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Abstract: The purpose of this paper is to construct generating functions for negative order Changhee
numbers and polynomials. Using these generating functions with their functional equation, we prove
computation formulas for combinatorial numbers and polynomials. These formulas include Euler
numbers and polynomials of higher order, Stirling numbers, and negative order Changhee numbers
and polynomials. We also give some properties of these numbers and polynomials with their
generating functions. Moreover, we give relations among Changhee numbers and polynomials
of negative order, combinatorial numbers and polynomials and Bernoulli numbers of the second
kind. Finally, we give a partial derivative of an equation for generating functions for Changhee
numbers and polynomials of negative order. Using these differential equations, we derive recurrence
relations, differential and integral formulas for these numbers and polynomials. We also give p-adic
integrals representations for negative order Changhee polynomials including Changhee numbers
and Deahee numbers.

Keywords: generating function; Bernoulli numbers and polynomials of the second kind; Euler
numbers and polynomials; Stirling numbers; Combinatorial numbers and polynomials; Changhee
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1. Introduction

The finite sums of powers of binomial coefficients with combinatorial numbers and polynomials
have been used in almost all areas of mathematics, probability theory, statistics, physics, computer
science and the other applied sciences. These sums are also used to construct mathematical models.
Recently, generating functions including combinatorial numbers and polynomials, and also the finite
sums of powers of binomial coefficients in terms of the hypergeometric functions, were given by
Simsek [1]. By using these functions, many computation formulas and relations including these sums
and various kinds of special numbers and polynomials have been given (cf. References [1-9]).

In recent years, using different methods and techniques, negative order special numbers and
polynomials, which are negative order Bernoulli polynomials and negative order Euler polynomials,
have been studied by many mathematicians. In this paper, we investigate and study generating
functions for negative order Changhee polynomials and numbers. By using these functions with
combinatorial numbers, we give many new formulas and identities including Bernoulli numbers and
polynomials of the second kind, Euler numbers and polynomials, Stirling numbers and combinatorial
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numbers and polynomials. The goal of this paper is to give computation formulas for negative order
Changhee polynomials and numbers including the finite sums of powers of binomial sums.

In this paper we use the following notations and definitions:

Let N = {1,2,3,...}, which denotes set of natural numbers. Let Ny = NU {0}. Let Z, R, and C
denote respectively sets of integer numbers, real numbers, complex numbers, respectively.

(X)p=x(x—1)---(x—0v+1),

(5) -4

(z) = (=1)"(=2)o = 2(z+1)--- (z4+0v-1)

(x)o =1and

where v € Ny and

(cf. References [1,3-10]).

In order to give the results of this paper, we need the following generating functions for special
polynomials and numbers.

The Euler polynomials of order k are defined by

2\ 2w
Fe(t,x;k) = (ef+1) e’ = anEn (x) prt 1
(cf- References [1,3-10]).
Substituting k = 0 into (1), we have
EQ (x) = 1",

(cf. References [1,3-10]).
The Stirling numbers of the first kind are defined by

k 00 n
Fs, (£, k) = w = Sl(n,k)%. @)
. = .

From the above function, if k > n, then we have

S1(n,k) =0.. 3)
These numbers can also be written as
n
()n =Y S1(n,1)x! 4)
1=0

(cf. References [1-43]).
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The A-Stirling numbers are defined by

(Aet — 1)k

=] i

n=0

FSZ (f, k; )\) =

(cf- References [31,35,43]).
Setting A = 11in (5), we have the Stirling numbers of the second kind:

Sa(n, k) = Sa(n, k; 1).
If k > n, then we have
Sa(n,k) =0 (6)

(cf. References [1-9,11,13-46]).
The Bernoulli polynomials of the second kind are defined by

t
FBz(t,x):w (1+¢)* Zb @)
and also .
bu(x) = [ ()udz ®

(cf. see, for detail, References ([33], pp. 113-117)). When x = 0, we have the Bernoulli numbers of the
second kind (cf. References [13,14], ([33], pp. 113-117)).
The Peters polynomials are defined by
1+1) - t”
Pp(t,x;/\,y):(— Z x)\y )
(1 +(1+1) ) n=0

where x, t € C (cf. References [2,16-23]).

The Peters polynomials are including some well-known families of special polynomials and
numbers such as the Boole polynomials and numbers, the Bernoulli polynomials and numbers, the
Euler polynomials and numbers, the Stirling numbers, the Changhee polynomials and numbers and
other combinatorial polynomials and numbers.

Substituting u = 1 into (9), we have §,(x) = s, (x;A,1) denotes the Boole polynomials
(cf. References [14,33]).

Let m be any integer. The Changhee polynomials of order m are given by the following
generating function:

F(t,x,m) =

21+ i p 1)

2+n"
Let us examine the generating function in the Equation (10) for some special cases of integer m
as follows:
(1) Let m = d and d € N. Then, we have Changhee polynomials of order 4 (cf. Reference [19]).
Setting x = 0 into Equation (10), we have Changhee numbers of order 4, which defined by means of
the following generating function:

2d B o (d) tn
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which, for d = 1, yields Ch,(x) = Ch,(ql) (x), which denote Changhee polynomials and Ch,, = Ch,(0),
which denotes Changhee numbers. These numbers are given by

Chy, = (—i)nnz (12)

(cf. References [17,19]).
(2) Let m = 0. By using Equation (10), we get the following generating function:

(1+1)* 2 ch\0 (13)

(3) Let m = —k and k € N. We modified Equation (10). Thus, we define Changhee polynomials of

order —k, Ch,(fk) (x), by means of the following generating function:

H(t x,—k) = (Hﬂ% 2 Chi M () (14)

Here Chgfk) (x) are called negative order Changhee polynomials.
Setting x = 0 into Equation (14), we get Changhee numbers of order —k. These numbers are given
by the following generating function:

K(t, —k) = ( Z I (15)

In next Sections, we investigate some properties of the negative order Changhee polynomials.
These polynomials and numbers have various relations with many well-known families of special
numbers and polynomial. In particular, their relationships to combinatoric numbers are very interesting
and they have very important results. These are discussed in detail in the following sections.

By using Equation (13), we have

Ch,(qo)(x) =x(x—1)---(x—n+1).

Few values of the polynomials Chg,o) (x) are given as follows:

calPx) = 1,

Chgo)(x) = x,

Chéo) (x) = x2—x,

Chéo) (x) = x3—3x>—2x,...

Therefore, with help of Equation (4), we obtain a relation between the polynomials Ch,go) (x) and
the Stirling numbers of the first kind by the following formula:

=Y Su(n 1), (16)
1=0

Combinatorial Numbers

Here, we give some well-known combinatorial numbers and their generating functions.
Some formulas and relations between these numbers and negative order Changhee polynomials
and numbers are given in the following sections.
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The numbers y; (1, k; A) is defined by

o t}’l

1
By (b A) = (A + 1) = ) (ks d)—.

(cf. Reference [8]).
By Equation (8) in [8], we have

1 & (kN L,
yl(n/k;/\) = 7 Z <.>]n)\], (71 S No).

(cf- Reference [8], Theorem 1).
Also we have

1(n, kM) i()'szn])\](/\+1)

j=0

(cf. Reference [47], Equation (16)).
Substituting A = 1 into the aforementioned equation, we have

am
B(n, k) = kly1(n,k;1) = at—m(et — 1)k|t:0.

(cf. References [1,8,15]).
The numbers y3(n,k; A, a,b) is defined by

ebkt k IS #n

n=0

(cf. Reference [9]).
By Equation (19), we have

k

y3(n,k; A, a,b) = % ) (I;)Aj(karj(a —b))".

" 20

(cf. Reference [9]).
The numbers y4(n,k; A, a,b) are defined by

Fy,(t,k;A,a,b) = (u_’_e:il)k(e(ah)t + )\)k = gyzl(n,k,‘ A, a,b)%.
(cf- Reference [39]).
By using (20), we have
ya(n, kA a,b) = (a—l—bl—i—l)k]é (’]‘) N(bk + j(a —b))"
and Lk
ya(n,k;A,a,b) = mm(n,k;)fl,a,b)

(cf- Reference [39]).
Results of this paper are briefly summarized below.

50f17

(17)

(18)

(19)

(20)
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In Section 2, with help of generating functions and their functional equations, some properties of
Changhee numbers and polynomials of negative order are given. By using these functional equations,
we derive computation formulas for negative order Changhee polynomials.

In Section 3, we give partial derivative equations for the generating function of the negative order
Changhee polynomials. By using these partial differential equations, we derive differential formulas
for the negative order Changhee polynomials.

In Section 4, we give integral representations of negative order Changhee polynomials.

In Section 5, we give some identities and relations including Bernoulli numbers and polynomials
of the second kind, Euler numbers and polynomials, Stirling numbers, negative order Changhee
numbers and polynomials and combinatorial numbers and polynomials such as the special numbers
yi(n,k;A), y3(n,k; A, a,b), ys(n, k; A, a,b), and B(n, k).

2. Changhee Polynomials of Negative Order

In this section, we investigate some properties of negative order Changhee numbers and
polynomials.

With the help of functional equations including generating functions for special numbers and
polynomials, in this section we give relations between negative order Changhee polynomials, negative
order Euler polynomials, and combinatorial numbers including the Stirling numbers of the first kind,
and combinatorial numbers such as the numbers y1 (1, k; A), y3(n,k; A, a,b), ya(n,k; A,a,b), and B(n, k).

Combining (14) and (15), we get

H(t,x,—k) = (14 t)*K(t, —k).

By using the above relation, we obtain

[e] _k tn 00 tn 00 _k tn
Y Chy @)= = Y (0 Y i
n=0 : n=0 " n=0 :

Therefore

(k) t”_°° S (Y .o
z o g = L% (;) (oL

Comparing the coefficients of % on the both sides of the aforementioned equation, we arrive at
the following theorem.

Theorem 1. Let n € Ny. Then we have

Chi(x) = f (”) (x);Ch Y. 1)

=0\

We note that Equation (14) is related to some well-known special numbers and polynomials. That
is, replace t by ¢! — 1 into (14), we have the following functional equation:

H(e' —1,x,—k) = Fe(t,x; k).

Combining the above functional equation with (1) and (5), we obtain

Y ELY (x —_ZCh( M (x)Fs, (t,1;1).

m=0
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Combining the left side of the above equation with Equation (5) and after the necessary algebraic
computations, we get the following result:

) Eﬁn_k) (x) %m' =) Ch,(q_k) Z Sa(m, n)
m=0 : n=0

Since Sy(m, n) = 0 for n > m, the aforementioned equation reduces to the following equation:

(o) _ tm [e0] m o m
Y B @) = 1 ) Y ()Sa(mm)
m=0 : m=0n=0

Comparing the coefficients of ;—n, on the both sides of the aforementioned equation, we arrive at
the following theorem.

Theorem 2. Let m € Ny. Then we have
Z Ch x)Sy(m, n). (22)

In Reference [8], Simsek gave the following formula:
EGH = 27k B(m, k). (23)
Combining (22) with (23), we arrive at the following theorem:

Theorem 3. Let m € Ny. Then we have

B(m, k) = 25 Y Ch\, M s, (m,n).
n=0

Computation Formula for Changhee Polynomials of Negative Order

Here we give some computation formulas for Changhee polynomials of negative order from (14).
By using Equation (14), we get

t

1 & [k k)
7 ()= Rok o
j=0
We assume that || < 1. Thus, we get

£ t

EAL ()t - Bl

Comparing the coefficients of £ o1 on the both sides of the aforementioned equation and using
Vandermonde’s identity, we get the following theorem.

Theorem 4. Let n € Ny. Then we have

cH P = o i % (5) () a-ston )

Computation formula for the negative order Changhee numbers is given by the following theorem.
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Theorem 5. Let n € Ny. Then we have
1 & (K,
Chy, "~ = ?/;) ; ()n- (26)

Proof. By applying binomial theorem to Equation (15) with |f| < 1, we get

LEEO) () - forh

n=0j=0

Comparing the coefficients of % on the both sides of the aforementioned equation, we arrive at
the desired result. O

Combining (25) with (26), we get the following corollary:

Corollary 1. Let n € Ny. Then we have

chi™M( f( ) (x);ChL ). 27)

We now give some alternative computation formula for the Changhee numbers of order —k.
Combining (4) with (26), we get the following corollary:

Corollary 2. Let n € Ng. Then we have

_ 1 & & [k m
Ch,g k) _ o Z(:) 20 <j)51(n,m)] ) (28)
j=0m=

Combining (18) with (28), we get the following corollary:

Corollary 3. Let n € Ny. Then we have

,fk = lk é ( >81 n,m)B(m,k). (29)

By using (24), we have the following result:

Corollary 4. Let n € Ny. Then we have

h(k Zkz<)x+] (30)

Combining (24) with (4), we have the following result:
Corollary 5.
(—k) 1 & &k N
Chy V(x) ==Y ) (. )Si(m 1) (x+))". (31)
28 Sz N

By using (28) or (29) with help of Equation (1) in the work of Simsek [1], a few values of the
Changhee numbers and polynomials of order —k for are n = 0,1, 2, 3,4 given in Table 1.
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Table 1. A few values of negative order Changhee numbers and polynomials for n =0, 1,2, 3, 4.

chi™ ch{™ (x)
0 1 1
! 5 x+k
2 Bk 24 (k—1)x + £k
3 k3—31§2+4k B3+3 (% B 1) X2 4 <3k2—9k+8) x+ k3—3k2+4k
4 k4—6k3+1169k2—28k x4 (2k— 6)x% + (%kz — 6k + 11) X2+ (k3 3k2+4k) + <k4—6k3+1169k2—28k')

3. Partial Derivative of the Generating Function H(t, x, —k)

In this section, we consider partial derivative of Equation (14) with respect to x and ¢, we get two
partial differential equations for the function H(t, x, —k). By using these equations, we give derivative

formulas and a recurrence relation for the polynomials Ch(fk) (x).

By applying partial derivative operators aax and ; to Equation (14), we get the following partial

derivative equations, respectively:

am 9% {H(t,x;—k)} = mIH(t, x, —K)Fs, (t, m) (32)
and 3
3 {H(t,x; —k)} =2kH(t,x,1—k) +xH(t,x — 1, k), (33)
or
% (H(t, % —k)} = gF(t, 0,1)H(t, x, —K) + xH(t x — 1, k). (34)

By combining (32) with (2), we get

[e] om

I LIV o Y ey 4
H;O PP {Chn (x)} o= m!n;OChn (%) ];]Sl(n,m)],!.
Therefore
X g k " © n n — fn
£ 2 (i) & om £ (M) s im

Comparing the coefficients of ;—n, on the both sides of the aforementioned equation, we arrive at

the following theorem.

Theorem 6. Let m € N. Then we have

om ( o
(e )} = m Z( > (x)S1(n — j,m). (35)
By combining (33) with (14), we obtain
e VIR AR C e B MR LR S Dt R PPN
gChn (x) =1 —Zk’EChn (x)n! —|—xr;)Chn (x 1)n!.
Therefore
[e9) _ (o) _ t}’l
;)Ch,gﬁ = Z‘a {ZkCh )(x) + xCh9 (x — 1)} .
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Comparing the coefficients of o1 on the both sides of the aforementioned equation, we arrive at
the following theorem.
Theorem 7. Let m € N. Then we have

Chl ) (x) = 2kCn ™ (x) + xCnl M (x - 1). (36)

By combining (34) with (10) and (14), we get

n—l

00 _ k fo'e) n tn [e¢] _ tn
X:lCh,S k)(x)(n 51 =2 y 2( )Chn Chi (x x) Zoc:h,S k)(x—l)m.
n= n=07i=0 n=

Comparing the coefficients of £ o1 on the both sides of the aforementioned equation, we arrive at
the following theorem.

Theorem 8. Let n € Ny. Then we have
(K x) = kY S R (k)
Ch, 7 (x) = kj;)(—l)” ]WChj (x) +xChy, 7 (x—1).
4. Integral Representations for Negative Order Changhee Polynomials

In this section, we give p-adic integrals and the Riemann integral representations for negative
order Changhee polynomials.

4.1. Riemann Integral Representation for Negative Order Changhee Polynomials

We integrate the Equation (14) over x in order to get an integral equation for the function
H(t, x,—k). By using these equations, we give integral formulas and recurrence relations for the
polynomials chi™ (x).

Theorem 9. Let n € N. Then we have

O (™ (1) — CH O
[ et (,;) bn-(0) (S~ w-+1) - € w)) o

j=0 "

Proof. Integrating both side of Equation (10) from u to u + 1, we get

t/ k)dx = Fy, (£,0) (H(t,u+1,—k) — H(t,u, —k)).

We assume that this series is uniformly convergent. In this case, we can rearrange the summation
and integration.

o) u+1 n (] n oo m
(=K) v £ (=K) _cpth L
gn/ O = L 0) (ch ™ w+1)—cnl ) —.

By using the Cauchy product rule, we get

Yo [ e Bt - ZZ() 0) (Ch{ P (u+1) ~ chl P (w) £

!
n=0 n=0j=0 :

Comparing the coefficients of & 1 on the both sides of the aforementioned equation, we arrive
arrive at the desired result. O
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By using (8) and (25), we get

By using (8) and (27), we have

u+1 k n n K
/u Chi(qil)(x)dx = 1;0 (l>bl(”)Ch,(11)-

4.2. p-Adic Integral Representations for Negative Order Changhee Polynomials

Let Z, denote the set of p-adic integers. The Volkenborn integral is defined by

where p; (x) is given as follows:

(cf. References [34,40,48]; see also the references cited in each of these earlier works).

The Daehee numbers D, are defined by

(=1)"n!
n+1

Dy = [ (udpr () =

Zyp

7

where n € Ny (cf. References [18,34,40]). By (41), it easily see that

n
/( d]/ll Z 1’1 l Bll

Zy -

where B; denotes the Bernoulli numbers and n € Ny (cf. Reference [18]).
The fermionic p-adic integral is defined by

pN_
/f o1 () = lim 3 (<1 f (),
where p_1 (x) is given as follows:
o (x) = (-1)°

(cf- [26], see also References [24,40]; see also the references cited in each of these earlier works).

The Changhee numbers Ch,, are defined by

Chy = /(x)ndy,l (x) = (—=1)"27"n!,

Zyp

where nn € Ny (cf. Reference [17]).
By applying the Volkenborn integral to (21), we have

et e 0= 3 (7)) [y .
Zy - Z

P

11 0f 17

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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Combining the aforementioned equation with (41), we get the following Volkenborn integral
representation for negative order Changhee polynomials:

- ) ]'Ch( k)
[ eH am (1) = Yo () o (45)

Zy j=0
and ;
/ Chiy ™ (x)duy (x) = )3 (’;’) DjCh{ ). (46)
Zy j=0

By applying fermionic p-adic integral to (21), we have

/Ch,(fk)(x)dy_l (x) = i

( )Ch( K (x)jdp—1 (x). (47)
Z, =N Z,

By (41) and (47), we obtain the following fermionic p-adic integral representation for negative
order Changhee polynomials:

/Chgfk)( i ()]lczj k) -
Zp

j=0
and ;
/ Ch ™ (x)dp 1 (x) = Y (") Chicn, . (49)
Z, =0\
By using (14), we have
St = 3 (H)men et
n=0 n=0j=0 n!

Comparing the coefficients of £ o1 on the both sides of the aforementioned equation, we get

=1 ()2 e o, 50

=0\
By applying the Volkenborn integral to the aforementioned equation, we obtain
k
/(x)ndﬂl (x) = ( )22k ] /Ch x)duy (x).
Zy =0

Combining the aforementioned equation with (41), we obtain

k
2% (=1)"n!
) 0( )2 ~i(n /Ch X)dpn (x) = . (51)

By applying fermionic p-adic integral to Equation (50), we get

J iy () = ;(Vﬂ /w X)dp (x).

Zyp




Symmetry 2020, 12,9 13 of 17

Combining the aforementioned equation with (44), we obtain

k |
y ()2 ) /Chf,’; i1 (x) = (~1)" )

j=0

5. Identities and Relations

In this section, by using generating functions and their functional equations, we give many
interesting and novel identities and relations including Bernoulli numbers and polynomials of the
second kind, Euler numbers and polynomials, Stirling numbers, negative order Changhee numbers,
and combinatorial numbers such as y1 (1, k; A), y3(n,k; A, a,b), and B(n, k).

Substituting t = Ae* — 1 into (15), we get the following functional equation:

k!

o Fy, (z,k;A) = K(Ae* — 1, k).

Combining the aforementioned equation with Equation (5), we get

m

Vl o t
2k Zy1 n,k;A) —' ZCh m;OSZ(m,n:)\)%

Comparing the coefficients of £; o1 on the both sides of the aforementioned equation, we get the
following theorem.

Theorem 10. Let n € Ny. Then we have
y1(n,k;A) 2 Chi sy (mn: A). (53)

Substituting A = 1 into (53) and using (6), we get the following corollary:

Corollary 6. Let n € Ny. Then we have
nnkl) = k|ZCh Szmn)
Setting t = Ae! — 1 into Equation (14), we get the following functional equation:
KIARE,, (t,k;A;2,1) = 2"H(Ae! — 1,k; —k).

Combining the aforementioned equation with (5), (19) and (14), we get

kAR & a g
> mek)le = ZCh )Eosz(m,n;/\)%

Therefore, after comparing the coefficients of % on the both sides of the aforementioned equation
and some calculation, we arrive at the following theorem:

Theorem 11. Let m € Ny. Then we have
y3(m, k;A;2,1) = kv)\k Z ChiT (k) Sy (m, 13 A). (54)

Substituting A = 1 into (54), and using (6), we get the following corollary:
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Corollary 7. Let m € Ny. Then we have
y3(m, k;1;2;1) = k|ZCh (k)Sy(m, n). (55)

Combining (20) with (55), we obtain the following corollary:

Corollary 8. Let m € Ny. Then we have
ya(m A 52,1) =275 Y Chl P (k) Sy (m,m; A7),
n=0

Combining (37) and (38), we arrive at the following theorem:

Theorem 12. Let n € Ny. Then we have

n

y <’;>bn_j(0) (Ch](‘k)(uﬂ) chi M ) - ’Zi

j=0

I M:

(5)(7) irertto

Combining (37) with (39), we arrive at the following theorem:

Theorem 13. Let n € Ny. Then we have

f ( ) 0) (Chi™ (u+1) — chi ™)) = n y (7) bi(u)Ch' .

=0 1=0
Combining (52) with (48), we get the following theorem.
Theorem 14. Let n € Ny. Then we have
K - nchl )
k) o <n — ]) n—j—1 n!
)22 (n —— = (-D)"=.
];J (1 ; 2! 2"
Combining (51) with (45), we get the following theorem.

Theorem 15. Let n € Ny. Then we have

ko /k » n—j —j I'Chf1 )z_(—l)”n!
Jg(j>22k ](n)jg’(_l)l( ! > l+1] T on+1

6. Conclusions

Although many books, papers and other research theses about special functions, special numbers
and polynomials have been written in recent years, active, productive and applied studies are still
continuing in these fields. For this reason, generating functions for new families of special numbers
and polynomials involving Changhee numbers and polynomials of negative order and combinatorial
numbers are constructed. By considering these generating functions with their functional equations,
integral and differential equations, various properties for negative order Changhee numbers and
polynomials and some combinatorial numbers are obtained and studied. By using these equations, we
derive many new and novel identities and formulas for the Bernoulli numbers and polynomials, Euler
numbers and polynomials, Stirling numbers, combinatorial numbers and polynomials and Changhee
numbers and polynomials. As a result, formulas, identities and relations of this paper may potentially
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be used, not only in mathematics, but also in mathematical physics, computer sciences, engineering,
and so forth.
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