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Abstract: In this article, we show that the presence of a torqued vector field on a Riemannian manifold
can be used to obtain rigidity results for Riemannian manifolds of constant curvature. More precisely,
we show that there is no torqued vector field on n-sphere S"(c). A nontrivial example of torqued
vector field is constructed on an open subset of the Euclidean space E” whose torqued function
and torqued form are nowhere zero. It is shown that owing to topology of the Euclidean space E”,
this type of torqued vector fields could not be extended globally to E”. Finally, we find a necessary and
sufficient condition for a torqued vector field on a compact Riemannian manifold to be a concircular
vector field.
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1. Introduction

Differential equations on complete and connected Riemannian manifolds were used by Obata
(cf. [1,2]), who observed that a necessary and sufficient condition for an m-dimensional complete and
connected Riemannian manifold (M, g) to be isometric to m-sphere §”(c) of constant curvature c is
that it admits a nontrivial solution of the differential equation

Hy = —cfg,

where Hy is the Hessian of the smooth function f. It is well known that mathematical problems
involving the Hessian of unknown functions are tied to real models appearing in real applications.
We refer to [3,4] for analyses tied with real mechanical models involving Hessian matrices in the related
formulations. Similarly in [5], it has been observed that a necessary and sufficient condition for an
m-dimensional complete and connected Riemannian manifold (M, g) to be isometric to the Euclidean
space E" is that it admits a nontrivial solution of the differential equation

Hf =cg,

for a nonzero constant c. Indeed differential equations have been used in various ways to predict
geometry as well as topology of a Riemannian manifold. In particular, differential equations
satisfied by certain vector fields such as conformal vector fields, Killing vector fields, Jacobi-type vector
fields, torse-forming vector fields, geodesic vector fields are useful in studying geometry of a Riemannian
manifolds (cf. [6—17]). There are special types of conformal vector fields known as concircular vector
fields, which are used both in geometry as well as in general theory of relativity (cf. [13,18-20]).
Professor Chen obtained an elegant characterization of generalized Robertson-Walker space-times,
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using concircular vector fields (cf. [18]). Recall that a smooth vector field ¢ on a Riemannian
manifold (M, g) is called a concircular vector field if it satisfies the differential equation

Vx& =0X, X € (M), 1)

where V denotes the Riemannian connection of (M, g), ¢ : M — R is a smooth function, and X(M)
is the Lie algebra of smooth vector fields on M. The function ¢ in Equation (1) is called the potential
function of ¢ (cf. [6,21]).

In [17], Yano introduced the notion of forse-forming vector fields, which is a generalization
of concircular vector fields. A smooth vector field ¢ on a Riemannian manifold (M, g) is called
torse-forming vector field if it satisfies the differential equation

Vxé =X +a(X)E X € X(M), @)

where « is a smooth 1-form on M. Torse-forming vector fields are important specially in physics
(cf. [13,22]). Chen in [23], initiated a special type of torse-forming vector fields called torqued vector
fields. A nowhere zero vector field u on a Riemannian manifold (M, g) is said to a torqued vector field
if it satisfies

Vxu=0cX+a(X)u, X € X(M) and a(u) = 0. ©)]

The smooth 1-form « and the smooth function ¢ in the definition of torqued vector field are called
torqued form and torqued function of the torqued vector field u (cf. [23,24]). Note that if the torqued
form a« = 0, then a torqued vector field is a concircular vector field. In [23], it has been observed that
if the torqued vector field u is a gradient of a smooth function, then it is a concircular vector field.
It has been observed that the twisted product I X ¢ M of an interval I and an (1 — 1)-dimensional
Riemannian manifold M admits a torqued vector field which is not a concircular vector field (cf. [24]).

Most basic among special vector fields are geodesic vector fields. In [9,25,26] it has been shown
that geodesic vector fields are useful in characterizing spheres and Euclidean spaces.

One of the interesting questions in geometry of torqued vector fields is to find conditions under
which a torqued vector field on a Riemannian manifold is a concircular vector field. First, in this paper,
we show that there does not exist a torqued vector field on the m-sphere S™(c). Then we construct a
torqued vector field on a proper open subset of a Euclidean space E™ which is not a concircular vector
field with nowhere zero torqued function ¢ and nowhere zero torqued 1-form «. However, on the
Euclidean space E™, we show that such torqued vector field does not exist. Finally in the last section,
we find a necessary and sufficient condition for a torqued vector field on a compact Riemannian
manifold to be a concircular vector field.

2. Preliminaries

In this section, we introduce the notions, concepts and basic results needed for proving results in
the subsequent sections. Let u be a torqued vector field on an n-dimensional Riemannian manifold
(M, g) with torqued function ¢ and torqued form a. We denote by v the smooth vector field dual to
the torqued 1 -form g, thatis, a(X) = g (v, X), X € X(M).

The curvature tensor field R and the Ricci tensor Ric of (M, g) are given respectively by

R(X,Y)Z = [Vx,Vy] Z~VixyZ )

and

Ric(X,Y) =) & (R(e;, X)Y,e), @)

M-

Il
_

1

where {eq,...,e,} is a local orthonormal.



Symmetry 2020, 12, 1941 30f10

Using symmetry of the Ricci tensor Ric, we get a symmetric operator S called the Ricci operator
of M defined by
2(SX,Y) = Ric(X,Y)

for X, Y € X(M). The scalar curvature T of M is given by, T = Tr S. Note that V7 the gradient of the

scalar curvature T, satisfies
n

3V = L (V9) (), ©
where VS is the covariant derivative of S, defined by
(VS)(X,Y) = VxSY —SVyY.
Using Equations (3) and (4), we compute
RX,Y)u=(Xo)Y —(YoO)X+o(a (V)X —a(X)Y)+da(X,Y)u (7)
for X,Y € X(M), which gives

Ric(Y,u)=—-(n—-1)(Yo)+ (n—1)oa (Y)+da(u,Y), 8)

where du is differential of the torqued form «.
Now, using the vector field v dual to torqued form «, we define a symmetric operator A and a
skew-symmetric operator ¥ by

29 (AX,Y) = (£v8) (X,Y), 2¢(¥X,Y)=da(X,Y), )
where £,g is the Lie derivative of g with respect to the vector field v. Then, we have
29 (AX,Y) =g (Vxv,Y) +g(Vyv,X) =2¢(Vxv,Y) —2¢ (¥X,Y),

which gives
Vxv=AX+Y¥X, XeX(M). (10)

Using Equations (8) and (9), we conclude
Su=—(n—1)(Vo—ov)+2¥u, (11)

where Vo is gradient of torqued function c.
Note that using definition of torqued vector field, we have a (u) = 0, that is, g(v,u) = 0.
Using Equations (3) and (10) in Xg (v,u) =0, X € X¥(M), we get

g(AX+¥X,u)+g(v,oX+a(X)u) =0,

that is,
Yu=Au-+ov. (12)

Taking the inner product in Equation (7) with u, we get
ul? da (X, Y) = Y(0)g (X, u) = X(0)g (Y, u) + 0 (a (X) g (Y, u) —a(Y)g (X,u)),
which in view of Equation (9), implies

2 lul*¥X = g (X,u) Vo — X(0)u + o (X)u — g (X, u) v. (13)
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Taking X = u, in Equation (13), we have
2 |lul?*Yu = ||[ul|* (Vo —ov) —u (o) u. (14)

3. Torqued Vector Fields on Spheres and Euclidean Spaces

In this section, we study torqued vector fields on sphere S"(c) of constant curvature ¢ and the
Euclidean space E". Note that the curvature tensor and the Ricci tensor of the sphere S”(c) are given by

RIX,V)Z=c{g(Y,2)X—g(X,2)Y}, Ric(X,Y)=(n—-1)cg(X,Y). (15)
In the following result we show that there does not exist a torqued vector field on the sphere S"(c).
Theorem 1. There does not exist a torqued vector field on the sphere S"(c).

Proof. Suppose u is a torqued vector field on the sphere S"(c). Then using Equation (15), we have
R(v,u)lu=c ||u|\2 v and, Equation (7) gives

ulv = v (o) u—u(e)v o |lv|?u+ da(v, u)u. (16)
Taking the inner product in Equation (2) with v, we conclude
IvI? (e lul? +u (o)) =o. (17)
As S"(c) is connected Equation (17) implies either v = 0 or
u (@) = —ul?. (18)

If v =0, then « = 0. Thus, we shall concentrate on the case of Equation (18) and show that it also
gives the same conclusion. Using Equation (3), we have div u = n¢ and using Equation (18), we have
div (cu) = —c ||u|* 4+ no?. Integrating this equation, we conclude

2 2
= . 1
c /Sn(c) uf]? = n /m)” (19)

Note that on using Equation (3), we have
(£ug) (X,Y) =20¢ (X, Y) + a(X)g (w0, Y) + a(Y)g (u, X). (20)
Now, we use a local orthonormal frame {ey, ..., e,} on S"(c) and Equations (3) and (20), to compute

[£ugl? = 3 ((£ug) (eie)” = 4ne” + 4 Jul* v, (21)
L]

where we have used « (u) = 0. Also, we have

IVul? =Yg (Veu, Veu) = Y lloei +a (e;) u* = no? + |[ul |}v]?. (22)
i i
Next, we use the following integral formula in [20]

] 1 2 2 . 2\
/sn(c) (RIC (wu)+ 2 |£ug]” — [|Vu||” — (div u) ) =0
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and on inserting Equations (21) and (22) and div u = no, Ric(u,u) = (n — 1)c||u||*, we obtain
n—1)c |l + |[u)* |v]|* = n(n - 1)0?) = 0. 23
Sy (=) P+l )P =~ 1)) 23)

Using Equation (19) in Equation (23), we conclude

2 2
= 0’
S 1l 1

that is, [|u|® ||v||* = 0 and as u is nowhere zero, we get v = 0. This proves that the torqued form a = 0
and thus, the skew-symmetric operator ¥ = 0. Now, using Equations (14) and (18), we have

|ul?> (Vo + cu) = 0.

Since, the torqued vector field u is nowhere zero, we get Vo + cu = 0. However, the sphere S"(c)
being compact, Vo, = 0 for a point p € S§"(c) (critical point of 7). Consequently, we get u (p) = 0,
a contradiction to the fact that u is nowhere zero. Hence, there does not exist a torqued vector
field on S"(c). O

Remark 1. Note that the unit sphere S™ is isometric to the warped product I x4 S" 1, where the interval
I = (0, 77) and the isometry is given by the map f : I x 8"~1 — S" defined by (cf. [27])

f(t,u) = (cost,sint,u).

It is interesting to observe that the above warped product is short of being a twisted product and thus our
Theorem 1 strengthens that the conclusion of Theorem 3.1 in [25] is sharp.

In the rest of this section, we study torqued vector fields on the Euclidean space E". We denote by
g the Euclidean metric and by V the Euclidean connection on E”. The position vector field I" on E” is
given by

d d
T=o'——+...+0"—,
S TR R T

where v, ..., 0" are Euclidean coordinates. First, we give the following example of a torqued vector
field on an open set of E".

Example 1. Consider the open subset
M = {(vl,...,z}"> € E":olo" > 0}

and the smooth function f on M defined by

1
f = cosh <1n ;) .

Then it follows that on M, T (f) = 0 and that f > 0. Now define a smooth vector field u on the Riemannian
manifold (M, g) by
u = fT.

Then we see that u is nowhere zero vector field. Using the Euclidean connection V restricted to the open subset
M, we get
Vxu=fX+a(X)u, XeX(M),
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where a(X) = X (In f). Moreover, we have « (u) = 0 and consequently, the vector field u is a torqued vector
field on the Riemannian manifold (M, g). Note that for this torqued vector field the torqued function f is
nowhere zero as well as the torqued form a is nowhere zero.

Observe that, as in Example 1, we could construct several torqued vector fields on such open
subsets of the Euclidean space E" with the property that corresponding torqued function and torqued
form are nowhere zero on this open subset. However, in the following result, we see that the topology
of the Euclidean space does not allow it to hold globally on E” for n > 2.

Theorem 2. There does not exist a torqued vector field on the Euclidean space E", n > 2, having nowhere zero
torqued function and nowhere zero torqued form.

Proof. Suppose there is a torqued vector field u on E”, n > 2, with torqued function o nowhere zero
and torqued form a nowhere zero. As the Euclidean space is flat, Equation (8) implies

Yu=(n-1)(Vo—ov). (24)
Taking the inner product with u in Equation (24), we conclude
u (o) =0. (25)
In view of Equation (25), Equation (14) takes the form
2||ul*¥u = [u]* (Vo —ov)
and as u is nowhere zero by definition of a torqued vector field, we have
2%u = Vo —ov. (26)

Combining Equation (26) with Equation (24), we conclude (n —2) (Vo —ov) = O and as n > 0,
we have
Vo =ov. (27)

Note that owing to the conditions on the torqued function ¢ and the torqued form «, the vector field
ov is nowhere zero on the Euclidean space E". Thus, as Vo nowhere zero, the smooth function
o : E" — Eis a submersion and each level set My = 0! {o(x)}, x € E", is an (n — 1)-dimensional
smooth manifold and that it is compact. Now, define the smooth vector field

= Vo
T oa2
Vel
on the Euclidean space E". Then it follows that ¢ (¢) = 1 and therefore the local one-parameter group
of local transformations { f; } of ¢ has the property

7 (fs(x)) = o(x) +s. (28)

Using escape Lemma (cf. [28] p. 446) for the Euclidean space E” and Equation (28), we conclude
that the vector field ¢ is complete and that {f;} is one-parameter group of transformations on E".
Now, define ¢ : E x M, — E" by

(s,u) = fs(u).

It follows that ¢ is a smooth map and for each u € E", we find s € E such that fs(u) = y € My
satisfying u = f_s(y). Thus, ¢(—s,y) = u, that is, ¢ is an on-to map. Also, for (s1,u7), (52, u2) in
E x My such that ¢(s1,u1) = @(sp, u2), we have f;, (u1) = fs,(u2), which on using Equation (28),
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gives o(uy) +s1 = o(up) + sp. Since, uj, up € My, we have o(u1) = o(uy), and we get s; = sp.
Consequently, from f;, (111) = fs, (u2), we conclude 11 = uy. This proves that the map ¢ is one-to-one.
Also, the map

9~ (1) = (=s,y) = (=5, fs(u))

is smooth. Hence, ¢ : E x M, — E”" is a diffeomorphism, where M, is a compact subset of E".
Note that E" is diffeomorphic to E x E"~! and this will imply that My is diffeomorphic to E"~!,
which is a contradiction. Hence, there does not exist a torqued vector field on E” with nowhere zero
torqued function and nowhere zero torqued form. O

4. Torqued Vector Fields on Compact Spaces

In this section, we study torqued vector fields on compact Riemannian manifolds. Let u be torqued
vector field with torqued function ¢ and torqued form « on n-dimensional compact Riemannian
manifold (M, g). Recall that a smooth vector field ¢ on a Riemannian manifold (M, g) is said to
be incompressible vector field (also known as a solenoidal vector field) if div{ = 0. Indeed any
vector field on a Riemannian manifold is sum of a gradient vector field and an incompressible vector
field. As we are interested in finding conditions under which a torqued vector field on a Riemannian
manifold is a concircular vector field, we prove the following result for torqued vector fields on a
compact Riemannian manifold.

Theorem 3. Let u be a torqued vector field with torqued form « on an n-dimensional compact Riemannian
manifold (M, §). Then the dual vector field v to torqued form w is incompressible if and only if w is a concircular
vector field.

Proof. Let u be a torqued vector field on an n-dimensional compact Riemannian manifold (M, g) such
that div v = 0. Then using Equation (10), we conclude

TrA =0, (29)
where we have used the fact that ¥ is skew-symmetric. Define a skew-symmetric operator F on M by
FX=a(X)u—g(X,u)v, XeX(M). (30)

Using Equations (3) and (10), we have

VxEY = X@(Y)u+a(Y)(cX+a(X)u)—g(VxY,u)v
—g (Y, cX+a(X)u)v—g(Y,u) (AX+¥X)
= g(AX+¥X,Y)u+a(VxY)ut+oa(Y)X+a(X)a(Y)u
-2 (VxY,u)v—g (Y, oX+a(X)u)v—g (Y, u) AX —g(Y,u) ¥X

Thus,

(VEF) (X,Y) = g(AX,Y)u+g(¥X,Y)u+oa(Y)X+a(X)a(Y)u
—0g (X, Y)v—a(X)g(Y,u)v—g(Y,u) AX—g(Y,u) ¥X.

Now, taking a local orthonormal frame {e, ..., e, }, and using Equation (29), we obtain

Z(VF) (ei,e;) = ov+||v]*u — nov — Au — Yu. (31)

1
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We compute the divergence of the vector field Fu to find
div (Fu) = Zg (Ve Fu,e) = Zg ((VF) (ej,u) + F(Veu),e). (32)
i i
Using skew-symmetry of the operator F and Equation (3) in Equation (32) , we obtain
div (Fu) = =) ¢ (u, (VF) (e e) — )8 (oe; + a (e;) u, Fey),
i i

that is,
div (Fu) = — Y g (u, (VF) (e,¢)) + g (Fu,v). (33)

Inserting Equation (31) in Equation (33) , we have
div (Fu) = — [|v[* [u]* + g (Au,u), (34)

where we have used a(u) = 0 and that ¥ is skew-symmetric. Now, using Equation (10), we have
Vuv = Au + Yu and taking the inner product with u in this equation, we conclude

g (Au,u) = g (Vav,u). (35)
As a(u) = 0, using Equation (3) in Equation (35) , we get
g (Au,u) = —g(v,Vyqu) = —g(v,ou+a(u)u) =0.
Thus, the Equation (34) takes the form
div (Fu) = — v . (36)

Integrating Equation (36), we conclude

2 2
VP el =0,

that s, ||v|? |lu|[* = 0. Since, the torqued vector field u is nowhere zero, we get v = 0, thatis, « = 0.
This proves that u is concircular vector field.

The converse is trivial, as for the concircular vector field the torqued form is zero and therefore
the dual vector field being zero is incompressible. [

Note that an interesting question on torqued vector fields is to find conditions under which they
are concircular vector field. In [23], it is shown that a gradient torqued vector field is a concircular
vector field. Our Theorem 3 characterizes concircular vector fields using torqued vector fields.

As a consequence of above result we get the following.

Theorem 4. Let u be a torqued vector field on an n-dimensional compact Riemannian manifold (M, g) with
torqued form w. If dual vector field v to torqued form « is incompressible, then there exists a point p € M,
such that Ric (u,u) (p) = 0.

Proof. Suppose u is a torqued vector field on an n-dimensional compact Riemannian manifold (M, g)
with torqued form a such that div v = 0. Then by the previous theorem, we have « = 0 and Equation (9)
implies ¥ = 0. Using Equation (11), we conclude

S(u) = —(n—-1)Vo. (37)
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Since, M is compact, at the critical point p of o, we get (Vo) (p) = 0. Thus, Equation (37) implies
Ric (u,u)(p) =0. O

5. Conclusions

As a particular case of Theorem 4, we observe that there is no torqued vector field with dual vector
field to torqued form incompressible on compact Riemannian manifold of positive Ricci curvature.
The Riemannian product S"(c1) x §™(cy) is a compact Riemannian manifold which does not have
positive sectional curvature. A natural question is to know whether there exists a torqued vector field
on this product with incompressible dual vector field to the torqued form. Further, it will be interesting
to know whether there exists a torqued vector field on the hyperbolic space H"(—c), ¢ > 0.

Author Contributions: Conceptualization and methodology, S.D., N.B.T. and H.A.; formal analysis, S.D.;
writing original draft preparation, N.B.T. and H.A.; writing-review and editing, S.D.; supervision, S.D. and
H.A_; project administration, N.B.T. and S.D.; and funding acquisition, N.B.T. All authors have read and agreed to
the published version of the manuscript.

Funding: The authors extend their appreciations to the Deanship of Scientific Research King Saud University for
funding this work through research group no (RG-1440-142).

Conflicts of Interest: The authors declare no conflict of interest.

References

. Obata, M. Conformal transformations of Riemannian manifolds. J. Differ. Geom. 1970, 4, 311-333. [CrossRef]

2. Obata, M. The conjectures about conformal transformations. J. Differ. Geom. 1971, 6, 247-258. [CrossRef]

3. Li, T, Viglialoro, G. Analysis and explicit solvability of degenerate tensorial problems. Bound. Value Probl.
2018, 2018, 1-13. [CrossRef]

4. Viglialoro, G.; Murcia, J. A singular elliptic problem related to the membrane equilibrium equations. Int. J.
Comput. Math. 2013, 90, 2185-2196. [CrossRef]

5. Pigola, S,; Rimoldi, M.; Setti, A.G. Remarks on non-compact gradient Ricci solitons. Math. Z. 2011, 268, 777-790.
[CrossRef]

6.  Chen, B.-Y. Some results on concircular vector fields and their applications to Ricci solitons. Bull. Korean
Math. Soc. 2015, 52, 1535-1547. [CrossRef]

7. Deshmukh, S.; Al-Solamy, F. Conformal gradient vector fields on a compact Riemannian manifold.
Collog. Math. 2008, 112, 157-161. [CrossRef]

8.  Deshmukh, S. Jacobi-type vector fields and Ricci soliton. Bull. Math. Soc. Sci. Math. Roum. 2012, 55, 41-50.

9.  Deshmukh, S.; Khan, V.A. Geodesic vector fields and Eikonal equation on a Riemannian manifold.
Indag. Math. 2019, 30, 542-552. [CrossRef]

10. eshmukh, S.; Turki, N.B. A note on ¢-analytic conformal vector fields. Anal. Math. Phy. 2019, 9, 181-195.
[CrossRef]

11.  Fialkow, A. Conformal geodesics. Trans. Amer. Math. Soc. 1939, 45, 443—473. [CrossRef]

12. Ishihara, S. On infinitesimal concircular transformations. Kodai Math. Sem. Rep. 1960, 12, 45-56. [CrossRef]

13. Mantica, C.A.; Molinari, L.G. Twisted Lorentzian manifolds, a characterization with torse-forming time-like
unit vectors. Gen. Relativ. Gravit. 2017, 49, 51. [CrossRef]

14. Mihai, A.; Mihai, I. Torse forming vector fields and exterior concurrent vector fields on Riemannian manifolds
and applications. J. Geom. Phys. 2013, 73, 200-208. [CrossRef]

15. Mikes, J.; Stepanova, E.; Vanzurova, E. Differential Geometry of Special Mappings; Palacky Univ. Press: Olomouc,
Czech Republic, 2019.

16. Mikes, J.; Rachunek, L. Torse-Forming vector fields in T-symmetric Riemannian spaces, Steps in Differential
Geometry. In Proceedings of the Colloquium on Differential Geometry, Debrecen, Hungary, 25-30 July 2000;
pp. 219-229.

17.  Yano, K. On torse forming direction in a Riemannian space. Proc. Imp. Acad. Tokyo 1944, 20, 340-345.
[CrossRef]

18. Chen, B.-Y. A simple characterization of generalized Robertson-Walker space-times. Gen. Relativ. Gravit.
2014, 46, 1833. [CrossRef]


http://dx.doi.org/10.4310/jdg/1214429505
http://dx.doi.org/10.4310/jdg/1214430407
http://dx.doi.org/10.1186/s13661-017-0920-8
http://dx.doi.org/10.1080/00207160.2013.793317
http://dx.doi.org/10.1007/s00209-010-0695-4
http://dx.doi.org/10.4134/BKMS.2015.52.5.1535
http://dx.doi.org/10.4064/cm112-1-8
http://dx.doi.org/10.1016/j.indag.2019.02.001
http://dx.doi.org/10.1007/s13324-017-0190-8
http://dx.doi.org/10.1090/S0002-9947-1939-1501998-9
http://dx.doi.org/10.2996/kmj/1138844260
http://dx.doi.org/10.1007/s10714-017-2211-1
http://dx.doi.org/10.1016/j.geomphys.2013.06.002
http://dx.doi.org/10.3792/pia/1195572958
http://dx.doi.org/10.1007/s10714-014-1833-9

Symmetry 2020, 12, 1941 10 of 10

19.

20.
21.

22.
23.

24.

25.

26.

27.
28.

Mantica, C.A.; Molinari, L.G. Generalized Robertson-Walker space times, a survey. Int. J. Geom. Methods
Mod. Phys. 2017, 14, 1730001. [CrossRef]

Yano, K. Integral Formulas in Riemannian Geometry; Marcel Dekker: New York, NY, USA, 1970.

Yano, K. Concircular geometry I. Concircular transformations. Proc. Imp. Acad. Tokyo 1940, 16, 195-200.
[CrossRef]

Takeno, H. Concircular scalar field in spherically symmetric space-times 1. Tensor 1967, 20, 167-176.

Chen, B.-Y. Rectifying submanifolds of Riemannian manifolds and torqued vector fields. Kragujev. J. Math.
2017, 41, 93-103. [CrossRef]

Chen, B.-Y. Classification of torqed vector fields and its applications to Ricci solitons. Kragujev. J. Math. 2017,
41, 239-250. [CrossRef]

Deshmukh, S.; Mikes, J.; Turki, N.B.; Vilcu, G.E. A note on geodesic vector fields. Mathematics 2020, 8, 1663.
[CrossRef]

Deshmukh, S.; Peska, P; Turki, N.B. Geodesic vector fields on a Riemannian manifold. Mathematics 2020, 8, 137.
[CrossRef]

Petersen, P. Riemannian Geometry; Graduate Texts in Mathematics-171; Springer: New York, NY, USA, 1997.
Lee, .M. Introduction to Smooth Manifolds; GMT-218; Springer: New York, NY, USA, 2003.

Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

® (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1142/S021988781730001X
http://dx.doi.org/10.3792/pia/1195579139
http://dx.doi.org/10.5937/KgJMath1701093C
http://dx.doi.org/10.5937/KgJMath1702239C
http://dx.doi.org/10.3390/math8101663
http://dx.doi.org/10.3390/math8010137
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Torqued Vector Fields on Spheres and Euclidean Spaces
	Torqued Vector Fields on Compact Spaces
	Conclusions
	References

