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1. Introduction

Complicated graph structures can often be built from relatively simple graphs via graph-theoretic
binary operations such as products. Graph spectrum provides a unique way of characterizing graph
structures, sometimes even identifying the entire graph classes. Moreover, using simple graph
operations, the spectra of complicated graphs may be constructed from those of small and simple
graphs. The interplay between graph spectra (including adjacency, Laplacian, etc.) and various binary
graph operations such as corona, edge corona, and disjoint union has been extensively studied in the
literature; see e.g., [1-6].

In this paper, we consider simple connected graphs [7]. A graph G is represented by
G = (V(G),E(G)), in which the set V(G) = {v1,v2,...,v,} represents its vertex set and E(G) is
the edge set connecting pairs of distinct vertices. The number n = |V (G)| is referred to as the order of
G and |E(G)]| is the size of it. A vertix adjacent to a vertex v € V(G) is called the neighborhood of v and
is presented by N(v). The degree of a vertex v is the cardinality of its neighborhood and denoted by
dg(v) or simply dy. A regular graph has the same degree for all vertices. The distance d, is the length
of a shortest path between two vertices u and v. The maximum distance between two vertices is called
the diameter of a graph. The matrix D(G) = (duv)ypev(c) is called the distance matrix of G. As usual, G
is the complement of the graph G. Moreover, the complete graph K;;, the complete bipartite graph K,
the path P,, the cycle C,,, and the wheel graph W, are defined in the conventional way. The sum of

the distances from a vertex v to all other vertices, Trg(v) = Y. dyy, is called the transmission degree
ueV(G)
of v. A k-transmission regular graph admits Trg(v) = k for any vertex v. Let Tr; = Trg(v;). Then the
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n
sequence {Try, Try, ..., Try} is said to be the transmission degree sequence. The quantity T; := ) dijTr;
=1

]
is referred to as the second transmission degree of v;.

The diagonal matrix Tr(G) := diag(Try, Tra, ..., Try) characterizes the vertex transmissions of
G. For a connected graph, M. Aouchiche and P. Hansen [8,9] studied the Laplacian and the signless
Laplacian for its distance matrix. The distance Laplacian matrix D' (G) = Tr(G) — D(G) and the distance
signless Laplacian matrix D2(G) = Tr(G) + D(G) have attracted great recent research attention due
to their usefulness in spectrum theory. Recently, Cui et al. [10] investigated a convex combination
of Tr(G) and D(G) in the form of D,(G) = aTr(G) + (1 —a)D(G), 0 < a < 1, which is called the
generalized distance matrix. Through the study of generalized distance matrix, not only new results can
be derived but existing results can be looked into in a new unified point of view.

Let I be the identity matrix of order n. The characteristic polynomial of D, (G) can be written
as (G : 0) = det(dl — Dy(G)). The generalized distance eigenvalues of G are the zeros of (G : 9).
Noting that D, (G) is real and symmetric, we arrange the eigenvalues as 01 > dy > - - - > 9,,. We call
01 the generalized distance spectral radius of G. The generalized distance spectrum and energy have been
recently scoped in [11,12].

The rest of the paper is organized as follows. In Section 2, we study the generalized distance
spectrum of join of regular graphs. We will show that the generalized distance spectrum of join of two
regular graphs can be obtained from their adjacency spectrum. Again using adjacency eigenvalues,
we determine the generalized distance spectrum of join of a regular graph with the union of two
different regular graphs. In Section 3, we use the adjacency matrix eigenvalues and auxiliary matrices
to characterize the generalized distance spectrum of the joined union of regular graphs.

2. On the Generalized Distance Spectrum of Join of Graphs

In this section, we study the generalized distance spectrum of join of regular graphs. We
will establish new relationship between generalized distance spectrum and adjacency spectrum.
As applications, we obtain the generalized distance spectrum of some special graph classes including
complete bipartite graph, complete split graph, wheel graph and some derived graphs from a complete
graph.

Consider two disjoint vertex sets V; and V, with |V4| = n; and |V,| = np. For two graphs
G1 = (V4,E1) and Gy = (V;, E), the union is Gy U Gy = (V1 U Va, E; U Ep). The join of them is denoted
by G1VG; consisting of G; U G, and all edges joining each vertex in V; and each vertex in V5. In other
words, the join of them can be obtained by connecting each vertex of G; to all vertices of G,.

The following gives the generalized distance spectrum of join of two regular graphs in terms of
their eigenvalues of adjacency matrices.

Theorem 1. Let G; be an ri-regular graph of order n;, for i = 1,2. Let 11 = Aq, Ay, ..., Ay, and 1, =
Wi, U2, .- -, Un, are the adjacency eigenvalues of Gy and Gy, respectively. The characteristic polynomial of the
generalized distance matrix of G1V Gy is given by

P(Gi1VGy i x) = [X2—(m+72— (1 —a)(m +n2))x+v172 — min1(1 — a) — yamp(1 — )]

isz (x—:x'yl + (1 —oc)()\i+2)> ]f:z[z (x—tx’yz+ (1 —a)(yj+2)),

where y1 =2n1 +ny —ry —2and yp =2ny +ny —rp — 2.

Proof. Fori = 1,2, let G; be an r;-regular graph of order n;. Let G = G1 VG, be the join of the graphs
Gi and G,. It is clear that G is graph of diameter 2. Let V(G;) = {vi1,v2,...,0iy, } be the vertex
set of the graph G;, then the vertex set of G is V(G) = V(G;) U V(Gy). For allv € V(G;), we have
Tr(v) =2n1+np, —r; — 2 and for all u € V(G,), we have Tr(u) = 2np + n1; — ro — 2. Let us label the
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vertices of G, so that the first 7 vertices are from Gj. Under this labelling, it can be seen that the
generalized distance matrix of G can be written as

D (G) — “711”1 +(1_’X)(A1 —i—ZZ]) (1_“>]n1><n2
e (1= &) Jny ey ayaln, + (1 —a)(Az +247) )’

where 1 = 21y +np —r1 — 2, 72 = 2np +ny — 12 — 2, Ju, xn, is an all one matrix, I, is the identity
matrix of order 1;, A; is the adjacency matrix of G; and A4; is the adjacency matrix of the complement
Ci, fori=1,2.

Since G; is an r;-regular graph, it follows that e,, = (1,1,...,1)T, the all ones vector of order
n;, is an eigenvector corresponding to the eigenvalue r; of A; and corresponding to the eigenvalue
n; —1 —r; of A;. Let x be a vector orthogonal to ey, satisfying Ajx = Ax, then Aix = (=A —1)x.

Taking X = g and using [, xn,* = 0, we have D, (G)X = [ay; — (1 — a)(A +2)]X. This shows
that ay; — (1 — a)(A 4 2) is an eigenvalue of D, (G) corresponding to the eigenvalue A of A;. Let y be
a vector orthogonal to e,,, satisfying Aoy = py, then Ayy = (—u — 1)y. Taking Y = 3 and using

Juyxmy = 0, we have Dy (G)Y = [ay, — (1 — a)(¢ +2)]Y. This shows that ay, — (1 —a)(p +2) is
an eigenvalue of D, (G) corresponding to the eigenvalue u of A;. The equitable quotient matrix of
D, (G) is

ang +2ny —r; —2 (1—a)ny
M= .
(1—a)m ang +2np —rp —2
Since the characteristic polynomial of M is x*> — (1 + 72 — (1 — &) (n1 +12))x + 192 — 111 (1 — ) —
7212(1 — &) and any eigenvalue of M is an eigenvalue of D, (G) [13], the result follows. O

Let K, s be the complete bipartite graph. It is well-known that K, s = K, VK. We have the following
observation from Theorem 1, which gives the generalized distance spectrum of K; ;.

Corollary 1. The generalized distance eigenvalues of K, consists of the eigenvalue a(2r + s) — 2 with

multiplicity r — 1, the eigenvalue «(2s + r) — 2 with multiplicity s — 1 and the eigenvalues x1,xy =

a(s+7)+2(s+7)—4£/ (12 +52) (a—2)2 +2rs (a2 —2)
2

Proof. Similarly as in Theorem 1, this can be proved by taking n; = r,n, = s, = r, = 0 and
Ai=pj =0 forallij. [

Let W, 11 be the wheel graph of order n + 1. It is well known that W, 1 = C,VK;j. Using the

fact that the adjacency spectrum of C, is {2 cos(w) :j =1,2,...,n}, we have the following

n
observation from Theorem 1, which gives the generalized distance spectrum of W, 1.

Corollary 2. The generalized distance eigenvalues of the wheel graph W, 11 consists of the eigenvalues
a2n —3) — (1 —a)(2 + 2cos(%)), i = 2,3,...,n and also the eigenvalues x1,x, =
(at+2)n+a—4++/[(a+2)n+a—4]2—8an(n—1)+4n

> .

Proof. Proof follows from Theorem 1, by taking ny =n,n; =1,r1 =2,rp =0and A; =2 COS(M),

n
fori=2,3,...,n. O

The graph CS;,,—; of order n is called complete split graph. It is constructed by linking each
vertex of a clique of t vertices to each vertex of an independent set of n — t vertices. It is clear that
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CStn—t = Ky VK, _. Using the fact that the adjacency spectrum of K; is {t — 1, —1(=11}, we have the
following observation from Theorem 1, which gives the generalized distance spectrum of C5; ;.

Corollary 3. The generalized distance eigenvalues of CSy,—; consists of the eigenvalues an — 1 with
multiplicity t — 1, the eigenvalue «(2n — t) — 2 with multiplicity n — t — 1 and the eigenvalues
X1, Xy = w, 0 = (5—4a)t? + (6an — 8n — da + 6)t + n?(a — 2)% + 2na — 4n + 1.

Proof. Similarly as in Theorem 1, this can be shown by taking ny = t,np =n—t,r; =t—1,1p =0,
A= —1,fori :2,3,...,tand],tj =0,forj=23,...,n—t O

In the next result, we work out the relationship between the generalized distance spectrum of the
join of regular graphs and their adjacency spectra.

Theorem 2. Fori=0,1,2, let G; be rj-reqular with order n;. Let A(G;) be their adjacency matrices and the
adjacency eigenvalues are Ajy = r; > Ajp > ... > A; .. We have that the generalized distance spectrum of
GoV(G1 U Gy) is eigenvalues a(m +ng + Agj —r0) — Agj —2for j = 2,...,no, and a(2m —ng + A; j —
i) — /\i,j —2,fori=1,2andj=2,3,...,n;, wherem = 21-2:0 n;, and three extra eigenvalues defined by the
eigenvalues of the following matrix

QN 1—a)n; (1—a)ny
(1—a)ng 0, 2(1—a)ny |, 1)
(1—a)ny 2(1 —a)nq 0,

where ©g = a(m —ng) +2ng —rg — 2, and ©; = a(2m —ng — 2n;) +2n; —r; —2,i=1,2.

Proof. Giveni = 0,1,2. Assume G; is r;-regular and has n; vertices. Let G = GyV(G1 U G ) be the
join of the graphs G and G; U G,. Obviously, G has diameter 2. Let V(G;) = {vj1,vip,...,0in, } be
the vertex set of the graph G;, then the vertex set of G is V(G) = V(Gp) U V(Gy1) U V(Gy). For all
v € V(Gy), wehave Tr(v) = m+mny —rg—2,forallu € V(Gy), we have Tr(v) = 2m —ng — r; — 2 and
forallw € V(G,), we have Tr(w) = 2m — ny — r — 2. Let us label the vertices of G, so that the first ng
vertices are from Gy, the next n; vertices are from G; and the next n, vertices are from G,. Under this
labelling, the generalized distance matrix of G has the form

So (1_“)1"0X711 (1_"‘)]7!0><”2
DW(G) = (1 - D‘)]nlxno Sl 2(1 - D‘)]nlxnz ’
(I =) Jnyxny  2(1 = &) Jryxny Sy

where Sy = a((m +ng —ro)In, + A(Go) — 2]n0) +2(Juy — Iny) — A(Go), and S; = a((Zm —ng —

ri) Ly, + A(G;) — 2],11.) +2(Jn; — In;) — A(Gj), fori =1,2.

For a regular graph G;, the all ones vector ¢,, = (1,1,...,1)T of order n; is an eigenvector
corresponding to the eigenvalue r;. Other eigenvectors are orthogonal to e,,. Therefore, the all
ones vector ¢, = (1,1,..., 1)T of order 1y is an eigenvector corresponding to the eigenvalue ry.
Other eigenvectors are orthogonal to e;;,. Suppose that A be an eigenvalue of adjacency matrix of Go
and its eigenvector is x satisfying ezox =0, then (xT 01y, O1xn,)T is an eigenvector of D, (G) with
the eigenvalue a(m + ng + A — rg) — A — 2. Let u, { be any eigenvalues of the adjacency matrix of Gy
and G, with associated eigenvector y and z satisfying eZly =0, e,{zz = 0, respectively. In a similar
way, it can be seen that the vectors (01x,, y' O1xp,)T and (015, O1xn, z!)T are eigenvectors of
Dy (G) with corresponding eigenvalues a(2m —ng+pu —ry) —p—2and a(2m —ng+¢ —ry) — ¢ — 2,
respectively.

Hence, we obtained eigenvectors (x” 01y lenz)T, (015 yT lenz)T and (01xs, O15xn,
z")T. They are m — 3 eigenvectors. It is easy to see that they are orthogonal to (ef, O1xn, O1xn,)7,
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(015, e,fl lenz)T and (01xn, O1xn eZZ)T. All other three eigenvectors of D,(G) can be
represented by (,Be,{o 'ye,fl GeEZ)T for some (B,7,0) # (0,0,0).

Suppose that v is an eigenvalue of the matrix D,(G) with associated eigenvector X =
(ﬁe,{o,'yerT,],QeZZ)T. Recall that D, (G)X = vX, and A(G;)ey, = rien, (i = 0,1,2). We obtain:

(a(m—np) +2n9g—rg—2)B+ (1 —a)nyy + (1 —a)nxf = vp,
(1 —a)ngB+ («(2m —ny —2ny) +2ny —r; —2)y +2(1 — a)np0 = vy,
(1—a)ngB+2(1 —a)nyy + (a(2m — ng — 2np) +2ny —ry —2)6 = v6.

These equations admit a nontrivial solution only if (1) has an eigenvalue v. Moreover, any nontrivial
solution of the equations is an eigenvector of D, (G) associated to v. As the remaining three eigenvectors
of Dy (G) are formed like this, it is obvious that any eigenvalue of (1) is also an eigenvalue of D, (G). O

Consider the graph G(ng, 11, n2) = Ky, V(Kp, UKy, ). We have the following observation from
Theorem 2, which gives the generalized distance spectrum of G(ng, n1,17).

Corollary 4. The generalized distance eigenvalues of G(ng,ni,ny) consists of eigenvalue am — 1,
with multiplicity ny — 1, the eigenvalue a(2m — ng — ny) — 1, with multiplicity nqy — 1, the eigenvalue
a(2m — ng — np) — 1, with multiplicity n, — 1 and three more eigenvalues which are the eigenvalues of the
matrix

a(m—mng)+mng—1 (1—a)m (1—a)ny
(1—a)ng a(2m —ng—2ny)+n; —1 2(1 —a)ny ,
(1—a)ng 2(1 —a)m a(2m —ng—2ny) +ny —1

where m = 212:0 n;.

Proof. Proof follows from Theorem 2, by taking ro =no — 1,711 =ny —1,ro =np — 1, A;; = —1, forall
i=01,2andj=23,...,n. O

Suppose we have a complete graph K, of order n. The graph K, — e is obtained by removing an
edge ¢ from K;,. Taking ngp = n — 2,n1 = np = 1 and m = n, in Corollary 4, we obtain the generalized
distance spectrum of the graph K, — e given by {an — 11=3] %1, xo, x3}, where x1, xp and x3 are the
roots of the equation f(x) = x3 — [2a(n + 1) + n — 3]x + [(n® + 2n)a® + 2n(n — 1)a — 2n)x — [(n® +
n? +4)a? —2a(n?+4) +4] = 0.

3. The Generalized Distance Spectrum of the Joined Union

In this section, we describe the relationship between generalized distance spectrum and the
adjacency spectrum of the joined union of regular graphs.

The spectrum of a graph may determine the class of graphs that share the same properties. There
have been some different names for the binary graph operation to be introduced below. We will call
it joined union following [4,6]. This operation is also called generalized composition [14] or H-join
[3]. Let G = (V,E) have order n and G; = (V;, E;) have order m;, fori = 1,...,n. The joined union
G[Gy, ..., Gyl is the graph H = (W, F) satisfying:

n
w = JV
i=1
n
and F = UJEU U VvixV,.

i=1 {’U,‘,’U]'}EE
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Clearly, the joined union graph can be constructed by taking the union of Gy, ..., G, and linking
any pair of vertices between G; and G; if v; and v; are neighbors in G. By this definition, the usual join
of G; and G, can be viewed as K;[Gy, Gy, which is a special joined union graph.

Theorem 3. Suppose G is a graph with diameter at most 2 over V(G) = {v1,...,v,}. Denote by G; an
ri-regular graph of order m; and adjacency eigenvalues Ajy = 1; > Aip > ... > Ajy,, wherei =1,2,...,n. The
generalized distance spectrum of the joined union G[Gy, ..., Gy] consists of the eigenvalues a(2m + Ay — m! —

n
ri))—Ax—2fori=1,...,nand k =2,3,...,m;, where m = zmiandm; = Z m;. The remaining n

i=1 v;0;€E(G)
eigenvalues are given by the matrix
Ml,l (1 - (x)mzdc(vl,vz) NN (1 - Dé)mndc (”01, Z)n)
(1 —a)mydg(va, 1) Maj oo (L= a)ymyudg(va, on) ?
(1—a)ymdg(vy,v1) (1 —a)madg(vy,v2) ... My

where M;; = a(2m — 2m; — m}) + 2m; — r; — 2.

Proof. Let G be a graph over V(G) = {vy,...,v,} and let V(G;) = {vj1,..., 0y, } be the vertex set
of graph G;, fori = 1,2,...,n;. Suppose that H = G[Gy, ..., Gy] is the joined union of the graphs
G1,Gy,...,Gy. By appropriately labelling the vertices of the graph H, we see that the generalized
distance matrix D, (H) of the graph H can be put into the form

51 (1—wa)dg(v1,02)Jnyxny - (1 —a)dg(v1,0n)Jngxn,
Da(H) = (1- t’é)dG(TfZ, 01) Jnyxm 5.2 (1= D‘)dc(?ZI Un) Jny xcnn ,
(1 —DC)dG(Un/Ul)]nnxm (1_0()dc(vn,’02)]n"><nn71 P STZ

where fori =1,2,...,n,

Si = (1—a)2(Jn, — In;) — A(G))) + a(2m —2 — r; — m}) I,
= @ ((277’1 — 71— m;)lni - 2]7!,' + A(Gl)) + 2]1’!1 - 21}’1,’ - A(Gl)/

Jn; is the all-one matrix, A(G;) is the adjacency matrix, and I, is the identity matrix of order ;.

Since G; is r;-regular, the all-one vector ey, is an eigenvector of A(G;) associated to eigenvalue
r;. The rest of the eigenvectors turn out to be orthogonal to e;;;. We do not require connectivity of G;
and likewise we do not require r; to be a simple eigenvalue. Suppose that A is an eigenvalue of A(G;)
associated with the eigenvector X = (xj1,xp, .. ., xini)T satisfying e%iX = 0. Note that X is essentially
defined over V(G;) and allows a correspondence from v;; to x;;. Namely, X(v;;) = x;; (i = 1,2,...,n,
j=1,2,...,n;). Given the vector Y = (y1,Y2,...,ym)", where

o { Xij if vjj € V(Gi)
= 0 otherwise.

It can seen that the vector Y is an eigenvector of D, (H) corresponding to the eigenvalue a(2m + A —

m} — r;) — A — 2. There exists a total of m — n mutually orthogonal eigenvectors of D,(H) in this
manner. They turn out to be orthogonal to the vectors 1 = (z"l, zé, e, zﬁn)T, wherei =1,...,n,and

4= 1 if vjj € V(Gl)
] 0 otherwise.
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This implies that the rest n eigenvectors of D,(H) are spanned by the vectors 11, 12, ..., 1", which due

to the fact that 1',1%,. .., 1" appear to be linearly independent, suggests that the rest eigenvectors of
n

D,(H) are Z ,Bl-li for some coefficients B4, ..., Bu.
i=1

n
Assume that y is an eigenvalue of D, (H) associated to an eigenvector Y _ B;1'. As A(G;)ew, = riem,,
i=1

Dy (H) iﬁif‘ iﬁiDa(Hﬂi

n .
= Z Bi (a(Zm —2m; —m}) +2m; —r; — 2) 1 + Z dg(vy, v,-)ml-lk
i=1 ki

n

= Z ((Dc(zm —2m; — m:) +2m; —r; — 2)‘31‘ + Z dg (v, vi)mk‘Bk) 1

i=1 kZi
n .
= ,’l/l Z ﬁill.
i=1
We derive the following equations involving B1,...,Bx :
(w(2m —2m; —m}) +2m; —r; =2 —p) Bi + Y dg (v, vi)mr =0, i=1,...,n 3)
ki

This set of equations admits a nontrivial solution only if # becomes an eigenvalue of (2). Moreover,
any nontrivial solution of (3) appears to be an eigenvector of D, (H) associated to the eigenvalue ;. We
see that each eigenvalue of (2) must also be an eigenvalue of D, (H) since the rest n eigenvectors of
D, (H) are represented in this manner. [

The lexicographic product G[H] of two graphs G and H can be constructed in the following way.
The vertex set of G[H] is equivalent to the product set V(G) x V(H). Ifab € E(G), ora =band xy €
E(H), then (a,x) and (b,y) are connected, namely, they form an edge in E(G[H]). We know that
G[H] is a special case of joined union G[Gy, Gy, ..., G,] with G; = H (1 < i < n). When G; = Kj,
it can be seen that G[Ky,Kj, ..., K;] = G. In view of Theorem 3, the generalized distance spectrum
of the joined union G[Gy, Gy, . .., G,| can be written using eigenvalues of A(G;)’s as well as those of
(2). The relationship between the eigenvalues of A(G) and the generalized distance spectrum of the
joined union G [Gl, Go,..., Gn] is not explicit though. The following example should shed a light on
this relationship. When both G and H are regular graphs and G is a graph of diameter less than or
equal to 2, the general distance spectrum of G[H] can be calculated via Theorem 3.

Corollary 5. Suppose that G is s-regular over n vertices with adjacency eigenvalues y1 = s > yp >
... > Uy and diameter less than or equal to 2. Assume that H is r-reqular over m vertices with adjacency
eigenvalues Ay = r > Ay... > Ay. Therefore, the generalized distance spectrum of Dy(G[H]) contains
a(2nm + Ay —r —sm) — A — 2 for 2 < k < m each (n times) together with the eigenvalues of the matrix
m(1—a)(2] — A(G)) + («(2nm — sm) — r —2)I, which are 2nm — sm — r — 2 and a(2nm + mp; — sm) —
muj—r—2for2 <j<n.

It is clear that the complete t-partite graph Ky, m,, . m, is a joined union of the graphs G; = K,
when the parent graph is G = K;. That is, Ky, m,,..m; = Ki[Kmy, Kmy,-..,Km,]. The following
observation is a result of Theorem 3 and gives the generalized distance spectrum of, Ky, m,,..m:/
the complete t-partite graph.
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t

Corollary 6. The generalized distance spectrum of Ku, m,,.,m, With m =Y m; consists of the eigenvalue
i=1

a(m—+m;) =2, fori=1,2,...,teach m;( times) and the k eigenvalues of the matrix

M1 (1—a)my ... (1—a)my
(1—a)m My, oo (T—a)ymy
(1—a)ym (1—a)ymy ... My,

where M;; = a(m — m;) + 2m; — 2.

Proof. Proof follows from Theorem 3 by using r; = 0, m; = m — m; and the fact that the eigenvalues of
Ky, are 0 with multiplicity m; (i = 1,2,...,t). O

Example 1. Considering the family of graphs F = {G1, Ga, G3} as depicted in Figure 1 and the graph G = P,
the path of order 3, the generalized distance matrix Dy (H) of the joined union H = P3[Gy, Gy, G3] is a block
matrix of the form
S1 JA-a) 2J(1-a)

J(1—a) 52 Jl—a) |,

2[1-a) JA—-a) S5
where S; = a(141 — 2] + A(G;)) +2] — 21 — A(G;),i =1,3and S, = «(101 — 2] + A(Gy)) + 2] — 21 +
A(Gp).

Since the adjacency spectrums of Gy, Ga, Gs are speca(Gy) = {(=1),2},spec4(Gy) = {~1,1} and

spec(Gs) = {—2,012,2}, respectively, then from Theorem 3, the generalized distance spectrum of H, consists
of the eigenvalues {13oc — 102,140 — 212,90 — 1, 12a} , also with the eigenvalues of the matrix

10a+2 2(1—a) 8(1—a)
31—a) 7a+1 4(1-«a)
6(l—a) 2(1—a) 8a+4

Therefore, specp, (H) = {130( — 102 140 — 212 95 — 1,120, 160 — 4, 22+11EV 8132_202"‘“37} )
Note that, as Do(H) = D(H), then the distance spectrum of H is

specp(H) = {—1[2], —21,-1,0, -4, 1112\/@} .

Also, as D 1 (H) = DR(H), then the distance signless Laplacian spectrum of H is

specpo(H) = {8[2],10[2],11[2],7, 12,23}.

> s 2 s 7
| -._:‘ 3 :: 3
_ v
3 4 4 9
G

Vp: {G1. G2, G3]

Figure 1. The joined union H = P3[Gy, Gy, G3].
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