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Abstract: In this article, the iteration transform method is used to evaluate the solution of a
fractional-order dark optical soliton, bright optical soliton, and periodic solution of the nonlinear
Schrödinger equations. The Caputo operator describes the fractional-order derivatives. The solutions
of some illustrative examples are presented to show the validity of the proposed technique without
using any polynomials. The proposed method provides the series form solutions, which converge
to the exact results. Using the present methodology, the solutions of fractional-order problems as
well as integral-order problems are calculated. The present method has less computational costs
and a higher rate of convergence. Therefore, the suggested algorithm is constructive to solve other
fractional-order linear and nonlinear partial differential equations.

Keywords: Fiber optics; nonlinear Schrödinger equations; fractional calculus; iterative transform
method; analytic solution

1. Introduction

The nonlinear Schrödinger equation (NLSE) is a significant equation that arises in a wide
range of scientific purposes, including optical fiber communication systems, quantum mechanics,
thermodynamics, ocean acoustic performance, biomedical dynamics, and quantum physics [1–3].
Approaches give the NLSE with steep spatial and temporal gradients. This NLSE is constructed from
Maxwell’s electromagnetic equation using a multiscale perturbation evaluation. NLSEs are commonly
used in the literature on shallow-water waves, quantum mechanics, Bose–Einstein condensates,
ocean waves, optical solitons, and other fields, with many types of nonlinearity that depend on
the background in which they are investigated [4–7]. In the sense that the soliton maintains its
amplitude, optical solitons in fibers are pulses that spread—like solitons in shallow water media,
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where interactions of solitons are fully elastic—velocity and shape after nonlinear collisions and
the interactions between them influence only the phase shifts. A prototypical integrable scheme
is the nonlinear NLS equation, which provides various soliton solutions and infinitely numerous
conservation laws. Optical solitons in polarisation-preserving fibers have been commonly used.
The complex Ginzburg–Landau equation (CGLE) and many other models were studied with the
nonlinear Schrödinger equation [8–10]. In this sense, a deluge of findings has emerged from these as
well as other such models.

Optical soliton is an important research area in the field of nonlinear fibre, resulting in
a compromise between the self pulse modulation and group velocity dispersion. Optical solitons
are acquiring in-depth active research, according to their impressive stability properties and technical
features [10]. The decision of optical solitons provides valuable information on the mechanism of
complex visual methodologies modeled by the NLSEs.

Several NLSEs were analyzed from the viewpoint of the optical soliton, where different analytical
techniques such as the inverse scattering approach illustrated full integrability. However, the two
types of nonlinear equations are the most widely utilized ones, i.e.,

iDφ
ψυ +

1
2

υ== + υ|υ|2 = 0, i =
√
−1, (1)

and
iDφ

ψυ− 1
2

υ== + υ|υ|2 = 0, i =
√
−1, (2)

used for the normal dispersion regime and the anomalous dispersion regime, respectively. The dynamic
function υ(=, ψ), with = as the parameter of the longitudinal variable and ψ acting as the instant of
time co-moving. Equation (1) gives a bright soliton approach, which takes a bell-shaped figure
and spreads out undistorted for arbitrary long distances, without any shift in shape. However,
the NLSEs (Equation (2)) provide dark solitons results, which are behaviors of the nonlinearity
of fiber in the normal dispersion regime. Dark solitons are also classified as topological optical
solitons in nonlinear optics. The two models (Equations (1) and (2)) emerged widely in the sense of
its studies. Several systematic approaches have been utilized for further research on these equations.
The explicit approaches of nonlinear integrable equations are significant for their broad applicability in
the explanation of natural processes and nonlinear optics [1–11]. In this study, we intend to investigate
the above-mentioned NLSEs, each of which contains a detuning term, given as

iDφ
ψυ + υ== + αυ|υ|2 − βυ = 0, i =

√
−1, (3)

and
iDφ

ψυ− υ== + αυ|υ|2 − βυ = 0, i =
√
−1, (4)

where there are nonzero constants of α and β. The time evolution of disturbances in the unstable
domain is represented in these two equations. Recently, studies of optical solitons [12–14] have
flourished quickly. Some effective techniques have been used to research the properties of pulse
development in the area of nonlinear optics.

In 2006, Daftardar-Gejji and Jafari proposed a new iterative method to seek numerical analysis
of nonlinear equations [15,16]. Jafari et al. first implemented Laplace transformation in the iterative
technique and suggested a new direct technique called the iterative Laplace transformation method
(ILTM) [17] to search for numerical results of a scheme of FPDEs. ILTM to solve linear and
nonlinear partial differential equations such as Fokker–Planck equations [18], Zakharov–Kuznetsov
equations [19], the Fornberg–Whitham equation [20], etc. In this article, the iterative method is
modified with the new Elzaki transformation; the new method is called the iterative transform method.
The iterative transform method is used to evaluate the solution of fractional-order of the dark optical
soliton, bright optical soliton, and periodic solution of the proposed nonlinear Schrödinger equations.
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The Caputo operator describes the fractional-order derivatives. The solution of some illustrative
examples is presented to show the validity of the proposed technique. Using the present methodology,
the solutions of fractional-order problems as well as integral-order problems are calculated. The present
method has less computational costs and a higher rate of convergence. Therefore, the suggested
algorithm is therefore constructive to solve other fractional-order linear and nonlinear partial
differential equations.

2. Basic Definitions

Definition 1. The operator Dφ of order φ in the Abel–Riemann sense is given as [21–23]

Dφν(=) =


dj

d=j , φ = j
1

Γ(j−φ)
d

d=j

∫ =
0

ν(ψ)

(=−ψ)ψ−j+1 dt, j− 1 < φ < j

where j ∈ Z+, ψ ∈ R+, and

D−φν(=) = 1
Γ(ψ)

∫ =
0

(=− φ)ψ−1ν(φ)dφ, 0 < ψ ≤ 1.

Definition 2. The Abel–Riemann fractional-order integration operator Jψ is given as [21–23]

Jψν(=) = 1
Γ(ψ)

∫ =
0

(=− φ)ψ−1ν(φ)dφ, φ > 0, ψ > 0.

Some properties of the operator:

Jψφj =
Γ(j + 1)

Γ(j + ψ + 1)
φj+ψ

Dψφj =
Γ(j + 1)

Γ(j− ψ + 1)
φj−ψ

Definition 3. The operator Dψ of fractional-order ψ in the Caputo sense is given as [21–23]

CDψν(=) =

 1
Γ(j−ψ)

∫ =
0

νj(φ)

(=−φ)ψ−j+1 dφ, j− 1 < ψ < j,
dj

dtj ν(=), ψ = j.
(5)

Definition 4.

Jψ
φ Dψ

φ g(φ) = g(φ)−
m

∑
k=0

gk(0+)
φk

k!
, f or φ > 0, andj− 1 < ψ ≤ j, j ∈ N.

Dψ
φ Jψ

φ g(φ) = g(φ)

(6)

Fundamental Concept of the Elzaki Transform

A new transformation called the Elzaki transformation described for the exponential order
function that we find in the A set is described by [21–23]:

A = {g(ψ) :3 |M, k1, K2 > 0, |g(ψ)| < Me
|ψ|
kj , i f (ψ) ∈ (−1)j × [0, ∞).
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The constant M must be a finite number; k1 and k2 are finite or infinite for a given function in the
set. The Elzaki transformation is described through the integral equation

E[g(ψ)] = T(s) = s
∫ ∞

0
g(ψ)e

−ψ
s dψ, ψ ≥ 0, k1 ≤ s ≤ k2.

We can achieve the following result from the description and the basic analyses

E[ψn] = n!sn+2,

E[g′(ψ)] =
T(s)

s
− sg(0),

E[g′′(ψ)] =
T(s)

s2 − g(0)− sg′(0),

E[g(n)(ψ)] =
T(s)

sn −
n−1

∑
k=0

s2−n+kg(k)(0).

Theorem 1. If T(s) is the Elzaki transformation of (ψ), the Elzaki transformation of the Riemann–Liouville
derivative can be taken into consideration as follows [21–23]:

E[Dφg(ψ)] = s−φ

[
T(s)−

n

∑
k=1
{Dφ−kg(0)}

]
; −1 < n− 1 ≤ φ < n

Proof. Let us take the Laplace transform of

g′(ψ) =
d

dψ
g(ψ)

L[Dφg(ψ)] = SφT(s)−
n−1

∑
k=0

sk[Dφ−k−1g(0)]

= sφT(s)−
n−1

∑
k=0

sk−1[Dφ−kg(0)] = sφT(s)−
n−1

∑
k=0

sk−2[Dφ−kg(0)]

= sφT(s)−
n−1

∑
k=0

1
s−k+2 [D

φ−kg(0)] = sφT(s)−
n−1

∑
k=0

1
sφ−k+2−φ

[Dφ−kg(0)]

= sφT(s)−
n−1

∑
k=0

sφ 1
sφ−k+2 [D

φ−kg(0)]

L[Dφg(ψ)] = sφ

[
T(s)−

n−1

∑
k=0

(
1
s

)φ−k+2
[Dφ−kg(0)]

]
Therefore, when we put 1

s for s, the Elzaki transform of the fractional-order of g(ψ) as below:

E[Dφg(ψ)] = s−φ

[
T(s)−

n

∑
k=0

(s)φ−k+2 [Dφ−kg(0)]

]

Definition 5. The Caputo fractional-order of the Elzaki transformation using Theorem 1 is given as:

E[Dφ
ψg(ψ)] = s−φE[g(ψ)]−

j−1

∑
k=0

s2−φ+kg(k)(0), where j− 1 < φ < j.



Symmetry 2020, 12, 1850 5 of 16

3. Iterative Transform Method (ITM) Idea

In this part of the paper, we will give the general idea of the recently developed ITM which is
used to investigate the system of nonlinear fractional PDEs. Let us take the general fractional PDEs of
the form

Dφ
t υ(=, ψ) + Nυ(=, ψ) + Mυ(=, ψ) = h(=, ψ), n ∈ N, n− 1 < φ ≤ n, (7)

where N and M are linear and nonlinear operators. Furthermore, the initial condition is given by
the following

υk(=, 0) = gk(=), k = 0, 1, 2, ..., n− 1, (8)

where = such that n− 1 < = ≤ n is the order of the Caputo fractional operator Dφ
t υ(=, ψ). In the

above PDEs, h(=, ψ) is the source function. Next, we will apply the Elzaki transform of Equation (7)
and obtain the following

E[Dφ
ψυ(=, ψ)] + E[Nυ(=, ψ) + Mυ(=, ψ)] = E[h(=, ψ)]. (9)

Further simplification through Elzaki differentiation leads to

E[υ(=, ψ)] =
m−1

∑
k=0

s2−φ+ku(k)(=, 0) + sφE[h(=, ψ)]− sφE[Nυ(=, ψ) + Mυ(=, ψ)]; (10)

the inverse Elzaki transform converts Equation (10) into

υ(=, ψ) = E−1

[(
m−1

∑
k=0

s2−φ+kuk(=, 0) + sφE[h(=, ψ)]

)]
− E−1 [sφE[Mυ(=, ψ) + Mυ(=, ψ)]

]
. (11)

As through the iterative technique, we have

υ(=, ψ) =
∞

∑
i=0

υi(=, ψ). (12)

Furthermore, the operator N is linear; therefore, if

N

(
∞

∑
i=0

υi(=, ψ)

)
=

∞

∑
i=0

N [υi(=, ψ)] , (13)

and the operator M is nonlinear, we have the following:

M

(
∞

∑
i=0

υi(=, ψ)

)
= M[υ0(=, ψ)] +

∞

∑
i=1

{
M

(
i

∑
k=0

υk(=, ψ)

)
−M

(
i−1

∑
k=0

υk(=, ψ)

)}
. (14)

Putting Equations (12)–(14) in Equation (11), we get the following:

∞

∑
i=0

υi(=, ψ) = E−1

[
sφ

(
m−1

∑
k=0

s2−=+kuk(=, 0) + E[h(=, ψ)]

)]
− E−1 [sφE[

∞

∑
i=0

N[υi(=, ψ)] + M[υ0(=, ψ)] +
∞

∑
i=1

{
M

(
i

∑
k=0

υk (=, ψ)− N

(
i−1

∑
k=0

υk(=, ψ)

))}]]
.

(15)

We define the iterative formula mentioned below with applied equations:

υ0(=, ψ) = E−1

[
sφ

(
m−1

∑
k=0

s2−=+kuk(=, 0) + sφE(g(=, ψ))

)]
, (16)



Symmetry 2020, 12, 1850 6 of 16

υ1(=, ψ) = −E−1 [sφE[N[υ0(=, ψ)] + M[υ0(=, ψ)]
]

, (17)

υm+1(=, ψ) = −E−1

[
sφL

[
N(υm(=, ψ))−

{
M

(
m

∑
k=0

υk(=, ψ)

)
−M

(
m−1

∑
k=0

υk(=, ψ)

)}]]
,

m ≥ 1

(18)

Finally, Equations (7) and (8) provide the m-term solution in series form is given by

υ(=, ψ) ∼= υ0(=, ψ) + υ1(=, ψ) + υ2(=, ψ) + .....,+υm(=, ψ), m = 1, 2, . . . . (19)

4. Applications of the Proposed Method

In this part of the paper, we determine the solution of NLSEs in the normal dispersion regime
through the proposed ITM to inspect its solution with a detuning term. It has been proved that the
proposed method is a suitable analytical technique that provides more accurate results for nonlinear
FPDEs. Let us take the following fractional Schrödinger equation

∂φυ(=, ψ)

∂φψ
= −i

[
∂2υ(=, ψ)

∂=2 − αυ(=, ψ) | υ(=, ψ) |2 +βυ(=, ψ)

]
, (20)

where the fractional-order φ is such that 0 < φ ≤ 1 while α and β are nonzero constants.

4.1. Dark Optical Soliton Analysis

To calculate the dark optical soliton results, we take the above Equation (20) with the following
initial condition

υ0(=, 0) = µtanh
(

µ

√
α

2
=
)

Applying Elzaki transformation to Equation (20), we have

1
sφ E[υ(=, ψ)]−

m−1

∑
k=0

υ(k)(=, 0)s2−φ+k = E
[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
,

1
sφ E[υ(=, ψ)] = υ(0)(=, 0)s2−φ + E

[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
,

(21)

E[υ(=, ψ)] = s2u(=, 0) + sφ

[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
. (22)

Using inverse Elzaki transformation of Equation (22), we get

υ(=, ψ) = E−1
[
s2u(=, 0)

]
+ E−1

[
−isφE

(
∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
. (23)

Applying the proposed analytical technique, we get

υ0(=, 0) = µtanh
(

µ

√
α

2
=
)

υ1(=, ψ) = E−1
[

sφ

{
E(−i)

(
∂2υ0(=, ψ)

∂=2 − αυ2
0(=, ψ)ῡ0(=, ψ) + βυ0(=, ψ)

)}]
,

υ1(=, ψ) = µtanh
(

µ

√
α

2
=
)

i(αµ2 − β)
ψφ

Γ(φ + 1)
.
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υ2(=, ψ) = E−1
[

sφ

{
E(−i)

(
∂2υ1(=, ψ)

∂=2 − αυ2
1(=, ψ)ῡ1(=, ψ) + βυ1(=, ψ)

)}]
,

υ2(=, ψ) = µtanh
(

µ

√
α

2
=
)

i(αµ2 − β)2 ψ2φ

Γ(2φ + 1)
.

υ3(=, ψ) = E−1
[

sφ

{
E(−i)

(
∂2υ2(=, ψ)

∂=2 − αυ2
2(=, ψ)ῡ2(=, ψ) + βυ2(=, ψ)

)}]
,

υ3(=, ψ) = −µtanh
(

µ

√
α

2
=
)

i(αµ2 − β)3 ψ3φ

Γ(3φ + 1)
.

...

υn(=, ψ) = E−1
[

sφ

{
E(−i)

(
∂2υn−1(=, ψ)

∂=2 − αυ2
n−1(=, ψ)ῡn−1(=, ψ) + βυn−1(=, ψ)

)}]
,

υn(=, ψ) = µtanh
(

µ

√
α

2
=
)(

(i(αµ2 − β))n ψnφ

Γ(nφ + 1)

)
, n ≥ 0.

The series form solution is given as

υ(=, ψ) = υ0(=, ψ) + υ1(=, ψ) + υ2(=, ψ) + υ3(=, ψ) + · · · υn(=, ψ) (24)

Therefore the approximate solution of equation for the first n is given as

υ(=, ψ) = iµtanh
(

µ

√
α

2
=
)(

1 + (αµ2 − β)
ψφ

Γ(φ + 1)
− (αµ2 − β)2 ψ2φ

Γ(2φ + 1)
−

(αµ2 − β)3 ψ3φ

Γ(3φ + 1)
+ · · ·+

(
(αµ2 − β)n ψnφ

Γ(nφ + 1)

))
.

(25)

In the case φ = 1,

υ(=, ψ) = µtanh
(

µ

√
α

2
=
)
(1 + (αµ2 − β)ψ− 1

2!
(αµ2 − β)2ψ2 + · · ·+ ((

1
n!
(i(αµ2 − β))nψn)). (26)

υ(=, ψ) = µsech
(

µ

√
−α

2
=
)

ei( α
2 µ2−β)ψ. (27)

The exact result is

u(=, 0) = µcsch
(

µ

√
α

2
=
)

; (28)

we get the singular soliton solution given by

υ(=, ψ) = µcsch
(

µ

√
α

2
=
)

e−i( α
2 µ2−β)ψ. (29)

4.2. Bright Optical Soliton Analysis

To calculate the dark optical soliton analysis, we take Equation (20) with the following
initial condition:

υ0(=, 0) = µtan
(

µ

√
α

2
=
)

(30)
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First, applying Elzaki transformation, we get

1
sφ E[υ(=, ψ)]−

m−1

∑
k=0

υ(k)(=, 0)s2−φ+k = E
[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
,

1
sφ E[υ(=, ψ)] = υ0(=, 0)s2−φ + E

[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
,

(31)

E[υ(=, ψ)] = s2u(=, 0) + sφ

[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
. (32)

Elzaki transformation converts the above equation into

υ(=, ψ) = E−1
[
s2u(=, 0)

]
+ E−1

[
−isφE

(
∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
. (33)

By applying the proposed analytic technique, we have the following:

υ0(=, ψ) = µtan
(

µ

√
α

2
=
)

υ1(=, ψ) = E−1
[
−isφE

{
∂2υ0(=, ψ)

∂=2 − αυ2
0(=, ψ)ῡ0(=, ψ) + βυ0(=, ψ)

}]
,

υ1(=, ψ) = µtan
(

µ

√
α

2
=
)
(−i(αµ2 + β)

ψφ

Γ(φ + 1)
).

(34)

υ2(=, ψ) = E−1
[
−isφE

{
∂2υ1(=, ψ)

∂=2 − αυ2
1(=, ψ)ῡ1(=, ψ) + βυ1(=, ψ)

}]
,

υ2(=, ψ) = µsech
(

µ

√
−α

2
=
)
(i(

α

2
µ2 − β)2 ψ2φ

Γ(2φ + 1)
),

(35)

υ3(=, ψ) = E−1
[
−isφE

{
∂2υ2(=, ψ)

∂=2 − αυ2
2(=, ψ)ῡ2(=, ψ) + βυ2(=, ψ)

}]
,

υ3(=, ψ) = µsech
(

µ

√
−α

2
=
)
(−i(

α

2
µ2 − β)3 ψ3φ

Γ(3φ + 1)
).

(36)

...

υn(=, ψ) = E−1
[
−isφE

{
∂2υn−1(=, ψ)

∂=2 − αυ2
n−1(=, ψ)ῡn−1(=, ψ) + βυn−1(=, ψ)

}]
,

υn(=, ψ) = µsech
(

µ

√
α

2
=
)(

i
(

α

2
µ2 − β

)n
ψnφ

Γ(nφ + 1)

)
, n ≥ 0.

(37)

Finally, the analytical solution of our problem in series form is

υ(=, ψ) = υ0(=, ψ) + υ1(=, ψ) + υ2(=, ψ) + υ3(=, ψ) + · · · υn(=, ψ). (38)

Therefore, the approximate solution of the equation for the first n is given as

υ(=, ψ) = iµsech
(

µ

√
−α

2
=
)(

1 +
(

α

2
µ2 − β

)
ψφ

Γ(φ + 1)
−
(

α

2
µ2 − β

)2
ψ2φ

Γ(2φ + 1)

+ · · ·+
(

α

2
µ2 − β

)n
ψnφ

Γ(nφ + 1)

)
.

(39)
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If φ = 1, then

υ(=, ψ) = µsech
(

µ

√
−α

2
=
)(

1 + (
α

2
µ2 − β)ψ− 1

2!
(

α

2
µ2 − β)2ψ2 + · · ·+ 1

n!
(i(

α

2
µ2 − β))nψn

)
. (40)

υ(=, ψ) = µcsch
(

µ

√
α

2
=
)

e−i( α
2 µ2−β)ψ, (41)

which is the exact solution. In the same way, if we take the initial condition

u(=, 0) = µcsch
(

µ

√
α

2
=
)

, (42)

we can prove the singular soliton solution following the same steps:

υ(=, ψ) = µcsch
(

µ

√
α

2
=
)

e−i( α
2 µ2−β)ψ. (43)

4.3. Periodic Results

For the periodic solution of our problem given in Equation (20), we take the initial condition as

υ0(=, 0) = µtan
(

µ

√
α

2
=
)

. (44)

First, applying Elzaki transformation, we get

1
sφ E[υ(=, ψ)]−

m−1

∑
k=0

υ(k)(=, 0)s2−φ+k = E
[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
,

1
sφ E[υ(=, ψ)] = υ0(=, 0)s2−φ + E

[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
,

(45)

E[υ(=, ψ)] = s2u(=, 0) + sφ

[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
. (46)

Then, applying inverse Elzaki transformation, we obtain

υ(=, ψ) = E−1
[
s2u(=, 0)

]
+ E−1

[
−isφE

(
∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
. (47)

By applying the proposed analytic technique, we have the following:

υ0(=, 0) = µtan
(

µ

√
α

2
=
)

,

υ1(=, ψ) = E−1
[
−isφE

{(
∂2υ0(=, ψ)

∂=2 − αυ2
0(=, ψ)ῡ0(=, ψ) + βυ0(=, ψ)

)}]
,

υ1(=, ψ) = µtan
(

µ

√
α

2
=
)(
− i(αµ2 + β)

ψφ

Γ(φ + 1)

)
,

(48)

υ2(=, ψ) = E−1
[
−isφE

{(
∂2υ1(=, ψ)

∂=2 − αυ2
1(=, ψ)ῡ1(=, ψ) + βυ1(=, ψ)

)}]
,

υ2(=, ψ) = µtan
(

µ

√
α

2
=
)(
− i(αµ2 + β)2 ψ2φ

Γ(2φ + 1)

)
,

(49)
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υ3(=, ψ) = E−1
[
−isφE

{(
∂2υ2(=, ψ)

∂=2 − αυ2
2(=, ψ)ῡ2(=, ψ) + βυ2(=, ψ)

)}]
,

υ3(=, ψ) = µtan
(

µ

√
α

2
=
)(

i(αµ2 + β)3 ψ3φ

Γ(3φ + 1)

)
.

(50)

...

υn(=, ψ) = E−1
[
−isφE

{(
∂2υn−1(=, ψ)

∂=2 − αυ2
n−1(=, ψ)ῡn−1(=, ψ) + βυn−1(=, ψ)

)}]
,

υn(=, ψ) = µtan
(

µ

√
α

2
=
)(

i(αµ2 + β)n ψnφ

Γ(nφ + 1)

)
, n ≥ 0.

(51)

Thus, the solution in periodic form is given by

υ(=, ψ) = υ0(=, ψ) + υ1(=, ψ) + υ2(=, ψ) + υ3(=, ψ) + · · · υn(=, ψ). (52)

Therefore, the approximate solution of equation for the first n is given as

υ(=, ψ) = µtan
(

iµ
√

α

2
=
)(

1 + (αµ2 − β)
ψφ

Γ(φ + 1)
− (αµ2 − β)2 ψ2φ

Γ(2φ + 1)

+ · · ·+ (αµ2 − β)n ψnφ

Γ(nφ + 1)

)
.

(53)

If φ = 1, then

υ(=, ψ) = µtan
(

µ

√
α

2
=
)
(1 + (αµ2 − β)ψ− 1

2!
(αµ2 − β)2ψ2 + · · ·+ 1

n!
i(αµ2 − β)nψn). (54)

υ(=, ψ) = µtan
(

µ

√
α

2
=
)

e−i( α
2 µ2+β)ψ, (55)

which is the exact solution. If we take the initial condition

u(=, 0) = µcot
(

µ

√
α

2
=
)

, (56)

then the singular soliton is obtained as

υ(=, ψ) = µcot
(

µ

√
α

2
=
)

e−i( α
2 µ2+β)ψ. (57)

5. NLSEs with Detuning Term in the Anomalous Dispersion Regime

Here, we will apply ITM to determine the dark optical soliton, bright optical soliton, and periodic
solution of the proposed equation with a detuning term in the anomalous dispersion regime. In this
case, we take NLSE of the form

∂φυ(=, ψ)

∂φx
= i
[

∂2υ(=, ψ)

∂=2 + αυ(=, ψ) | υ(=, ψ) |2 −βυ(=, ψ)

]
, 0 < φ < 1, (58)

where α and β are nonzero constants. We will take different initial conditions with this equation to
find different solutions.
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5.1. Dark Optical Soliton Analysis

To calculate the dark optical soliton analysis, we take the initial condition

υ0(=, 0) = µtanh
(

µ

√
−α

2
=
)

. (59)

First of all, we apply Elzaki transformation in the following manner

1
sφ E[υ(=, ψ)]−

m−1

∑
k=0

υ(k)(=, 0)s2−φ+k = E
[

i
(

∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
,

1
sφ E[υ(=, ψ)] = υ0(=, 0)s2−φ + E

[
i
(

∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
,

(60)

E[υ(=, ψ)] = s2u(=, 0) + E
[

isφ

(
∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
. (61)

Applying inverse Elzaki transformation, we have the following

υ(=, ψ) = E−1
[
s2u(=, 0)

]
+ E−1

[
−isφE

(
∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
. (62)

Furthermore, when we apply the above iterative technique, we get the following:

υ0(=, ψ) = µtanh
(

µ

√
−α

2
=
)

υ1(=, ψ) = E−1
[
−isφE

{
∂2υ0(=, ψ)

∂=2 − αυ2
0(=, ψ)ῡ0(=, ψ) + βυ0(=, ψ)

}]
,

υ1(=, ψ) = µtanh
(

µ

√
−α

2
=
)(
− i(2µ2 + β)

ψφ

Γ(φ + 1)

)
.

(63)

υ2(=, ψ) = E−1
[
−isφE

{
∂2υ1(=, ψ)

∂=2 − αυ2
1(=, ψ)ῡ1(=, ψ) + βυ1(=, ψ)

}]
,

υ2(=, ψ) = µtanh
(

µ

√
−α

2
=
)(
− i(2µ2 + β)2 ψ2φ

Γ(2φ + 1)

) (64)

υ3(=, ψ) = E−1
[
−isφE

{
∂2υ2(=, ψ)

∂=2 − αυ2
2(=, ψ)ῡ2(=, ψ) + βυ2(=, ψ)

}]
,

υ3(=, ψ) = −µtanh
(

µ

√
−α

2
=
)(

(2µ2 + β)3 ψ3φ

Γ(3φ + 1)

)
.

(65)

...

υn(=, ψ) = E−1
[
−isφE

{
∂2υn−1(=, ψ)

∂=2 − αυ2
n−1(=, ψ)ῡn−1(=, ψ) + βυn−1(=, ψ)

}]
,

υn(=, ψ) = µtanh
(

µ

√
−α

2
=
)(
− i(2µ2 + β)n ψnφ

Γ(nφ + 1)

)
, n ≥ 0.

(66)

Thus, the analytic solution of the given problem is

υ(=, ψ) = υ0(=, ψ) + υ1(=, ψ) + υ2(=, ψ) + υ3(=, ψ) + · · · υn(=, ψ) (67)
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Therefore, the approximate solution of equation for the first n is given as

υ(=, ψ) = µtanh
(

µ

√
−α

2
=
)(

1− i(2µ2 + β)
ψφ

Γ(φ + 1)
− (2µ2 + β)2 ψ2φ

Γ(2φ + 1)

+ · · ·+ i(2µ2 + β)n ψnφ

Γ(nφ + 1)

)
.

(68)

If φ = 1 then

υ(=, ψ) = µtanh
(

µ

√
−α

2
=
)(

1− i(2µ2 + β)ψ− 1
2!
(2µ2 + β)2ψ2 + · · ·+ 1

n!
i(2µ2 + β)nψn

)
. (69)

υ(=, ψ) = µsech
(

µ

√
−α

2
=
)

ei( α
2 µ2−β)ψ, (70)

The exact result is

u(=, 0) = µcsch
(

µ

√
α

2
=
)

, (71)

and we determine the following singular soliton solution by following the same steps:

υ(=, ψ) = µcsch
(

µ

√
α

2
=
)

e−i( α
2 µ2−β)ψ. (72)

5.2. Bright Optical Soliton Analysis

To calculate the bright optical soliton analysis, we take the above Equation (58) with the following
initial condition:

υ0(=, 0) = µ

√
2
α

sech(µ, x). (73)

First, applying Elzaki transformation, we get

1
sφ E[υ(=, ψ)]−

m−1

∑
k=0

υ(k)(=, 0)s2−φ+k = E
[

i
(

∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
,

1
sφ E[υ(=, ψ)] = υ0(=, 0)s2−φ + E

[
i
(

∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
,

(74)

E[υ(=, ψ)] = s2u(=, 0) + E
[

isφ

(
∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
. (75)

Elzaki transformation converts the above equation into

υ(=, ψ) = E−1
[
s2u(=, 0)

]
+ E−1

[
isφE

(
∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
. (76)

By applying the proposed analytic technique, we have the following:

υ0(=, ψ) = µ

√
2
α

sech(µ=)

υ1(=, ψ) = E−1
[
−isφE

{
∂2υ0(=, ψ)

∂=2 − αυ2
0(=, ψ)ῡ0(=, ψ) + βυ0(=, ψ)

}]
,

υ1(=, ψ) = µ

√
2
α

sech(µ=)
(

i(µ2 − β)
ψφ

Γ(φ + 1)

)
.

(77)
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υ2(=, ψ) = E−1
[
−isφE

{
∂2υ1(=, ψ)

∂=2 − αυ2
1(=, ψ)ῡ1(=, ψ) + βυ1(=, ψ)

}]
,

υ2(=, ψ) = µ

√
2
α

sech(µ=)
(
− i(µ2 − β)2 ψ2φ

Γ(2φ + 1)

) (78)

υ3(=, ψ) = E−1
[
−isφE

{
∂2υ2(=, ψ)

∂=2 − αυ2
2(=, ψ)ῡ2(=, ψ) + βυ2(=, ψ)

}]
,

υ3(=, ψ) = −µ

√
2
α

sech(µ=)
(
(µ2 − β)3 ψ3φ

Γ(3φ + 1)

)
.

(79)

...

υn(=, ψ) = E−1
[
−isφE

{
∂2υn−1(=, ψ)

∂=2 − αυ2
n−1(=, ψ)ῡn−1(=, ψ) + βυn−1(=, ψ)

}]
,

υn(=, ψ) = µ

√
2
α

sech(µ=)
(

i(µ2 − β)n ψnφ

Γ(nφ + 1)

)
, n ≥ 0.

(80)

The series form solution is given as

υ(=, ψ) = υ0(=, ψ) + υ1(=, ψ) + υ2(=, ψ) + υ3(=, ψ) + · · · υn(=, ψ) (81)

Therefore, the approximate solution of equation for the first n is given as

υ(=, ψ) = µ

√
2
α

sech(µ=)
(

1 + i(µ2 − β)
ψφ

Γ(φ + 1)
− (µ2 − β)2 ψ2φ

Γ(2φ + 1)

+ · · ·+ (i(µ2 − β))n ψnφ

Γ(nφ + 1)

)
.

(82)

In the case φ = 1,

υ(=, ψ) = µtanh
(

µ

√
α

2
=
)(

1 + (αµ2 − β)ψ− 1
2!
(αµ2 − β)2ψ2 + · · ·+ 1

n!
(i(αµ2 − β))nψn

)
. (83)

υ(=, ψ) = µsech
(

µ

√
−α

2
=
)

ei( α
2 µ2−β)ψ. (84)

The exact solution is

u(=, 0) = µcsch
(

µ

√
α

2
=
)

, (85)

and we obtain the following singular soliton solution for the above problem:

υ(=, ψ) = µcsch
(

µ

√
α

2
=
)

e−i( α
2 µ2−β)ψ. (86)

5.3. Solutions in Periodic Environment

To determine the periodic solutions, we take the above Equation (58) with the following
initial condition:

υ0(=, ψ) = µ

√
− 2

α
tan(µ=) (87)



Symmetry 2020, 12, 1850 14 of 16

Applying Elzaki transformation to Equation (58), we have

sφE[ϑ(`, ψ1)]−
m−1

∑
k=0

ϑ(k)(`, 0)s2−φ+k = E
[

i
(

∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
,

sφE[ϑ(`, ψ1)] = ϑ(0)(`, 0)s2 + E
[
−i
(

∂2υ(=, ψ)

∂=2 − αυ2(=, ψ)ῡ(=, ψ) + βυ(=, ψ)

)]
,

(88)

E[ϑ(`, ψ1)] =
ϑ(`, 0)

s
+ E

[
isφ

(
∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
. (89)

Applying inverse Elzaki transformation, we have

ϑ(`, ψ1) = E−1
[

ϑ(`, 0)
s

]
+ E−1

[
isφE

(
∂2υ(=, ψ)

∂=2 + αυ2(=, ψ)ῡ(=, ψ)− βυ(=, ψ)

)]
. (90)

By applying the proposed analytic technique, we have the following:

υ0(=, ψ) = µtanh
(

µ

√
α

2
=
)

υ1(=, ψ) = E−1
[

isφE
{

∂2υ0(=, ψ)

∂=2 + αυ2
0(=, ψ)ῡ0(=, ψ)− βυ0(=, ψ)

}]
,

υ1(=, ψ) = µtanh
(

µ

√
α

2
=
)(

i(αµ2 − β)
ψφ

Γ(φ + 1)

)
.

(91)

υ2(=, ψ) = E−1
[

isφE
{

∂2υ1(=, ψ)

∂=2 + αυ2
1(=, ψ)ῡ1(=, ψ) + βυ1(=, ψ)

}]
,

υ2(=, ψ) = µtanh
(

µ

√
α

2
=
)(
− i(αµ2 − β)2 ψ2φ

Γ(2φ + 1)

) (92)

υ3(=, ψ) = E−1
[

isφE
{

∂2υ2(=, ψ)

∂=2 + αυ2
2(=, ψ)ῡ2(=, ψ)− βυ2(=, ψ)

}]
,

υ3(=, ψ) = µtanh
(

µ

√
α

2
=
)(
− i(αµ2 − β)3 ψ3φ

Γ(3φ + 1)

)
.

(93)

...

υn(=, ψ) = E−1
[

isφE
{

∂2υn−1(=, ψ)

∂=2 + αυ2
n−1(=, ψ)ῡn−1(=, ψ)− βυ(=, ψ)

}]
,

υn(=, ψ) = µtanh
(

µ

√
α

2
=
)
((i(αµ2 − β))n ψnφ

Γ(nφ + 1)
), n ≥ 0.

(94)

Therefore, we have the following analytic solution:

υ(=, ψ) = υ0(=, ψ) + υ1(=, ψ) + υ2(=, ψ) + υ3(=, ψ) + · · · υn(=, ψ), (95)

Hence, the approximate solution of the equation for the first n is given as

υ(=, ψ) =µtanh
(

µ

√
α

2
=
)(

1 + i(αµ2 − β)
ψφ

Γ(φ + 1)
− (αµ2 − β)2 ψ2φ

Γ(2φ + 1)

+ · · ·+ (i(αµ2 − β))n ψnφ

Γ(nφ + 1)

)
.

(96)
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In the case φ = 1,

υ(=, ψ) = µtanh
(

µ

√
α

2
=
)(

1 + i(αµ2 − β)ψ− 1
2!
(αµ2 − β)2ψ2 + · · ·+ 1

n!
(i(αµ2 − β))nψn

)
. (97)

υ(=, ψ) = µsech
(

µ

√
−α

2
=
)

ei( α
2 µ2−β)ψ. (98)

The exact result is

u(=, 0) = µcsch
(

µ

√
α

2
=
)

. (99)

The singular soliton result is calculated with the help of the present technique

υ(=, ψ) = µcsch
(

µ

√
α

2
=
)

e−i( α
2 µ2−β)ψ. (100)

6. Conclusions

In this paper, we evaluated the fractional-order optical bright and dark solitons for the nonlinear
Schrödinger equations with a detuning term in the normal and anomalous dispersive regimes using an
iteration transform method. The solutions for specific problems are calculated using the proposed
technique. The iteration transform method results are in close contact with the exact solution of
the suggested models. The present technique also calculates the solutions of the problems with the
fractional-order derivatives. Moreover, the current technique is straightforward and simple, and it
carries less computational cost; the suggested method can be modeled to solve other fractional-order
partial differential equations.
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