b }  . If   a + 5 m = b   or   − b  , then for any   z ∈ { ± a , ± b , 5 m }  , there exists a cycle of length 3 containing both 0 and z. This implies that   z ∉ D   and hence 0 cannot be dominated by D, a contradiction. So we may assume that   a + 5 m = − a  , namely   2 a = 5 m  . Now the subgraph induced by   { 0 , a , − a , 5 m }   is a complete graph   K 4  . For D to dominate 0, we have   b ∈ D   or   − b ∈ D  . Without loss of generality, let   b ∈ D  . Now   { − b + a , − b − a , − b + 5 m }   is a subset of    N 2   ( 0 )    and hence   { − b + a , − b − a , − b + 5 m } ∩ D = ∅  . Since neither a nor   − b   is an element of D and   a + 5 m = − a  ,   − 2 b + a   should be an element of D to dominate   − b + a  . By a similar reason,   − 2 b − a   should be an element of D to dominate   − b − a  . Now   − 2 b   is dominated by both   − 2 b + a   and   − 2 b − a  , a contradiction.



Therefore, we may assume that there is no cycle of length 3 containing both 0 and   5 m  , and hence   x , y ∈ { ± a , ± b }  . Since C is a cycle of length 3 containing   0 , x   and y, we have   x , y − x , − y ∈ { ± a , ± b }   and at least two of   x , y − x , − y   are the same element. Without loss of generality, assume that   x = y − x = a  , namely   x = a   and   y = 2 a  . Now, we can divide two cases as   2 a = − a   and (  2 a = b   or   2 a = − b  ).



First assume that   2 a = − a  . Since 0 is an element of D, neither a nor   − a   is an element of D, and hence exactly one of   5 m , b   and   − b   is an element of D. If   5 m ∈ D  , then   { b , b ± a , b + 5 m , b ± a + 5 m }   is a subset of    N 2   ( 0 )  ∪  N 2   ( 5 m )   . So   { b , b ± a , b + 5 m , b ± a + 5 m } ∩ D = ∅  . To dominates   b ± a  ,   2 b ± a   should be elements of D. Now   2 b   is dominated by both   2 b + a   and   2 b − a  , a contradiction. For the remaining case, assume that   b ∈ D   or   − b ∈ D  . Without loss of generality, let   b ∈ D  . Since    { ± a , ± a + 5 m , ± a + b + 5 m }  ⊂  N 2   ( 0 )  ∪  N 2   ( b )   ,   ± a − b + 5 m   should be elements of D to dominate   ± a + 5 m  . Now   − b + 5 m   is dominated by both   a − b + 5 m   and   − a − b + 5 m  , a contradiction.



For the last case, assume that   2 a = b   or   2 a = − b  . Then for any   k ∈  Z  10 m     and for any   α ∈ { ± a , ± b }  , there exists a cycle of length 3 containing both k and   k + α  . Hence if   k ∈ D  , then   k + 5 m   is an element of D. This implies that D is a type-I efficient total dominating set of G, a contradiction. □





Please note that there possibly exists a type-I efficient total dominating set of   G =  C  10 m    [ a , b , 5 m ]    even though there is a cycle of length 3 in G. For example, let   G =  C 20   [ 1 , 2 , 10 ]    and   D = { 0 , 5 , 10 , 15 }  . Now the subgraph of G induced by   { 0 , 1 , 2 }   is a cycle of length 3 and D is a type-I efficient total dominating set of G.



Lemma 4.

Let   G =  C  10 m    [ a , b , 5 m ]    be a connected circulant graph of degree 5. For a type-II or type-III efficient total dominating set D of G, if   x , x + α , x + 2 β + 5 m , x + α + 2 β + 5 m ∈ D   for some   α , β   such that   { ± α , ± β } = { ± a , ± b }  , then we have   x + 3 α + β , x + 3 α + β + 5 m , x − 2 α + β , x − 2 α + β + 5 m ∈ D  .





Proof of Lemma 4.

Let   S =  N 2   ( x )  ∪  N 2   ( x + α )  ∪  N 2   ( x + 2 β + 5 m )  ∪  N 2   ( x + α + 2 β + 5 m )   . Since   N ( x + 2 α + β ) − S = { x + 3 α + β }   and   N ( x + 2 α + β + 5 m ) − S = { x + 3 α + β + 5 m }  , we have   x + 3 α + β , x + 3 α + β + 5 m ∈ D  . By a similar way, one can show that   x − 2 α + β , x − 2 α + β + 5 m ∈ D  . □





Lemma 4 implies that there is no type-III efficient total dominating set D of G containing   x , x + α , x + 2 β + 5 m , x + α + 2 β + 5 m   for some   x ∈  Z  10 m     and for some   α , β   such that   { ± α , ± β } = { ± a , ± b }  .



Now, we aim to show that there is no type-II efficient total dominating set of   G =  C  10 m    [ a , b , 5 m ]   . For the contrary, suppose that there exists a type-II efficient total dominating set   D 2   of G.



Lemma 5.

Let   G =  C  10 m    [ a , b , 5 m ]    be a connected circulant graph of degree 5. For a type-II efficient total dominating set   D 2   of G, there exists   x ∈  D 2    and   α , β ∈ { ± a , ± b }   with   β ≠ ± α   such that   x + 5 m ∈  D 2    and    |  { x + 2 α + β , x + 2 α + β + 5 m }  ∩   D 2   | = 1   .





Proof of Lemma 5.

Assume that   0 , 5 m ∈  D 2   . Let y be an element in   D 2   such that   y + 5 m ∉  D 2    and the distance   d ( 0 , y )   is the smallest among such vertices. Let   0 =  z 0  ,  z 1  , … ,  z k  = y   be the shortest path between 0 and y. Please note that   k ≥ 3   and    z  k − 2   ,  z  k − 1   ∉  D 2   . To dominate   z  k − 2   , there exists   x ∈ N (  z  k − 2   )   such that   x ∈  D 2   . Since the distance   d ( 0 , x )   is shorter than the distance   d ( 0 , y )  ,   x + 5 m   is also an element of   D 2  . Please note that the distance   d ( y , x )   is 3. By Lemma 2(3),   y = x + 2 α + β   for some   α , β   such that   { ± α , ± β } = { ± a , ± b }  . □





Lemma 6.

Let   G =  C  10 m    [ a , b , 5 m ]    be a connected circulant graph of degree 5. For a type-II efficient total dominating set   D 2   of G, if   x , x + 5 m , x + 2 α + β ∈  D 2    and   x + 2 α + β + 5 m ∉  D 2    for some   α , β   such that   { ± α , ± β } = { ± a , ± b }  , then we have




	(1)

	
all of   x + α + 2 β + 5 m , x + 3 α + β , x + 2 α − β + 5 m   belong to   D 2  .




	(2)

	
all of   x ± ( 2 α + β ) , x ± ( 3 α + β ) , x ± ( 2 α − β ) + 5 m , x ± ( 3 α − β ) + 5 m , x ± ( α − 2 β ) , x ± ( α − 3 β ) , x ± ( α + 2 β ) + 5 m , x ± ( α + 3 β ) + 5 m   belong to   D 2  . Furthermore, these elements are all elements in     ⋃  i = 1  4    (  N i   ( x )  ∪  N i   ( x + 5 m )  )  ∩  D 2   ∖  { x , x + 5 m }    .




	(3)

	
All of   x ± 5 α , x ± 5 α + 5 m , x ± 5 β , x ± 5 β + 5 m   belong to   D 2  .











Proof of Lemma 6.

(1) Since   N  ( x + α + β + 5 m )  ∖  N 2   ( x )    is   { x + α + 2 β + 5 m , x + 2 α + β + 5 m }   and   x + 2 α + β + 5 m ∉  D 2   , the element   x + α + 2 β + 5 m   should be an element of   D 2   to dominate   x + α + β + 5 m  .



Please note that   N  ( x + 2 α + β )  ∖ (  N 2   ( x )  ∪  N 2   ( x + α + 2 β + 5 m )  )   is   { x + 3 α + β }   and hence   x + 3 α + β ∈  D 2   . Similarly, we have   N  ( x + 2 α + 5 m )  ∖ (  N 2   ( x )  ∪  N 2   ( x + 3 α + β )  )   is   { x + 2 α − β + 5 m }  . So   x + 2 α − β + 5 m ∈   D 2   .



(2) Since   x + 2 α + β ∈  D 2   , the element   x + 2 α − β   is not an element of   D 2  . Let    D 2 ′  =  D 2  + 5 m  . Now   D 2 ′   is also a type-II efficient total dominating set of G such that   x , x + 5 m , x + 2 α − β ∈  D 2 ′    and   x + 2 α − β + 5 m ∉  D 2 ′   . By (1), we have   x + 3 α − β ∈  D 2 ′    and   x + α − 2 β + 5 m ∈  D 2 ′   . This implies that   x + 3 α − β + 5 m ∈  D 2    and   x + α − 2 β ∈  D 2   . By using a similar way continually, one can show that all of   x ± ( 2 α + β ) , x ± ( 3 α + β ) , x ± ( 2 α − β ) + 5 m , x ± ( 3 α − β ) + 5 m , x ± ( α − 2 β ) , x ± ( α − 3 β ) , x ± ( α + 2 β ) + 5 m , x ± ( α + 3 β ) + 5 m   belong to   D 2  . Denote the set of these elements by S. Now it can be easily checked that any element in     ⋃  i = 1  4   (  N i   ( x )  ∪  N i   ( x + 5 m )  )  ∖  { x , x + 5 m }     which does not belong to S is an element of    N 2   ( z )    for some   z ∈ S  . Therefore      ⋃  i = 1  4    (  N i   ( x )  ∪  N i   ( x + 5 m )  )  ∩  D 2   ∖  { x , x + 5 m }   = S   .



(3) Since   x + 2 α + β , x + 3 α + β , x + 2 α − β + 5 m , x + 3 α − β + 5 m ∈  D 2   , by Lemma 4,   x + 5 α , x + 5 α + m ∈  D 2   . By a similar way with S as a subset of   D 2  , one can show that all of   x ± 5 α , x ± 5 α + 5 m , x ± 5 β , x ± 5 β + 5 m   belong to   D 2  . □





Lemma 7.

Let   G =  C  10 m    [ a , b , 5 m ]    be a connected circulant graph of degree 5 and assume that there is a type-II efficient total dominating set   D 2   such that   0 , 5 m , 2 α + β ∈  D 2    and   2 α + β + 5 m ∉  D 2    for some   α , β   such that   { ± α , ± β } = { ± a , ± b }  . Then   r a + s b , r a + s b + 5 m ∈  D 2    if and only if both r and s are multiples of 5.





Proof of Lemma 7.

Let S be     ⋃  i = 1  4    (  N i   ( 0 )  ∪  N i   ( 5 m )  )  ∩  D 2   ∖  { 0 , 5 m }    . By Lemma 6, S is composed of   ± ( 2 α + β ) , ± ( 3 α + β ) , ± ( 2 α − β ) + 5 m , ± ( 3 α − β ) + 5 m , ± ( α − 2 β ) , ± ( α − 3 β ) , ± ( α + 2 β ) + 5 m , ± ( α + 3 β ) + 5 m  , and   ± 5 α , ± 5 α + 5 m , ± 5 β , ± 5 β + 5 m ∈  D 2   . Please note that for any   x ∈ S  , we have   x + 5 m ∉  D 2   . Let    D 2 ′  =  D 2  + 5 α + 5 m  . Now   D 2 ′   is also a type-II efficient total dominating set of G and   0 , 5 m , 2 α + β ∈  D 2 ′    and   2 α + β + 5 m ∉  D 2 ′   . Let   S ′   be     ⋃  i = 1  4    (  N i   ( 0 )  ∪  N i   ( 5 m )  )  ∩  D 2 ′   ∖  { 0 , 5 m }    . By Lemma 6,   S ,   is composed of   ± ( 2 α + β ) , ± ( 3 α + β ) , ± ( 2 α − β ) + 5 m , ± ( 3 α − β ) + 5 m , ± ( α − 2 β ) , ± ( α − 3 β ) , ± ( α + 2 β ) + 5 m , ± ( α + 3 β ) + 5 m  , and   ± 5 α , ± 5 α + 5 m , ± 5 β , ± 5 β + 5 m ∈  D 2 ′   . This implies that   − 5 α ± 5 α , − 5 α ± 5 α + 5 m , − 5 α ± 5 β , − 5 α ± 5 β + 5 m ∈  D 2   . By applying Lemma 6 continually, one can show that for any integers r and s,   5 r α + 5 s β , 5 r α + 5 s β + 5 m ∈  D 2   . This means that   5 r a + 5 s b , 5 r a + 5 s b + 5 m ∈  D 2   .



So we showed sufficient part. Note that for any   x ∈  ⋃  i = 1  4   (  N i   ( 5 r a + 5 s b )  ∪  N i   ( 5 r a + 5 s b + 5 m )  )  ∩  D 2    which is neither   5 r a + 5 s b   nor   5 r a + 5 s b + 5 m  , it holds that   x + 5 m ∉  D 2   .



Suppose that there exist integers r and s such that   r a + s b , r a + s b + 5 m ∈  D 2    and at least one of r and s is not a multiple of 5. Then there are integers   r 1   and   s 1   such that   r a + s b ∉ { 5  r 1  a + 5  s 1  b , 5  r 1  a + 5  s 1  b + 5 m }   and   r a + s b   belongs to    ⋃  i = 1  4   (  N i   ( 5  r 1  a + 5  s 1  b )  ∪  N i   ( 5  r 1  a + 5  s 1  b + 5 m )  )  ∩  D 2   . This implies that   r a + s b + 5 m ∉  D 2   , a contradiction. □





Proof of Theorem 2(2).

For a connected circulant graph   G =  C  10 m    [ a , b , 5 m ]    of degree 5, suppose that there exists a type-II efficient total dominating set   D 2  . By Lemma 5, there exists   x ∈  D 2    and   α , β ∈ { ± a , ± b }   with   β ≠ ± α   such that   x + 5 m   and    |  { x + 2 α + β , x + 2 α + β + 5 m }  ∩   D 2   | = 1   . Let    D 2 ′  =  D 2  − x  . Then   D 2 ′   is also a type-II efficient total dominating set and it contains 0 and   5 m  . Furthermore    |  { 2 α + β , 2 α + β + 5 m }  ∩   D 2 ′   | =  1   . By Lemma 7,   r a + s b , r a + s b + 5 m ∈  D 2 ′    if and only if both r and s are multiples of 5. Since both   b a − a b = 0   and   b a − a b + 5 m = 5 m   belong to   D 2 ′  , both b and   − a   are multiples of 5. This implies that all generators of G are multiples of 5 and hence G is not connected, which is a contradiction. Therefore, there is no type-II efficient total dominating set of G. □





For the last case, let us consider type-III efficient total dominating sets of a connected circulant graph   G =  C  10 m    [ a , b , 5 m ]    of degree 5. From now on, we assume that   D 3   is a type-III efficient total dominating set of G.



Lemma 8.

For any   α , β   such that   { ± α , ± β } = { ± a , ± b }  , if   x , x + α ∈  D 3   , then   x + 2 α + β + 5 m ∈  D 3    or   x + 2 α − β + 5 m ∈  D 3   





Proof of Lemma 8.

Assume that   x , x + α ∈  D 3   . Then   x + 2 α , x + 2 α + 5 m ∉  D 3   . Now   N  ( x + 2 α + 5 m )  ∖  N 2   ( x )  =  { x + 2 α + β + 5 m , x + 2 α − β + 5 m , x + 3 α + 5 m }   . By Lemma 2(3),   x + 3 α + 5 m ∉  D 3   . So   x + 2 α + β + 5 m ∈  D 3    or   x + 2 α − β + 5 m ∈  D 3   . □





Lemma 9.

For any   α , β   such that   { ± α , ± β } = { ± a , ± b }  , there is no   x ∈  D 3    such that   x + α , x + 2 α + β + 5 m , x + 2 α + 2 β + 5 m ∈  D 3   .





Proof of Lemma 9.

Suppose that   x , x + α , x + 2 α + β + 5 m , x + 2 α + 2 β + 5 m ∈  D 3   . Since   N  ( x + β + 5 m )  ∖ (  N 2   ( x + α )  ∪  N 2   ( x + 2 α + 2 β + 5 m )  ) =  { x − α + β + 5 m }    and   N  ( x + α − β + 5 m )  ∖ (  N 2   ( x )  ∪  N 2   ( x + 2 α + β + 5 m )  =  { x + α − 2 β + 5 m }   , both   x − α + β + 5 m   and   x + α − 2 β + 5 m   should be elements of   D 3  . Please note that   N  ( x − β + 5 m )  ∖ (  N 2   ( x + α )  ∪  N 2   ( x − α + β + 5 m )  =  { x − 2 β + 5 m }   . This implies that   x − 2 β + 5 m ∈  D 3   . Since   x , x + α , x − 2 β + 5 m , x + α − 2 β + 5 m ∈  D 3   , we have   x − 3 α − β , x − 3 α − β + 5 m ∈  D 3    by Lemma 4, which contradicts the assumption that   D 3   is a type-III efficient total dominating set of G. □





Lemma 10.

For any   α , β   such that   { ± α , ± β } = { ± a , ± b }  , if   x , x + α , x + 2 α + β + 5 m ∈  D 3   , then




	(1)

	
  x + 3 α + β + 5 m , x + 4 α + 2 β ∈  D 3   ,




	(2)

	
  x + α − 2 β + 5 m , x + 2 α − 2 β + 5 m , x + 3 α − β ∈  D 3   .




	(3)

	
for any integers   r , s  ,   x + r  ( 2 α + β )  + s  ( α − 2 β )  + 5  ( r + s )  m , x + r  ( 2 α + β )  + s  ( α − 2 β )  + α + 5  ( r + s )  m ∈   D 3   .











Proof of Lemma 10.

(1) Please note that   N  ( x + 2 α + β + 5 m )  ∖  N 2   ( x + α )  =  { x + 2 α + 2 β + 5 m , x + 3 α + β + 5 m }   . By Lemma 9,   x + 2 α + 2 β + 5 m ∉  D 3   , and hence   x + 3 α + β + 5 m ∈  D 3   . Now we have   N  ( x + 4 α + β )  ∖  N 2   ( x + 2 α + β + 5 m )  =  { x + 4 α , x + 4 α + 2 β , x + 5 α + β }   . By Lemma 2(3) and (4),   x + 5 α + β ∉  D 3    and   x + 4 α ∉  D 3   . Therefore   x + 4 α + 2 β ∈  D 3   .



(2) Please note that   N  ( x + α − β + 5 m )  ∖ (  N 2   ( x )  ∪ N  ( x + 2 α + β + 5 m )  ) =  { x + α − 2 β + 5 m }   . This implies that   x + α − 2 β + 5 m ∈  D 3   . Now since   N  ( x + α − 2 β + 5 m )  ∖  N 2   ( x + α )  =  { x − 2 β + 5 m , x + α − 3 β + 5 m , x + 2 α − 2 β + 5 m }   , exactly one of   x − 2 β + 5 m , x + α − 3 β + 5 m , x + 2 α − 2 β + 5 m   is an element of   D 3  . By Lemma 2(3),   x + α − 3 β + 5 m ∉  D 3   . Suppose that   x − 2 β + 5 m ∈  D 3   . Then by Lemma 4, both   x + 3 α − β   and   x + 3 α − β + 5 m   belong to   D 3  , which contradicts the assumption that   D 3   is a type-III efficient total dominating set of G. So   x + 2 α − 2 β + 5 m ∈  D 3   .



Now since   N  ( x + 2 α − β )  ∖ (  N 2   ( x )  ∪  N 2   ( x + α − 2 β + 5 m )  ) =  { x + 3 α − β }   ,   x + 3 α − β   belongs to   D 3  .



(3) By a similar way showing (1), we have   x + 5 α + 2 β , x + 6 α + 3 β + 5 m ∈  D 3    because   x + 2 α + β + 5 m , x + 3 α + β + 5 m , x + 4 α + 2 β ∈  D 3   . By applying similar process continually, one can show that for any integer i,   x + 2 i  ( 2 α + β )  , x + 2 i  ( 2 α + β )  + α ∈  D 3    and   x +  ( 2 i + 1 )   ( 2 α + β )  + 5 m , x +  ( 2 i + 1 )   ( 2 α + β )  + α + 5 m ∈  D 3   .



Since   x + α − 2 β + 5 m , x + 2 α − 2 β + 5 m , x + 3 α − β ∈  D 3   , we get   x + 2 α − 4 β , x + 3 α − 4 β , x + 4 α − 3 β + 5 m ∈  D 3    by applying (2). By a similar way, one can show that for any integer j,   x + 2 j  ( α − 2 β )  , x + 2 i  ( α − 2 β )  + α ∈  D 3    and   x +  ( 2 i + 1 )   ( α − 2 β )  + 5 m , x +  ( 2 i + 1 )   ( α − 2 β )  + α + 5 m ∈  D 3   . Therefore for any integers   r , s  , both   x + r ( 2 α + β ) + s ( α − 2 β ) + 5 ( r + s ) m   and   x + r ( 2 α + β ) + s ( α − 2 β ) + α + 5 ( r + s ) m   belong to   D 3  . □





From now one, we assume that   0 , a , 2 a + b + 5 m ∈  D 3    for our convenience. Then by Lemma 10(3),   r  ( 2 a + b )  + s  ( a − 2 b )  ∈  D 3    if and only if   r + s   is even. This implies that    ( 2 a + b )  −  ( a − 2 b )  = a + 3 b ∈  D 3    and    ( 2 a + b )  +  ( a − 2 b )  = 3 a − b ∈  D 3   . Let H be a subgroup of   Z  10 m    generated by   a + 3 b   and   3 a − b  , namely   H = 〈 a + 3 b , 3 a − b 〉  . Now we have the following lemma.



Lemma 11.

For a subgroup   H = 〈 a + 3 b , 3 a − b 〉   of   Z  10 m   , we have




	(1)

	
the set   H ∪ ( H + a )   is a subset of   D 3   and   H ∩ ( H + a ) = ∅  ,




	(2)

	
  Z  10 m    is generated by a and b, and the index of H in   Z  10 m    is exactly 10.











Proof of Lemma 11.

(1) For any   x ∈ H  , there exist integers   i , j   such that   x = i ( a + 3 b ) + j ( 3 a − b )  . Since   a + 3 b = ( 2 a + b ) − ( a − 2 b )   and   3 a − b = ( 2 a + b ) + ( a − 2 b )  , we have   x = i ( a + 3 b ) + j ( 3 a − b ) = ( i + j ) ( 2 a + b ) + ( j − i ) ( a − 2 b )  . By Lemma 10(3), x and   x + a   belong to   D 3  , and hence   H ∪ ( H + a )   is a subset of   D 3  .



Suppose that   y ∈ H ∩ ( H + a ) ≠ ∅  . Then   a ∈ H  , and hence    〈 a 〉  ⊂ H ⊂  D 3   . Now a is dominated by 0 and   2 a  , a contradiction. Therefore   H ∩ ( H + a ) = ∅  .



(2) Let k be the order of   2 a + b   in   Z  10 m   . If k is odd, then   k  ( 2 a + b )  + 5 m = 5 m ∈  D 3    by Lemma 10(3). It contradicts the assumption that   D 3   is a type-III efficient total dominating set of G. So k is even, and let   k = 2  k ′   . Now we have    k ′   ( 2 a + b )  = 5 m  . So   Z  10 m    is generated by a and b.



Let t be the index of H in   Z  10 m   . Since    |   D 3   | =    10 m  5  = 2 m   and    | H ∪  ( H + a )  |  = 2 ×   10 m  t   , the index t is at least 10.



For any   x ∈  Z  10 m    , there exist integers   i , j   such that   x = i a + j b  . Since   x = i a + j b = i ( a + 3 b ) + ( j − 3 i ) b  ,   x ∈ H + ( i − 3 j ) b  . This implies that any coset of H can be expressed by   H + r b   for some integer r. Because   10 b = 3 ( a + 3 b ) − ( 3 a − b ) ∈ H  , the index t of H is at most 10. Therefore the index of H in   Z  10 m    is exactly 10. □





Proof of Theorem 2(3).

By a construction in Section 3, we know that if   { ± a , ± b } ≡ { 1 , 3 , 7 , 9 } ( mod  10 )  , then   G =  C  10 m    [ a , b , 5 m ]    has a type-III efficient total dominating set.



Conversely, assume that G has a type-III efficient total dominating set   D 3  . By Lemma 8, we may assume   0 , a , 2 a + b + 5 m ∈  D 3   . By Lemma 10(3), for any integers   r , s  ,   x + r  ( 2 a + b )  + s  ( a − 2 b )  + 5  ( r + s )  m , x + r  ( 2 a + b )  + s  ( a − 2 b )  + a + 5  ( r + s )  m ∈  D 3   .



Let k be the order of   2 a + b   in   Z  10 m   . If k is odd, then   k  ( 2 a + b )  + 5 m = 5 m ∈  D 3    by Lemma 10. It contradicts the assumption that   D 3   is a type-III efficient total dominating set of G. So k is even, and let   k = 2  k ′   . Now we have    k ′   ( 2 a + b )  = 5 m  . If   k ′   is even,    k ′   ( 2 a + b )  = 5 m ∈  D 3   , which is a contradiction. Hence   k ′   is odd.



Since   −  ( a − 2 b )   ( 2 a + b )  +  ( 2 a + b )   ( a − 2 b )  = 0 ∈  D 3   , it holds that   − a + 2 b + 2 a + b = a + 3 b   is even by Lemma 10. It means that a and b have the same parity. If both a and b are even, then   5 m =  k ′   ( 2 a + b )    is also even, which implies that all generators of G are even. It contradicts that G is connected. Therefore both a and b are odd. This means that   5 m =  k ′   ( 2 a + b )    is also odd, which implies that m is also odd.



By Lemma 11(2), for any   y ∈ H  ,   y ≡ 0 ( mod  10 )  . This implies that   a + 3 b ≡ 0   and   3 a − b ≡ 0 ( mod  10 )  . Since both a nd b are odd, all possible pair   ( a ( mod  10 ) , b ( mod  10 ) )   are   ( 1 , 3 ) , ( 3 , 9 ) , ( 5 , 5 ) , ( 7 , 1 )   and   ( 9 , 7 )  . If   ( a ( mod  10 ) , b ( mod  10 ) )   is   ( 5 , 5 )  , then all generators of G are multiple of 5, which contradicts that G is connected. For all other cases, it holds that   { ± a , ± b } ≡ { 1 , 3 , 7 , 9 } ( mod  10 )  . In this case, H is   〈 10 〉   and   H + a   is   〈 10 〉 + i  , where i is   1 , 3 , 7   or 9 depending on   ( a ( mod  10 ) , b ( mod  10 ) )  . □
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