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Abstract: Let C0(h) be a subclass of analytic and close-to-convex functions defined in the open unit
disk by the formula Re{(1− z2) f ′(z)} > 0. In this paper, some coefficient problems for C0(h) are
considered. Some properties and bounds of several coefficient functionals for functions belonging
to this class are provided. The main aim of this paper is to find estimates of the difference and of
sum of successive coefficients, bounds of the sum of the first n coefficients and bounds of the n-th
coefficient. The obtained results are used to determine coefficient estimates for both functions convex
in the imaginary-axis direction with real coefficients and typically real functions. Moreover, the sum
of the first initial coefficients for functions with a positive real part and with a fixed second coefficient
is estimated.

Keywords: close-to-convex functions; convexity in imaginary-axis direction; coefficient problems;
typically real functions; successive coefficients

1. Introduction

Coefficient problems of analytic functions have always been of the great interest to researchers.
Let A be a class of functions of the form

f (z) = z +
∞

∑
n=2

anzn (1)

which are analytic in the open unit disk ∆ = {z ∈ C : |z| < 1}. There are many papers in which the
n-th coefficient an has been estimated in various subclasses of analytic functions. The difference of the
moduli of successive coefficients |an+1| − |an| of a certain class of functions was also estimated (see,
for example, [1–4]). The idea of estimating the difference of successive coefficients |an+1 − an| follows
from the obvious inequality

||an+1| − |an|| ≤ |an+1 − an| .

Robertson [5] proved that 3|an+1 − an| ≤ (2n + 1)|a2 − 1| for the class of convex functions. Some
bounds of |an+1− an| for convex functions satisfying an additional condition that the second coefficient
is fixed were obtained by Li and Sugawa in [6]. Under this additional condition Peng and Obradović [7]
found the estimates of |a3 − a2| and |a4 − a3| for a few subclasses of univalent functions.

Motivated by the idea of considering univalent functions with the second coefficient fixed, we
discuss a particular subclass of the class of close-to-convex functions. In this class, we find the bounds
of the difference of successive coefficients and the sum of successive coefficients. Moreover, we estimate
the sum of the first n coefficients, the n-th coefficient and the functional (n + 1)an+1 − nan.

Symmetry 2020, 12, 1736; doi:10.3390/sym12101736 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0002-7279-9582
https://orcid.org/0000-0002-1693-5367
http://www.mdpi.com/2073-8994/12/10/1736?type=check_update&version=1
http://dx.doi.org/10.3390/sym12101736
http://www.mdpi.com/journal/symmetry


Symmetry 2020, 12, 1736 2 of 15

Let us start with the notation and the definitions. By P we denote the class of analytic functions q
with a positive real part in ∆, having the Taylor series expansion

q(z) = 1 +
∞

∑
n=1

pnzn . (2)

A subclass of P consisting of functions with real coefficients is denoted by PR.
Let T denote the class of typically real functions, i.e., functions f ∈ A which satisfy the condition

Im{z} · Im{ f (z)} ≥ 0 for all z ∈ ∆. All coefficients of any f ∈ T are real. This results in the symmetry
of f (∆) with respect to the real axis. It is worth recalling that there exists a unique correspondence
between the functions in T and PR (see, [8])

q ∈ PR ⇔
z

1− z2 q(z) ∈ T .

Let S∗ denote the class of starlike functions, i.e., functions f ∈ A such that Re{z f ′(z)/ f (z)} > 0
for all z ∈ ∆. Given that β ∈ (−π/2, π/2) and g ∈ S∗, a function f ∈ A is called close-to-convex with
argument β with respect to g if

Re
{

eiβz f ′(z)
g(z)

}
> 0, z ∈ ∆ . (3)

The class of all functions satisfying (3) is denoted by Cβ(g) (see [9]). Coefficient problems for the
class C0(k), where k is the Koebe function k(z) = z/(1− z)2, were discussed in a few papers (see,
for example, [10–13]).

In this paper we consider the subclass C0(h) of close-to-convex functions Cβ(g), where
h(z) = z/(1− z2). It follows from the definition of Cβ(g) that

f ∈ C0(h)⇔ Re{(1− z2) f ′(z)} > 0 , (4)

or equivalently,

f ∈ C0(h)⇔ f ′(z) =
1

1− z2 q(z) , (5)

where q is in P .
Directly from the properties ofP , it follows that C0(h) is a convex family, i.e., α f +(1− α)g ∈ C0(h)

providing that f , g ∈ C0(h) and α ∈ [0, 1]. Moreover, the following property of symmetry is valid in
C0(h): if f ∈ C0(h), then f̃ ∈ C0(h), f̃ (z) = f (z). It is clear that f̃ (∆) and f (∆) are mutually symmetric
with respect to the real axis. Other important properties of C0(h) are given in the three following
theorems (see, [14]).

Theorem 1. If f ∈ C0(h) is of the Form (1), then |an| ≤ 1.

Theorem 2. If f ∈ C0(h), then f is convex in the direction of the imaginary axis.

Theorem 3. Let all coefficients of f given by (1) be real. Then,

f ∈ C0(h)⇔ f ∈ KR(i) .

In the above, KR(i) denotes the class of functions of the Form (1) which are convex in the direction
of the imaginary axis and have all real coefficients. Robertson [15] proved that

f ∈ KR(i)⇔ z f ′(z) ∈ T . (6)
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From (5), it follows that

nan = p1 + p3 + . . . + pn−1 if n is even (7)

and
nan = 1 + p2 + . . . + pn−1 if n is odd , (8)

where pn are the coefficients of functions from the class P .
In this paper we find bounds of different functionals depending on the second coefficient a2

of f ∈ C0(h). In fact, it is more convenient to express our results in terms of p = p1, applying the
correspondence

2a2 = p .

To make the results more legible, we define the class C0(h, p), p ∈ [−2, 2] as follows

C0(h, p) =
{

f ∈ C0(h) : f ′′(0) = p
}

.

Clearly, ⋃
−2≤p≤2

C0(h, p) ⊂ C0(h) and
⋃

−2≤p≤2
C0(h, p) 6= C0(h) .

Observe that in two particular cases: when p = −2 or p = 2, the class C0(h, p) consists of only one
function. Namely, if p = −2, then q(z) = (1− z)/(1 + z) ∈ P ; so f (z) = z/(1 + z) is the only member
of C0(h,−2). If p = 2, then q(z) = (1 + z)/(1− z) ∈ P and f (z) = z/(1− z) is the only member of
C0(h, 2).

For f ∈ A given by (1) we define
Fn = an+1 − an , (9)

Gn = (n + 1)an+1 − nan , (10)

Sn = 1 + a2 + a3 + . . . + an . (11)

Moreover, for q ∈ P given by (2) we define

Pn = p1 + p2 + . . . + pn , (12)

Qn = p1 − p2 + . . . + (−1)n+1 pn . (13)

2. Auxiliary Lemmas

In order to prove our results, we need a few lemmas concerning functions in the class P . The first
one is known as Caratheodory’s lemma (see, for example, [16]). The second one is due to Hayami and
Owa ([17]) and the third one is the result of Libera and Złotkiewicz ([18,19]).

Lemma 1 ([16]). If q ∈ P is given by (2), then the sharp inequality |pn| ≤ 2 holds for n ≥ 1.

Lemma 2 ([17]). If q ∈ P and µ ∈ R, then the sharp estimate

|pn − µpk pn−k| ≤ max{2, 2|2µ− 1|}

holds for n, k = 1, 2, . . ., n > k.

Lemma 3 ([18,19]). If q ∈ P , then

(i) 2p2 = p1
2 + x(4− p1

2) ,
(ii) 4p3 = p1

3 + 2p1(4− p1
2)x− p1(4− p1

2)x2 + 2(4− p1
2)(1− |x|2)y ,
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for some x and y such that |x| ≤ 1, |y| ≤ 1.

If x = 1, then

q(z) =
1
2

(
1 +

p
2

) 1 + z
1− z

+
1
2

(
1− p

2

) 1− z
1 + z

= 1 + pz + 2z2 + pz3 + 2z4 + . . . . (14)

If x = −1, then

q(z) =
1− z2

1− pz + z2 = 1 + pz + (p2 − 2)z2 + (p3 − 3p)z3 + . . . . (15)

The following lemmas were proved by Brown (Theorem 2.1 with m = 1 and ν = π in [20]) and
Lecko (Corollary 2.3 in [21]).

Lemma 4 ([20]). If q ∈ P is given by (2), then

|pn+1 + pn| ≤ 2
√

2 + Re{p1}

and
|pn+1 − pn| ≤ 2

√
2− Re{p1} .

Lemma 5 ([21]). If q ∈ P is given by (2), then

|p2 + 2p1 + 2| ≤ 2(2 + Re{p1}) (16)

and
|pn+1 + 2pn + pn−1| ≤ 2(2 + Re{p1}) . (17)

The next two lemmas relate to the bounds of functionals Pn and Qn defined in (12) and (13).

Lemma 6. If q ∈ P is given by (2) and p = p1 ∈ R, then

|Pn| ≤


n + 1 + 1

2 (n− 1)p , p ∈ [−2,−2/3]

n + 1
2 (n− 4)p , p ∈ [−2/3, 0] if n is even

n + 1
2 np , p ∈ [0, 2]

(18)

and

|Pn| ≤
{

n + 1
2 (n− 2)p , p ∈ [−2, 0]

n + 1
2 np , p ∈ [0, 2] if n is odd .

(19)

Equality holds for Function (14), if n is even and p ∈ [0, 2], and if p = −2 and p = 2 for all positive integers n.

Proof. Let n be even. We can write

2Pn =

n
2

∑
j=1

(
p2j−1 + 2p2j + p2j+1

)
+ p1 − pn+1

or

2Pn =

n
2−1

∑
j=1

(
p2j + 2p2j+1 + p2j+2

)
+ 2p1 + p2 + pn .
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Applying Formula (17) we obtain

2|Pn| ≤ n(2 + p) + |p|+ 2

or
2|Pn| ≤ (n− 2)(2 + p) + 2|p|+ 4 ,

which results in

|Pn| ≤ min
{

1
2 [n(2 + p) + |p|+ 2] ; 1

2 [(n− 2)(2 + p) + 2|p|+ 4]
}

.

This proves (18).
Let n be odd. Then

2Pn =

n
2−1

∑
j=1

(
p2j−1 + 2p2j + p2j+1

)
+ p1 + pn ,

so
2|Pn| ≤ (n− 2)(2 + p) + |p|+ 2 ,

which is equivalent to (19).
It is easy to check that Pn = n + 1

2 np, if h is given by (14), n is even and p ∈ [0, 2]. Equalities for
the cases p = −2 and p = 2 are also easy to verify.

If we take q(−z) instead of q(z) in Lemma 6, then we obtain the estimate of Qn.

Lemma 7. If q ∈ P is given by (2) and p = p1 ∈ R, then

|Qn| ≤


n− 1

2 np , p ∈ [−2, 0]

n− 1
2 (n− 4)p , p ∈ [0, 2/3] if n is even

n + 1− 1
2 (n− 1)p , p ∈ [2/3, 2]

(20)

and

|Qn| ≤
{

n− 1
2 np , p ∈ [−2, 0]

n− 1
2 (n− 2)p , p ∈ [0, 2] if n is odd .

(21)

Equality holds for Function (14), if n is even and p ∈ [−2, 0] and if p = −2 and p = 2 for all positive integers n.

The last lemma is a special case of a more general result due to Choi, Kim and Sugawa [22]. Let
∆ = {z ∈ C : |z| ≤ 1}. Define

Y(a, b, c) = max
z∈∆

(
|a + bz + cz2|+ 1− |z|2

)
, a, b, c ∈ R .

Lemma 8. If ac < 0, then

Y(a, b, c) =


1 + |a|+ b2

4(1 + |c|) , |b| < 2(1 + |c|) and b2 < −4a(1− c2)/c ,

1− |a|+ b2

4(1− |c|) , |b| < 2(1− |c|) and b2 ≥ −4a(1− c2)/c ,

R(a, b, c), otherwise,
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where

R(a, b, c) =


|a|+ |b| − |c|, |ab| ≥ |c| (|b|+ 4|a|) ,

−|a|+ |b|+ |c|, |ab| ≤ |c| (|b| − 4|a|) ,

(|c|+ |a|)
√

1− b2

4ac
, otherwise.

If ac ≥ 0, then

Y(a, b, c) =


|a|+ |b|+ |c|, |b| ≥ 2(1− |c|) ,

1 + |a|+ b2

4(1− |c|) , |b| < 2(1− |c|) .

3. Bounds of |Fn|

In this section we estimate the difference of successive coefficients for f ∈ C0(h, p). The functional
Fn is defined in (9).

Theorem 4. If f ∈ C0(h, p), p ∈ [−2, 2], then

|Fn| ≤
{

1
n+1

(
2 + n

√
2− p

)
, if n is even,

1
n+1

(
|p− 1|+ 1 + (n− 1)

√
2− p

)
, if n is odd.

(22)

Equality holds for f (z) = z/(1 + z), if p = −2.

Proof. If n = 2k, k ∈ N, then from (7) we have:

|F2k| = |a2k+1 − a2k|

=

∣∣∣∣ 1
2k + 1

(1 + p2 + p4 + · · ·+ p2k)−
1
2k

(p1 + p3 + · · ·+ p2k−1)

∣∣∣∣
≤ 1

2k + 1
+

1
2k + 1

(|p2 − p1|+ · · ·+ |p2k − p2k−1|)

+
1

2k(2k + 1)
|p1 + p3 + · · ·+ p2k−1| .

Taking into account Lemmas 1 and 4, we obtain

|F2k| ≤
1

2k + 1
+

1
2k + 1

· k · 2
√

2− p +
1

2k(2k + 1)
· 2k

=
1

2k + 1

(
2 + 2k

√
2− p

)
If n = 2k + 1, k ∈ N, then from (8) we have:

|F2k+1| = |a2k+2 − a2k+1|

=

∣∣∣∣ 1
2k + 2

(p1 + p3 + · · ·+ p2k+1)−
1

2k + 1
(1 + p2 + p4 + · · ·+ p2k)

∣∣∣∣
≤ 1

2k + 2
(|p1 − 1|+ |p3 − p2|+ · · ·+ |p2k+1 − p2k|)

+
1

(2k + 2)(2k + 1)
|1 + p2 + p4 + · · ·+ p2k| .
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Taking into account Lemmas 1 and 4, we obtain

|F2k+1| ≤
1

2k + 2

(
|p− 1|+ k · 2

√
2− p

)
+

1
(2k + 2)(2k + 1)

· (1 + 2k)

=
1

2k + 2

(
|p− 1|+ 1 + 2k

√
2− p

)
.

If p = −2, then f (z) = z/(1 + z). In this case |Fn| = 2. Hence, (22) is sharp for p = −2.

In the following theorem we derive the sharp bounds of |F2| and |F3| for f ∈ C0(h, p) and each
p ∈ [−2, 2].

Theorem 5. If f ∈ C0(h, p), p ∈ [−2, 2], then the following sharp inequalities hold

|F2| ≤
{

1
2 (2− p) , p ∈ [−2, 1]
1
6 (2− p)(2p + 1) , p ∈ [1, 2]

(23)

and

|F3| ≤
{

1
36 (38− 17p) , p ∈ [−2, 5/3]
1

12 (2− p)(3p2 + 2p− 2) , p ∈ [5/3, 2] .
(24)

Proof. From (7) and (8) we obtain

F2 = 1
6 (2p2 − 3p1 + 2) and F3 = 1

12 (3p3 − 4p2 + 3p1 − 4).

Application of Lemma 3 leads to

6|F2| = |2− p| |1− p + (2 + p)x| ≤
{

3(2− p) , p ∈ [−2, 1]

(2− p)(2p + 1) , p ∈ [1, 2]

and

12|F3| =
∣∣∣ 1

4 (p− 2)(3p2 − 2p + 8) + (4− p2)( 3
2 p− 2)x− 3

4 (4− p2)px2 + 3
2 (4− p2)(1− |x|2)y

∣∣∣ .

If p = 2 or p = −2, we immediately obtain |F3| ≤ 0 or |F3| ≤ 2, respectively. Now, we assume
that p ∈ (−2, 2). For F3 we have

12|F3| ≤ 3
2 (4− p2)

[
|a + bx + cx2|+ 1− |x|2

]
,

with

a = −3p2 − 2p + 8
6(p + 2)

, b = p− 4
3 , c = − 1

2 p .

We use Lemma 8. For p ∈ (−2, 0) we have:

ac < 0 and |b| < 2(1 + |c|) and b2 < −4a(1− c2)/c

Thus, for p ∈ (−2, 0) we obtain

12|F3| ≤ 3
2 (4− p2)

(
1 +

∣∣∣∣3p2 − 2p + 8
6(p + 2)

∣∣∣∣+ (p− 4
3 )

2

4(1 + | − 1
2 p|)

)
= 1

3 (38− 17p) .
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Clearly, ac ≥ 0 for p ∈ [0, 2). Then the inequality |b| ≥ 2(1− |c|) holds for p ∈ [5/3, 2). So,
for p ∈ [5/3, 2) we have

12|F3| ≤ 3
2 (4− p2)

(∣∣∣∣3p2 − 2p + 8
6(p + 2)

∣∣∣∣+ ∣∣∣p− 4
3

∣∣∣+ | − 1
2 p|
)
= (2− p)(3p2 + 2p− 2) .

For p ∈ [0, 5/3] we obtain

12|F3| ≤ 3
2 (4− p2)

(
1 +

∣∣∣∣3p2 − 2p + 8
6(p + 2)

∣∣∣∣+ (p− 4
3 )

2

4(1− | − 1
2 p|)

)
= 1

3 (38− 17p) .

The sharpness of the bounds follows from Lemmas 3 and 8. From Lemma 3 we deduce that the
equality in the estimate of F2 holds if x = 1 or x = −1, so for q of the Form (14) or (15). In the first case
the corresponding function f ∈ C0(h, p) is such that

f ′(z) =
1
2

(
1 +

p
2

) 1
(1− z)2 +

1
2

(
1− p

2

) 1
(1 + z)2 ,

so

f (z) =
z + p

2 z2

1− z2 = z +
p
2

z2 + z3 +
p
2

z4 + . . . . (25)

In the other case
f ′(z) =

1
1− pz + z2 ,

so

f (z) =
2√

4− p2
arctan

(
z
√

4− p2

2− pz

)
= z +

p
2

z2 +
1
3
(p2 − 1)z3 +

p
4
(p2 − 2)z4 + . . . . (26)

In both cases, if p = 2 or p = −2, then f (z) = z/(1− z) and f (z) = z/(1 + z), respectively.
It is easy to observe that the equality in (24) for p ∈ [−5/3, 2] holds for the function given

by (26).

4. Bounds of |Gn|

In this section, we find estimates of the functional Gn defined in (10). If f ∈ C0(h, p), then from (7)
and (8) it follows that

Gn = (−1)n (1−Qn) . (27)

From (27) we obtain that
|Gn| ≤ 1 + |Qn| .

This result can be improved for even n, if we rearrange Gn as follows

2Gn = (2− 2p1 + p2) +

n
2−1

∑
j=1

(
p2j − 2p2j+1 + p2j+2

)
+ pn .

Hence, from Formulas (16) and (17),

2|Gn| ≤ n(2− p) + 2 . (28)

Combining (28) and Lemma 7, we can formulate the main theorem of this section.

Theorem 6. If f ∈ C0(h, p), p ∈ [−2, 2], then

|Gn| ≤ n + 1− 1
2 np if n is even (29)
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and

|Gn| ≤
{

n + 1− 1
2 np , p ∈ [−2, 0]

n + 1− 1
2 (n− 2)p , p ∈ [0, 2] if n is odd .

(30)

For each p ∈ [−2, 2] and even n, equality holds for Function (25). Moreover, for p = −2 and all positive
integers n, equalities hold for f (z) = z/(1 + z).

Apart of the sharp bounds of |Gn| for even n, we can also derive the sharp bound of G3.

Theorem 7. If f ∈ C0(h, p), p ∈ [−2, 2], then the following sharp inequality holds

|G3| ≤
{

7
4 (2− p) , p ∈ [−2, 4/3]
1
4 (6− p) , p ∈ [4/3, 2] .

(31)

Proof. From (7) and (8),
G3 = p3 − p2 + p− 1 .

The application of Lemma 3 leads to

|G3| = 1
4

∣∣∣p3 − 2p2 + 4p− 4 + 2(4− p2)(p− 1)x− (4− p2)px2 + 2(4− p2)(1− |x|2)y
∣∣∣ .

If p = 2 or p = −2, we immediately obtain |G3| ≤ 1 or |G3| ≤ 7, respectively. Now, we assume
that p ∈ (−2, 2). For G3 we have

|G3| ≤ 1
2 (4− p2)

[
|a + bx + cx2|+ 1− |x|2

]
,

with

a =
p3 − 2p2 + 4p− 4

2(4− p2)
, b = p− 1 , c = − 1

2 p .

Let p∗ = 1.295 . . . be the only solution of p3 − 2p2 + 4p− 4 = 0 in (−2, 2). For p ∈ [0, p∗] we have
ac ≥ 0 and |b| < 2(1− |c|), so

|G3| ≤ 1
4

[
2(4− p2)− (p3 − 2p2 + 4p− 4) + (2 + p)(p− 1)2

]
. (32)

If p ∈ (−2, 0) ∪ (p∗, 2), then ac < 0. For such p we discuss three cases.
Let p ∈ (−2, 0). Then, b2 < −4a(1− c2)/c is equivalent to

p(p− 1)2 > p3 − 2p2 + 4p− 4 ,

therefore, this condition as well as |b| < 2(1 + |c|) hold for all p ∈ (−2, 0). In this case, from Lemma 8
we obtain the bound given in (32).

Similarly, for positive p, the condition b2 < −4a(1− c2)/c is equivalent to

p(p− 1)2 < p3 − 2p2 + 4p− 4 .

This means that p > 4/3. For such p the condition |b| < 2(1 + |c|) is also satisfied. Once again we
obtain (32).

Finally, if p ∈ (p∗, 4/3], then b2 ≥ −4a(1− c2)/c. Additionally, |b| < 2(1− |c|). This results in

|G3| ≤ 1
4

[
2(4− p2) + (p3 − 2p2 + 4p− 4) + (2− p)(p− 1)2

]
= 1

4 (6− p) .

The sharpness of the bounds follows from Lemmas 3 and 8.
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5. Bounds of |Sn|

In this section we determine the bounds of the functional Sn defined in (11), i.e., we find estimates
of the sum of the first n coefficients of f ∈ C0(h, p). To prove the main theorem of this section, we use
the following three theorems. The proof of the first one is analogous to the proof of Theorem 4.

Theorem 8. If f ∈ C0(h, p), p ∈ [−2, 2], then

|an + an+1| ≤
{

1
n+1

(
2 + n

√
2 + p

)
, if n is even,

1
n+1

(
|p + 1|+ 1 + (n− 1)

√
2 + p

)
, if n is odd.

For p = 2 we have |an + an+1| ≤ 2.
From (7) we obtain that, if f ∈ C0(h, p), p ∈ [−2, 2], then

|S2| ≤ 1 +
1
2

p . (33)

Theorem 9. If f ∈ C0(h, p), p ∈ [−2, 2], then the following sharp inequality holds

|S3| ≤ 2 +
1
2

p . (34)

Proof. From (7) and (8) we obtain

S3 =
1
6
(8 + 3p1 + 2p2) .

The application of Lemma 3 leads to

6|S3| =
∣∣∣8 + 3p + p2 + (4− p2)x

∣∣∣ ≤ 3p + 12.

The estimates (33) and (34) are sharp. Both equalities hold for the function given by (25).

Theorem 10. If f ∈ C0(h, p), p ∈ [−2, 2], then the following sharp inequality holds

|S4| ≤
{

1
12 (2 + p)(3p2 − 2p + 4) , p ∈ [−2,−5/3]
1

36 (74 + 35p) , p ∈ [−5/3, 2] .
(35)

Proof. From (7) and (8) we obtain

S4 = 1
12 (16 + 9p1 + 4p2 + 3p3) .

The application of Lemma 3 leads to

12|S4| =
∣∣∣16 + 9p + 2p2 + 2(4− p2)x + 3

4 p3 + 3
2 p(4− p2)x

− 3
4 p(4− p2)x2 + 3

2 (4− p2)(1− |x|2)y
∣∣∣ .

If p = 2 or p = −2, we immediately obtain |S4| ≤ 4 or |S4| ≤ 0, respectively. Now, we assume
that p ∈ (−2, 2). We have

12|S4| ≤ 3
2 (4− p2)

[
|a + bx + cx2|+ 1− |x|2

]
,
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with

a =
3p2 + 2p + 32

6(2− p)
, b = p + 4

3 , c = − 1
2 p .

We use Lemma 8. For p ∈ (0, 2) we have:

ac < 0 and |b| < 2(1 + |c|) and b2 < −4a(1− c2)/c .

Thus, for p ∈ (0, 2), we obtain

12|S4| ≤ 3
2 (4− p2)

(
1 +

∣∣∣∣3p2 + 2p + 32
6(2− p)

∣∣∣∣+ (p + 4
3 )

2

4(1 + | − 1
2 p|)

)
= 1

3 (74 + 35p) .

Clearly, ac ≥ 0 for p ∈ (−2, 0]. Then the inequality |b| ≥ 2(1− |c|) holds for p ∈ (−2,−5/3]. So,
for p ∈ (−2,−5/3] we have

12|S4| ≤ 3
2 (4− p2)

(∣∣∣∣3p2 + 2p + 32
6(2− p)

∣∣∣∣+ ∣∣∣p + 4
3

∣∣∣+ | − 1
2 p|
)
= (2 + p)(3p2 − 2p + 4) .

For p ∈ (−5/3, 0] we obtain

12|S4| ≤ 3
2 (4− p2)

(
1 +

∣∣∣∣3p2 + 2p + 32
6(2− p)

∣∣∣∣+ (p + 4
3 )

2

4(1− | − 1
2 p|)

)
= 1

3 (74 + 35p) .

The sharpness of the bounds follows from Lemmas 3 and 8. It is easy to check that the equality in
the estimate of S4 for p ∈ [−2,−5/3] holds for f given by (26).

Now, we can state the main theorem of this section.

Theorem 11. If f ∈ C0(h, p), then

(i) for odd numbers n, n ≥ 5 and p ∈ [−2, 2] we have

|Sn| ≤ (2−
√

2 + p)
(

Hn − 1
2 H n−1

2

)
+ 3p−4

6 + 3n−1
6

√
2 + p ,

(ii) for even numbers n, n ≥ 6 and p ∈ [−2,−5/3] we have

|Sn| ≤ 1
12 (p + 1)(3p2 + p + 8)− ( 1

2 p +
√

2 + p)H n
2
+ n−1

2

√
2 + p ,

(iii) for even numbers n, n ≥ 6 and p ∈ [−5/3,−1] we have

|Sn| ≤ 1
18 (37 + 31p)− ( 1

2 p +
√

2 + p)H n
2
+ n−1

2

√
2 + p ,

(iv) for even numbers n, n ≥ 6 and p ∈ [−1, 2] we have

|Sn| ≤ 1
36 (74 + 35p) +

√
2 + p

[(
1
2

√
2 + p− 1

)
H n

2
+ n−1

2 −
3
4

√
2 + p

]
,

where Hn = 1 + 1
2 + 1

3 + · · ·+ 1
n . Equality holds for f (z) = z/(1− z), if p = 2.

Proof. If n is odd, n ≥ 5, then from (11) we have

|Sn| ≤ |S3|+
n−1

2

∑
j=2
|a2j + a2j+1| .
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Taking into account Theorems 8 and 9, for n ≥ 5 we get

|Sn| ≤ |S3|+
n−1

2

∑
j=2

2
2j + 1

+
√

2 + p

n−1
2

∑
j=2

2j
2j + 1

= 2 + 1
2 p + 2

(
Hn − 1

2 H n−1
2
− 4

3

)
+
(

3n−1
6 − Hn +

1
2 H n−1

2

)√
2 + p

= (2−
√

2 + p)
(

Hn − 1
2 H n−1

2

)
+ 3p−4

6 + 3n−1
6

√
2 + p .

If n is even, n ≥ 6, then from (11) we have

|Sn| ≤ |S4|+
n
2

∑
j=3
|a2j−1 + a2j| .

Taking into account Theorem 8, we obtain

|Sn| ≤ |S4|+ 1
2 (|p + 1|+ 1)

n
2

∑
j=3

1
j +

√
2 + p

n
2

∑
j=3

j−1
j

= |S4|+ 1
2 (|p + 1|+ 1)

(
H n

2
− 3

2

)
+
√

2 + p
(

n−1
2 − H n

2

)
= |S4|+

[
1
2 (|p + 1|+ 1)−

√
2 + p

]
H n

2
− 3

4 (|p + 1|+ 1) + n−1
2

√
2 + p .

By applying Theorem 10 and making a simple calculation, we obtain the desired estimate of Sn for
even n.

Taking p = 2 in Theorem 11, we obtain the sharp bound |Sn| ≤ n. The sharpness of this result is a
simple consequence of the sharpness of Theorems 8–10.

6. Bounds of |an|

In all results presented above, the estimates of the functionals defined for functions f ∈ C0(h)
depend on the fixed second coefficient. Consequently, the natural question arises about the bound of
the n-th coefficient.

Observe that the function f given by (1) has all even coefficients equal to 1, independently the
second coefficient. Therefore, we may pose a question about the bounds of odd coefficients when a2 is
fixed or the bounds of all coefficients under the assumption that a3 is fixed. We shall give the answer
to the second question provided that a3 is a real number.

We need the lemma which is a simple consequence of the set of variability of (p1, p2), where p1

and p2 are the coefficients of a function q ∈ PR.

Lemma 9. If q ∈ PR, then p1
2 − 2 ≤ p2 ≤ 2.

In view of this lemma, we immediately get that, if f ∈ C0(h) and a = a3 ∈ R, then a ∈ [−1/3, 1].
Now, we are ready to derive the bound of an for f ∈ C0(h).

Theorem 12. If f ∈ C0(h) and a = a3 ∈ R, then

|a2k| ≤
{

1
2

√
3a + 1 if k is even

1
2 (1−

1
k )
√

3a + 1 + 1
k if k is odd

and

|a2k+1| ≤
{

1
2k+1

(
1 + k

√
3a + 1

)
if k is even

1
2k+1

[
3|a|+ (k− 1)

√
3a + 1

]
if k is odd.
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Observe that these estimates are sharp if a = 1, which means that p2 = 2. The above four cases
produce |an| ≤ 1, which clearly holds for f (z) = z/(1− z). In this case, the corresponding function q
in the class P is of the form q(z) = (1 + z)/(1− z). Moreover, the bounds from Theorem 12 are also
sharp for a = −1/3 if n = 2k + 1 and if n = 2k with even k. If a = −1/3, then p2 = −2. In this case,
by Lemma 9, p1 = 0. Hence, q(z) = (1− z2)/(1 + z2) and the corresponding function f ∈ C0(h) is of
the form

f (z) = arctan(z) =
∞

∑
j=0

(−1)j

2j+1 z2j+1 ,

for which
a2k = 0 and a2k+1 = (−1)k

2k+1 .

Proof of Theorem 12. Let n = 2k + 1. From (8) it follows that

(2k + 1)|a2k+1| ≤
{

1 + |p2 + p4|+ |p6 + p8|+ . . . + |p2k−2 + p2k| for odd k

|1 + p2|+ |p4 + p6|+ . . . + |p2k−2 + p2k| for even k .

Now, it is enough to apply Lemma 4 (in its general version) and the relation 3a = 1 + p2.
For even n the proof is similar.

7. Applications for Typically Real Functions

From Theorem 3 it follows that KR(i) ⊂ C0(h). Therefore, all estimates obtained in Sections 3–6
are also valid for KR(i). These bounds are sharp for any fixed p in [−2, 2] and for n = 2 (Formulae
(23), (29) and (33)), for n = 3 (Formulae (24), (31) and (34)) and for n = 4 (Formula (35)). One of the
results, namely (29), is sharp even for all positive even integers n. In the majority of cases, the extremal
functions are those given by (25) and by (26).

The application of the relation between KR(i) and T and the results found in Section 4 lead to
obtaining the estimates of successive coefficients for typically real functions. These results would be
difficult to obtain in any other way.

Let g(z) = z f ′(z). From (6), we know that f ∈ KR(i), if and only if, g ∈ T . If f is of the
Form (1) and

g(z) = z + b2z2 + . . . , (36)

then
nan = bn .

Consequently, we obtain the following two corollaries.

Corollary 1. If g ∈ T is of the Form (36) and its second coefficient b = b2 is a fixed real number in [−2, 2], then

|b4 − b3| ≤
{

7
4 (2− b) , b ∈ [−2, 4/3]
1
4 (6− b) , b ∈ [4/3, 2] .

Corollary 2. If g ∈ T is of the Form (36) and its second coefficient b = b2 is a fixed real number in [−2, 2], then

|bn+1 − bn| ≤ n + 1− 1
2 nb if n is even

and

|bn+1 − bn| ≤
{

n + 1− 1
2 nb , b ∈ [−2, 0]

n + 1− 1
2 (n− 2)b , b ∈ [0, 2] if n is odd .
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Equality holds for the function

g(z) =
1
2

(
1 +

p
2

) z
(1− z)2 +

1
2

(
1− p

2

) z
(1 + z)2

= z + bz2 + 3z3 + 2bz4 + . . . ,

if n is even and if b = −2 for all positive integers n.

8. Concluding Remarks

The estimates of various coefficient functionals in the class C0(h, p) determined in the previous
sections were obtained due to connecting this class with the class P of functions with a positive
real part and Lemmas 4 and 5. It is worth noting that all facts about P , including estimates of
coefficient functionals, is a good tool in studies of other classes of analytic functions. For this reason,
Lemma 6 and 7 obtained in this paper may have independent applications for solving other extreme
coefficient problems. It is also worth emphasizing the possibility of obtaining interesting information
for functions from classes related to C0(h), including KR(i) and T . It seems that it would be difficult
to obtain such results in any other way.
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