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Abstract: In this paper, using the conditions of Taleb-Hanebaly’s theorem in a modular space where
the modular is s-convex and symmetric with respect to the ordinate axis, we prove a new generalized
modular version of the Schauder and Petryshyn fixed point theorems for nonexpansive mappings in
s-convex sets. Our results can be applied to a nonlinear integral equation in Musielak-Orlicz space L?
where0 < p <land0<s <p.
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1. Introduction

In 1950, Nakano [1] initiated the concept of modular spaces which are natural generalizations of
L? spaces where p > 0. Then Musielak and Orlicz [2] refined and generalized these spaces in 1959.
This idea has been studied for almost sixty years and there is a large set of known applications of them
in various parts of analysis.

The monographic exposition of the theory of Orlicz spaces may be found in the book of
Krasnoselskii and Rutickii [3]. For a current review of the theory of Musielak-Orlicz spaces and
modular spaces, the reader is referred to the book of Kozlowski [4] and the most recent paper of
Khamsi et al. [5], also see [6,7].

As a generalization of the Banach contraction principle, Taleb and Hanebaly [7] presented a fixed
point theorem of the Banach type in a modular space where the modular is s-convex, having the Fatou
property and satisfying the A>-condition as follows.

Theorem 1 ([7]). Let X, be a p-complete modular space. Assume that p is an s-convex modular satisfying
the Ay-condition and having the Fatou property. Let B be a p-closed subset of Xy and T : B — B a mapping
such that:

Je, k € RY : ¢ > max{1,k}, p(c(Tx — Ty)) < kKp(x —y) Vx,y € B. (1)

Then T has a fixed point.
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In this paper, by means of [7], we prove the existence of fixed points for a general class of
contractive mappings satisfying Schauder and Petryshyn conditions in s-modular function spaces.
We give an application of our result to a nonlinear integral equation in Musielak-Orlicz spaces.

2. Preliminaries

We begin by recalling some definitions. Let X be a linear space over C. Then we have
the following.
(1) A function p : X — [0, 40c0] is said to be modular if
(@) p(x) =0if and only if x = 0;
(b) p(ax) = p(x) for all scalar « with |a| = 1;
(c) forallx,y € X, p(ax+ By) < p(x) +p(y) if a + p =1 forany a, f > 0;
(2) If (c) is replaced by
() plax + py) < a’p(x) + p°p(y) if «* + f* = 1 forany a, f > 0,
where, if 0 < s < 1, then we say that p is an s-convex modular and if s = 1, then p is
convex modular;
(3) A modular p defines a corresponding modular space, i.e., the vector space X, given by

Xp={x€X:p(Ax) = 0as A — 0}.

(4) The modular space X, can be equipped with the F—norm defined by
x|, = inf{a > 0;0(%) < a}.If pis convex, then the functional

, x
Ixllo = inf{a > 0;0(%) <1}
is a norm called the Luxemburg norm in X, which is equivalent to the F-norm |.|,.

Note that, by taking « = —1 in 1(b), it follows that y = p(x) = p(—x), so that a modular is

symmetric with respect to the y-axis meaning that its graph remains unchanged under reflection about
the y-axis. It turns out that an s-convex modular keeps the same property.

Definition 1. Let X, be a modular space.
(a) A sequence {x,} in X, is said to be:

(i) p — convergent to x, denoted by x, 5 x, if p(xp —x) = 0asn — oo.

(ii) p — Cauchy if p(xy — xp) — 0as n,m — oo.

(b) X, is p—complete if every p—Cauchy sequence is p—convergent.

(c) A subset B C X, is said to be p—closed if for any sequence {x,} C B with x, * x,x € B. Also, Bis
p-open if B is p-closed.
(d) We say that 0, (B) is the bound of a subset B of X,,, whenever

do(B) = B — int(B)

where B is the closure of B and int(B) is the interior of B in the sense of p.
(e) A subset B C X, is said to be p—compact if every sequence in B has a convergent subsequence.
(f) A subset B C X, is called p—bounded if
0p(B) = sup{p(x —y): x,y € B} < oo,

where 6,(B) is called the p—diameter of B.
(g) p is said to satisfy the Ay-condition if 2x, %5 0 whenever x, % 0.
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(h) We say that p has the Fatou property if p(x — y) < liminf p(x, — vy, ) whenever, x, b xand Yn LN y.

3. Main Results

Now, we start our work with the following definitions.

Definition 2. Let X, be a modular space and C C X,. A mapping T : C — X, is said to be p-nonexpansive if
o(Tx —Ty) < p(x —y) forall x,y € C.

Definition 3. A set C of a modular space X is said to be s-convex, where 0 < s < 1 if the following condition
is satisfied

zx%x—l—,B%y € C whenever x,y € C, a+p=1
We first prove a Schauder type fixed point theorem when the mapping T is p-nonexpansive.

Theorem 2. Let p be an s-convex modular that satisfies the Ap-condition and Fatou property, X, be a p-complete
modular space and B be a nonempty, s-convex, and p-closed subset of X,. Assume that T : B — Bisa
p-nonexpansive operator and T (B) is a subset of p-compact set of B. Then T has a fixed point.

Proof. For every n € N, define T, = tn%T, where {t,} € (0,1),t, - 1asn — c0. If s =1, then B is
convex set. Without loss of generality, we assume that 0 € B. If s < 1, then 0 € B. Thus for each n € N,
T, : B — B. There are two cases:

Case-1: Let s = 1. By putting c = tn%l and k = tn%, we have

p(c(Tux — Tuy)) = p(tn® (ta(Tx — Ty)))
= p(ta?(Tx — Ty))
< tn%P(Tx —Ty)
<ty2p(x—y)
=ko(x —y),

forall x,y € X,.
1-s
Case-2: Let 0 < s < 1.Setc = t;;! and k = t,° , we obtain

p(c(Tux — Tyy)) = p(ts ™ (t* (Tx — Ty))
= p(ty = (Tx — Ty))
< tu' p(Tx — Ty)
<tn' p(x—y)

=kpo(x—y),
forall x,y € X,.

Therefore, all of the assumptions of Theorem 1 hold. Thus for each n € N, T}, has a fixed point
Xn S B, that iS, Xy = Tnx;/l - tn%TXn.
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Since T(B) lies in a p-compact subset of B, we assume without loss of generally that there exists
u € B such that p(Tx, —u) — 0as n — oo. Ap-condition follows that p(Z%(Txn —u)) - 0as
n — oo. Thus,

p(xp — Txp) = p(tn%Txn — Txy)
= o((1 = t#)Tn) < (1= t0%) p(Txy) — 0as 1 — co.

Again A;- condition implies that p(Z% (xy — Tx,)) — 0as n — co. Hence,

p(xn —u) = p(xy — Txp + Txp — u)

—_

< 2p(@ (v~ Toxu)) + L @} (T — 1)) — 0 as 1 — oo.

2

Since T is p-nonexpansive,
o(Txy — Tu) < p(xy —u) as n — co.
Therefore,

p(u—Tu) < %p(Z%(u —Txy)) + %p(z%(Tu —Txy)) — 0 as n — oo.

This implies that u = Tu. O

Theorem 3. Let p be an s-convex modular that satisfies the Ap-condition and Fatou property, X, be a p-complete
modular space and B be a nonempty, s-convex, and p-closed subset of X,. Assume that T : B — Bisa
p-nonexpansive and 1 is an identity operator, and (I — T)(B) is p-closed. Then T has a fixed point.

Proof. Proceeding as in the proof of Theorem 2, one can prove that for each n € N, T, has a fixed point
x;. Thus

p(xy — Txp) = p(tn%Txn — Txy)
= p((1— t,7)Txy)
<(1- tn%)sp(Txn) — 0 as n — co.

The closedness of (I — T)(B) implies that 0 € (I — T)(B). Therefore, there exists u € B such that
Tu=u. 0O

The following theorem is a new version of the Petryshyn theorem in s-modular function spaces.

Theorem 4. Let X, be a complete modular space and B a p-bounded, p-open, s-convex subset of X, with 0 € B.
Assume that p is an s-convex modular satisfying the A-condition and Fatou property, T : B — Xpisa
mapping satisfying (1) and the following condition:

x#ATx , Vxe€dp(B), A€ (0,1). 2)
Then T has a fixed point.

Proof. Consider A := {A € [0,1] : x = ATx for some x € B}. Notice A is nonempty since 0 € B.
We will show that A is both open and closed in [0, 1] and hence A = [0, 1].

Let as be the s-conjugate of ¢, i.e., les + % = 1. We first show that A is closed. To see this let
{An} € Awith A, — Aasn — oo. There exists {x,} C B with x, = A,Tx,. Since 0 € B and B is
p-bounded, there exists positive real number M such that p(x) < M for all x € B. Condition (1)
follows that for all x € B, p(Tx) < p(x) + %p(ac% T0). By putting M = My + %p(uc%TO), we see that M
is an upper bound for the set {p(Tx); x € B}. For any n,m € N, we have
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p(xn —xm) = p(AnTxy — A Tx)
(c)tn(Txn — Txy) n (A — Ap) Ty
¢ «

_ému<nn7mm+ Lot r

1
5

)

s

@l

(A — Am) Txm).

1
For large enough numbers 1, m, we have as |)\n — /\m| < 1and so

k
p(xn — xm) < (E)Sp(xn —Xm) + [An — Am|* M

Hence,

M
P(xn *xm) S - 1< < ‘/\n 7)\7’1‘5 — OLZS n,m — 00.

a(1-(§))
Since X, is complete, we deduce that there exists x € B’ with p(x, — x) — 0as n — oo. It follows
from Aj-condition and A, — A that

p(x —ATx) = p(x — xp + x — ATX)

P( Txn_ )_‘_lxg(/\nz)\)TX_'_Dﬁ(xl—xn))
s s
<9p<—w-HA—Aw<> p((20)} (x — ) = Oas n > e

Thus A € A and A is closed in [0, 1].

Now, let Ag € A. Then there exists xg € B with xg = AgTxy. Choose € > 0 such that

e’ < min{ofl, %(1 — (é)s)r},

where r = inf{p(x — x0); x € 9p(B)}. If A € (A9 —€,Ag +€), then for x € B(xo,7)" we have

p(xg — ATx) = p(c"(Tx(;—TX)+ i(Aom—;)\)Txo>
= (é) p(xo — x) + Ao — A["0(Tx0)
< (é) r+eM
< Eprea-Epyr=r

Therefore AT : B(x, r)p — B(xo, r)P. It is easy to show that AT satisfies the condition (1) and
by applying Theorem 1, we can deduce that AT has a fixed point. Thus there exists x € B for which
x = ATx. This shows that A € A and hence A is openin [0,1]. O

4. Application

In this section, we give an application of Theorem 4 to the following integral equation:

u(t) = up + ./O.tG(t,r)f(r,u(r))dr; tel=101], 3)
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in a modular space C = C([0,1],L?), where 0 < p < 1,0 < s < pand
LF = Lp([(),l})

={f: f:[0,1] = R is measurable and p(f) = /01 |f(t)[Pdt < oo},

1y € B and B is an s-convex, p-closed, p-bounded subset of L¥ with 0 € B.
Notice that the s-convexity of p implies the following lemma.

Lemma1 ([8]). Let0 < p<1,a>0,b>0, then (a+b)P < af +bP and |aP — bP| < |a — b|*.

We denote by X = C(I, B) the space of all p-continuous functions from I to B, endowed with the
modular px defined by px (1) = sup,.; p(u(t)). Using Proposition 2.1 of [7], one can show that X is
s-convex, px-bounded, px-closed of px-complete space C = C(I, L) and px satisfies the Ay-condition
and Fatou property.

Consider the following assumptions:

(i) f : I x B — B is p-continuous and satisfies

Iy >1 p(f(tu)—f(t,v) <yp(u—v); VYtelandu,ve B.

(i) G : I x I — R is a measurable mapping such that the map r — G(t,r) is continuous for
almost all ¢ € I, and also fol |G(t,r)|dr < 1forallt € I.

Theorem 5. Under the conditions (i) and (ii), if for some positive number A > 1 we have A fol |G(t,r)|dr <
7%1, then a mapping F defined on X as

t
Fu(t) = o+ [ Gltr)f(r,u(r)) dr
0
is a self-adjoint operator which satisfies (1).

Proof. First we show that F : X — X is a self-adjoint operator. Suppose t,,ty € [0,1] and t, — fo
as n — oo. Since u is p-continuous in ty and condition (i) holds, by Az-condition f is |.|,-continuous
where |.|, is the F-norm generated by modular p. Hence, Fu is |.|,-continuous. On the other hand, the
topologies generated by |.|, and p are equivalent, therefore, Fu is p-continuous at fo.

Fixt € [0,1]. Let A > 0and T = {to, t1,...,tx} be any subdivision of [0, t]. It can be seen that
Z?:_ll A(tiy1 —t;)G(t, t;)u(t;) is p-convergent to fol AG(t, r)u(r)dr when

|T| =sup{|tis1 —ti|; 0<i<n—1} -0 as n — oo.

By the Fatou property, condition (ii) and s-convexity of p, we have

n—1

p(/ot /\G(t,r)u(r)dr) < liminfp< ; At — 1)G(E, ti)u(t,-)>

<2 ([ 16ndr) putiy)
< )\S(/Ol \G(t,r)|dr)spx(u).
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This implies that

pMEu = Fo)(0) = p( [ A6(4,0) (£r,u(r)) £, 0(r))) )
<22 ([ I6nlar) p(f(tu(t) - £,0(0)
1 s
<A ([ 16 nldr) 7 p(u(t) —o(t))
AS</01 |G(t, r)|dr)s'y px(u—v).

Therefore,

1 s
px(M(Fu = Fo)) < A*( [ 16t r)lar) 7 px(u— o)
By putting c = A and k = /\( fol |G(t,7) |dr> ’y%, the operator F satisfies the condition (1). O

Theorem 6. Under the conditions (i) and (ii), suppose there exists px-bounded open U C X with 0 € U such
that if u solves the integral equation

t
u(t) = ko + /O kG(t,r)f(r, u(r)) dr @

for some k € (0,1), then u & 3 (U). Then (3) has a unique solution in U™,

Proof. Evidently F : U°* — X satisfies in (1). If we apply Theorem 4 and consider the fact that
condition (2) occurs because of (4), we get the required result. [

Author Contributions: M.R. contributed in conceptualization, investigation, methodology, validation and writing
the original draft; H.B. contributed in conceptualization, investigation, methodology, validation and writing
the original draft; O.E. contributed in conceptualization, investigation, methodology, validation and writing the
original draft; M.D.1.S. contributed in funding acquisition, methodology, project administration, supervision,
validation, visualization and editing. All authors agree and approve the final version of this manuscript.

Funding: The authors thank the Basque Government for its support of this work through Grant IT1207-19.

Acknowledgments: The authors thank the Spanish Government and the European Fund of Regional Development
FEDER for Grant RT12018-094336-B-100 (MCIU / AEI/FEDER, UE) and the Basque Government for Grant IT1207-19.
We would like to express our gratitude to the anonymous referees for their helpful suggestions and corrections.

Conflicts of Interest: The authors declare that they have no competing interests concerning the publication of
this article.

References

1. Nakano, H. Modulared Semi-Ordered Linear Spaces; Tokyo Mathematical Book Series; Maruzen Co. Ltd.:
Tokyo, Japan, 1950.

2. Musielak, J.; Orlicz, W. On modular spaces. Stud. Math. 1959, 18, 49-65. [CrossRef]

3. Krasnoselskii, M.A.; Rutickii, Y.B. Convex Functions and Orlicz Spaces; Noordhoff Ltd.: Groningen,
The Netherlands, 1961.

4. Kozlowski, WM. Modular Function Spaces, Monographs and Textbooks in Pure and Applied Mathematics; Marcel
Dekker: New York, NY, USA, 1988; Volume 122.

5. Khamsi, M.A.; Kozlowski, WM. Fixed Point Theory in Modular Function Spaces; Springer: New York,
NY, USA, 2015.

6. Khamsi, M.A.; Kozlowski, W.M.; Reich, S. Fixed point theory in modular function spaces. Nonlinear Anal.
1990, 14, 935-953. [CrossRef]


http://dx.doi.org/10.4064/sm-18-1-49-65
http://dx.doi.org/10.1016/0362-546X(90)90111-S

Symmetry 2020,12, 15 80f8

7.  Taleb, A.; Hanebaly, E. A fixed point theorem and its application to integral equations in modular function
spaces. Proc. Am. Math. Soc. 1999, 128, 419-426. [CrossRef]
8.  Ding, G.G. New Theory in Functional Analysis; Academic Press: Beijing, China, 2007.

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://dx.doi.org/10.1090/S0002-9939-99-05546-X
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Main Results
	Application
	References

