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Abstract: Motivated by the Elementary Problem B-416 in the Fibonacci Quarterly, we show that,
given any integers n and r with n > 2, every positive integer can be expressed as a sum of Fibonacci
numbers whose indices are distinct integers not congruent to ¥ modulo n. Similar expressions are
also dealt with for the case of Lucas numbers. Symmetric and anti-symmetric properties of Fibonacci
and Lucas numbers are used in the proofs.

Keywords: Fibonacci numbers; Lucas numbers; Zeckendorf’s theorem

1. Introduction

Let F, denote the nth Fibonacci number defined by
FF=0F=1F, = F,1+F,_ (n>2).

Lucas numbers L, are definedas Lo =2,L; =1,and L,, = L,_1 + L;,_» for n > 2. One can find a
lot of properties about Fibonacci and Lucas numbers in any book of Fibonacci numbers (for example,
see Koshy’s book [1]). Among them, we introduce only a few properties that we need. Binet’s formula
says that F, = %(u” — p") for all n > 0, where & = % and g = % are two roots of the
characteristic equation x> — x — 1 = 0. Fibonacci numbers of negative indices can be defined in a
natural way and Binet’s formula also holds true for all n € Z. Note that F_,, = (—1)"*1F, for alln € Z.
Lucas numbers have similar properties such as L, = «” + " and L, = (—1)"L,.

For the following, it is well known that it is possible to represent integers as sums of
Fibonacci numbers.

Theorem 1. (Zeckendorf [2]) Every positive integer m can be written uniquely as

m = Fi]+Fi2+"'+Fi

where is > 2 and iy — i1 > 2forallk=1,...,5s — 1.
Similarly, every positive integer can be expressed as a sum of nonconsecutive Lucas numbers
of nonnegative indices. Note that the uniqueness does not hold for the case of Lucas numbers.

For example, 5 = Ly + Ly = L1 + L3. However, the uniqueness holds true if we impose an additional
condition that Ly and L, must not appear in the expression at the same time [3].
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The Elementary Problem B-416, proposed by Jakubowski and Hoggatt [4] in 1979, invited readers
to show that every positive integer m has at least one representation of the form

N

m = Z tX]'F]‘

j=—N

with each &; in {0,1} and a; = 0 when j is a multiple of 3. No solutions of this problem were
received at that time and so it was recently presented again by the editor Harris Kwong of the Fibonacci
Quarterly in May 2020. Recently, the authors of the present article were able to solve it and sent their
solution to the editor by email. It further motivated us to generalize the problem. The purpose of the
present article is to give affirmative answers to the generalized problems. More precisely, we show
in Theorems 2, 3 and 6 that, given any integers n and r with n > 2, every positive integer can be
expressed as a sum of Fibonacci numbers whose indices are distinct integers not congruent to * modulo
n. We also obtain similar results about Lucas numbers in Theorems 4, 5 and 7.

Recently, several researchers have applied Zeckendorf’s theorem to the Fibonacci codes
(see e.g., [5,6]). Since the methods of the proofs in this article are constructive, it would be good
if one may exploit our representations to construct new codes.

2. Even and Odd Expressions in Fibonacci and Lucas Numbers
If an integer m can be written as
N N
m = Z IX]*FZJ' or m = Z D(szj+1

j=—N j=—N

with each «; in {0,1}, then we say that m has an even or odd expression in Fibonacci numbers,
respectively. The expressions in Lucas numbers are defined analogously.

Theorem 2. Every positive integer has an even expression in Fibonacci numbers.
Proof. By Theorem 1, any positive integer m can be written uniquely as
m = F, +F,+---+F,

where is > 2 and iy — i1 > 2forallk =1,...,5 — 1. It will be worth noting that each iy is chosen so
that i > 2 is the largest integer satisfying

F, < m—F

—F —---—F

k 2 Tk—1°

If iy is odd for some k, then we replace F;, by
F, = Fpi—F1 = Fp+F 1
since F_, = (—=1)"*1F,. O
Theorem 3. Every positive integer has an odd expression in Fibonacci numbers.

Proof. For any m € N, choose the largest integer i1 > 0 such that F;, 1 < m. If m — F;, 11 # 0,
then choose the largest integer i > 0 such that Fy;, .1 < m — F»; 1. Repeating this process, we arrive at

m = B+ b+ + b1,
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where iy > ip > -+ > is > 0. We now show that at most two indices can be the same. Suppose not,
ie., iy = iy 1 = ig,p for some k. Then, we have

k-1
m— Z; i1 = B+ B+ B 1 = 3F2ia
]:

> hjut+hbiathi, =BGy

which is a contradiction to the maximality of ;. Therefore, m can be written as

N
m =Y aFi,
i=0

where «; = 0,1, or 2. If ; = 2 for some 7, then we replace 2F,; ;1 by

2hit1 = hiyi+hivi = Big +F i)
O

It is easy to see that the above properties do not hold for the case of Lucas numbers. For example,
1,4,11,29, and 76 do not have even expressions in Lucas numbers and 2,9, 20,27, and 38 do not have
odd expressions in Lucas numbers. However, we can characterize positive integers having even
expressions in Lucas numbers as follows.

Theorem 4. Let m be a positive integer. Then, m has an even expression in Lucas numbers if and only if m is
not a Lucas number of an odd index.

Proof. Let m be a Lucas number of odd index, say m = Ly, 1 for some n > 1. Suppose Ly, 11 has an
even expression

Lont1 = Loiy + Lojy +- - + Lo;,
in Lucas numbers. Clearly, we have [2i;| < 2n + 1 for all j. If |2i;| < 2n — 2 for all j, then we obtain a
contradiction as

r
Loypyr = Zinj
=

n—1

2 Z Ly + Lo
k=1

= 2(Lyp—1—L1)+ Lo
= 2Ly
< Lypt1.

IN

Thus, |i;| = n for some j. We may put i; = n. Then,
Loy—1 = Lopy1 — Loy = Lajy + -+ - + Ly,

Repeating the same process by taking L,,_1 instead of Lj,;1, we obtain that L; has an even
expression in Lucas numbers. This contradicts the fact that 1 does not have an even expression in
Lucas numbers.

Suppose that a positive integer m is not a Lucas number of odd index. If m is a Lucas number of
even index, we are done. We show by induction on # that, if m < L,,, then m has an even expression in
Lucas numbers. We easily check that5 = Ly + Ly, and 6 = Ly + L_, for L, < 5,6 < Ls. Now, assume
that the assertion is true for n > 2. Then, it is enough to show that every positive integer m with
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Ly, < m < Ly(yy1) and m # Lo,y has an even expression. To this end, we consider the following
two cases:

Case 1. Ly, <m < 2Lyy,.

We have 0 < m — Ly, < Lp,. If m — Ly, = Lp,, then we are done since m = Ly, + Ly, =
Loy + L_oy. If 0 < m — Ly, < Ly, and if m — Ly, is not a Lucas number of odd index, then by the
induction hypothesis m can be expressed as

m = Loy + Lojy + - -+ + Loj,

with [ij| < n for all j. Suppose now that 0 < m — Ly, < Ly, and that m — Ly, = Ly is a Lucas
number of odd index for some k. Note that 0 < k < n — 1 since m = Ly,,11 if k = n — 1. In this case,
m also has an even expression since

m = Loy + Lokt
Loy 1+ Lop—2 + Log41
= 2Lpy—2+ Lyy—3+ Loky1

= 2Ly 2+ Loya+Loy6+ -+ Logyo +2Lok11
= 2Lpy 2+ Loy_s4+Lopye+ -+ Logyo +2Lok +2Lpk 1

2Loy o4+ Loy 4+ Loy +---+ L2k+2 4+ 2L +2Log o+ -+ -+ 2Ly + 214
= 2Ly 2+ Lopa+Lons+ -+ Lok +2Log +2Lok—p + -+ 2Ly + Lo
and Ly, = L_p forallk € N.
Case 2. 2Ly, < m < Loy4o.

Note that Ly,4+» < 3Ly, since Loyio = Loy + Loyy1 = 2Lpy + Loy—1. Thus, 2Ly, < m <
Loptn < 3Ly, and so Ly, < m — Ly, < 2Lp,. By the same argument as in Case 1, we can derive
our desired assertion. [

Theorem 5. Let m be a positive integer. Then, m or m — 2 has an odd expression in Lucas numbers.
Proof. Any positive integer m can be written as
m = D(L0—|-Li1 +Li2+"'+Lisr

wherew € {0,1}, iy, — iy > 2forallk=1,...,s —1,andi; > 1whena =0andi; > 2whena =1.
If iy is even for some k = 1, ..., s, then we replace L; by

Ly = Li+1—Li—1 = Lita+L_ 1)

Therefore, m — aLg has an odd expression if m — aLy > 0. For m = 2, we see that m —2 =
Li+L_4 O

3. Representation of Integers beyond Even and Odd Expressions

In the previous section, we have shown that every positive integer has even and odd expressions in
Fibonacci numbers. The ideas underlying their proofs can be developed to prove a more general result.
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Theorem 6. Let n and r be integers with n > 2. Then, every positive integer m can be expressed as
N
m= 3, «F,
j=—N

where a; = 0 or 1 forall jand a; = 0if j = r (mod n).

When n = 2 and r = 0 or 1, the theorem reduces to the problem about odd or even expressions
for integers. When n = 3 and r = 0, it answers the problem B-416.

Proof. Choose the largest integer j; > 2 such that F;, <m. Let

, {]1 —1 ifj; =r (modn)and j; is even,
1 =

1 otherwise.
If m — F;, # 0, then repeat this process by taking m — F;, instead of m. Continuing in this manner,
we claim that m can be written as

m=F, +F,+ - +F

s/

where
(1) 1>2i>--->is>1,
(2) ik =jk =ik — k1 =2,
(3) ik =ixyq = ixisodd, iy =r—1 (mod n), and i1 — ixyp > 2,
(4) ix =r (modn) = iyisodd, i — iy > 2, and i1 — i > 2.

Firstly, suppose that these properties hold. According to (3), we see that at most two consecutive
indices can be the same. If iy = ix 1, then replace 2F; by

ZFik = Fik + Fik = Fik + F—ik’
where iy #Z 7 (mod n), —iy = —r+1 (mod n) and —i; < 0. Ifix = (mod n), then replace F; with

Fy = Fp1—F1 = Fe+F (1),

where iy +1 %7 (mod n), —(ixy —1) = —r+1 (mod n) and — (i, — 1) <0.
After finishing all the above replacement, m can be written as

m=F, +F,+ - +F, +F,,+F,+ --+F,,

where hy, ..., h # r (mod n) are distinct positive integers and —/,...,—I, = —r+1 (mod n) are
distinct nonpositive integers. If 2r # 1 (mod n), then —r+ 1 # r (mod n), so we are done. If 2r = 1
(mod n), then n > 3 and hence it is enough to replace every term F_; of a nonpositive index by

F,=F;1+F

since =] —1,—1—2 #r (mod n).
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Now, it remains to prove (1) to (4). If iy < iy for somek, then jy < i +1 <ipy 1 < jry1 and hence

—...—_F

Mj_1 :=m — Fil — Fi i _q

2

Fik + F;

Jk+1

Fj 1+ Fy

A\VARLY;

ij+1/

which is a contradiction to the maximality of ji. This shows (1).
For the proof of (2), assume that iy = jy and iy —ix11 < 1 for some k. Then, jy —1 =i —1 <
ir41 < Jrt1, 50 we get

My_1 > Pik + F;

i = Fi + Fi—1= Fjq,

which is also a contradiction.
Now, assume that iy = iy for some k. Then, iy = jx — 1 by (2) and the definition of i}, and thus

jk =t (mod n) and ji is even. Thus, iy isodd and iy = r —1 (mod n). If i, —ix,p <1, thenjp—2 =

ik —1=1k1 —1 < k2 < kg, 80

+ F;

me-1 2 B +F [

> Fj 1+ F]’kfl + F]’k*Z = Fj11,

k+1

which is a contradiction.

Finally, we prove (4). Assume that iy = r (mod n) for some k. If iy = ji — 1, then jy = r (mod n)
and hence r = r — 1 (mod n), which contradicts the condition n > 2. Thus, i = j; and jy must be
odd. Furthermore, we see that iy — ix, 1 > 2 by (2). To obtain i,_1 — i, > 2, suppose, on the contrary,
thatiy 1 — i < 1. Then, 0 <i_1 — iy <1by (1) and iy = jy_1 — 1 by (2). Hence, jx_1 = r (mod n)
and jx_1 is even. Since iy and i;_; are both odd, we have iy = ;. However, i, 1 =ji_ 1 —1=r—1
(mod n). Since iy = v (mod n), iy_1 = i leads to a contradiction. This completes the proof. [

It turns out that the above theorem also holds for Lucas numbers under the condition n > 3.

Theorem 7. Let n and r be integers with n > 3. Then, every positive integer m can be expressed as

N

m = Z DC]‘L]',
j=—N

where a; = 0or 1 forall jand a; = 0if j = r (mod n).

Proof. For any integer m > 3 choose the largest integer j; > 2 such that L;, < m. Let

. {]1 —1 ifj; =7 (modn) and j; is odd,
1N =

1 otherwise.

We repeat this process by taking m — L; instead of m if m — L; > 3. Continuing in this manner,
we arrive at

Wl—Lil _Liz_"'_Lis S {0,1,2},
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where
(1) ih=2ip>-2>1is 22,
(2) ik =jk = ik — i1 > 2,
(3) i =ik = ixiseven, iy =r—1(modn), and ix, 1 — i, > 2,
(4) iy =r (modn) = iyiseven, iy —ix 1 > 2, and ix_1 — i > 2.

The properties (1) to (4) can be proven by the same argument as in the proof of Theorem 6, so we
omit their proofs. Since Ly = 2 and L1 = 1, we have

m—Lil—Li2—~~~—Ll-s:0,L10rL0.

By (3), at most two consecutive indices that occurred on the left-hand side can be the same.
If iy = ix11, then replace 2L; by

ZLik = Lik + Lik = Lik + L_

ik/
where iy # 7 (mod n) and —iy = —r +1 (mod n). If i = r (mod 1), then replace L;_ by
Lii = Li+1—Lj—1 = L1 +L 1),

where iy +1 # v (mod n) and —(ix — 1) = —r+1 (mod n).
After finishing all the above replacement, m can be written as

m:Lh1+Lh2+"'+Lht+L+L—11+L—lz+"'+L—lu/

where hy, ..., h # r (mod n) are distinct positive integers > 2, L € {0,1,2} and —14,..., -, = —r+1
(mod n) are distinct negative integers.

If2r =1 (mod n), thenr #0,1 (mod n) and —r+1 = r (mod n), so we are done by replacing
every term L_; of the negative index by

Ly=L;1+L >

since =] —1,—1—2 #r (mod n).

Now, assume that2r # 1 (mod n). Since —r+1 # r (mod n), it is enough to deal with L = L; or
Lo. Let —I; denote the largest negative index. If  # 0,1 (mod n), then we are done. If r =1 (mod n),
then —/; < —2by (3) and (4), so we may replace L; by Ly = Ly + L_; when L = L;. For the case that
r =0 (mod n), we may assume that L = Lg. If —/; = —1, then 2 = 0 (mod n), which contradicts the

conditionn > 3. If —I; = —2, theni;_1 = is = 2 and n = 3 by (3), so we derive a contradiction as
s—2
m—Y Li =L +Li+Li=8>Ly = ji1=4 = is1=4
k=1

Therefore, —I1 < —3 and we may replace Loby Lo =L_1 +L_,. O

Among our future research directions is to extend this analysis to Pell, Pell-Lucas, Jacobsthal and
Jacobsthal-Lucas numbers.
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