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Abstract: In this article, we take into account the (2 + 1)-dimensional stochastic Chiral nonlinear
Schrödinger equation (2D-SCNLSE) in the Itô sense by multiplicative noise. We acquired trigonometric,
rational and hyperbolic stochastic exact solutions, using three vital methods, namely Riccati–Bernoulli
sub-ODE, He’s variational and sine–cosine methods. These solutions may be applicable in various
applications in applied science. The proposed methods are direct, efficient and powerful. Moreover,
we investigate the effect of multiplicative noise on the solution for 2D-SCNLSE by introducing some
graphs to illustrate the behavior of the obtained solutions.
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1. Introduction

Mathematical models of different phenomena in various areas of the physical sciences, including
nonlinear optics, biology, economy, fluid mechanics and plasma physics, can be interpreted by nonlinear
systems of nonlinear partial differential equations (NPDEs) [1–9]. Exact solutions of the NPDEs are
crucial for the analysis of natural phenomena in a wide variety of physical sciences. Accordingly, a lot of
methods have been proposed to get exact solutions for NPDEs; for instance, the (G′

G )-expansion
method [10,11], sine–cosine method [12,13], the homotopy perturbation method [14], Hirota’s
method [15], inverse scattering method [16], Petrov–Kudrin–Xiong method [17,18], perturbation
method [19], the variational iteration method [20,21], Riccati–Bernoulli sub-ODE method [22,23],
the tanh-sech method [24], the Jacobi elliptic function method [25], the exp(−φ)-expansion method [26].

The nonlinear Schrödinger equation (NLSE), which exhibits solitary type solutions, becomes the
main representative way for describing wave behaviors in a nonlinear large number of applications,
such as optics, quantum mechanics, biophysics, deep water, plasma physics, electro magnetic wave
propagation, and others [27–29]. There are various solutions for the NLSE, such as general breather
(GB), Akhmediev breather (AB), Ma soliton (MS) and rogue wave (RW) solutions. One of the important
types of solutions is the Kuznetsov–Ma (KM) soliton, which shows that an unusual pulsating dynamics
has attracted particular attention in plasma physics in the context of understanding nonlinear coherent
phenomena [30].
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Furthermore, the stochastic perturbations that occur in the physical setting, occur from various
unknown reasons. These reasons may give rise to some statistical features and significant phenomena
in applied science. Thus stochastic differential equations that are more accurate mathematical models
of real-world situations are created [31]. Moreover, stochastic nonlinear equations are important in
various areas, including nonlinear optics, biology, economy, and plasma physics [32,33].

In this paper, we consider the 2D-SCNLSE, which is given in the following form [34]

iψt + a(ψxx + ψyy) + i
(

b1(ψψ∗x − ψ∗ψx) + b2(ψψ∗y − ψ∗ψy)
)

ψ + σψβt = 0, (1)

where ψ = ψ(x, y, t) is a complex function, ∗ represents the complex conjugate, a is the second-order
dispersion coefficient, b1 and b2 are the self-steepening coefficients, σ is the noise strength and βt =

dβ
dt

is the time derivative of the Brownian motion β(t). This noise may be used as an attempt to describe the
impact of neglected terms on the modulating of the NLS equation. Stochastic Schrödinger equations
have been used in quantum optics to explain the system state conditioned by measurement outcomes.
Additionally, the noise term in Equation (1) can describe inhomogeneity in the medium where the
wave propagates the source of the noise.

At this point, it is convenient to provide a definition of β(t). Brownian motion (also called
one-dimensional Wiener process) is a stochastic process {β(t)}t≥0 with the following properties:
(i) β(0) = 0, (ii) β has continuous trajectories, (iii) the process {β(t)}t≥0 has stationary, independent
increments, and (iv) for s < t the stochastic variable β(s)− β(t) has the normal distribution N(0; t− s).
The multiplicative noise in Equation (1) describes a process where the phase of the excitation is
disturbed. In this paper, we consider the Brownian motion β(t) as a constant in space. The stochastic
integral

∫ t
0 ψ(s)dβ(s) is called Itô, if we evaluate this integral at the left end—see [31,35] for more details.

Various methods have been investigated to look for the solutions of the 2D-SCNLSE with
σ = 0 ( without stochastic term); this includes the extended direct algebraic and extended trial
equation method [36], the exp(−ϕ)-expansion method and the modified simple equation method [37],
and the trial solution method [34], while Equation (1) with stochastic term is not studied before.

Our aim in this paper is to get the stochastic exact solutions of the 2D-SCNLSE (1) by using three
methods—Riccati–Bernoulli sub-ODE, He’s variational and sine-cosine method. We also consider
the effect of the stochastic term on the solutions of this equation. This paper is the first to obtain
the different kinds of the exact solutions of the 2D-SCNLSE (1) coercive by multiplicative noise.
The fundamental advantages for the proposed three methods over the most of other methods is
that they give many new exact solutions along with additional free parameters. These methods are
straightforward, direct, simple and powerful. Indeed these methods give different types of soliton
wave solutions, which describe different phenomena in chiral nature. Since our approach is new,
namely studying the stochastic equations in the Itô sense by multiplicative noise, we plan to consider
the 2D-SCNLSE (1) with other interesting methods in the future work.

This article is arranged as follows: In Section 2, we obtain the solitary wave solution by applying
three different methods and therefore the stochastic exact solutions of the 2D-SCNLSE. In Section 3,
we give physical interpretation for the 2D-SCNLSE. In Section 4, we illustrate the influence for
multiplicative noise on the solution to the 2D-SCNLSE (1). In Section 5, we give the conclusions of
this paper.

2. The Exact Solutions of the 2D-CNLSE

In this section, to get the solitary wave solution of the the 2D-SCNLSE (1), we utilize the wave
transformation

ψ(x, y, t) = u(ξ)eiθ , ξ = ρ1x + ρ2y + ρ3t and θ = θ1x + θ2y + θ3t + σβ(t), (2)
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ρk, θk are nonzero constants for k = 1, 2, 3, u is a real function whereas σ is the noise strength.
Substituting Equation (2) into Equation (1) and using

i
dψ

dt
= (iρ3u′ − θ3u− σuβt)eiθ ,

dψ

dx
= (ρ1u′ + iθ1u)eiθ ,

dψ

dy
= (ρ2u′ + iθ2u)eiθ ,

dψ∗

dx
= (ρ1u′ − iθ1u)e−iθ ,

dψ∗

dy
= (ρ2u′ − iθ2u)e−iθ , (3)

d2ψ

dx2 = (ρ2
1u′′ + 2iρ1θ1u′ − θ2

1u)eiθ ,

d2ψ

dy2 = (ρ2
2u′′ + 2iρ2θ2u′ − θ2

2u)eiθ ,

to obtain for imaginary part
(ρ3 + 2aρ1θ1 + 2ρ2θ2)u′, (4)

and for real part
a(ρ2

1 + ρ2
2)u
′′ − (2b1θ1 + 2b2θ2)u3 − (θ3 + aθ2

1 + aθ2
2)u = 0 . (5)

From Equation (4) we obtain the velocity profile of the soliton

ρ3 = −(2aρ1θ1 + 2aρ2θ2). (6)

Dividing Equation (5) by a(ρ2
1 + ρ2

2) to get

u′′ −Λ1φ3 −Λ2φ = 0 , (7)

where

Λ1 =
2b1θ1 + 2b2θ2

a(ρ2
1 + ρ2

2)
and Λ2 =

(θ3 + aθ2
1 + aθ2

2)

a(ρ2
1 + ρ2

2)
. (8)

In the following subsections we apply three methods—Riccati–Bernoulli sub-ODE method,
He’s variational principle and sine–cosine method to obtain the solitary wave solutions of Equation (7).
After that we get the solutions of the 2D-SCNLSE (1) with stochastic term.

2.1. Riccati–Bernoulli Sub-ODE Method

Here, we take the following Riccati–Bernoulli equation [2,22]:

u′ = γ1u2 + γ2u + γ3, (9)

where γ1, γ2, γ3 are constants.
From Equation (9), we obtain

u′′ = 2γ1uu′ + γ2u′,

utilizing Equation (9), gives

u′′ = 2γ2
1u3 + 3γ1γ2u2 + (2γ1γ3 + γ2

2)u + γ2γ3. (10)

Substituting (10) into (7), we have

(2γ2
1 −Λ1)u3 + 3γ1γ2u2 + (2γ1γ3 + γ2

2 −Λ2)u + γ2γ3 = 0.

Putting each coefficient of ui(i = 0, 1, 2, 3) with zero, yields system of algebraic equations. Solving these
equations, gives
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γ1 = ±
√

Λ1

2
= ±

√
b1θ1 + b2θ2

a(ρ2
1 + ρ2

2)
, (11)

γ2 = 0 , (12)

and

γ3 =
Λ2

2γ1
= ± Λ2√

2Λ1
= ±

(θ3 + aθ2
1 + aθ2

2)

2
√

b1θ1 + b2θ2
, (13)

where we used Equation (8).
Now, let us deduce the stochastic solution of the Equation (1). There are many cases depending on

γ3

γ1
=

θ3 + aθ2
1 + aθ2

2
2b1θ1 + 2b2θ2

.

First case: If γ3
γ1

> 0, then the solution of Equation (9) is

u(ξ) =
√

γ3

γ1
tan

(√γ3

γ1
(γ1ξ + C)

)
, (14)

or

u(ξ) =
√

γ3

γ1
cot
(√γ3

γ1
(−γ1ξ + C)

)
. (15)

In this case, we can use Equation (2) with Equations (14) and (15), respectively to get the stochastic
solution of the Equation (1) as

ψ(x, y, t) = u(ξ)ei[θ1x+θ2y+θ3t+σβ(t)]

= ei[θ1x+θ2y+θ3t+σβ(t)]
√

γ3

γ1
tan

(√γ3

γ1
(γ1(ρ1x+ρ2y−2a(ρ1θ1+ρ2θ2)t)+C)

)
, (16)

Or

ψ(x, y, t) = u(ξ)ei[θ1x+θ2y+θ3t+σβ(t)]

= ei[θ1x+θ2y+θ3t+σβ(t)]
√

γ3

γ1
cot
(√γ3

γ1
(−γ1(ρ1x+ρ2y−2a(ρ1θ1+ρ2θ2)t)+C)

)
. (17)

Second case: If γ3
γ1

< 0 and |ϕ| <
√
− γ3

γ1
, then the solution of Equation (9) is

u(ξ) =
√
−γ3

γ1
tanh

(√−γ3

γ1
(γ1ξ + C)

)
. (18)

In this case, we can use Equation (2) with Equation (18) to obtain the stochastic solution of the
Equation (1) as

ψ(x, y, t) = ei[θ1x+θ2y+θ3t+σβ(t)]
√
−γ3

γ1
tanh

(√−γ3

γ1
(γ1(ρ1x + ρ2y− 2a(ρ1θ1 + ρ2θ2)t) + C)

)
, (19)

Third case: If γ3
γ1

< 0 and ϕ2 > −γ3
γ1

, then the solution of the Equation (9) is

u(ξ) =
√
−γ3

γ1
coth

(√−γ3

γ1
(γ1ξ + C)

)
. (20)
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In this case, we can use Equation (2) with Equation (20) to get the stochastic solution of the
Equation (1) as

ψ(x, y, t) = ei[θ1x+θ2y+θ3t+σβ(t)]
√
−γ3

γ1
coth

(√γ3

γ1
(−γ1(ρ1x + ρ2y− 2a(ρ1θ1 + ρ2θ2)t) + C)

)
, (21)

where γ1 and γ3 are defined in Equations (11) and (13).

2.2. He’s Variational Principle Method

Based on the He’s variational principle [20,38,39], one establish the following trial-functional:

J(u) =
∫ ∞

0
{1

2
(u′)2 +

1
4

Λ1u4 +
1
2

Λ2u2}dξ. (22)

According to Ref. [40], the solution for constant R of Equation (7) is

u(ξ) = R sec h(ξ), (23)

Superseding Equation (23) into Equation (22) gives

J =
∫ ∞

0

[
R2

2
sec h2(ξ) tanh2(ξ) +

R4

4
Λ1 sec h4(ξ) +

R2

2
Λ2 sec h2(ξ)

]
dξ

=
R2

6
+

R4

6
Λ1 +

R2

6
Λ2.

Making J stationary with R results in

∂J
∂R

=
1
3
(1 + Λ2)R +

Λ1

3
R3 = 0.

From this equation, we have

R =

√
−(1 + Λ2)

Λ1
.

Hence

u(ξ) =

√
−(1 + Λ2)

Λ1
sec h(ξ), (24)

where Λ1 and Λ2 are defined in Equation (8).
Now, we can use Equation (2) with Equation (24) to obtain the stochastic solution of the

2D-CNLSE (1) as

ψ(x, y, t) = u(ξ)ei[θ1x+θ2y+θ3t+σβ(t)]

= ei[θ1x+θ2y+θ3t+σβ(t)]

√
−(1 + Λ2)

Λ1
sec h(ρ1x + ρ2y− 2a(ρ1θ1 + ρ2θ2)t). (25)

Analogously, we can take

u(ξ) = R sec h2(ξ), u(ξ) = R csc h(ξ) and u(ξ) = R csc h2(ξ),

to get different forms of solitary wave solutions.
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2.3. Sine–Cosine Method

We apply the sine–cosine method to solve Equation (7) and consequently the stochastic solution
of the 2D-CNLSE (1). According to [12,13], let the solution u of Equation (7) take the form

u(η) = AYm, (26)

where
Y = sin(Bζ) or Y = cos(Bζ). (27)

Substituting Equation (26) into Equation (7) we have

−AB2[−m2Ym + m(m− 1)Ym−2]−Λ1 A3Y3m −Λ2 AYm = 0,

rewriting the above equation

(Λ2 A− AB2m2)Ym + m(m− 1)AB2Ym−2 + Λ1 A3Y3m = 0. (28)

Balancing the term of Y in Equation (28), we get

m− 2 = 3m =⇒ m = −1. (29)

Substituting Equation (29) into Equation (28)

(Λ2 A− AB2)Y−1 + (Λ1 A3 + 2AB2)Y−3 = 0. (30)

Equating each coefficient of Y−1 and Y−3 to zero, we obtain

Λ2 A− AB2 = 0, (31)

and
Λ1 A3 + 2AB2 = 0. (32)

By solving these equations we get

B =
√

Λ2 =

√
(θ3 + aθ2

1 + aθ2
2)

a(ρ2
1 + ρ2

2)
and A =

√
−2Λ2

Λ1
=

√
−(θ3 + aθ2

1 + aθ2
2)

b1θ1 + b2θ2
. (33)

Then the solitary wave solution of Equation (7) takes the form

u(ξ) = A sec(Bξ) or u(ξ) = A csc(Bξ), (34)

therefore, we can use Equation (2) with Equation (34) to get the stochastic exact solution of the
2D-CNLSE (1) as

ψ(x, y, t) = A sec[B(ρ1x + ρ2y− 2a(ρ1θ1 + ρ2θ2)t)]ei[θ1x+θ2y+θ3t+σβ(t)], (35)

or
ψ(x, y, t) = A csc[B(ρ1x + ρ2y− 2a(ρ1θ1 + ρ2θ2)t)]ei[θ1x+θ2y+θ3t+σβ(t)], (36)

where A and B are defined in (33).
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3. Physical Interpretation

The 2D-CNLS equation has been constructed by a 1-D reduction of the structure that defines the
fractional quantum Hall effect. The exact solutions of the 2D-CNLSE (1) were obtained in the explicit
form with the aid of the Riccati–Bernoulli sub-ODE, He’s variational approach and sine–cosine methods.
Distinct types of traveling wave solutions are revealed—for example, solitary wave, dark solitons,
bright solitons and periodic solitary wave solutions. The behavior of solutions for the Equation (1)
being solitons, dissipative or periodic and so on, is an indication for the values of the physical
parameters in the dispersion and nonlinear coefficients. Indeed the NLSE plays a vital role to describe
the full spatiotemporal optical solitons or light bullets in nonlinear optics. Our study shows that the
proposed three methods are reliable in handling NPDEs to establish a variety of exact solutions.

Dark and bright solitons propagate in nonlinear dispersive media. Dark soliton depicts the
solitary waves with lower intensity than the background while bright soliton depicts the solitary
waves whose peak intensity is larger than the background [41]. The all gained solutions in this article
depict the wave profiles in various applications in applied science. Specifically, the acquired solutions
may be interpreted the spatio-temporal solutions, nuclear physics, telecommunications experiments,
space observations, space observations, capillary profiles, chaotic pulses laser and transistor [42–46].
Indeed, the gained solutions are of great importance in the development of quantum mechanics,
namely in quantum hall effect, the entire computer industry and nuclear medicine.

The understanding of the effect of a noise on the propagation of waves is a very vital problem.
Even the propagation is often depicted by deterministic models, in many circumstances randomness
should be considered. It can drastically change the qualitative behavior and result in new properties.
Stochastic Schrodinger equations have been utilized in quantum optics to explain the system state
conditioned by measurement outcomes. Additionally, the noise term in Equation (1) can depict
inhomogeneity in the medium where the wave propagates or the source of the noise. In sequel, we are
particularly interested in the effect of a noise acting as a potential on this behavior.

4. The Effect of Multiplicative Noise on the Solutions of the 2D-CNLSE

In this section, we study the effect of multiplicative noise on the solution of the 2D-CNLSE (1).
The behavior of the solutions for the 2D-CNLSE (1) being solitons, dissipative or periodic and so on,
is an indication for the values of the physical parameters in the dispersion and nonlinear coefficients.
We introduce some 2D, 3D and the contour graphs for different values of noise strength. For our
purpose, we use Matlab package in the following sense. Fix the parameters a = 0.7, b1 = 1.4,
θ1 = 0.6, b2 = 1.9, θ2 = 0.8, θ3 = −2.1, ρ1 = 1, ρ2 = 1.6, C = 1. We introduce a variety of simulations
for various value of σ (noise intensity).

We consider the solution (19) in order to illustrate our purpose in a completely unified way.
For the noise intensity σ = 0, the profile wave for the 2D-CNLSE (1) fluctuates and its profile is
depicted in Figure 1. When the noise intensity σ increases, the profile wave is destroyed, as shown
in Figures 2–4. Figure 5 illustrates the 2D graph corresponding to the solution (19) for σ = 0; 1; 3; 5.
The figures highlight the physical nature of the solution by the careful choice of arbitrary parameters
satisfying the constraints.
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Figure 1. The 3D graph and the contour of ψ in (19) and σ = 0.

Figure 2. The 3D graph and the contour of ψ in (19) and σ = 1.
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Figure 3. The 3D graph and the contour of ψ in (19) and σ = 3.

Figure 4. The 3D graph and the contour for ψ in (19) and σ = 5.
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Figure 5. The 2D graph for ψ in (19).

5. Conclusions

In this study, the powerful Riccati–Bernoulli sub-ODE, He’s variational principle and sine-cosine
methods are utilized in searching the presence of soliton solutions in quantum hall effect via
the (2 + 1)-dimensional stochastic Chiral nonlinear Schrödinger equation. We successfully obtained
some dark and bright soliton solutions to this equation. The obtained solutions are essential in
interpreting some complicated physical phenomena. Moreover, we considered the influence of
multiplicative noise on the solutions for the 2D-CNLSE. Some graphic representations were introduced
with the aid of Matlab software 18 to demonstrate the behavior of these solutions. We observed that
three proposed methods are simple and powerful mathematical tools that give vital results when
applied to various types of nonlinear models.
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