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Abstract: The relativistic (Poincaré and conformal) symmetries of classical elementary systems are
briefly discussed and reviewed. The main framework is provided by the Hamiltonian formalism for
dynamical systems exhibiting symmetry described by a given Lie group. The construction of phase
space and canonical variables is given using the tools from the coadjoint orbits method. It is indicated
how the “exotic” Lorentz transformation properties for particle coordinates can be derived; they are
shown to be the natural consequence of the formalism.
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1. Introduction

We present here a brief review of some results obtained by our colleagues in collaboration with
Yves Brihaye and us. They concern the old topic of the basic role of space-time symmetries in physics.
It appears that some of the main results, which were for the first time obtained and developed in
quantum theory, can be described quite precisely on the classical level in the framework of Hamiltonian
formalism. Then, their quantum counterparts are recovered by applying a straightforward canonical
quantization procedure. The problem is not only academic. For example, in recent years, much effort
has been devoted to exploring the anomaly-related phenomena in kinetic theory [1,2]. This work is
to a great extent based on semiclassical approximation and the description of various symmetries
within this approximation. The sound knowledge concerning the (semi)classical aspects of relativistic
symmetries contributes to a deeper understanding of such phenomena.

Part of the results reported here has been obtained in collaboration with our longtime friend Yves
Brihaye. It was always a great pleasure to work with him.

2. Orbit Method

In physics, beauty is often identified with symmetry. Having at our disposal two theories
explaining the same set of experimental data, we are inclined to choose the one exhibiting more
symmetry. This strategy is somehow supported by our experience. A dazzling example is the success
of general relativity, which is confirmed over and over again by experiments, observations and
even everyday life. Although some physicists warn that beauty can lead one astray [3], we are,
generally speaking, attached to the idea that adopting symmetry as a guiding principle often leads to
the theories with considerable predictive power.

The symmetry of the physical system is described, at the formal level, by the choice of symmetry
group G. In quantum theory, the states of the physical system are classified according to the unitary
representations of G. However, even if the group G represents the maximal symmetry of some
system, there is still much freedom in the choice of the total space of states and relevant observables.
The exception is provided by the so-called elementary systems, which are, by definition, described by
irreducible representations of the symmetry group. For the elementary system, given the symmetry
group G, one can classify all admissible spaces of states and construct all relevant observables in purely
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group-theoretical terms. For example, an elementary relativistic particle is described by an unitary
irreducible representation of the Poincaré group [4,5]. All its states are explicitly known and may be
obtained by acting with group elements on some fixed state; all observables, like energy, momentum
and angular momentum (and coordinate), are constructed out of group generators. The same concerns
nonrelativistic particle; the relevant group here is the (quantum mechanical) Galilei group [6].

Let us note that, in order to construct the quantum description of elementary particles, we do not
have to refer to classical theory, canonical quantization, etc. However, it would be nice to find if the
notion of elementary system, formulated in group-theoretical language, can be extended to classical
physics in such a way that the canonical quantization of the latter yields the corresponding quantum
elementary system. This question has been considered by a number of authors. The mathematical basis
has been laid out by Kirillov [7,8], who developed the so-called orbit method. Souriau [9] elaborated
symplectic aspects of classical and quantum physics.

Let us sketch the main points of the description of the classical system exhibiting symmetry [10,11].
The general framework for classical dynamics is provided by the Hamiltonian formalism. The space
of states is a symplectic manifold—a phase space. The symplectic structure allows one to define the
Poisson bracket. Once a Hamiltonian—some function on the phase space—is selected, one can write the
canonical equations of motion, which determine the actual dynamics. The transformations preserving
symplectic structures are called the canonical transformations. The symmetry transformations are the
canonical transformations which preserve the functional form of the Hamiltonian. The set of symmetry
transformations form a group, which is the symmetry group of a given dynamical system. The classical
system is called elementary if the symmetry group acts transitively on phase space. It appears that in
this case, the Hamiltonian formalism can be described in group-theoretical terms. To this end, let G be
a Lie group with Lie algebra

[Xa, Xp] = icy Xy - )

In the Lie algebra, G acts through adjoint representation
Adg(Xa) = gXag ™" = DF (8) X @

In the dual space to the Lie algebra, there acts the contragradient representation called the
coadjoint one. Let {, be the coordinates in the dual space; then

Ad(Za) = DP (g7 1)Z5. @3)

The orbit of coadjoint action (3) is called the coadjoint orbit.
In the dual space, one can define a natural Poisson structure

{GarTp} = chln- )

This Poisson structure is, in general, degenerate, i.e., there exist nonconstant functions having
vanishing Poisson brackets with all {,. However, the important point is that the Poisson brackets (4) can
be consistently restricted to the orbits, and then they become nondegenerate; the orbits are symplectic
manifolds. Moreover, if G acts transitively on phase space, then, modulo some mild (i.e., fulfilled
in most physical contexts) assumptions, the phase space can be identified with some coadjoint orbit
of G. Therefore, for the elementary systems, the phase space together with its symplectic structure
are described in purely group-theoretical terms. All observables, being the functions over the phase
space, are expressible in terms of the coordinates {,. One can view them as classical counterparts of
the elements of enveloping algebra of the Lie algebra under consideration. What remains is the choice
of the Hamiltonian, which defines the actual physical system. If G describes the space-time symmetry,
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one of its generators is a natural candidate for the Hamiltonian. Then, the group-theoretical description
is complete: all elements of Hamiltonian formalism are expressed in terms of group notions.

The first step to classify the elementary systems with a given symmetry group is to characterize
the set of coadjoint orbits. The generic orbits are the submanifolds of the dual space to Lie algebra
obtained by fixing the values of all functionally independent Casimir functions (which are classical
counterparts of the Casimir operators). However, there exist also nongeneric orbits of lower dimension
(the extreme case being the trivial orbit). They are characterized by an additional relation, which can
be found as follows. The infinitesimal action of the symmetry group on coadjoint orbit/phase space
is given by the Poisson bracket with a relevant generator. Therefore, if we nullify some ideal in the
Poisson algebra of functions over phase space, the resulting relations will be invariant under the
coadjoint action of G. This is quite a convenient way of characterizing nongeneric orbits. Once the orbit
is explicitly characterized, the next step is to find convenient coordinates (Darboux variables). Finally,
we have to write out the Hamiltonian in terms of independent canonical variables, which completes
the description.

3. Poincaré Symmetry

In an attempt to understand the origin of quantum mechanics of spinning particle (in particular,
spin), various classical models have been proposed [12-37]. Let us sketch the description based on the
ideas presented in the previous section [38].

The relativistic symmetry is described by the Poincaré group. It consists of Lorentz
transformations A(ATyA =17, y = diag(+ — ——)) and translations a. The composition law reads

(A,a)-(A,d) = (AN, Ad" +a). (5)

The relevant Lie algebra consists of Lorentz (M, ) and translation (P,) generators obeying

[M;w/ Pa] = i(’?wxp;t - Wyapv) ’ (6)
(M, szﬁ} = i(ﬂyﬁwa + vaMpup — NuaMyp — ﬂvﬁMw) ’ @)
[Py/Pv}:O‘ (8)

There are two Casimir operators, mass and spin,

M? = P'p,, )
W2 = WHW,, WH= %EWﬁPVM,Xﬂ. (10)
The relevant coordinates in the dual space to Lie algebra are ¢, and {;y = —yy. For physical

reasons, we are interested in the case M? > 0; then, the coadjoint orbits consist of two disjoint
pieces corresponding to (o 2 0; since {p, being the counterpart of time translation generator P,
represents energy, we restrict ourselves to (o > 0 case.

Now, the generic orbits are obtained by fixing M? and W2. Therefore, they are eight-dimensional.
This is exactly what we expect: there are three components of position and momentum together with
two variables describing the spin of fixed length (due to fixing W?2). Explicitly,

m* = gy, (11)
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1
—m?s? = whw,, wh = Ee’“’“ﬁggw. (12)

Note that for m? = 0, the invariants are no longer independent. Therefore, we start with m? > 0.
It can be shown that the canonical point on coadjoint orbit can be chosen as [38]:

g, = (m0), (13)
Coi = =0, (14)
g.. = 5631']'. (15)

1

Any other point of the orbit is obtained from the canonical one by a coadjoint action of the
Poincaré group. By an appropriate choice of parametrization, we find that the general point of the
orbit can be written as [37,38]

gl/l = Py 7 (16)
. CilkSIPk
Coi = —pox; + et po’ (17)
Gij = XiPj = XjPi + Sk€kij , (18)
while the Kirillov symplectic structure yields
{xi, pj} = dij, (19)
{si,sj} = €ijsk, (20)

the remaining Poisson bracket being vanishing. It is quite straightforward to quantize the resulting
symplectic structure. As a result, one obtains the well-known form of generators of unitary irreducible
representations of the Poincaré group describing massive particles [39].

Assume now that m?> = 0. Then, both invariants vanish independently of the value s.
Moreover, in quantum theory of massless particles, spin is no longer a dynamical variable. In fact,
quantum particles are uniquely characterized by chirality, which can be viewed as the projection of
spin on momentum. However, it is a fixed number, not a dynamical variable. Therefore, we expect the
phase space to be six-dimensional. The corresponding orbits must be nongeneric. There is only one
independent Casimir function, so, according to the prescription given above, we have to construct the
relevant ideal in the Poisson algebra. Consider the following functions on phase space.

I,(0) = wy — 8Ty . (21)

Then

{I,,¢v} =0, (22)

{I;uéaﬁ} = Sualp — Supla, (23)
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so, one can put consistently [, = 0. I, are the generators of invariant ideal. The relevant coadjoint
orbit is defined by the equations .

'ty =0, (24)

I, =0. (25)

Equation (25) is called “enslaving” condition [40,41] (cf. also [9]). Due to VI, = —s{VC, = O,
only three Equations (25) are independent. Therefore, we obtain six-dimensional orbit. Again, it is not
difficult to identify some canonical point on the orbit.

¢ =(k0,0,k) =k, (26)

Lo=3s  (w)=(1) (27)
0, (w)#(12),(21).

By applying the coadjoint action of the Poincaré group and choosing suitable parametrization,
we find [42]

gﬂ = Py 7 (28)
Coi = —PoXi, (29)
€ijkPk
Gij = Xipj — Xjpi +s l]po : (30)

From Equation (30), we conclude that s is the projection of total angular momentum on the
momentum direction.

Equations (28)—(30), when compared with the general form of Poisson brackets (4) and
Equations (6)—(8), yield [42]

€ijk Pk
{xi,xj} =L, (31)
Po
{xi,pj} = 6ij.- (32)

with the remaining brackets vanishing. Note that the coordinates do not commute any longer (cf. (31)).
This is because we are considering the nongeneric orbit defined by the additional (“enslaving”)
condition. This situation persists on the quantum level. A nice argument can be given [43,44] that it is
not possible to define standard, i.e., commuting, coordinates for massless irreducible representation;
only for reducible representation describing the helicities S = &1 such a coordinate operator exists [44].

Due to the more complicated form of Poisson brackets, the canonical quantization procedure is
nontrivial. The coordinates cannot be represented by derivatives with respect to momentum; instead,
a covariant derivative in the field of monopole must be used.

The approach described above provides a systematic way of studying symmetries on the level of
classical Hamiltonian formalism. Phase space and dynamical observables are constructed in terms
of group-theoretical notions and put on firm ground. In particular, one can study the transformation
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properties of various observables under the action of the symmetry group. This concerns, for example,
the coordinate variable. It appears that it has “exotic” transformation properties. Consider, as an
example, a massless particle with helicity s. The conserved generator of boosts reads (cf. Equation (29))

Coi(t) = pox; — pit . (33)
By virtue of Equation (31), one finds [40-42,45,46]

0T x p
P

6% = {%,00,0oi(t)} = —00t + X(0T - X) + 5 (34)

The first term on the right-hand side corresponds to the standard Lorentz transformation, while
the second appears due to the fact that in the Hamiltonian formalism, time is kept fixed, so one has to
recompute everything back to the initial time. The last term, which is helicity dependent, represents
the so-called “side jump”. The latter leads to the kinematical effect playing a role in impurity scattering
caused by spin-orbit interaction [47] and relativistic Hall effect of light [48-54].

4. The Conformal Group

In four-dimensional space-time, the conformal group provides a fifteen-dimensional extension of
the Poincaré group by scaling and special conformal transformations. It describes the approximate
symmetry at energies large as compared to all dimensionful parameters. It would be interesting to
provide the Hamiltonian description of all elementary conformally invariant dynamical systems.

The dual space to conformal Lie algebra is parametrized by ,, (., (Poincaré algebra),
11 (dilatations) and 7, (special conformal transformations). Apart from the Poisson brackets following
from commutation rules (6)—(8), we have the additional ones

{n.Cu} =Ty, (35)
{1,¢w} =0, (36)
{10} = =1y, (37)
{Cpvi 1o} = &uptln — &uo'lv s (38)
{1, vt = 2(Cpv — gutt) (39)
{nu,m}=0. (40)

In order to classify the conformally invariant Hamiltonian system, we have to find all coadjoint
orbits. It is not completely straightforward. The convenient way to do this is to use twistor
formalism [55]. There are coadjoint orbits of dimensions 12 (generic), 10, 8 and 6. The latter case is
particularly interesting: the Poincaré symmetry of quantum massless particles can be extended to the
conformal one [56,57].
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Therefore, we expect that the same holds true classically. In order to characterize six-dimensional
orbits, one has to find nine independent generators of the relevant ideal. We already have four
generators: {,¢" and I, (cf. Equation (21)). The remaining five can be chosen as [58]

Ckok

J=n+ Zo (41)
_ Toklok | A*
Jo =10+ o G @)
JR—— CiCokbor _ 5G0iCkGok 2S€'k1M _ 26 (43)

2 2 kI~ 52 2
go go 0 0
Equations (41)-(43) merely imply that the generators of dilatations and special conformal
transformations are functions on the phase space of Poincaré covariant massless particles

D = +pgxg, (44)

2
Ki = —pixgxg + 22X, py — 2sep Pl 4 LZ’ . (45)
Po Po
We conclude that, on the classical Hamiltonian level, the Poincaré symmetry of massless particles of
arbitrary helicity may be extended to the conformal one. One can show [58] that the canonical quantization
of the resulting structure can be performed in a more or less straightforward way, leading to the unitary
irreducible representations of the conformal group belonging to the Mack list [57].
The dynamical systems corresponding to the orbits of higher dimensions will be described
elsewhere [59].

5. Conclusions

Canonical quantization is the textbook method of constructing the quantum dynamics. One starts
with some classical dynamical system defined within the Hamiltonian formalism and applies the
canonical quantization procedure consisting in replacing the Poisson brackets by commutators (divided
by if1). With a little bit of luck, a consistent mathematical structure is obtained, which defines the
quantum counterpart of the classical system we have started with.

However, the quantum dynamics should be the primary concept with the classical one emerging
in the appropriate limit. Therefore, the question arises as to how to construct the quantum theory
without referring to classical notions. One (the only?) way to do this is to refer to the symmetry
arguments. According to the basic principles of quantum mechanics, the symmetry transformations
are represented by unitary operators acting in the Hilbert space of states. Given a symmetry group
G, all allowed spaces of states of the physical system can be classified and explicitly described,
provided that the (projective) unitary representations of G are known. Furthermore, by identifying the
elementary systems with irreducible representations one concludes that, in this case, all observables
can be, at least in principle, constructed from the elements of the Lie algebra of G.

When such a construction is performed, one may consider (at least on a formal level) the limit
I — 0, yielding some classical dynamics, and pose the question as to whether the former can be
recovered by applying the canonical quantization to the latter. The answer to this question is affirmative
in the case of relativistic space-time symmetries. We have sketched above the main steps of the relevant
construction. The starting point is the notion of the elementary Hamiltonian system: it is the one
exhibiting the symmetry which acts transitively on the phase space. Then, the candidates for the
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admissible phase spaces are provided by the coadjoint orbits of the symmetry group. It appears that
both generic and nongeneric orbits should be considered; for example, the massless particles are
described by nongeneric orbits of the Poincaré group. Once the orbit is selected, the explicit description
of the resulting classical Hamiltonian system is obtained (one should keep in mind that for space-time
symmetries, the Hamiltonian belongs to the Lie algebra of symmetry group).

Thus far, the above program has been completed for the Poincaré symmetry. The next step is to
extend it to the conformal group. We have already shown [58] that the nongeneric six-dimensional
coadjoint orbits of the conformal group describe massless particles; more precisely, in this case,
the Poincaré symmetry can be extended to the conformal one. Canonical quantization (some care
concerning the ordering problem must be exercised) of the generators of conformal group yields its
unitary representation acting in the space of states of massless particles with fixed helicity; this result
agrees with the one obtained by Mack [57]. It remains to consider the nongeneric orbits which are
eight- and ten-dimensional as well as generic, twelve-dimensional ones. They should provide the
classical counterparts of the remaining representations classified by Mack.

Author Contributions: Both authors contributed equally to this work. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.

Acknowledgments: We are grateful to Joasia Gonera, Krzysztof Andrzejewski and Cezary Gonera for numerous,
pleasant, and enlightening discussions.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Loganayagam, R.; Suréwka, P. Anomaly/Transport in an Ideal Weyl Gas. |. High Energy Phys. 2012, 1204, 97.
[CrossRef]

2. Son, D.T.; Yamamoto, N. Berry Curvature, Triangle Anomalies, and the Chiral Magnetic Effect in Fermi
Liquids. Phys. Rev. Lett. 2012, 109, 181602. [CrossRef] [PubMed]

3. Hossenfelder, S. Lost in Math: How Beauty Leads Physics Astray; Basic Books: New York, NY, USA, 2018.

4. Wigner, E. On Unitary Representations of the Inhomogeneous Lorentz Group. Ann. Math. 1939, 40, 149-204.
[CrossRef]

5. Weinberg, S. The Quantum Theory of Fields I; Cambridge University Press: Cambridge, UK, 1995.

6. Lévy-Leblond, ].M. Nonrelativistic Particles and Wave Equations. Commun. Math. Phys. 1967, 6, 286-311.
[CrossRef]

7. Kirillov, A.A. Elements of the Theory of Representations; Springer: Berlin/Heidelberg, Germany, 1976.

8.  Kirillov, A.A. Lectures on the Orbit Method. Graduate Studies in Mathematics; American Mathematical Society:
Providence, RI, USA, 2004; Volume 64.

9. Souriau, ].M. Structure of Dynamical Systems: A Symplectic View of Physics; Birkhauser: Basel, Switzerland, 1997.

10.  Arnol’d, V.I. Mathematical Methods of Classical Mechanics; Springer: Berlin/Heidelberg, Germany, 1989.

11. Marsden, ].E.; Ratiu, T.S. Introduction to Mechanics and Symmetry; Springer: Berlin/Heidelberg, Germany, 1999.

12.  Frenkel, ]. Die Elektrodynamik des Rotierenden Elektrons. Z. Phys. 1926, 37, 243-262. [CrossRef]

13.  Thomas, L.H. The Motion of the Spinning Electron. Nature 1926, 117, 514. [CrossRef]

14. Thomas, L.H. The Kinematics of an Electron with an Axis. Lond. Edinb. Dublin Philos. Mag. ]. Sci. 1927, 3, 1-22.
[CrossRef]

15. Kramers, H. On the Classical Theory of the Spinning Electron. Physica 1934, 1, 825-828. [CrossRef]

16. Mathisson, M. Neue Mechanik Materieller Systeme. Acta Phys. Pol. 1937, 6, 163-2900.

17. Papapetrou, A. Spinning Test-Particles in General Relativity. I. Proc. R. Soc. Lond. Ser. A Math. Phys. Sci.
1951, 209, 248-258.

18. Corinaldesi, E.; Papapetrou, A. Spinning Test-Particles in General Relativity. II. Proc. R. Soc. Lond. Ser. A
Math. Phys. Sci. 1951, 209, 259-268.

19. Dixon, W. A Covariant Multipole Formalism for Extended Test Bodies in General Relativity. II Nuovo Cim.
(1955-1965) 1964, 34, 317-339. [CrossRef]


http://dx.doi.org/10.1007/JHEP04(2012)097
http://dx.doi.org/10.1103/PhysRevLett.109.181602
http://www.ncbi.nlm.nih.gov/pubmed/23215269
http://dx.doi.org/10.2307/1968551
http://dx.doi.org/10.1007/BF01646020
http://dx.doi.org/10.1007/BF01397099
http://dx.doi.org/10.1038/117514a0
http://dx.doi.org/10.1080/14786440108564170
http://dx.doi.org/10.1016/S0031-8914(34)80276-5
http://dx.doi.org/10.1007/BF02734579

Symmetry 2020, 12, 1810 90f 10

20.

21.

22.

23.
24.

25.
26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

41.

42.

43.
44.

45.

46.

47.
48.

49.

Dixon, W. Description of Extended Bodies by Multipole Moments in Special Relativity. J. Math. Phys. 1967,
8, 1591-1605. [CrossRef]

Dixon, W. Dynamics of Extended Bodies in General Relativity. I. Momentum and Angular Momentum.
Proc. R. Soc. Lond. Ser. A Math. Phys. Sci. 1970, 314, 499-527.

Bhabha, H.J.; Corben, H.C. General Classical Theory of Spinning Particles in a Maxwell Field. Proc. R. Soc.
Lond. Ser. A Math. Phys. Sci. 1941, 178, 273-314.

Corben, H. Spin in Classical and Quantum Theory. Phys. Rev. 1961, 121, 1833-1839. [CrossRef]

Corben, H. Spin Precession in Classical Relativistic Mechanics. Il Nuovo Cim. (1955-1965) 1961, 20, 529-541.
[CrossRef]

Nyborg, P. On Classical Theories of Spinning Particles. Il Nuovo Cim. (1955-1965) 1962, 23, 47. [CrossRef]
Frydryszak, A. Lagrangian Models of Particles with Spin: The First Seventy Years. In From Field Theory to
Quantum Groups; World Scientific: Singapore, 1996; pp. 151-172.

Gaioli, FH.; Alvarez, E.T.G. Classical and Quantum Theories of Spin. Found. Phys. 1998, 28, 1539-1550.
[CrossRef]

Deriglazov, A.A. Variational Problem for the Frenkel and the Bargmann-Michel-Telegdi (BMT) Equations.
Mod. Phys. Lett. A 2013, 28, 1250234. [CrossRef]

Deriglazov, A.A. Lagrangian for the Frenkel Electron. Phys. Lett. B 2014, 736, 278-282. [CrossRef]

Costa, L.E; Herdeiro, C.; Natario, J.; Zilhao, M. Mathisson’s Helical Motions for a Spinning Particle: Are They
Unphysical? Phys. Rev. D 2012, 85, 024001. [CrossRef]

Costa, L.F,; Natario, J. Center of Mass, Spin Supplementary Conditions, and the Momentum of Spinning
Particles. In Equations of Motion in Relativistic Gravity; Springer: Berlin/Heidelberg, Germany, 2015; pp. 215-258.
Fradkin, E. Application of Functional Methods in Quantum Field Theory and Quantum Statistics (II).
Nucl. Phys. 1966, 76, 588-624. [CrossRef]

Berezin, F.; Marinov, M. Particle Spin Dynamics as the Grassmann Variant of Classical Mechanics. Ann. Phys.
1977, 104, 336-362. [CrossRef]

Howe, P; Penati, S.; Pernici, M.; Townsend, P. Wave Equations for Arbitrary Spin from Quantization of the
Extended Supersymmetric Spinning Particle. Phys. Lett. B 1988, 215, 555-558. [CrossRef]

Brink, L.; Di Vecchia, P.; Howe, P. A Lagrangian Formulation of the Classical and Quantum Dynamics of
Spinning Particles. Nucl. Phys. B 1977, 118, 76-94. [CrossRef]

Wiegmann, P.B. Multivalued Functionals and Geometrical Approach for Quantization of Relativistic Particles
and Strings. Nucl. Phys. B 1989, 323, 311-329. [CrossRef]

Carinena, J.F.; Garcia-Bondia, J.; Varilly, J.C. Relativistic Quantum Kinematics in the Moyal Representation.
J. Phys. A Math. Gen. 1990, 23, 901-933. [CrossRef]

Andrzejewski, K.; Gonera, C.; Goner, J.; Kosiriski, P.; Maslanka, P. Spinning Particles, Coadjoint Orbits and
Hamiltonian Formalism. arXiv 2020, arXiv:2008.09478.

Novozhilov, Y.V. Introduction to Elementary Particle Theory; Pergamon Press: Oxford, UK, 1975.

Duval, C.; Horvathy, P. Chiral Fermions as Classical Massless Spinning Particles. Phys. Rev. D 2015, 91, 045013.
[CrossRef]

Duval, C.; Elbistan, M.; Horvathy, P.; Zhang, PM. Wigner—Souriau Translations and Lorentz Symmetry of
Chiral Fermions. Phys. Lett. B 2015, 742, 322-326. [CrossRef]

Andrzejewski, K.; Kijanka-Dec, A.; Kosifiski, P.; Maslanka, P. Chiral Fermions, Massless Particles and
Poincare Covariance. Phys. Lett. B 2015, 746, 417-423. [CrossRef]

Skagerstam, B. Localization of Massless Spinning Particles and the Berry Phase. arXiv 1992, arXiv:hep-th/9210054.
Kosinski, P.; Maslanka, P. Localizability, Gauge Symmetry and Newton-Wigner Operator for Massless
Particles. Ann. Phys. 2018, 398, 203-213. [CrossRef]

Chen, J.Y;; Son, D.T.; Stephanov, M.A.; Yee, H.U,; Yin, Y. Lorentz Invariance in Chiral Kinetic Theory.
Phys. Rev. Lett. 2014, 113, 182302. [CrossRef]

Andrzejewski, K.; Brihaye, Y.; Gonera, C.; Gonera, J.; Kosiniski, P.; Maslanka, P. The Covariance of Chiral
Fermions Theory. J. High Energy Phys. 2019, 8, 11. [CrossRef]

Berger, L. Side-Jump Mechanism for the Hall Effect of Ferromagnets. Phys. Rev. B 1970, 2, 4559. [CrossRef]
Bliokh, K.Y,; Bliokh, Y.P. Topological Spin Transport of Photons: the Optical Magnus Effect and Berry Phase.
Phys. Lett. A 2004, 333, 181-186. [CrossRef]

Onoda, M.; Murakami, S.; Nagaosa, N. Hall Effect of Light. Phys. Rev. Lett. 2004, 93, 083901. [CrossRef]


http://dx.doi.org/10.1063/1.1705397
http://dx.doi.org/10.1103/PhysRev.121.1833
http://dx.doi.org/10.1007/BF02731501
http://dx.doi.org/10.1007/BF02733541
http://dx.doi.org/10.1023/A:1018834217984
http://dx.doi.org/10.1142/S0217732312502343
http://dx.doi.org/10.1016/j.physletb.2014.07.029
http://dx.doi.org/10.1103/PhysRevD.85.024001
http://dx.doi.org/10.1016/0029-5582(66)90200-8
http://dx.doi.org/10.1016/0003-4916(77)90335-9
http://dx.doi.org/10.1016/0370-2693(88)91358-5
http://dx.doi.org/10.1016/0550-3213(77)90364-9
http://dx.doi.org/10.1016/0550-3213(89)90144-2
http://dx.doi.org/10.1088/0305-4470/23/6/015
http://dx.doi.org/10.1103/PhysRevD.91.045013
http://dx.doi.org/10.1016/j.physletb.2015.01.048
http://dx.doi.org/10.1016/j.physletb.2015.05.035
http://dx.doi.org/10.1016/j.aop.2018.08.012
http://dx.doi.org/10.1103/PhysRevLett.113.182302
http://dx.doi.org/10.1007/JHEP08(2019)011
http://dx.doi.org/10.1103/PhysRevB.2.4559
http://dx.doi.org/10.1016/j.physleta.2004.10.035
http://dx.doi.org/10.1103/PhysRevLett.93.083901

Symmetry 2020, 12, 1810 10 of 10

50.

51.

52.
53.

54.

55.
56.

57.

58.

59.

Duval, C.; Horvath, Z.; Horvathy, P. Geometrical Spinoptics and the Optical Hall Effect. . Geom. Phys.
2007, 57,925-941. [CrossRef]

Duval, C.; Horvath, Z.; Horvathy, P. Fermat Principle for Spinning Light. Phys. Rev. D 2006, 74, 021701.
[CrossRef]

Bliokh, K.Y.; Nori, F. Relativistic Hall Effect. Phys. Rev. Lett. 2012, 108, 120403. [CrossRef] [PubMed]
Stone, M.; Dwivedi, V.; Zhou, T. Wigner Translations and the Observer Dependence of the Position of
Massless Spinning Particles. Phys. Rev. Lett. 2015, 114, 210402. [CrossRef]

Bolonek-Lason, K.; Kosiniski, P.; Maslanka, P. Lorentz Transformations, Sideways Shift and Massless Spinning
Particles. Phys. Lett. B 2017, 769, 117-120. [CrossRef]

Todorov, I.T. Conformal Description of Spinning Particles; Springer: Berlin/Heidelberg, Germany, 1986.
Mack, G.; Salam, A. Finite Component Field Representations of the Conformal Group. Ann. Phys. 1969,
53,174-202. [CrossRef]

Mack, G. All Unitary Ray Representations of the Conformal Group SU (2,2) with positive energy. Commun.
Math. Phys. 1977, 55, 1-28. [CrossRef]

Gonera, ].; Kosinski, P; Maslanka, P. Conformal Symmetry, Chiral Fermions and Semiclassical
Approximation. Phys. Lett. B 2020, 800, 135111. [CrossRef]

Kosiniski, P.; Maslanka, P. Hamiltonian Description of Conformally Invariant Elementary Systems.
Work in progress.

Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

® (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.geomphys.2006.07.003
http://dx.doi.org/10.1103/PhysRevD.74.021701
http://dx.doi.org/10.1103/PhysRevLett.108.120403
http://www.ncbi.nlm.nih.gov/pubmed/22540559
http://dx.doi.org/10.1103/PhysRevLett.114.210402
http://dx.doi.org/10.1016/j.physletb.2017.03.034
http://dx.doi.org/10.1016/0003-4916(69)90278-4
http://dx.doi.org/10.1007/BF01613145
http://dx.doi.org/10.1016/j.physletb.2019.135111
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Orbit Method
	Poincaré Symmetry
	The Conformal Group
	Conclusions
	References

