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Abstract: We solve the boundary value problem for Einstein’s gravitational field equations in the
presence of matter in the form of an incompressible perfect fluid of density p and pressure field p(r)
located in a ball r < ry. We find a 1-parameter family of time-independent and radially symmetric
solutions { (g, pa, pa) : —2m < a < a1} satisfying the boundary conditions § = gsand p = 0
on r = rp, where gg is the exterior Schwarzschild solution (solving the gravitational field equations
for a point mass M concentrated at ¥ = 0) and containing (for 2 = 0) the interior Schwarzschild
solution, i.e., the classical perfect fluid star model. We show that Schwarzschild’s requirement
ro > 9xM /(4c?) identifies the “physical” (i.e., such that p,(r) > 0and p,(r) is bounded in 0 < r < rp)
solutions {p, : a € Up} for some neighbourhood Uy C (—2m, +o0) of a = 0. For every star model
{8a : a0 < a < a1}, we compute the volume V(a) of the region r < r( in terms of abelian integrals of
the first, second, and third kind in Legendre form.

Keywords: Schwarzschild’s solution; boundary value problem; abelian integral

1. A Boundary Value Problem

The interior Schwarzschild solution (cf. K. Schwarzschild, [1])

2

3 r0>2 1\/ <r>2 5 .0 dr? 5/ 0 .o 5
=|4/l1=-| =] —=4/1—|( = ccdtt — ——— — 71 (dO” +sin“ 0 d , 1
g 2\/ (R 2 R r\? ( q)) M)

- (%)

R 3c?

r<ro, = /
- 8mxp

provides a simple model of a star, shaped as a homogeneous sphere of incompressible fluid with radius
ro. The Lorentzian metric (1) is a time-independent and radially symmetric solution to the boundary
value problem for gravitational field equations

1 8K .
Rlx’y*iglvazchTav m 1’<1’0, (2)
7= (g5)"" and p=0 on r=rg, (3)

for nonempty space, whose matter and energy content is described by the energy-momentum tensor
Tup = P Ua Up + cﬁZ (U g — gap) 4)
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where p and p are the density and pressure fields, respectively, and gs is the exterior Schwarzschild
solution, i.e.,

-1
gs = (1 - 2:1) c2dr? — <1 — 2:”) dr? — 12 <d62 + sin29dg02> , ®)
= 1%4, r 21

Lorentzian metric gg is only defined in the region of r > 2m. In particular, it must be
rog > 2m. (6)
Solutions to (2) and (3) are looked for in the form
g=e'" g [ek(” dr? + 12 (d92 +sin20 dq)z)] @)

where the unknown functions v(r) and A(r) are determined from the field equations under the
additional assumption that the fluid matter is at rest, i.e., the components of the velocity four vector u*
are (u°, 0, 0, 0) with goo (uo)2 = 1. If we set 1y = gup 1P then

uy = go;suﬁ =go0u’ = /800, =0,

hence, T},3 becomes

petlr) 0 0 0

0o B0 o 0
C
[Tap] = . ®)
0 0o 5 0
C
0 0 0 Frsin’0
C

(the energy-momentum tensor for the perfect fluid at rest). The nonzero components of the Ricci tensor
of the metric (7) are

1 /
_owaf v Y, 1 o v
Rog =e < 2+4/\V 41/ 1’)’ 9)
1 1 1 2 N
Ry = = "= /A/ YL A 1
n=5v g vA+ o (10)
1 1
Ryy = e <1+ Erv’ - Zr/\’) —1, Rsg = Ry sin?6. (11)
Then, scalar curvature R = g"‘/gR,Xl; is
1 1 TN 2 2
R=—e" [1/”—21//\'—0—21/2—0—2<V 5 >+r2}—0—r2. (12)

Substitution from (8) —(12) into (2) turns (2) and (3) into the boundary value problem

_ 1 A 1
Cp—eA(rz—)—rz, (13)

1 1
cp_—e—"(errv), (14)
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r_ alt, 1. 1, 1 v =N

Ccz—e {41/)\ 4)\ 21/ 5 . , (15)
2m 2m

v(ro) = log (1_r0), Alro) = —log (1_r0), p(ro) = 0, (16)

where C = —87x/c?. There are but three independent field Equations (13)—(15), for Equations (2) with
(a, v) € {(2,2), (3,3)} coincide. So, (13)—(15) is a system of ODEs with four unknowns (v, A, p, p)
and a physically reasonable solution should satisfy p(r) > 0 and p(r) > 0. The addition of (13) and (14)

A
-C (p—l—c%) zeT(v’+A’) (17)

yields v + A’ > 0 [for any physically reasonable solution (v, A, p, p)]. Let us eliminate p between (14)
and (15), respectively differentiate (14), so that to obtain

LA 1 . 11/,, VA1

!4/
- = . — . 1
2TV T T 2 T (18)
pliry 2 (A AV 2 v
C C2 ——ﬁ+€ 77+ v +r73+}’72_7 . (19)
Elimination of v" among (18) and (19) then leads to
/ r _ Vl
cpc(z):e YY), (20)
Lastly, let us eliminate A between (17) and (20) so that to obtain
"(r 1 r
pc(z) = =5V {p(r) + Psz)} , 1)

which readily determines v, provided that p and p are known. The main result in [1] is that ODEs
system (13)—(15) may be integrated under the additional assumption that the fluid is incompressible,
ie., p(r) = p = constant. The assumption that p is constant is justified by its advantages in the
mathematical handling of Equations (13)—(15). Indeed, if p € (0, +00), then (13) readily furnishes

e —14Cpl 4+ ° 22)
B p3 r

where a € R is a constant of integration. If 2 € R\ {0} then A(0) = —co hence [by (7)] det [g,5] =0
at r = 0 i.e., the space-time described by g is singular on the 2-surface r = 0, at least from the
nineteenth-century perspective adopted in [2] (pp. 1-3). To derive a solution without singularities
of the sort, K. Schwarzschild chose (cf. [1]) 2 = 0 (and then A is readily determined from (22)).
It is our purpose in the present paper to determine the remaining (a fortiori unbounded) solutions
(v, A, p, p) to the boundary value problem (13)-(16) corresponding to choices a € R\ {0}. Other
interior Schwarzschild-type solutions were determined by P.S. Florides (cf. [3]), A.L. Mehra (cf. [4]),
N.K. Kofinti (cf. [5]), and O. Gron (cf. [6], further generalizing the work in [3]). Let us set

RZ L _i_ 3C2
" Co 8mkp’

so that (22) reads

A 2ooa\
—gn=¢e¢ =|1—- 5 +- . (23)



Symmetry 2020, 12, 1669 4 of 26

Next, let us integrate (21) (under the assumption that p is constant) to obtain

Php= 7% ev/2 (24)

where D € R is a constant of integration. Moreover, we eliminate p/c? + p between (24) and (17)

W N =De V2,
|

which may be written
rDe /2 =e My — (e*/\)/. (25)

Let us replace e~ from (23) to obtain the following ODE with the unknown v

2 2
rDeWz:(l—;:—i-a) v’+A—r+%. (26)
RZ r R r

By a change of dependent variable «(r) = ¢'(")/2, Equation (26) may be written

(1—;:2+f) 7’+<Rr2+2”r2)7_;ru 27)
To solve the family of ODEs (27), one should integrate the associated homogenous equation
2 oa\ r a
(1_R2+r>u+<ﬁ2+2ﬂ)u_o (28)
> 213 +aR?
u —U,(Nu=0, Ur):= 21 (P —Rer—aR2)’
ie.,

logu:/lla(r)drnwx, a R (29)

For every A € C and n € N, we adopt customary notation /A = [A|"/"exp [i arg(A)/n], where
arg: C — [0,27). Let 5 = {{ € C : {® =1} = {wp, w1, w2 }. To compute the integral in (29), let us

consider the polynomial P, (r) = r3 — R*r —a R? € R[r] and set

R2 2R4  R6
? g } C.

M, Ao} o= {21L i

4 . 4 4 4 .
We need to distinguish among the following cases: (I) a? > > R%, (D) a® < 7 R?, and (III) 4> = 7 R2.
In Case (I), one has a # 0 and {A;, A2} C R, whilea >0= A1 >0,A; >0anda < 0= A <0,
Ay < 0. Moreover, set X, = {x € C : P;(x) =0} is

{0 t/M +w R = (k0 €{(0,0), (12), 1)} if a>0,
X, =

{wk\3/)L1 +(4)g\3/)\k : (k,f) S {(0,2), (1,1), (2,0)} if a <0,
where wy, = exp (2k7ti /3) € I3. Consequently, one has the decomposition

17 1 1 2r+o
2| r r—o rP4or+r
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where ¢ := J/A; + VAyand T = (\3//\1)2 — VAV A+ (Y Az)z (keeping in mind that ¢ € R and

T > 0). Next,

_ ) 3_R2,_aR2
/Ua dr—f g|r U|( +0r+7)+a=110g’r (U |
r 2 r
Hence,
3_R2y_aR2
u(r) = ua(r) :_B\/V : R (30)

where B € Ris a constant of integration (the general solution to (28)). For a = 0, the solution obtained

2
in [1] [i.e., the general solution to homogenous equation <1 — 122> u'(r) + é u(r) = 0] is

2\ 1/2
u—B(l—RZ) , BER, (31)
[coinciding with ug as given by (30)]. In Case (II), one has A1, A € C\ R, A, = A1, and set X, is

Xo = {wx VA + @ ¥ s (60) €{(0,2), (1,1), (2,0)}} = {x0, 11, 2} CR

yielding the decomposition

1 l 1 3x2 — R2 R2 - 342

o (x0 — x1) (%0 — x2) (r — x0) + (x0 —x1) (%1 — x2) (r — x1)

3x3 — R? 1 [ 1 1 1 1
+ =5 |—--+ + +
(x0 — x2) (x1 — x2) (r — x2) 2 v r—xg r—x1 r—=x
so that once again

/Uu(r)drzlog |Par(r)‘+zx

{ )= %= {x35) {35

and P, decomposes as P, = +RV3 ( ) leading to (30), i.e.,

leading to (30). In Case (III),

1 . 2R3
ug(r) = B\/r {r?’—RerS\/g] .

The associated inhomogeneous equation (i.e., (27) with a = 0)

r? , r 1
(1—R2>'y(r)+R2’y=2rD (32)
1 4
admits the obvious (constant) solution vy = 5 D R?; hence, the general solution to (32) is

1 1/2
p— A2 p— PR —
;DR —B (1 RZ) . (33)
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The determination of a particular solution to (27) is a considerably more difficult problem,
involving hyperelliptic integrals. Equation (27) reads

;o 2r3 +aR3 _ _DRZTZ
2rPi(r) | 2P.(r)
DRZ 2
ory —U,(r)y = —W(:); hence, (by (30) with B = 1)

L pR R0l Ara y
m() ===\ /pa@) e 4

is a particular solution to inhomogeneous Equation (27). Hence, the general solution to (27) is

1/2
N P, (r
e"/zz'ya(r)—BR (W) , BeR,

so that

r

1/272
g0 = e’ = [%(V)—BR <|Pa(r)|> ] : (35)

Let g, be the metric tensor defined by (7) with ggo = ¢” and g11 = —et, respectively given by (23)
and (35), i.e.,

2
_ 5 [ 1Pa(r)] 2 3.2 P2 a\ 2 2 (02 4 w2 2
%= [')/g(r)—BR el I _<1_R2+r) ar* —r (de +sin Gdgo) (36)
5/2
(0 <r<rg). Letusset A = %DR2 and J,(r) = /rid;/z, so that
|Pa(r)]
Py(r
1) = —asignna)] 2L ), @)
and then
P, (r R
800 = |’1£)|[A Sign[Pa(r” ]a(r) + BR]Z-

As is customary, the constants of integration A, B € R are determined by the boundary conditions
that the coefficients of the Lorentzian metrics (36) and (5) coincide on r = rg, and p(rg) = 0 (p vanishes
at the boundary, so that it matches continuously with the zero pressure at the exterior of the fluid star).
The identification of g1 coefficients (in (36) and (5) at r = rq)

1— rio —+ E =1 — Zﬂ
R2 " rg 1o
yields
o
a= 72 2m. (38)

This is equivalent to R* = r3 /(a + 2m) and yields

a> —2m. (39)
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By taking into account R? = 3¢%/(87tkp) and m = kM /c?, we may rewrite (38) as

4 3 2
nrop—c—a (40)

M= 3 2K

and density p is determined [under the requirement of regularity (i.e., looking for a bounded solution
A) a = 0 (as in [1]), and the boundary condition (40) leads to

M = 4nr3p/3

(determining p)]. We are left with the determination of constants A and B in (36). To this end, let us
return to (24) and substitute ¢"/2 from (35) so that to obtain

-1
c(b+p) =D -8R >P<>!]

which evaluated at r = r( gives (by the boundary condition p(ry) = 0)

-1
A P
Co=—D | malro) — BR ’f(’)‘] )
0
or (by D = 2A/R? and R?> = —3/Cp together with (37))
2A — 3 |Pa(7’0)|
Asign[Py(ro)] Ja(ro) + B R 1o
or
}Pa )|
A=— (42)
|Pa(70

2+ 3sign[Py(ro)]

Moreover, by identifying the goo coefficients (of Lorentzian metrics (36) and (5))at » = g

P, . ) )
| f;O)‘ [Assign[Pa(ro)] Ja(ro) + BR] —1_ T’:
or (by (72))
ey syl
"o _ 2m
=10
[2+3sign[Pa(rO)] |Pu( )| L(r )]
yielding

1/2
A= 3G (1—2'71) , (43)
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|Pu )|
2+351gn Py ( 1’0 Ja(r0)
1 2m\1/?
B=— (1-22 , (44)
2R ’Pa |
P
where €, = sign {2 + 3sign[Pu(ro)] ‘aif’o)| } Let us substitute from (43)—(74) into (36)—(37) so
0
that to obtain )
2 _
g1 = Qoo 2 dt* — <1 @t ‘;) dr? — 12 (d6* + sin® 0 dg?), (45)
1 2 |Pa(7)| 2
m a 70
— (1 Fi(r) — F
800 = 3 ( ro) ;. [ a(r) — Fa(ro) \Pa(ro)!]
2m r3
Fa(r) = 3sign[Pa(r)] Ja(r) 1_K:1_ﬁ+70’ 0<r<r

Fora =0,

. d
Po(T) =r (’,2 _ R2> , ]0(1’) = /‘27’1{’2‘3/2 .
r2 —

Let us eliminate p between (40) (with a = 0) and R? = 3c?/ (87tkp) so that to obtain

0 2x M
= =4/ 46
2=\ 1o (46)

The calculation of the dimensionless quantity (46) for a-Centauri and Sun (at the present age
t, =45 x 10° years, respectively, at age t, + At where At = 0.5 Gyr) is reported in Table 1
(gravitational constant x = 6.67 x 107" kg™'m3-s72 and speed of light in vacuum ¢ =
299,792,458 m-s~1). Let M (t) and R (t) be, respectively, Sun’s mass and radius at age ¢, so that
Mo (tp) = Mo = 1.9884 x 10% kg and Re (ty) = Re = 6.957 x 10° km.

Table 1. Calculation of ry/ R for Sun and «-Centauri.

Star 0 M ro/R
a-Centauri Ry M, 0.001896996991
age
Sun tp Re Mo 0.002059672106

ty+AF Ro(ty+At)  Mo(ty, +Af)  0.00202464319

Data used for a-Centauri are R, = 0.145 Re, and M, = 0.123 My, (cf. e.g., [7]); Ro (tp + At) /Re =
1.03712 after At Gyr from present age. Dimensionless quantity 79/ R decreases at later ages both as
a function of ry (cf. Figure 1) and as a function of M (as Sun expels 2.5 x 1074 M, per year from
emission of electromagnetic energy and ejection of matter with solar wind, cf. [8]).
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Figure 1. Evolution of the radius (effective temperature, and luminosity) of the Sun from the zero-age

main sequence to the start of its red giant phase (cf. [9]).

This is practical evidence that ro/R << 1. In particular, /R < ry/R < 1, so that sign

[Po(r)] = —1; hence,

NER T S S Y
T (R2 - r2)3/2 VR—2 R R? '

and (43)—(74) become (for a = 0)
1/2
3 r% Ay 1
A_2<_W> - BRE=g
(agreeing with (9.154) in [10] (p. 290)). Moreover,

1’2 —-1/2
Fo(r) = 3sign[Py(r)] Jo(r) = —% (1 - A>

hence,

1 2m\ |Po(r)] 7 2_ 1 r2
800—4<1—ro)r[FO(r)—FO(ro)—Z |Po(?’0)|] = 2\/1_R2_

(agreeing with (9.156) in [10] (p. 290)).
One has (with a satisfying (38))

-1
2 2 2 N
_ﬂuzb_f+m<m_'ﬁ] , Pa(r) = P — 13— R2(r—2m),

R2 r\R2

hence

(47)
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In particular, g, is only defined in (a region contained in) P,(r) < 0 (and P, (ro) = —R? (ro — Zm) <0
because of ggo > 0 for any r > ry for the exterior Schwarzschild solution), so that

70

2 2m\ ~V/?
Fa(r) — Fa(ro) —2 m =3{Ja(ro) — Ja(r)} — 7 (1 - m) , (48)

$9/2 ds

o
Jaro) = Ja(r) = [ A s
r (rg’—s3+st—2mR2)3/2

hence (the ggo coefficient of g;,),

800 = % (2m — 1> Pu(r)

ro T

2
2 2m\ M2 5/2 4
A<1_m) +/ 3577 ds sl @)
R 7o 0 (r3 —2mR2 4+ R2s — s3)

where R? = 1’8 / (a + Zm). The hyperelliptic integral in (49) may be derived from the integral in (60),
thought of as a parametric integral

/ /2 dr 52 /2 dy
om \/ — 3+ R2(r — 2m) (r3 —2mR2 4+ R2r

r3)3/2

while the calculation of the antiderivative in (60) is addressed in Appendix A.

2. Pressure Field

To fully solve the boundary value problem (13)—(16), one is left with the determination of pressure
field p(r). To this end, we recall (24), implying (by p(r) > 0 and p > 0) that D > 0. Yet D = (2/R?) A

or (by (43))
1/2

D= 162” <1 - 2;:) (50)

yielding €, = —1. Note that (by (6) and (39)) P,(ro) = za T 2;0 r5 < 0 hence,
—1 =€, = sign {2 -3 —L(m) }
o
or
9r6
a+2m < T(rO—Zm). (51)

As a consequence of (40), p = p, where

3 2
Pa:M’%<M+2K ) (52)

Let us substitute from (52), (50) (with e, = —1) and (59) into (24). We obtain p = p, where

3¢2 2 |Pa(r)]
%+PO+ C3”:_ 52 (53)
c 8xmry CR ‘v(u) _ Ia(r)‘
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where we set

7, 5/2d
g@y;/“ . 0<r<n. (54)
' [r3—s3+ﬁ2(s—2m)}
~1/2
v(a) = 3% (1 - 2rm> , a>—2m. (55)
0

For a = 0, Formula (53) becomes

0
%‘FPo:zPo

1 /7 12 (13 1z
0 B 0 2
(%1 -0 _
3 70 <2m ) <2m ' )
(expressing the pressure field in the case considered by K. Schwarzschild, cf. op. cit.) (see Figure 2).
We prove the following theorem: the following statements are equivalent: (i) rg > 9m/4 and (ii) there
is an open neighbourhood of the origin Uy C (—2m, +c0), such that, for any a € Uy, pressure field
pa(r) is a bounded function in the interval 0 < r < ry. With notations (54) and (55), pressure p, is
bounded in [O, ro] if and only if I,(r) # v(a) for any 0 < r < ry. We first attack the implication
(ii) = (i). In particular (under Hypothesis (ii)), pg is bounded in [0, r¢], yielding

Ip(r) —v(0) #0, V 0<r<rg, (56)
2 rg 2 2 . .
where v(0) = 33 70 hence (56) is equivalent to

2 4”8 2
r +7—9r07€0, VOo<r<r

so that it must be 9r% — 4r8/m <0or

Im

which is (i). This is precisely the requirement (on structural parameters rg and M) discovered by K.
Schwarzschild (cf. op. cit., or formula (9.163) in [10] (p. 292)) that ought to hold in order that pressure
po(r) may never become infinite inside the fluid.

To prove the implication (i) = (ii) is to show that the previous result persists under a small
1-parameter variation of py about a = 0. Let us assume that requirement (57) is satisfied. Then, (56)
holds, so that (as Iy(r) is strictly decreasing in 0 < r < rp)one has Ip(0) < v(0). Let us consider
auxiliary function ¢(a) = I,(0) — v(a) defined in 2 > —2m. By the continuity of ¢, property 1(0) < 0
persists in some open neighbourhood 0 € Uy C (—2m, +0) i.e., P(a) < 0 or [;(0) < v(a) for any
a € Up. Lastly, as I, is strictly decreasing in [0, 7|, we may conclude that

Vaely, VYV 0<r<ry: I(r) <uv(a).

Q.e.d. As a corollary, we may show that the maximum domain Q) C R* of the “physical” solution
(gu , Pa, pﬂ) (obeying to the requirements p,(r) > 0, pa(r) > 0, and p,(r) is bounded in 0 < r < ry)is
Q =R x B, (0), for any a € Uy. Here B,(x) denotes the closed ball of radius r > 0 and center x € R.

Indeed, as goo > 0 and g11 < 0 in (), the domain is determined by the requirements r # 0,
P,(r) < 0and I,(r) # v(a). To compute (), note first that P, (r) = 3r> — r3 /(a + 2m) and
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@ if a+2m < %0,

Crit(P;) N[0, ro] =
% gm0
3(a+2m) -3

Consequently, if i) @ > 0 then P,(r) < 0 for any r € [0, ro|, while if ii) —2m < a < 0, there is a
unique r(a) € (0, ry) such that P, [r(a)] = 0, Pa(r) > 0 forany r € [0, r(a)), and P,(r) < 0 for any
r e (r(a), ro).

4.% 10"
3 = 10|5_
P(r)
15 )
2. 1077 | R
1. x ]015_
Sun's pressure
field
0 } : ; - . :
0 1.x10° 3. % 10% 6. x 10°
Ralpha P Rsun

Figure 2. Pressure fields po and p,_centauri (Schwarzschild’s solution i.e., a = 0).
3. Volume Calculations

The “true” physical density is not constant as an effect of curvature i.e., the metric g,
(with a = r3 /R? — 2m) varies in the fluid ambient, and the very notion of density depends on g,.
To compute the “physical” density, let us set ds, = /—g11 dr (the “physically meaningful” radial

interval), i.e.,
R 1/2
ds, = Rr _ dr. (58)
\/rf’) — 13+ R?(r — 2m)
Similarly, dsg = \/—g22 d = r d6 and ds, = \/—g33 dp = r sinf dg. The “physical” volume element
is then

R+°/2 sin6
V73— + R (r —2m)

Let us integrate in (59) over 0 < 8 < 71, 0 < ¢ < 2 and 0 < r < 7y so that to determine the
total volume

27 5/2 p5/2
v / d@/ dqo/ R75/2 sin6 dr —47‘[R/ dr . (60)
\/ r3+R2 \/ r3—|—R2 Zm)

AV =ds, dsg dsy = drdfde. (59)
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To compute V, we rely on considerations in Appendix A (reducing the underlying indefinite integral
to the canonical Legendre form). Let us assume that

2
a>——R, 0>0, T<0*<4r, (61)

3V3

(vieldingm = —h?> < 0, m’ = I/ 2> 0and A < 0, with the notations in Appendix A). The first of

the assumptions (61) yields a > 0, and (61) is then equivalent to a > ay, where a9 € R is the only
3

4r,
positive root of the polynomial F(X) = X3 4+ 2mX? — 2—70 € R[X]. Indeed (by the boundary condition
(38))a® > 4R? /27 is equivalent (for positive a) to F(a) > 0. Yet, F(0) < 0, F is monotonously increasing
in (0, +00), and limx_, ;o F(X) = 400 hence there is a unique ay > 0, such that F(ay) = 0. Lastly,
the last two requirements in (61) are satisfied for every a > ag. Next, note that

u<ro. (62)

1
Indeed, starting from y = % [ — 7+ 4/7(7 +202)] inequality (62) is equivalent to To < 2ro(T + 1) or

. 2r3
(by replacing 7 from 0T = rj — 2mR?)Q(c) > 0 where Q(x) = % x2 — x4 2r. Yet Q(x) > 0
3
forany x € R. Q.e.d.
Let us set

x5/2

g(x) = -
\/rg — x3 4+ R?(x — 2m)

The domain of g is (—oo, o) (cf. Table Al).Note that

, ¥ —RPx+2mR* -7} <.

ro <o (63)
(hence, integral in (60) is well-defined).To prove (63) one observes first that
rnn<o<=2m<o=—ri-R*<rt (64)

The remainder of the argument is by contradiction. If rg > o, then (by (64))ct > 2m (1’% — ﬁz) or
[again by 0T = 78 —2mR2]) 2m > ry [in contradiction with (gS)OO > 0]. As a corollary to (63)

2
;117: <;> <£. (65)

where t, = (v —10) /(ro — ). Indeed

(}Ul)z = (:O_Y;>2 = ro(v2 = p?) +2uv (i —v) <0 <= (63)

o T 1 5 5 T
{by substitution from pv = S H—V= ;\/T(T +202) and v* — p* = = T(T+ 202)} . As part of
the reduction to the canonical form scheme one needs to apply a homographic change of variables
x = (ut+v)(t+1) ! under the integral sign. Yet the pre-images {—v/u, to} of {0,ry} are
separated by the singularity t = —1; hence, one needs to split (by taking into account (62))integral
0l g(x)dxas [ g(x)dx+ f;o ¢(x) dx and apply the transformations x : ( —1, +c0) — (—o0, ) and
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x:(—oco, —=1) — (p, +o0), respectively. This leads to generalized integrals, so a bit of extra pedantry
is needed to correctly apply change of variable theorems, i.e.,

10 B B
/0 g(x)dx = lim / g(x)dx+  lim / gx)dx= lm ILg+ Lm I
a— 0t & o —ut e a— 0t o —ut

B—u B—ry B—u B—ry
where
tg * ) t) dt
a/i - /
fu \/A —h22) (1 + W°12)
with A)1 < —v/p <ty < tg, respectively, B) t, < tg < t;, < —1. Here, t, := (v—7) (v —u) 1 [so that

to = tr,]. Next, one decomposes R* into even and odd components, i.e, R*(t) = Rq(#?) + t Ra(t?);
hence, (in Case (A))

) o [R1(£?) +t Ry ()] dt

lim  Lg= / =
@ — 0 a0t I VAL - 122) (14 1282)
B—p B—p

by ht = (1—22)"? with0 < z < 1)

. (rtv) r2 (2%) dz 1
. ot {h\/j/ztx \/(1—z2)(1—k2z2)+S[h2(1—7~2)]
p—u

(wWhere z, = /1 —1/(h?t2)] or [by z = sin¢, 0 < ¢ < 71/2)

k(p+v)v? |,
= lim — - |8k* cot 1 — k2 sin?
Lot {hM’\/—A ? ¢

p—pu

(]

[

P ¢
+(1—8k2)/ ﬁd—¢+8k2/ P \J1— K2 sin? g dp
Pu /1 —k2 sin® ¢ *

0% di ( 1 )
(1K) - o
=k 1]/« (1— k2 sin? ) 1—k2sin2¢]+8 i cos? ¢

(where ¢, = arcsinz,) and

Pp }
Pn

. 8k (4 + v) v? 5 1 o
ali}m0+ lm COt(P 1—k2 s 47+8 <l’12C0524)>
B—u
(by (A22))
413 (u + 1/)2y i F(9) oyl (3 —4k?) (n+ v)zy
= im =
W v—p)2u+v)V=A 40t o VISR (Vo) 2utv)V-A

B—u
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where
2+ (1 — 4Kk?) sin?
L aal ) sin (P—Zcoscp 1 —k2sin? ¢

F(¢) = =
( ) sin ¢ /1—kzsin2q‘)

Indeed, & — 0T, = p~ = ¢ = 0, g — (g)i and

. . 3 — 4k?
sm ) =0, Jim F(9) = Te—5-
Lastly, (in Case (A))
i 1, O
kot T RVISR (v p) etV A
B—u
(V"'V) [ 2 [T/? 2 .2
+ (1—8k?) + 8k 1—k2 d
h(v—p)@2p+v) V-A A ¢‘ig;;* / ¢i44;;; ¢
7T/ 2 d(P
+[8Kk%(1—K?) —1 ]
e Py KN o
or ( )2
. kv(p+v
1 -
tx—l>m0+ I‘Xﬁ h(v—y)(2y+v)mx (66)
B—nu
fa-sr(e T een (e 2 e ) inee - 00D
"2 "2 112

with the Legendre notations
0
9) - / d—(l) s
70 /1 —K2sin ¢
nge k= [ i
0 (1—¢sin®¢)\/1—Kk2sin?¢

for the abelian integrals of the first, second, and third kind of module k. As to Case (B),

E(k 0) = /09 \/1—K2sin® pdg,

. fp R*(t) dt
lim  Ip= / =
o —pt tx—>y fa \/.A 1—R282) (1 + W212)
Bory Borry
by setting s = —t
[by setting s = —t]
T . TGV LV
aopt [T Jaq ey (e nte) o A ) (1 )

p—ry
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1} or [by ht = (1—22)_1/2,0<z< 1]

* (o2 Zp
—m | AV R d +5<2 = 2)
@t hv/—-A Jz \/(1_22)(1_k222) h2(1—22) .
[3—>ro_
2 Pp
= lim {%[Skz cot¢ 1—k2 sinz‘l)
w—put B P

g—ry

[ d¢ ¢
+(1 — 8k? —— 18k
( )/‘P‘* \/1—k2sin?¢ /"‘
P d¢g 1
8K (1K) —1 ]4_5()
L )1 /’” (1— k2 sin®$) (/1 — k2 sin® ¢ h? cos? ¢

ﬁ\/l—kz sin® ¢ d¢

op }
[on

Note that ooyt = — -1_iu2%z d I
ote that « u ¢ = arcsin A 5 and B N
= arcsin4/1— l P ’ — arcsin 4 /1 — i = Summing up our previous calculations
$p = 2 \v-8 1212 = Po. g up our p
( 1 > B 4k3y(y+v)2 2+ (1—4k%) sin® ¢
h? cos? ¢ W2 (v—p)2p+v)vV-A sin ¢ 1—kzsin2(p/
hence,
I BV o 1= sind? +8< : ) ’
im - o — k? sin —_—
a -t hM'\/—A ? ¢ h? cos? ¢ N
B—ry
43 (n+v)° G(n) + 4k> -3
W2v—u)2u+v)v—-A VIR
where
2+ (1 — 4k?) sin?
G(¢) := .1 ( )sm(P+2coscp 1—K2sin?¢| .
sin ¢ \/1—k23in2¢
Thus,
k(p+v)’v
lim I,z = X
a—ut 0 h(v—p)(@2u+v)v-A
B—ry
/2 /2
x [(1—8k2)/ d—¢+8k2/ 1— k2 sin? ¢ dgp
o 4/1—k2 sin2¢ o
/2
+[8K2(1— K2) —1]/ a9 ]
o (1—K2sin?¢)y/1— k2 sin®¢



Symmetry 2020, 12, 1669 17 of 26

43 (n +v)° 4k* -3
G(¢o) + ———
+h2(v—y)(2y+v)\/—,4 (¢)+\/1—k2
and 2\1,242 2
_ 1 (3- 4k)ht+4k—1 5 12
G(fpo)_wlz%_ll NEarerar \/k — )|, 67)
Then (in Case (B))
. k(p+v) v
1 I = (68)
syt T g VA
B—ry

s [r(6 ) -re ] 452 (5 (6 5) w0

H[BR(0-R) 1] [HW"‘) - 12 q@m] }

43 (n+v)° 4k? -3
+h2(v—y)(2y+v)\/—A G(¢o) + 1—k2|
Summing up (by (66)—(68))

o - k(y—i—v)zv y
o 80 4= e G vvA @

x {(1 —862) [2F (k, 7) —F(k )| +86 [2E (k 7) —E(k, ¢0)]

%o d¢
+8k21—k2—1[211k2,k— H
S ) ( ) /0 (1— k2 sin? ) (/1 — k2 sin® ¢
3 2 2)7,242 2_1
N 4 u (e +v) 1 (3 — 4k )h t + 4k \/kz myryerl)
W2v—u)2u+v)vV—A /i -1 \/kz +(1- k)R  hty

Going back to (60), volume V (a) of region 0 < r < ry, whose geometry is governed by g, is

/2 dy

a+r
a+2m

V(a) = 4R I(a),

In particular, fora =0 {as (38) with a = 0 yields R? = Zrim}

7 2 .
V(0)=47T/0W2=27TR3J‘<;§>, f(x) = arcsinx —xv/1—22, |x|<1.

G
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This is the case examined by K. Schwarzschild (cf. op. cit.); practical evidence was previously gathered
that ry /R << 1; hence, we may consider the truncated Taylor expansion of V(0) as a function of ry/R,

ie., foreveryn € Z
n 2k+1 7o
Y- () 4 Raa (250)
k=0 R

1 ~1/2 1/2
% 2k+1< k ) ( k ) Osksmn,

Ronya(x;0) = (—=1)"*! {( 21/12 ) /Ox [2n+2 {1 _ T](tﬂ “n-1/2
B ( " ) 23 (1 (x)?] _n_m},

(0( ) _1 (oz)_a(oc—l)--~(vz—k+1), LR keN,

V(0) = 27R3

7

| S

0 k k!
for some function 7 : [—1,1] — R such that #(x) lies between 0 and x, or
47‘[7’3 3 o 2 3 n o Z(k_l) 3 ro -3 ro
V()= 2211+ (2] +5 Y (-DFa (5 (%) R =50 70
=" [+10(R)+2k§< Fa(B) +3(%) Rue(Bi0)|
and .
3 1) -3 <1’0 > 3 (7’1+%) 2nt3 (r0>2n
= | = R = 0| — | = . 71
2(R> a2\ R =+ +3) \R @)

Estimate (71) follows from

(222", 3 < L. 72)

V2

Indeed, if for instance x > 0, then 0 < 17 < x yields 1/(1 — 5?) < 1/2; hence,

n—i—%

[Rons2(50)| < a3y

3 2\1+3
2n+2 217772 | o (22%)
0! [1= 007 dt’ = 2043 @3
-1/2 \ (=)™ 2n+1)!
and<n+1>— T (n+1)!,sothat
-1/2 \| 3x5----- (2n+1)<4><6 """ (2n+2) 1
n+1 || 2mtl(n+41)! 2tl(p 1) 2
ie.,
—-1/2 1
< -. 74
'( n+1 ) -2 74
Similarly,
-1 3
x2n+3 {1 iy(x)z] < % (2x2)" "2 (75)
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and ( 1/2 ) = (=" (2n - 1! so that

n+1 2ntl (n41)!
1/2 1
‘<n+1>‘<2(n+1)' 76)

Lastly, estimates (73)—-(76) yield (72) forany 0 < x < 1/ /2. Of course, the use of (74) and (76) does not
lead to an optimal estimate on ]R2n+2(x; 0) | ((72) is to be preferred only for its mathematical elegance).

4. Conclusions and Open Problems

In the present paper, we examined a fundamental issue, present in most textbooks nowadays on
general relativity and gravitation theory, i.e., the derivation of the interior Schwarzschild solution go
(cf. e.g., [10] (pp. 280-295)) and the resulting simple model of a star. To determine gy (and actually
(g0, Po, po) where py is the (constant) density and py the (radial) pressure field), one looks for a line
element ds of the form ds? = ¢'(") 2 dt? — {e)‘(’) dr? + 12 (d6* + sin? @ d(pz)} and needs to solve the
boundary value problem (13)—(16) for (A, p, p, p). The general solution of the ODE system (13)—(15)
contains three constants of integration A, B, 2 € R, and the given boundary conditions determine
the first two, while the third is but subject to the constraint 4 > —2m. This leads to a 1-parameter
family of solutions { (A4, Ma, Pa, Pa) }a>72m to (13)-(16) with the property that A,(r) is bounded at
r = 0if and only if 2 = 0. K. Schwarzschild discarded the solutions with 2 # 0 on the ground
that the determinant of each g, with a # 0 vanishes at ¥ = 0; this is, of course, also the case for g,
and the question arises whether any of the additional solutions g, is physically acceptable, thus leading
to alternative geometric descriptions of the interior of a star of incompressible fluid. We explicitly
determine the solutions { (g4, pa, pa) }H>72m and show that the requirement (57) i.e., 7o > 9m/4,
which in Schwarzschild’s work is equivalent to py(r) staying finite in r < ry, is also equivalent to the
boundedness of p,(r) inr < ry, though only for a lying in some open neighbourhood Uy C (—2m, +o0)
of a = 0. It should be observed that estimate (6) i.e., rg > 2m is slightly improved by estimate (57);

2 4 2
(6) = M < % and (57) <= M < §%, so that the requirement (57) provides a slightly smaller

upper bound on the amount M of fluid that can be packed into a ball of radius r¢, in agreement with

<
§a T'= ro. K. Schwarzschild

the geometry of space-time as described by the Lorentzian metric g = {
8s =10

used metric tensor gy to compute the volume of the region r < r

s 277 70 72 Qi
/dg/ d(P/UM
0 0 0 2

V' w

and derived the truncated Taylor development of V(0) with respect to the parameter ro /R

4nrd 3 (r\? o)\ *
- 1 — | = =
=481 5 (3) o (2)

When the geometry is described by gy, the parameter ry/R is << 1, as may be argued by invoking

V(0) =

(77)

experimental evidence, and development (77) gives a fair approximation to volume V(0). We slightly
improved Schwarzschild’s result by developing V(0) to arbitrary fixed order (cf. our (70) in § 3) and
providing a mathematically elegant estimate on the Taylor rest (cf. (71) in § 3)

% n43) 2mt3 i\ 23
Ron2 (g;())’ﬁ(( 1) ( O) '

n+1)(2n+3) \ R
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On the basis of our discussion of the parameter 79/ R in § 1 for the Sun, one has rp/R << 1 beyond
Sun’s present age, and Formulas (70) and (71) remain accurate up to the start of Sun’s red giant phase.
The calculation of the volume

27 5/2
V(a) :/ d9/ d(p/ R7%/2 sin@ dr
\/ — 134+ R2(r — 2m)

turned out to be more involved, as depending upon the evaluation of an abelian integral that may

not be expressed in terms of algebraic functions, and which we can only reduce to the canonical
Legendre form (cf. (60) and (69) in § 3) confined to case a > a( for some constant ag > 0 (whose precise

description is given in § 3). Going back to (38), one has %0 — /2 t 21m hence lim,—, o (rg/R) = +oo.
0
Of course, one should take into account the upper bound on 2 imposed by (51) implying
ro _ 3rp 2m\/?
R <5 (1 1’0) (78)

However, the right-hand side of (78) is in general > 1 (hence truncated Taylor approximation of V'(a)
as a function of ry/R is meaningless).

As a byproduct of (77), one obtains (cf. [1], or (9.178) in [10] (p. 294)) the truncated Taylor
approximation of the mass defect

_47178,00 3 (1o 2 70 4
Vo= B0 3 () o () ™

and uses (79) (together with the classical mechanics calculation of the surface potential on a sphere) to
attribute V(0) pp — M to the loss of energy in packing the matter under its own gravitational energy.

A similar formula for the mass defect V(a) p, — M is not known. That spherically symmetric solutions
2

9
such as {g; : —2m < a < a1} [where a1 = % (ro —2m) —2m, cf. (51)] are appropriate for the
calculation of mass defect of strange stars appears to be accounted for by [11].

Computing the bundle boundary (or Schmidt boundary, cf. [2]) of space-times (Q2, ), —2m <
a < ay, and perhaps quantum-mechanically resolving the resulting singularities ([12-14]) is an
open problem.

Author Contributions: The authors have equally contributed to the elaboration and writing of the paper.
Funding: This research received no external funding.
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Appendix A. An Abelian Integral

Our purpose in this section is bringing to the canonical form the abelian integral

x%/2 dx / . .
/ = [ R(x, \/P(x)) dx, P(x)=—x*+R*x*+ (1] —2mR?*)x, (Al)
\/r3 —2mR2+ R2x

where R (x, y) is the rational function R(x, y) = x° /y. Starting from

P(x) = —x(x*+px+4), p=-R*, §=2mR*—r, (A2)
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one sets as customary

S S PV A GO G JPIY L S AL
{m,Az}—{ E: 4+27} {Z(ro 2mR>i\/4(r0 2mfR)* —

4 4 4 4 r
and distinguishes three cases as (I) a? > oV R?, (1) a% < Vi R?, (M) a? = > R?, where a = A—Oz — 2m.

Integral (A1) is abelian in Cases (I)-(II) (while in Case (III) it reduces to a rational integral). To apply
the classical scheme of reduction to the canonical (Legendre) form, one needs a decomposition of (A2)
into second-degree factors P(x) = (x? + px 4+ q) (x> + p'x + ¢'). The required algebraic information is
summarised in Table Al.

Table A1l. Algebraic information on P, (x)

Cases A1, Ao P,(x) Real Root  Free Term
@
A >0, (x —0o)x ceR
a>0 Ay >0 (x> +ox+1) c#0 >0
A <O (x — wi0) x wio €R
a<0 Ay <0 (% + w0 + wyT) c#0 @2 >0
A;e C\R (x — wy0) x
] _
(1) Ny = Ay (22 4 wio + wyT) wio €R wrT €R

where 0 = /A1 + /Ay and T = (V/ /\1)2 — VA VA + (V Az)z. For the remainder of Appendix ,

our calculations are confined to the case a > ﬁ R. One starts from the decomposition P(x) =
—(x? — ox)(x? + ox + 7) and applies the homography x = % with 1,v € Rand p # v, so that
to obtain

X2 —ox = U_:l)z{ﬂ(ﬂ_a)t2+ [Zw/—a(y—f—v)]t—i—lﬁ—av},

1
Ptox+T= m{(y2+ay+7)t2+ [U(,quv)+2yv+2r]t+v2+av+r},

together with the requirements 2uv —o(p +v) =0 and 2uv +o(p +v) +27 = 0 or equivalently

+ _fz d —fI‘
ptv=-—_andp=—ie,
{V’V}:{Zla |:—Ti T(T+2<72)]} (A3)
yielding
_ 1 2 12 A 2 12
P(x)—fm</\/l+./\/t)(/\/l +Nt) (L mE) (1 m' ),
T T
, 3T T , 3T T
M= 2+(‘7_E)V’N 7+( *)P"
/
A=-MM, m= w2

M’ M
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So far, 2
/ dx / ) dt , (A4)
\/.A 1—|—mif2 1—|—m’t2)
. (v—p)(pt+v)°
R*(t) = , A5
®) [(p—a)t+v—o] (M +N'"12) (83)
(where yu, v are given by (A3)).Note that
2 ) 2 2
m=— (1), o By =22 ) (A6)
v v(pv + v —2u?)

The signs of the numbers m, m’ and A are relevant (to the reduction to the canonical form).Note that

72 T 2
M+N=?+2T>OandMN:—— ((7 +

T
> 7) < 0as Tt > 0. Hence, m < 0. Moreover,

2

2 2
M/-I-N/:%—i—ZT, ’N'—2<;2 — o+

7T> , N BoT+2(0? —T)p
2 ) ™ M 3ot +2(2—T)v

The discussion of the signs of m’ and .A requires a disjunction of cases, as (i) ¢ > 0 and T < ¢?, (ii)
o> 0and T > 02, (ili) c < 0and T < ¢?, and (iv) ¢ < 0 and T > ¢?. For instance, in Case (i) (by (A3)),
# >0 >vand 30t +2(¢? — T)u > 0, while 316 + 2(0? — T)v > 0 <= ¢? < 47, so that a further
splitting of Case (i) in subcases is needed, as (i); ¢ > 0and 7 < 0% < 4tor (i), 0 > 0and 02 > 41.
In the end,

()1 >0 T<c’<4tr=m’' >0, A<O,
(i), >0 0?2>41=—m' <0, A>0,
() >0 t>0>=m'>0, A<0,
(i) <0, T<c?<4r=m'>0, A<O,
(iii), <0, o2>41=m’' <0, A>0.
(iv), <0 t>c>=m'>0 A<O.

Next, we need to split (A5) into even and odd terms, i.e.,

R (1) = 3[R () + R* ()] + 3[R (1) = R*(~1)] = R (P) + tRa(#)

with
_ u(p —o)x(p?x +3v%) —v(v — o) (BuPx + v2)
’Rl(x) = (1/ — ]4) (M/ —i—N/X) [( _ (T)Zx _ (1/ — (7)2] ’ (A7)
_ v(p — o) (v2 +3p%x) — p(v— o) (3v* + px)
Rz(x) = (V - V) (M/ + N'x )[( 0’)2X (V - 0)2} , o
so that (A4) becomes
Ri1(R) di ) du (A9)

/ VAL +me) (1+m' 1) 2/ \/A 1+mu)( 1+m'u)
where the first integral should be further reduced to the canonical form, while the second is an ordinary
Euler integral. Next, note that

vi(p—v) (k=)

M=—-——F 2 N= 7 (A10)
u+tv utv
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71/(;4—1/)(2;1—0—1/) N = p(p—v) (1 +2v) ) (A11)
U+ ptv

dpv(p+v) (M —Nu)
(M +Nu) (M +N"u)

M’ =

Ra(u) =

(A12)
Indeed, (A12) follows from
WP 2pv+o(p—3v)] =4uvN, V[ —2uv+o(Bu—v)] = —4pvM,

2 p-—v N2 _H—v
(-0 =EIN, (-0 = L

Q.ed.
We only illustrate the treatment of Case (i); where m < 0, m’ > 0 and A < 0. For the Euler
integral, Euler’s substitution of the third kind is

\/.A(1+mu)(1+m’u) :s(u+n11,), ueR\ {—nlll,—l]

m

Hence,

. s2—m'%A sz_m,zAleru

N m’(mm’A —s2)’ N 1+m'u
_ 2(m—m')As . (m—m')As
du—m \/Al-f—mu)(l-i—mu)—m,

2 —m*A ]
m’(mm’A — s?)

and [by (A8) with x =

R ( s2—m"*A ) 4y (y—i—v)Z (Amm’ —s?) [2Amm’2—52 (m+m’')]
2| — = (
m

(mm'A —s?) — 1) (2u+v) m' A (m —m')*s2
so that
/ du _ 4 +v)? 1 2mm’+(m—|—m’)s
2 \/A 1+mu)(1+m'u) (=v)@p+v) (m-—m)> | m’ A
o u
2/¢A1+mu1+m’):aw e
where
S(u) = ap(p+v)* 1

(p—v)(2u+v) (m_m,)z
2m (14 m'u)

A+ mu) (14 m )
: \/A(1+mu)(1+m’u)+(m+m) A(1+m'u)

Going back to (A9), we set m = —h? and m’ = I’ 2 (with h > 0and 1’ > 0). Let us substitute from

1 hdf — zdz

ht: 7 - T a2/’
/1 722 (1 722)3/2
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dt 1 dz r h

JAa-me) e oA end) Jo-2)-e2) Ve

ph+6p?v2h? (1 — x) + vint(1 - x)2
21— x)v2 —p2] [R2(1—x) M + N']

Ri(#) = (p+v) Ri(2%), Ri(x):=
into (A9), so that to obtain

) dt p+v

* (52
Ri(2%) dz . (AL4)

/\/A h2t2 1—|—h’2t2) \/—A(h2+h’2)/\/(1—22)(1—k222)

Note that (by (A6)) W2 = yz /v%,and a calculation shows that

. v? 8k2 1 1
e
If we adopt the customary notations
2n
I, = / Zdz , nec Z+ ,
Ja-2)(1-r2)
dz

then (by (A15))

/ \/ - _22 k222) =47 {Io — 8k* H1(0) + [s(k2 —1)+ klz] H,; (,{12)} (A16)

where

(A17)

:/ dz :/d—¢
Ja-2)a-r2) J1-esinlg

(with z = sin¢, 0 < ¢ < 71/2)is certainly an elliptic integral of the first kind. As to H;(0), one starts
from the (well-known) recurrence relation

2m —2)[ —a+ (kK +1)a> —k* a®] Hp(a) — (2m — 3) [1 — 2a(k* + 1) +3k% a*] Hy_q () +

zZ

= Gy VDR

+(2m —4) (K +1 -3k &) Hy—»(a) — (2m — 5) k* Hy—3(a)
(22 —a

and sets m = 2 and &« = 0, so that to obtain

— Hy(0) +kK*H_1(0) = % \/(1 —22) (1 —k222) (A18)

and H_1(0) = I, where

1/\/

22 dz

sin? 4) d¢

—k222) / \/ ) (1 — k% z2)
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S N 1 — k2 sin® ¢ d¢
K2 5 K2
\/1—k? sin” ¢
is certainly an elliptic integral of the second kind. Elliptic integrals of the third kind
dz

/(1+/322)¢(122)(1k222)'

0<k<1 BeC,

may be derived from H;(«) with & # 0 by setting = —1/a; hence,

dz

1 2
th (k2> - /(1—k222)\/(1—22)(1—k222) (A1)

:_kz/(l .2d¢

k2 sin? ) /1 — k2 sin? ¢

Consequently, (by (A17)-(A19)), Equation (A16) becomes

8k* cotp /1 — k2 sin® ¢ (A20)

/ \/ dzk2 = sz {

dg -
+(1—8k2)/\/m+8k2/

+[8k2(1 _kZ) - 1] / (1 — k2 sin2<p;lgf/m}.

Summing up (by (Al), (A4), (A9), (A13), (A14) and (A20)) under the transformations

1— k2 sin ¢ d¢

_ut+v B 1 .
=51 ht_il_zz, z =sin¢g,
(A1) becomes
x5/2 k 2
/ dx Y Lo corg /1 - k2 sin g (A21)
\/r —2mR2 + R2x — x - hMIV=A

+(1—8k2)/\/1_ifm+8k2/\/1—k2 sin? ¢ dg

" (o)
K2 (1 —K?) — S| —5—s—
e )~ / (1— k2 sin? ) /1 — k2 sin24>} ' h cos? ¢

< ! )— 4 +v)° 2+ (1—4k) sin® ¢
h?cos?¢)  h2( _V)(2V+V)msin¢ 1—kzsin2gb.

where
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vi(p+v) v(p+v)*
Note that (by (A11)) = ; hence, the “divergent” terms in (A21) sum up to
M (v—p)(2n+v)
(byvh+pu=0)
4x3 2 2+ (1 — 4k?) sin?
(it v) .1 * ) sin 4)72 cospy/1—k2sin? | . (A22)
W2 (v —p) (2 +v)v—A sing \/1—Kk2sin? ¢
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