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Abstract: For the associated Legendre and Ferrers functions of the first and second kind, we obtain
new multi-derivative and multi-integral representation formulas. The multi-integral representation
formulas that we derive for these functions generalize some classical multi-integration formulas.
As a result of the determination of these formulae, we compute some interesting special values and
integral representations for certain particular combinations of the degree and order, including the case
where there is symmetry and antisymmetry for the degree and order parameters. As a consequence
of our analysis, we obtain some new results for the associated Legendre function of the second kind,
including parameter values for which this function is identically zero.

Keywords: associated legendre functions; ferrers functions; integral representations; gauss
hypergeometric function

1. Introduction

We have previously obtained antiderivatives and integral representations for the associated
Legendre and Ferrers functions of the second kind with degree and order equal to within a sign
while using analysis for fundamental solutions of the Laplace equationon Riemannian manifolds of
constant curvature. For instance, we derive an antiderivative and an integral representation for the
Ferrers function of the second kind with order equal to the negative degree in ([1] Theorem 1), using
the d-dimensional hypersphere with d = 2,3,4,.... In ([2] Theorem 3.1), using the d-dimensional
hyperboloid model of hyperbolic geometry with d = 2,3, 4, ..., the authors derived an antiderivative
and an integral representation for the associated Legendre function of the second kind with degree
and order equal to each other. In [1,2], the antiderivatives and integral representations were restricted
to values of the degree and order v such that 2v is an integer. One of the goals of this paper is to
generalize some integral representation results presented in [1,2] for the associated Legendre and
Ferrers functions of the first and second kind, and to extend them, such that the degree and order are
no longer subject to the above restriction. Our integral representations are consistent with the known
special values for the associated Legendre and Ferrers functions of the first kind when the order is
equal to the negative degree.

The multi-integrals presented in this paper (Theorems 3-5, 7 and 11) generalize multi-integrals
for arbitrary order (y), which have appeared previously in the literature (see, for instance, ([3] Section
14.6(ii)), ([4] 8.14.17-18) and the earliest appearance we have found ([5] p. 149)). The multi-integrals for
the Ferrers function of the second kind (Theorems 12, 13, 15 and 17) also produce generalized results
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for arbitrary order (). In fact, the specialization of these multi-integrals for ; = 0 has not appeared in
the literature.

Applications of the work that is contained in this manuscript include any of the many different
areas in which Legendre and Ferrers functions arise, which include a very large number of disciplines.
The associated Legendre and Ferrers functions treated in this paper, e.g., Q} (coshr) / sinh* r, appear
as fundamental solutions of the Laplace and Helmholtz equation on Riemannian manifolds of constant
curvature (see e.g., ([6] Section 3.3)). Associate Legendre and Ferrers functions appear in any place
where harmonic analysis needs to be performed on the surface of a sphere or on an oblate or prolate
spheroid. These are analogs of the 1/ potential in Euclidean space for Riemannian spaces of constant
curvature. Therefore, results, such as we derive below, will be important when studying global
analysis of these fundamental solutions for higher powers of the Laplacian or Helmholtz operators.
These multi-integration results provide an algorithm for computing fundamental solutions of much
larger powers of the Laplace-Beltrami operator on these spaces. A survey of applications of associated
Legendre and Ferrers functions is given in ([3] Sections 14.30-31). This points to harmonic analysis
on the surface of spheres, oblate and prolate spheroids, and circular toroids. Other applications
include the Mehler—Fock transforms, high frequency atomic and molecular scattering, quantum direct
and exchange Coulomb interaction, Newtonian gravity, etc. Additionally, the special cases treated
in this paper, many of which are also not well-known, provide for a beautiful illumination of this
classical subject.

The critical aspects that allows for proofs of the results contained in this paper is that fact
that we are able to obtain differentiation/integration properties of associated Legendre and Ferrers
functions, such that the order (u) of these functions are either raised or lowered by integral amounts.
Furthermore, the differentiation/integration no not affect the degree (v) of these functions at all. In fact,
these differentiation/integration properties (Remarks 5, 8, 12, 14, 16, 18, 22 and 24) are not well-known
in the literature for these functions.

Note that in the process of our derivations, we also obtained some nice results for the
associated Legendre function of the second kind with degree v = —3 — n. This included the full
Gauss hypergeometric dependence and large argument asymptotics, which is crucial for establishing
Theorem 3. We are also able to find parameter values for which the function is identically zero that
occur when y = :I:(% + k), n,k € Ng, n > k (see Corollary 1).

2. Preliminaries

Throughout this paper, we adopt the following set notations: Ny := {0} UN = {0,1,2,3,...},
and we use the set C, which represents the complex numbers. As is the common convention for
associated Legendre functions ([4] (8.1.1)), for any expression of the form (z2 — 1)%, read this as
(z2 —1)* := (z+1)%*(z — 1), for any fixed « € C and z € C\ (—o0, 1]. In this paper, we will use the
Gauss hypergeometric function »F;, which can be defined in terms of the following infinite series,

as ([7] (2.1.5))
a,b \ & (@)a(b)y 2"
2F1< c /Z> _ng%) (C)n n!/
where ¢ ¢ —Ny, and, elsewhere, on z € C\ (1, c0) by analytic continuation; where the Pochhammer
symbol (rising factorial) is defined by

n

@) =[]z +i-1), @

i=1
with n € Ny. Note that, for all n € Ny, z ¢ —Nj, one has

Tetn)  po o CDTE

(Z)Tl = F(Z) ’ (2)
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We will also need the binomial theorem ([3] (15.4.6))

o (i) = -2, ®

Euler’s transformation (4), ([3] (15.8.1))

a,b o c—a,c—Db
2F1< . ;Z> =(1-z)" b2F1< . ;Z>, 4)

and the Gauss sum ([3] (15.4.20))

a,b \  T(c)[(c—a—b)
2Fl< c '1)_F(ca)F(cb)' ©)

for R(c —a —b) > 0. We will also use the generalized hypergeometric function

abe \ & @)l 2"
(") = L @) 0l

de n(e)y n!

where d, e ¢ —Ny. We now produce a lemma for the Gauss hypergeometric function, which will be

useful in our analysis of antiderivatives for associated Legendre functions of the second kind below.

Lemma 1. Letz € C\ [0, 00). Then,

v+u+1 v+u42 . v+u+2 v+u+3
41 SoF | 2 TSt ;lZ 27(1/—”{—;1)25 2 ;l2 : (6)
dz zV+u+ v+ 5 z ZVtp+ v+ 5 z
Proof. Differentiating the left-hand side of (6) using the chain rule and ([3] (15.5.1))
d a,b ab a+1,b+1
—F ;2| = —F ; 7
d221<c'2) c21< c+1 'Z>' @

one produces an expression that involves the sum of two Gauss hypergeometric functions. One can
then use the following Gauss relations for contiguous hypergeometric functions ([5] p. 58)

a+1,b+1
zoF ( ;Z> =_° lzpl ( ab+1 ;Z> —2F ( a+lb ;Z>] , 8)
c+1 a—>b c c

and [3] (15.5.12)
ab+1 b—a a,b a a+1,b
2 iz | = TzFl ;z +52F1 5z, )
c c c

to obtain the following formula

d 1 ab 1 a—b+ 3 a,b 1 2a a+1,b 1
——— LR ;5 )= ———2,F( ;5 )| - ———,F ). 1
dz ja+b—1 2 1( c ’zz) Lot 2 1( c ’zZ> P 1< c ’z2) (10)

Because, for the Gauss hypergeometric function on the left-hand side of (6), a — b+ 3 = 0, so the first
term on the right-hand side of (10) vanishes and the lemma follows. O
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Definition 1. Letz € C, a,b € CU {—o0,00}. Define the following notations for nth iterated integrals of the
functions f(z;a), g(z;b), respectively,

/Zb'”/zhf(w;a)(dw)” — /:’ [/bl [/wi { whlf(w;a)dw]dwl] ..-dwnz}dwnl, a1
[ [ by = [ [/"’1 M"Z {/ﬂuﬁg(w;b)dw}du)l} ...dwn_z]dwnl, (12)

where wy := w, wy,, := z, and a, b, are sets of fixed parameters.
Another useful result we are going to use often along this work is the following.
Lemma 2. Let n € Ny, a,x, u € C, and let f* be a function, such that
d +1
S () = A (2), 13)

where Ay, € C*. Then, the following identity holds:

/x .. /x f”(w) (dw)" _ 1 o )\;an e '/\yqtni(k—l)fm:nik(a)(x — a)k
p . Ayrt - Ay = Il .

Proof. We are going to prove the result by induction on n. The n = 0 case is direct taking into account
the Taylor expansion of f at x = a. If n = 1, then

/axf?‘(w)dw - /ax (uliuf”jFl(w)) dw = % (fﬂl(x) _fﬂl(a» '

Ay pF1

By using the Taylor expansion of f#¥1(x) at x = a and (13), the result follows for the n = 1 case.
Assuming that the result holds for #, let us prove the identity for the n 4- 1 case:

[ [ = o [T [ () - @) d

1 © Apr(uen) Az /T (@) (x - )k
k! ’

_/\;4:;1"')\

PF(A+n) k=n+1
where we have used induction and the basic properties of integrals. Hence, the result follows. [J

3. Associated Legendre Functions of the First and Second Kind

Associated Legendre functions (and Ferrers functions) are those Gauss hypergeometric functions,
which satisfy a quadratic transformation (see ([3] Sections 15.8(iii-iv))). In the following sections,
we will derive derivative, antiderivative, and integral representations for associated Legendre (and
Ferrers) functions of the first and second kindswhich to the best of our knowledge have not appeared
in the classical literature of these highly applicable special functions of applied and pure mathematics.

The associated Legendre function of the first kind P} : C\ (—o0,1] — C is defined as ([3] (14.3.6))

1 z4+1\*? —v,v+1 1—z
M _ 4 .
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Starting with (14), setting y — —pu, and applying (4), another useful hypergeometric representation
for the associated Legendre function of the first kind can be obtained, namely

2 u
—u, . (z7=1)2 vtpu+l,—v+pu 1-z

The associated Legendre function of the second kind @, : C \ (—09,1] — C can be defined in terms of
the Gauss hypergeometric function as ([3] (14.3.10) and Section 14.21)

2 /2 v+u+l v4pu+42
Qi) = o mE L a( s -1>, (16)

2T (v 3)zvtat v+3 z?

for |z| > 1 and, by analytic continuation of the Gauss hypergeometric function, elsewhere on z €

C\ (—o0,1].

Remark 1. The normalized notation QY (z) is due to Olver ([8] p. 178) and it is defined in terms of the
more commonly appearing Hobson notation for the associated Legendre function of the second kind QY (z), as
follows ([3] (14.3.10))

—imp
Ql(z) = 77 Ql(2). a7)

(v+p+1)
See ([3] Section 14.1) for more information on commonly appearing notations for the associated Legendre and
Ferrers functions.

Remark 2. Note that the following algebraic special cases for the associated Legendre function of the second

kind, hold for y = v +1,v + 2, namely

Vz2 —1 v+2(z)_ \/E
z v

vH(z) = -
21 (v +3)(z22 1)

(18)

v+l 7/
2

where we have used (16) and (3). Furthermore algebraic expressions for Q" for all n € N are obtainable from
the order recurrence relation for associated Legendre functions of the second kind (cf. ([3] (14.10.6)))

2(v+n+1)z n

v+n+2 v+n+1 v+n

zZ) = zZ)— ————— zZ). 19
v < ) (21/ 2) /722 1 v ( ) 22V ( ) ( )

Because QY2 (z) is proportional to Q1 (z), then all Q%™ (z) is proportional to QY71 (z) for all m > 2.

We now present some theorems that are related to the behavior of the associated Legendre
function of the second kind with degree v = f% —n € {—%, — %, ...}, n € Ny and its corresponding

asymptotics as z — oo. This will be useful in our further analysis below.

Theorem 1. Letz € C\ (-0, 1, p € C,v=—-3 —ne{-3,-3,...}, n € Ny. Then,

R 2_1y(3 3 _ 2_1)% 3 pin 5 pin
Q' (m— SNV DG ZinE DR g (3455 5T L) )
—3—n 2n+§(n+1)!zn+§+y n+2 z
Proof. Start with (16) then let v = —3 — n, followed by the application of ([3] First equation in
Section 15.2(ii)),
. 1 a,b N\ (@)p1(0)ng1 i1 a+n+1,b+n+1
cgmnf(c)2F1<c’ >_ (n+1)! 22k n+2 )7
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and the Pochhammer symbol identity for v € C, n € Ny,

which follows from the duplication theorem for gamma functions [3] (5.5.5), and (2). O

The following corollary is an interesting side-effect of the above theorem, which identifies
parameter values for which the the associated Legendre function of the second kind is identically zero.

Corollary 1. Letz € C\ (oo, 1], v = -3 —n € {-3,-3,...}, u = £(3 + k), n,k € Ny. Then

lz) =@ M (z) =0, @1)

3-n
foralln > k.

Proof. Simple examination of the factor multiplying the Gauss hypergeometric function in (20)
produces the result. O

Remark 3. Note that the parameter values for which the associated Legendre function of the second kind is
identically zero for k = 0 in Corollary 1 is clear from the special value [3] (14.5.17)

T exp(—(v+ )2

H )
Ql/ (COSh‘:) - 2511'11'16 F(V + %)

We now give a result that produces the large argument asymptotics for the associated Legendre
function of the second kind when the degree v = —% —n,n € Np.

Lemma3. Letz € C\ (—o0,1], u € C,v = —% -ne {—%,—%,...}, n € Ny. Then,

LD EYE2 R - DI (= T (- v)2

o -
? r(3-v)FG+mwrQG—mp
Equivalently,
Q" ()~ ﬁ(yg 4)(2+V)§”(2 W (23)
y—n 2n+2(n+1)!zn+2

Proof. The result follows by starting with (20) and examining its leading term behavior as z — co. [

3.1. The associated Legendre function of the second kind

We now compute some antiderivatives and integral representations for associated Legendre
functions of the second kind. This also includes some nice limits and specializations.

Remark 4. Note the following expression can be obtained by using the definition (16) and Lemma 1 for
z€C\ (=00, 1], v,u € C:
4 Qi) =tp+l) pen

_ ARTA 24
dz (zz—l)% (2271)% 2) @4)

From this formula, the following antiderivative is obtained:

Q! '(2)

W+mR-1)'T

Q) (z)
(z2-1)

dz = e (25)

N=
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where C is an arbitrary constant.

Theorem 2. Letz € C\ (—oo,1], v, u € C, such that R(v+ p + 1) > 0. Then,

pt1
/ Q (w) (26)

y+1

QY(z) = (v+pu+1)(z

Proof. Taking the limit of the antiderivative (25) evaluated at the endpoints of integration using the
large argument asymptotics ([3] (14.8.15))

NG

p 3 5 7
)~ —— v -2, -2, -5},
and Lemma 3, which shows that Q}, (z) > 0asz — coforv € {—%, —%, —%,. ..} as well. Therefore,

the integral is convergent, as indicated, which completes the proof. O

Remark 5. Iterating (24), then using induction with (1), the following order-shift derivative formula for the
associated Legendre function of the second kind, namely for z € C\ (—oo,1], n € Ny, v, u € C, holds:

Q) :(—1)n(V+]l+1)an;/l+n(z). 27)

dz! (22 _1)% 2-1)'7"

Theorem 3. Letn € Ny, z € C\ (—o0,1], n € Ny, v, u € C, such that R(v +p —n+1) > 0. Then,

/00 U Qf/l(w) - (dw)" = (*1)HQ1}/1_H(Z) — (28)
z z (wr-1)2 (—v—ph(z2-1) 7

Proof. Iterating Theorem 2 with (1) while using induction with (1) completes the proof. [

Remark 6. It is clear that Theorem 3 is a generalization of cf. ([3] (14.6.8))

Q"2 = (1" (- -17F [T [T Quw 29)
by considering the y = 0 specialization in (28), while using (2) and Hobson’s notation (see Remark 1).

Remark 7. An antiderivative of an algebraic function (essentially in terms of reciprocal powers of the hyperbolic
sine function) expressed as the associated Legendre function of the second kind with order and degree equal to
each other can be obtained. This is accomplished by starting with (25) and setting y = v + 1, then using (18).

This produces the specialized antiderivative, namely for z € C\ (—o0,1],v € C\ {-1,-3,-3,...},

1
dz ~1 v+ v+1l g —2'T'(v+3)

= F ,‘i C = 721/ Y C/
/ (ZZ—1)r+1 (v 1)+ 2! ( vid 2 + )8 @)+

where C is an arbitrary constant.

A straightforward consequence of the antiderivative (30) is the following integral representation
for the associated Legendre function of the second kind with degree and order equal to each other.

Corollary 2. Let v € C, such that Rv > —5,z € C\ (—o0,1]. Then,
_ VTT(z2 = 1)1 /°° dw
v —
Qv( ) - (Z) - 2VF(1/+ %) . (wz _ 1)1/+1' (30)
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Proof. Evaluating the antiderivative Theorem 7 at the endpoints of integration and taking advantage
of ([3] (14.9.14))

Q" (z) = Qu(2),
completes the proof. [

3.2. The associated Legendre function of the first kind

An integral representation for the associated Legendre function of the first kind by applying the
Whipple formulae to (27) can be obtained. However, this integral representation shifts the degree of
the associated Legendre function of the first kind v by unity instead of shifting the order by unity.

Corollary 3. Letz € C\ (—oo,1], v, u € C. Then,

P,M(z) = (v+ W) (2 —1)"% /1 de. (31)

Proof. Apply the Whipple formula ([3] (14.9.16))

Q) =[5 -0 e (=), @)

to the associated Legendre functions of the second kind on the left and right-hand sides of (27),
followed by the application of the involution ([9] Section 2) {(z) := log coth 3 and making a change of
variables w = {/1/? — 1 completes the proof. [

The following integral representation can be derived by applying Whipple’s formulae to our
integral representation for the associated Legendre function of the second kind. We are able to obtain
an integral representation for the associated Legendre function of the first kind, which shifts the order
by an integer value, similar to (28). This is achieved by deriving a corresponding derivative formula,
as follows.

Remark 8. If you divide both sides of (15) by (z> — 1)% and differentiate with respect to z, by using (7), then
the unit increments of the parameters of the Gauss hypergeometric function can be absorbed in the order (i) of
the associated Legendre function of the first kind. Let n € Ny, z € C\ (—o0,1], v, u € C. Then,

d" PM(z) ()" (A p A Da(p = V)n popn
r = +n Pl/ . 33
T 2 1) 2 1) () (33)

From the above result, integral representations can be obtained through repeated integration.
For instance, the single integral result is given, as follows.

Corollary 4. Letz € C\ (—oo,1], v,u € C. Then

z Pv_y(w) B 1 Pv—y—&-l(z - 1
/1 (w2—1)%dw_ v+ —p+1) <(Zz_1)"21 21 (n) ) (34)

Proof. In order to derive this result, after applying the fundamental theorem of calculus for some
continuous function f on [a, b],

[ =10 - 5, @)
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and taking advantage of ([3] (14.8.7))

. PM(2) 1
1 v -
St (2 onf 2T+ 36)

this completes the proof. O

The above result can be generalized by repeatedly integrating the above formula.

Theorem 4. Letn € Ng,z € C\ (—oo,1], v, u € C. Then,

P S S
% (=v—=p)n(v—p+1)n (z2-1)"7
(=i " wApl—n)(p—v—n) (1-z)\"
_2”‘”F(u+1)k§0 K(u+1—n) ( 2 )) 37)
_ (-1 vhp+lp—vl 1—z
~ e ) @)

Proof. Repeated integration of (33) while noting (36), and using induction with (1) derives the two
sum expression (53). By rewriting the associated Legendre function of the first kind on the right-hand
side of (38) in terms of the Gauss hypergeometric representation (15), the finite sum term cancels the
first n terms of the k sum, and rewriting the resulting expression shows it can be written in terms of a
nonterminating 3F,. This completes the proof. [

Remark 9. It is clear that Theorem 4 is a generalization of ([3] (14.6.7))

P(z) = (22— 1)} / / P, (w (39)
by considering the specialization y = 0 in (37), which follows by using (2) and ([3] (14.9.13))
- I'v—n+1)
niy— L \W=NT 1) 5
pl/ (Z) - F(V+n+1)PV (Z)/ n EI\IO (40)

Remark 10. Note the special value ([3] (14.5.19))

_ @2}

T w

We are able to derive various expressions for the associated Legendre functions with the order
equal to plus or minus the degree using this special value and the connection properties of associated
Legendre functions.

Corollary 5. Let Rv > —3,z € C\ (—o0,1]. Then,

_ 2 T(v+3) v 2vtl

(z2-1)2 + ‘ dw

sin(mv) (v +1) (2 —1)% /Z e @
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Proof. Start with the connection relation ([3] (14.9.15))

rlv+u+1)

P (z) = T(v—p+1)

- 2
P, (2) + p sin(7rp) (v +p+1)Ql (2),
then, relying on (41), the choice u = v completes the proof. []
Remark 11. Observe that ifv = n € Ny, then

Pi(z) = 2nr(n+\/)E(zz_1)3 _ @n_ 1) -1t

where we have used ([4] (6.1.12)), and (-)!! is the double factorial symbol.

Corollary 6. Let v > 0,z € C\ (—oo,1]. Then,

vy 1 2 o
Poz) = 21T (v) (22 — 1)% /1 (W = 1) dw.

Proof. Starting with (30) and using the Whipple relation for associated Legendre functions (32),
followed by the application of the involution ([9] Section 2) {(z) := log coth , then making the change
of variables w = {/+/{? — 1 completes the proof. [

An interesting definite integral follows from the behavior of the above integral representation
near the singularity at z = 1. Using ([3] (14.9.15)), then

PG = r (RO - 2 ala). @)

After replacement of (30) and (42) in (41), we obtain

vy sin(mv) (2 — 1)z o dw o dw
P (z) = VA2 T+ 1) </z/\/227( 1)-v+1/2 +/ (w2_1)v+1)

sin(7v) (22 —1)2 /°° dw
= \/EZU 11"(1/—1—%) 1 (wz 1)1/-’1-1
(@
“2T+D) e

Which is simply a re-evaluation of (41). From the previous identities, the following result follows.

Corollary 7. Let —% < Rv < 0. Then,

I(-)Iw+}) = e dw
N B /Z/ 21 (w? v+1/2 +/ v+1 _/1 (w2 —1)v+1”

Proof. The formula follows after a straightforward calculation starting from (44), making the change
of variables w = {/+/{? — 1 in the first integral and taking (41) into account. [

4. Ferrers Functions of the First and Second Kind

The Ferrers functions of the first and second kinds (associated Legendre functions of the first and
second kinds on-the-cut) P, : (—1,1) — C are defined in ([3] (14.3.1))
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N=

1+ x 1 -v,v+1 1—x

H — 4 .

Pl/(x) T <1x> F(lﬂ)2F1< 17]/{ 7 2 )/ (45)
(-t vtu+lpu—v 1—x

where we have applied the Euler transformation (4) to the single summation definition of the Ferrers
function of the first kind produces the second representation for the Ferrers function of the first kind.
Additionally, Q) : (—1,1) — C is defined in ([3] (14.3.2))

13
Q' (x) T [cos(ny) (1+x) 2H(—v,v—i—l;l—x)

:25in(7ry) I'l—p) \1—x 1—pu 2
CTtp+1) (1x>5’ 1 F(U,v+1'1x) )
Tw—p+1) \1+x) TA+) >\ 14u = 2 )|

where y ¢ 7. However, Q) (x) can be continued analytically for u € Z, which is demonstrated
by ([3] (14.3.12)),

— 1 ! = s
Q) = VE2 [ Zsin (B ) TEHE) (=50
v - K v—p+2 2 3 ’
(1—x2)2 r(=) 2
2 —v—p+l v—p+2
+2cos (Z(v+n)) F(%)le‘ﬂl R B (48)
F(V—H+1) %
2

Another hypergeometric representation of the Ferrers function of the second kind that we will use
below is

_ —v—u —v—pu+1
2#=1cos L. V{H.

By (7tp) v+ R S
@)= (1—x2)5 T yZFl( l—p 22 )

_ N Y vl 2
N I’(y—}—;u—kl)f( Pl)(lixZ)%xv—szl A ;JC 1 , (49)
27‘+1F(I/—]1+1) u+1 x2

which can be obtained by a limiting procedure ([3] cf. (14.23.5))

Frlv+u+1)

Q(x) = ——

(e*%i”VQﬁ(x +10) + e%i”VQﬁ(x - iO)) ,
for x € (—1,1), starting from ([10] Entry 29, p. 162).

4.1. The Ferrers Function of the First Kind

Here, we derive interesting derivative formulae and integral representations for the Ferrers
function of the first kind. First, we treat some multi-integrals of the Ferrers function of the first kind
from the singularity at x = 1.

Remark 12. Using (7), (46) produces the following derivative formula for n € No, x € (=1,1), v,u € C,

namely

an Pyt (x) P," " (x)
— v = (=) 1 — V),

dxn (17}(2)% ( ) (V+V+ )n(l’l V)n (1 _xz)wzrn

(50)
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From (46), integral representations can be obtained through repeated integration. For instance,
the single integral result is given, as follows.

Corollary 8. Let x € (—1,1), v, u € C. Then,

1 P;H(w) = 1 1 - P;wrl(x
T e ) (%‘ﬂr(u) <1_xz>'zl>' o

Proof. In order to derive this result, integrate (50) for n = 1 with the fundamental theorem of calculus
(35) and take advantage of ([3] (14.8.1))

; 1 2 \?
P~ 1 (103 52

as x — 17, which completes the proof. [

The above result can be generalized by repeatedly integrating the above formula.

Theorem 5. Let n € No, x € (—1,1), v, u € C. Then,

Lo P ®) e 1 P, (x
/x /x (1_w2)%(dw) - (_y_y)n(v—y+1)n<(1_x2)u2n

(=D"(=w)n = v+pu+l—n)(p—v—mn) [1—x k
S 2T (p+ 1) ];_:0 kKi(p+1—n) ( 2 ) (53)
_ (a=x)" vt Lp—v1 1-x
=margrn 2 ). 69

Proof. Repeated integration of (50) while noting (52), and using induction with with (1) derives the
two sum expression (53). By rewriting the Ferrers function of the first kind on the right-hand side of
(54) in terms of the Gauss hypergeometric representation (46), the finite sum term cancels the first n
terms of the k sum, and rewriting the resulting expression shows that it can be written in terms of a
nonterminating 3F,. This completes the proof. [

Remark 13. It is clear that Theorem 5 is a generalization of ([3] (14.6.6))

N

P = (=) [ ey, )

by considering the specialization y = 0 in (53), where we have used ([3] (14.9.3))

—n _ n F(V —n+ 1) n
P, "(x) = (-1) mpu(x)/ n € Np. (56)
By using the antiderivative ([3] (14.17.2))
P (w) 1 P, (x)
dw = C, 57
[ a ™ O e e 7

where C is an arbitrary constant to derive some interesting integral representations for Ferrers functions
of the first kind. Additionally, by using this formula to obtain a useful derivative formula for Ferrers
functions of the first kind (see Remark 12).
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Next, we treat some multi-integrals of the Ferrers function of the first kind from the origin.
Evaluation of (57) at the endpoints of integration produces the following result.

Theorem 6. Let x € (—1,1), v, u € C. Then,

[P P V7 )
o (—wf T UFNE—pED o) S e (S r (7))

Proof. Evaluating (57) at the endpoints of integration while using ([3] (14.5.1))

. Vi
P,"(0) = onr (v+§¢+2> r (}4*;#1) ’ (59)

completes the proof. [

Theorem 7. Letn € No, x € (—1,1), v, u € C. Then,

~ -k
/ / (1—w? % (dw)” )" Y p A D (= )P TTH0) (60)
—w k=n
_ (="
(=v—=1n(v—p+ 1)
- - k
y P (x 2 W+pu—n+1(p—v—n)(—3) 61)
(1_x2)’% =k I‘(””*é n+k)r<yfv+;7n+k)
T x" By, V+’4+1,1
- u+\/+: —v1 3F2< il ez X
i (242 £ ()
—vH1 V2
\/> nH 3F2 : ; ’V g ’1.x2 ) (62)
2l apr (U (1Y) 1t 148

Proof. Repeatedly applying Theorem 6 without evaluating P} (0) and then computing the Maclaurin
expansion of P, """ (x)/(1 — x2)(*=1)/2 yields the first expression. Using induction evaluating
P, HZ(O) with (1) produces the second expression. The third expression is obtained by starting
with the first expression, evaluating P, " ek (0), shifting the sum index by #, and splitting the sum
into even and odd parts. [J

On the other hand, by applying the antiderivative ([3] (14.17.1))

/ BV i ) I (63)
(1—w?)k 1-2)7

where C is an arbitrary constant to derive some interesting integral representations for Ferrers functions
of the first kind. Additionally, utilizing this formula to obtain a useful derivative formula for Ferrers
functions of the first kind.
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Remark 14. Differentiating the above result produces the following formula for x € (—1,

v Pl (R
dxn (1- xZ)% 1— xz)’” '

An evaluation of (63) at the endpoints of integration produces the following result.

Theorem 8. Let x € (—1,1), v,u € C, Ru > 0. Then,

/1<1 —w?) 5P (wdw = (1-x)'7 P (x).

14 of 22

1),v,uecC,

(64)

(65)

Proof. In order to derive this result, integrate (64) for n = 1 with the fundamental theorem of calculus

(35) and taking advantage of cf. (52)

I
2

(1—-x2)2P,"(x) ~0,
as x — 17. This completes the proof. [

Theorem 9. Let x € (—1,1), v,u € C, Ry > 0. Then,

H }l+n

/ / (1—w?) 5Py () (dw)" = (1 — x2)" 7" PP " (x).

Proof. Repeatedly applying Theorem 8 through induction proves the result. [J

Theorem 10. Let n € No, x € (—1,1), v, u € C. Then,

x Pl(w) Pl () 17
pidw = S p— —v—pt2\’
0 (1-w?)2 (1—-x2)72 F( 5 )F( 7 )

Proof. Evaluating (57) at the endpoints of integration while using (59) completes the proof.

Theorem 11. Let x € (—1,1), v, u € C. Then,

© (4 k —n
Loha 1—w2 g = Y SR )

2 k=n

(66)

(67)

O

Py " (x) (—2x)*
—(-1 | T 2R
(1 . xz)}T 20 KT (vfy+§+n7k> r <7vfy+21+n7k
S, S
o —u+2 —v—pu+1 ntl nt2 7
mr (52 (=) T

n+2 n+3

oK+ yn+1 p—v+1l v+pu+2 1
V7T E 2 7 2 02
) 302 X

_(n+1)'F (v y+1)r(7v27y =, 5

)

(68)
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Proof. Repeatedly applying Theorem 10 without evaluating P}, (0) and then computing the Maclaurin
expansion of P " (x) /(1 — x2)(*=")/2 yields the first expression. Using induction evaluating P " (0)
with (1) produces the second expression. The third expression is obtained by starting with the first

expression, evaluating P} _n+k(0), shifting the sum index by 7, and splitting the sum into even and
odd parts. O

A definite-integral result near the singularity at x = 1 follows using (97), (98) and (5), namely

/1(1 _ w2)vfldw — ﬁr(v)
0 2r(v+1%)’

for Rv > 0. The well-known special value (see ([3] (14.5.18)))

(1-22)}

P, " (x) = m/

(69)

in conjunction with ([11] (8.737.1)), yields the following integral representation.
Corollary 9. Letv € C, x € (—1,1). Then,

V(1 —x2)3 v x w
PY(x) = 2(1\/%) <F(1/+ 1) cos(mv) + 2F(\/%Ll)sin(ﬂrv)/o (1_5;2)1/“) . (70)

Proof. Start with ([3] (14.9.2))

(v+pu+1) (v+u+1)

r - 2 r _
H — H ‘& H
PV(x) _COS(T[P[)F(I/—I/[—’—l) PV (x)+ nSIH(ny)F(U—V+1)QV (x)l
replace y = v, then using (98), (69) completes the proof. [
Remark 15. Note that, ifv = n € Ny, then
~2)"T(n+ 3)(1—2)% 1
pi = TR (Cayegan -y -2y, @

VT
where we have used ([4] (6.1.12)).

4.2. The Ferrers Function of the Second Kind

The Ferrers function of the second kind (associated Legendre function of the second kind
on-the-cut) Q) : (—1,1) — C is defined in (47).

First, we treat some multi-integrals of the Ferrers function of the second kind to the singularity at
x=1

Lemmad4. Let x € (—1,1),v,u € C, such that y ¢ —N, v — u & —Noy. Then,

ptl1
2

_ZVF(erl)F(U—y).

—u—1
STANCY T'v+u+2)

/1<1 —0?)2Q, " (w)dw = (1 - 2?) (72)

Proof. The Ferrers function of the second kind as x approaches the singularity at x = 1 has the
following behavior ([3] (14.8.6))
g 28I ()T (v — p+ 1)

(11— T(v+pu+1)

Q" (x)

, (73)
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asx — 17, Ru > 0. Evaluating ([3] (14.17.1)) while using the Ferrers function of the second kind at the
endpoints of integration noting the above behavior at x ~ 1 completes the proof. O

Remark 16. Applying the fundamental theorem of calculus (35) to Lemma 4 produces the following derivative
formula for x € (—1,1), v, u € C, namely
d}’l
dx"

p—n

(1-x)7Q,"(x) = (-1)"(1 =) 2 Q" (x). (74)

Theorem 12. Let n € No, x € (—1,1), v, u € C. Then,

o\ K1

[ [ et w) ey = (- ) ()

oyt TGO g e P g v (1) g
Frv+p+1)(p—v)u(v+u+1)n = kK'(—p—n+1) 2

= — 7 cot(mp) (1 - ) 2P ()

26 ()T (v — p+1)(1 = x)" v—pu+1l,-v—pul 1-x
+ n'I'(v+pu+1) F2< n+1,1—-p 7 2 > (76)

Proof. Repeatedly applying Lemma 4 to itself using induction with (1) produces the first formula.
The second formula is obtained by rewriting the finite sum as a sum from 0 to co and subtracting the
sum from # to oo, and then finally utilizing (47). O

Remark 17. Taking the y — 0 limit in Theorem 12 produces the following multi-integration result for
x € (=1,1),v,u € C, namely

[ [ autwitor = 0 -

2l - -+ (v —n) (1-x)\F
Conv+ T, & KO- (2) o

Now, we present a similar result for the Ferrers function of the second kind with order y instead of —p.

Lemma5. Let x € (—1,1),v,u € C,suchthat y ¢ —N, v — u ¢ —Ny. Then,

! — )V M (w)dw = 1 _ 2V o 2Pl (pu+1)
/x(l N w)e (m—v)(v+p+1) <(1 I (>+r(—y—g)r<y+g)>' 78)

Proof. The Ferrers function of the second kind as x approaches the singularity at x = 1 has the
following behavior (cf. ([3] (14.8.4)))

201 ()
T(—p=3)T(u+3)
as x — 17, Ru > 0. Evaluating ([3] (14.17.2)) while using the Ferrers function of the second kind at the
endpoints of integration noting the above behavior at x ~ 1 completes the proof. [

(79)
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Remark 18. Applying the fundamental theorem of calculus (35) to Lemma 5 produces the following derivative
formula for x € (—=1,1), v, u € C, namely

n

dxn

13
2

(1—-3)2QlI(x) = (=1)"(v = p+ (v = w)a(1 = x3) 2" QL (x). (80)

Theorem 13. Let n € No, x € (—1,1), v, u € C. Then,

1 1 P . 1 W
fo [ a-edtben) - ey <(1_x2) o

_1)yr—lgptn—1 g nil(yflufnle)k(*U*]’l*n)k 1—x :
A2 L eos(m (w3 Ut R (1) @)

. al(v+p+1) N
= T Dsin(mgy ¥ P )

plomt cos(mtp) I (u)
+ ol

(82)

(1x)n31:2(1/,u+1,1/y,1'1x>.

n+1,1—-p ~ 2

Proof. Repeatedly applying Lemma 5 to itself using induction with (1) produces the first formula.
The second formula is obtained by rewriting the finite sum as a sum from 0 to co and subtracting the
sum from # to oo, and then finally utilizing (47). O

Remark 19. An interesting discussion is concerning whether Lemma 2 might be used in order to obtain new
generalized hypergeometric representations for Theorems 12 and 13. In order to do this, one must compute the
one-sided Taylor expansions of the relevant functions about the singular point x = 1 (the relevant functions
are well-behaved at this singular point). This is readily possible, but it is not practical due to the fact that the
behavior of the functions in question near the singularity changes in form, depending on whether Ru<0 (see
(73) and (79)). The derivative terms in the Taylor series necessarily cross the 'y = 0 boundary, so a simple
result from this Lemma does not seem to be practical.

Remark 20. Taking y — 0 limit in Theorem 13 produces the following multi-integration result for x € (—1,1),
v,u € C, namely

1 1 dw)" = 1 1 2\ on
/x /x Qu(w)(dw) R EINCE (1-x7)2Qy(x)
_q1\n—1lon—-1,_, ,nil (U—i’l—|—1)k(—1/—l’l)k 1—x g
+(=1)" 12" (n 1).](; K — ) ( 5 )) (83)

Remark 21. Note that, in Theorems 12 and 13, it is tempting to consider the y — 0 limit while using their
3F, representations. However, to zeroth order in y, the limits cancel. One must then determine a first order
approximation in y in order to determine the limit behavior. After performing this calculation in both of these
situations, then it turns out that the result is given in terms of the sum of several double hypergeometric series of
Kampé de Férier type (see e.g., ([12] p. 27)). Because this result is very cumbersome and does not really shed
much light on these limits, we have instead presented the above Remarks 17 and 20. It should also be pointed out
regarding the fact that there does not seem to be an analogous formula for the Ferrers function of the second kind
in the classical list ([3] (14.6.6-8)), the above reasoning most likely explains this fact. The conclusion is that any
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formula for negative integer order Ferrers functions of the second kind will involve a finite sum of polynomial
terms in addition to the multi-integral of Q,(x), as indicated in Remarks 17 and 20.

Next, we treat some multi-integrals of the Ferrers function of the second kind from the origin.

Remark 22. Applying the fundamental theorem of calculus (35) to ([3] (14.17.2)) produces the following
derivative formula for n € No, x € (—1,1), v, u € C, namely

A T IR Q" ()
e SRR MU ey (34

Theorem 14. Let x € (—1,1), v, u € C. Then,

x Q;V(w) . 1 Q;]ﬁLl(x) H%F (v—;21+2)
" ((1 - x2>% 28T (V+g+1) T (”_‘2’—1> r (v—g—&-f&) - (89)

0 (1—w?)? (v+u)v—p+1)

Proof. Evaluating ([3] (14.17.2)) (expressed as a Ferrers function of the second kind) at the endpoints
of integration using ([3] (14.5.3))
r

N\w

) (86)

Eres)

Q. "(0) =

2l
ou+lr <V+P‘ )

completes the proof. [

Theorem 15. Let n € No, x € (—1,1), v, u € C. Then,

X X Q*V w 0 (4 )k _ k
[ 2 oy =y E et - i@ 0 @)
0 0 (1 - wZ) 2 k=n ’
_ (=1)" Q" (x
(=v=tn(v=p+Dn \ (1-22)"7"
3 v—u+1+n—k 1\ k
pd el (v L= ) — v = )l (R () )
p—n+l = KT (V-I-y-&-g—n-&-k) r (y—v;n+k> (v y+2+n k)
3 n v—pu+1 1 u—
B T2 x F(iz ) . 2<V+£¢+ /sz’l-x2>
B - — 1 nt2 7
WIDHALT (v+g+2> r (¥> r (1/ ;24+2> %,%
n.%xn+11" (V*FWZ) vhpH2 gl
: 1 2 : ! 3F2< “uis wis ;x2>' (89)
(n+1)2¢T (”*g‘* ) r (”*ﬁ ) r (”*’f ) el n

Proof. Repeatedly applying Theorem 14 without evaluating Q,”(0) and then computing the
Maclaurin expansion of Q" +n(x)/ (1 — x2)(r=n)/2 yields the first expression. Using induction
evaluating Q, " +n(0) with (1) produces the second expression. The third expression is obtained
by starting with the first expression, evaluating Q, " +”7]{(0)

the sum into even and odd parts. [

, shifting the sum index by #n and splitting
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Remark 23. Taking the limit as y = 0 in Theorem 15 produces the following multi-integration result, namely
forx € (=1,1), v, u € C, then

X X n_ 1 n QM (x
/0 /0 Qu(w)(dw) _(V)n(V+1)n<(_l) (1-x%)2Q}(x)

ity Ty )T (15t ()
+(=1)"12" 1 g2 Ear <V+2 n+k) r (—v—2n+k) ; (V+2+2n_Zk) ) (90)

=

On the other hand, by applying the antiderivative ([3] (14.17.1))

Q) o QT o1)

(1—w?)* (1-22)'7

where C is an arbitrary constant for deriving some interesting integral representations for Ferrers
functions of the second kind. An examination of the above formula (91) produces the following
results. For instance, by applying this formula to obtain a useful derivative formula for Ferrers
functions of the second kind.

Remark 24. Differentiating the above formula with (1) produces the following formula for x € (—1,1),

v,ueC,
qn u _1)" P‘JF”
dxn QV (X) B ( ) ;l+(nx) . (92)
TA=-x)2 (1-22)7
Theorem 16. Let x € (—1,1), v, u € C, such that v+ u ¢ —2Ny. Then,
2 3 v+
* Ql(w) o (x) 2H 712F< 5 )
0 (1 =T N v—p+3 —v—p—1 vu43Y\ (93)
bt e T () ()
Proof. Evaluating (91) at the endpoints of integration while using (86) completes the proof. [
Theorem 17. Let n € No, x € (—1,1), v, u € C. Then,
x x ij(w) o0
/ o [T 2 gy & (0) (94)
0 0 (1—w?)2 f=n
3 vhptlontk (o 0k
_ 0 (1t P (=) (-2
(1- J62)"T U (S ke (k) p (mmRk) (k)
3
3 op—1,n v+u+1 _ Tt
_ T2 2F x F(iz ) " HZV,V g 1,
AT (v—g+2) r (—vz—y) r <v+;24+2) HTH’ "TJrZ
73 Qi1 (71/'”2"*'2) povtl vipd2 o
N v—pu+l —v—pu—1 v+u+3 sh 2n+l anL3 , ,.xZ (95)
(n+ 10 (S5 (22 (45 ni2, nid
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Proof. Repeatedly applying Theorem 16 without evaluating Q}, (0) and then computing the Maclaurin
expansion of Q)" (x) /(1 — x2)(#=")/2 yields the first expression. Using induction evaluating Q" (0)
with (1) produces the second expression. The third expression is obtained by starting with the first

expression, evaluating Q) _"+k(0), shifting the sum index by 7, and splitting the sum into even and
odd parts. O

Theorem 18. Let v € C. Then,

1
dx v+l 2rTv+3)
/(1_x2)1/+1—x2F]< % /x +C—mQV (x)+C, (96)

where C is an arbitrary constant.

Proof. The Gauss hypergeometric function in the antiderivative follows using (7)—(9), as in the proof
of Theorem 7, with the Ferrers function directly following using

_x2)} Lv+1
QJ”(x)—WzH( 2! ;x2>, (97)

2T (v+3) 3

which follows from (48). This completes the proof. [

The following very simple integral representation for the Ferrers function of the second kind is a
consequence of Theorem 18.

Corollary 10. Letv € C, x € (—1,1). Then,

Qpt(x) = YEL=X) A ( - (98)

v f(y + %) 1— w2)v+l'

Proof. Evaluating the antiderivative Theorem 18 at the endpoints of integration completes the
proof. O

Remark 25. One can also show that Corollary 10 also directly follows from Theorem 14. This is true,
even though Theorem 14 is not strictly valid for y = —v. The result can be obtained by taking the limit
as y — —v in Theorem 14 and using the Gauss hypergeometric representation of the Ferrers function of the
second kind with argument (1 — x~2), namely (49).

Corollary 11. Letv € C, x € (—1,1). Then,
Q(x) = =2 WA (v+ 1) sin(rv) (1 — 22)?

2T + 1) cos(m) (1 - ) [ dw

A (99)

Proof. Using the connection relation ([10] p. 170)

Qu*(x) = T (cos(mnQl (x) + 5 sin(m)Pl ()

setting # = v, and using the above results completes the proof. [
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Remark 26. Note that, ifv =n+ 1, n € Ny, then Corollary 11 reduces to the following special value

l n
QZi;(x) = (=)™ 12n ity (1 — 22) 3+, (100)

5. Conclusions

In this paper, we explore some implications of the existence of multi-derivative formulae for
associated Legendre functions of the first and second kinds P!, @Y, and Ferrers functions of the
first and second kinds P!, Q. These multi-derivative formulae (see Remarks 5, 8, 12, 14, 16, 18,
22 and 24) have the useful property that the degree (v) is left unchanged by the multi-derivative.
The order () is then shifted by unit increments, depending on the number of derivatives. These
multi-derivative formulae generalize some classical multi-derivative formulae for these functions with
integer order ([3] (14.6.1)—(14.6.5)).

Because of the existence of these multi-derivative formulae, and certain special known values
and limiting behaviors near the singularities of these functions, we derive several multi-integral
representations for these functions. These multi-integral representations are shown to be given
either in terms of (i) a sum of two 3F,’s (Theorems 7, 11, 15 and 17); (ii) a ,F; and a 3F, (Theorems
12 and 13); (iii) a single 3F, (Theorems 4 and 5); or (iv) a single »F; (Theorems 3 and 11). These
multi-integral representations generalize some classical multi-integrals for these functions with integer
order ([3] (14.6.6)—(14.6.8)].

Many of the functions encountered in this work represent fundamental solutions for the
Laplace—Beltrami operator on Riemannian manifolds of constant curvature, as mentioned in the
introduction. Multi-integrals and derivatives of these functions are essential in performing global
analysis for these fundamental solutions on these manifolds. One interesting open problem where
this work is almost certainly essential is for obtaining fundamental solutions of natural powers of the
Laplace-Beltrami operator (polyharmonic) on these manifolds. This analysis will be investigated in
future publications.
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