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Abstract: Recently, the so-called new type Euler polynomials have been studied without considering
Euler polynomials of a complex variable. Here we study degenerate versions of these new type Euler
polynomials. This has been done by considering the degenerate Euler polynomials of a complex
variable. We also investigate corresponding ones for Bernoulli polynomials in the same manner.
We derive some properties and identities for those new polynomials. Here we note that our result
gives an affirmative answer to the question raised by the reviewer of the paper.

Keywords: degenerate cosine-Euler polynomials; degenerate sine-Euler polynomials; degenerate
cosine-Bernoulli polynomials; degenerate sine-Bernoulli polynomials; degenerate cosine-polynomials;
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1. Introduction

The ordinary Bernoulli polynomials B, (x) and Euler polynomials E,(x) are respectively
defined by

L=y B0 8
et—1 =l

and .
ot 1 - Z En(x)a/ (2)

(see [1-20]).
For any nonzero A € R, the degenerate exponential function is defined by

eX(t) = (1+ AT, ex(t) =ei(t), ®
(see [8]).
In [1,2], Carlitz considered the degenerate Bernoulli and Euler polynomials which are given by
L o — aant = Y g, @
ex(t) -1 (1+A)T —1 n=0 n
and
_ 2 - — 2 4t = Y a0k, )
ea(t) +1 (1+ AT +1 n=0 "

Note that
/{%,Bn,)\(x) = Bu(x), /l\ig})gn,/\(x) = En(x).
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The falling factorial sequence is defined as
(x)o=1, (X)p=x(x—1)---(x—n+1), (n>1),

(see [17]).
The Stirling numbers of the first kind are defined by the coefficients in the expansion of (x), in
terms of powers of x as follows:

= 3 S0, 1), ®)
=0

(see, [7,11,17]).
The Stirling numbers of the second kind are defined by

x" =

S (n,1)(x);, (n>0), @)

1=

0

(see [9,10,17]).
In [9], the degenerate stirling numbers of the second kind are defined by

o) tn

%(m(ﬂ—g"z 25&2)(n,k)a, (k > 0). ®)

n=k
Note that lim SE\Z) (n,k) = $@ (n,k), (n,k >0).
A—0

Recently, Masjed—Jamei, Beyki and Koepf introduced the new type Euler polynomials which are
given by

2ePt &0 £
——— cosqgt = Ey'(p,q9)—, )
el +1 EO " n!

2ePt = (s) "

= singt =) Ey’(p.q9)—, (10)
ef+1 7;6 " n!

(see [15]).
They also considered the cosine-polynomials and sine-polynomials defined by

fosqt = Z Cu(p,9)—, (11)
and
fsingt = Z Su(p.9)—, (see[15]). (12)

In [15], the authors deduced many interesting identities and properties for those polynomials.
It is well known that

¢* = cosx+isinx, wherex €R, i=+—1, (13)

(see [20]).
From (1) and (2), we note that

t I’l
i el iyt — Z B, (x + zy) (14)
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and
2 erin)t 200 E (x+iy)ﬁ (15)
et +1 =" nt’
By (14) and (15), we get
E o o Bu(x+iy) + Ba(x —iy) " _ 5 pe) .
———e" cosyt = — =) By, (x,y)—, (16)
et —1 ng) 2 n! ng‘b " n!
Eo v Bulxt+iy) = Ba(x —iy) " & L(s) "
¢ sinyt = n§:o T i nE:an (x,y)n!,
> En(x+iy) + Ex(x —iy) " & (o) "
xt _ n J— _
¢ cosyt = ,;:o > o n§:O Ey (x,]/)n!,
and ( ) = En( ) £ !
. 2 En(x+1iy) —En(x —iy) t o . (s) t
xt — n — =
1 sinyt = n§:0 5 o 7;70 Ey (x,}/)n!,
(see [12]).

In view of (4) and (5), we study the degenerate Bernoulli and Euler polynomials with complex
variables and investigate some identities and properties for those polynomials. The outline of this
paper is as follows. In Section 1, we will briefly recall the degenerate Bernoulli and Euler polynomials
of Carlitz and the degenerate Stirling numbers of the second kind. Then we will introduce the so-called
the new type Euler polynomials, and the cosine-polynomials and sine-polynomials recently introduced
in [15]. Then we indicate that the new type Euler polynomials and the corresponding Bernoulli
polynomials can be expressed by considering Euler and Bernoulli polynomials of a complex variable
and treating the real and imaginary parts separately. In Section 2, the degenerate cosine-polynomials
and degenerate sine-polynomials were introduced and their explicit expressions were derived.
The degenerate cosine-Euler polynomials and degenerate sine-Euler polynomials were expressed in
terms of degenerate cosine-polynomials and degenerate sine-polynomials and vice versa. Further, some
reflection identities were found for the degenerate cosine-Euler polynomials and degenerate sine-Euler
polynomials. In Section 3, the degenerate cosine-Bernoulli polynomials and degenerate sine-Bernoulli
polynomials were introduced. They were expressed in terms of degenerate cosine-polynomials and
degenerate sine-polynomials and vice versa. Reflection symmetries were deduced for the degenerate
cosine-Bernoulli polynomials and degenerate sine-Bernoulli polynomials.

2. Degenerate Euler Polynomials of Complex Variable

Here we will consider the degenerate Euler polynomials of complex variable and, by treating the
real and imaginary parts separately, introduce the degenerate cosine-Euler polynomials and degenerate
sine-Euler polynomials. They are degenerate versions of the new type Euler polynomials studied
in [15].

The degenerate sine and cosine functions are defined by

cos)t = > , sinyt = x (17)
From (13), we note that
lim cosy t = cost, limsiny f = sint.
A—=0 A—=0
By (5), we get
2 x+iy o N
_— H) = —. 18
eA(t)—i—le)‘ ( ) ;;)gn,A(x+ly)n! ( )
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and
2y = Y o (x—iy) (19)
ex(t)+14 = nA Yar
Now, we define the degenerate cosine and degenerate sine function as
iy ¢ —iy ¢
COSS\y)(t) — e/\()z—e/\() = COoSs (J//\ log(l + )\t))l (20)
iy —iy
e )y
siny’ (t) = S =sin| 3 log(1+ At) ). (21)
Note that lim cos(y)(t) = cosyt, lim sin(y)(t) = sinyt
A—=0 A N Yo A0 A N Y-
From (18) and (19), we note that
2 N ) o (EWA(x+iy)+€nA(x—iy))t”
———e (¢t t) = : : —, 22
e,\(t) +1€/\( )COSA ( ) n;) 2 n ( )
e Enalx+iy) — Enp (v = )
2 Wy v nA (X Fiy) — Ep(x —iy) \ £
NP 16/\(t) siny’’ (t) = n;] 5 k (23)

In view of (9) and (10), we define the degenerate cosine-Euler polynomials and degenerate
sine-Euler polynomials respectively by

x W — v e, A ”
ex(t) —i—le)‘(t) cosy (¢) r;)g”/\(x’y)n!' (24)
and
2 i en® v o) 4
(@\(t) +16A(t) smy (t) - rggn,)\(x’y)n!' (25)

Note that %irrb Siscg(x,y) = E,(f)(x,y), /l\irr}) S(si(x,y) = E,(f)(x,y), (n > 0), where E,(f)(x,y) and
— ’ — ’

n

E,(f) (x,y) are the new type of Euler polynomials of Masjed-Jamei, Beyki and Koepf (see [15]).
From (22)—(25), we note that

5,55/)\(96#) _ gn,/\<x + ly) ;’En,/\(x — l]/) , (26)

and

Enp(x +iy) = Enp(x —iy)
El(x,y) = 5 ,

We recall here that the generalized falling factorial sequence is defined by

(n>0). 27)

or =1, ()pr =x(x=A)(x=24)--- (x = (n=1A), (n=>1).

Note that lim (x), y = (x),, lim(x),) = x".
A—1
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We observe that

Eiy< ) 1 +/\t> 10g(1+)\t) (28)

< ) 1 (log( 1+)\t))

I
e =

k=0
= “K(iy) 2 sW(n, k)—t”
k:O
o (N yn—kik ka(1) ¢
= (Z)\ i*y*S (n,k))w.
n=0 \k=0 :

From (20), we can derive the following equation.

DI (GRS

cos; 5 00)
(Bs < n—kyz: n
“2 L (EA K 4 (=i )yrsD (m, k)>n'
n=0 \k=0 [
= (& 2k k, 2k (1 "
=) < A2 (1)K 2kl )(n,Zk))n
n=0 \k=0
o [oe) . tn
=) ( Y A Zk(_l)kyzks(l)(nIZk)) =
k=0 \n=2k !
Note that
Wy =y k, 2k _
%%COSA (t) = kgo( 1)y 201 cos yt
By (21), we get
. eiyt —e Yt
smf\y)(t) = % o)
— 1 0 n n—k sk ~ky Lk (1) tn
= ¥ [ R AR - (=)D k) )
n=0 \k=0
n—1
[ee] 7 .,
- L < L An2k1(_1)ky2k+15(1)(n,2k+1)>:z'
n=1 \ k=0 !
o0 fo'e) ;
=) ( ) (—1)k)\n2kls(1)(n,2k+1)t|)y2k+l,
k=0 \n=2k+1 n!

where [x] denotes the greatest integer < x.

Note that
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From (18), we note that

3 tn # x iy
nX:: n,A x+ly e/\(t) +16A(t) eA (t) (31)
=2 8 ()5 L ()G
1=0 " j= )
[ee] n n tn
- (i) sa&ia3)) 5.
nZ::O <1§) <l> " n!
On the other hand
2 +i > Lt o
szi Y(t) = HX::O&,AEJ;)(X + zy)j,)\],—! (32)
> (& ((n . #n
= Z ( Z (l) (x + ly)nl,/\gl,/\> pr
n=0 \]=0 n:

Therefore, by (31) and (32), we obtain the following theorem,

Theorem 1. For n > 0, we have

|
=

Enp(x +iy) (7) (1Y) n—1.2E 0 (x)

N
Il
o

I
1=
PR
=

N
Il
o

)t a8
Also, we have

Enp(x—iy) = i (7) (=1)" iy 12 €0 ()

1=0

= i (7) (=1)" iy = )u-12E10,

where (x)or =1, (x)yr =x(x+A)---(x+A(n—-1)), (n >1).

By (29), we get
) o e B i
e} (1) cosy! (1) = L@y X3 A H(=1)fysW (m, 20 (33)
o e 2% 1k 2ka(l t
= (L 2 (0)Am s 20w )
n=0 \m=0k=0 ’
and
(<) m
e (Bsind (1) = Y (¥)higy 1 Z AT ()RR (o, 2k+1)t (34)
=0 m=1 k=0
e e 2l Kk k, 2k t"
=Y ( Yy ) (m))\m—Z (=) 25 (1, 2k + 1) (x) - mA) i
n=1 \m=1 k=0
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Now, we define the degenerate cosine-polynomials and degenerate sine-polynomials

respectively by
() cos (1) = :io Cor(x9) 5 @)
and n
ek () siny! (¢ Z S0 ) (36)
Note that

Lim G (x,y) = Ci(x,y),  Hm Spa(xy) = S(x,y),
—0 A—0

where Ci(x,y) and S (x,y) are the cosine-polynomials and sine-polynomials of Masijed—Jamei, Beyki
and Koepf.
Therefore, by (33)—(36), we obtain the following theorem.

Theorem 2. For n > 0, we have

n 5]
Coalo) = 15 3 (2 )Am 21250 (0,20 (1)
m=0 k=0
O
-y Y ( )A’“"( V2SO (1, 26) (x)
k=0 m=2k \"

]
Suato) = 13 ()RS (0,2 1) (8
m=1 k=0

n

& n
=% n (A SO (o, 24 1) 3

and Sy (x,y) = 0.

From (24), we note that

@l o2 )
EEW/A(x,y)n! = 0@ +1€A(t)COS/\ (t) (37)
oo gm l
=) 5mAﬁ 2. G,
m=0 1=0
[ee] n tVl
:Z(E ( > mACn m/\x]/)>|'
n=0 \m=0 n:

On the other hand,

o [4] N
2 W)y _ S N =2k 1k, 2ke(1)
eA(t)HeA(t)cosA (1) =Y Ennlx) !Z A2k ()R 2s (g, 2k)l'

69
(7M1, 208,100 )

tn

k=0
= (M 12k gk 2k (1) "
k—Olgk(l)A (=™ (Z'Zk)gnl’)‘(x)> nt’
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By (30), we get
(]
2 s () = 30 Ema (1) 3 Y ()AL 250 g 2k 1) (39)
er)+17 A = i .
[e) n [FTl] n t}’l
-y <Z 5 (Z>Al—2k—l(_1)ky2k+15(1)([,2k+1)gn_l,/\(x))'
n=1 \I=1 k=0 n:
@ 1Z] Y\ 1-2k-1 k, 2k+1c(1 £
=L (L (e sha s ne o )
n=1 \ k=0 [=2k+1 n
Therefore, by (24), (25), and (37)—(39), we obtain the following theorem.
Theorem 3. For n > 0, we have
fe =y ("
n,/\(x/y) - E k gk,)\cn—k,)\(x/]/)
k=0
& (n 1-2k k, 2kc(1
=3 ¥ ()W S 208,000
k=0 I=2k
Also, for n € N, we obtain
(s) _y ("
Emxy) =) P ExASn—kA(X,Y)
k=0
[n-1]
0 (M i—2k—1, 4k, 2k410(1)
Z Z ] A (—1) Y S (l,2k—|—1)5n,l/,\(x).
k=0 1=2k+1
By (24), we get
[ c tl
265 (t) cos) (1) = ) sﬁﬂx,y)ﬁ(ew) +1) (40)

=0

o m [od n

C t Cc t
= 251(2 (% ¥ Z Y E3 )
: n=0

—Z(Z@ (Duoin &5 (xy) + €9 (x, ));'

1=0

Therefore by comparing the coefficients on both sides of (35) and (40), we obtain the
following theorem.

Theorem 4. For n > 0, we have
1/ /n
Coalen) =3 (1 (7)) snel ) + £ m) ),

and

>

Suae) = 5 ( 1 (7) aiagfi on) + €0 ) ).
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From (24), we have

o (e " 2 .
Zogfl,j(x b= e o cos¥) (1) @)
n—=
_ 2 W) (o
~ ) +18A(t) cos;” (t)ej (t)
o o (c H & i
= Zgl(,A)(xfy)*, Yo ( )m?x%
1=0 m=0 :
S N AT g
= Z (Z (l>gl(,/\)(x/]/)(r)n—l,A> o
n=0 \[=0 :

Therefore, by comparing the coefficients on both sides of (41), we obtain the following proposition.

Proposition 1. For n > 0, we have

" n
gr(z,cf)\(x +ry) =), <l>€l(,(/:\)<x/y)(r)nl,)u
=0

and

EL ) -t
where 1 is a fixed real (or complex) number.

Now, we consider the reflection symmetric identities for the degenerate cosine-Euler polynomials.
By (24), we get

() cosg\y)(t) (42)
=2 (B eosY )

% (—H) cos) (—t)

and

= — = _el7¥() sinf\y)(t) (43)

Therefore, by (42) and (43), we obtain the following theorem.

Theorem 5. For n > 0, we have

£ (1—xy) = (~1)"E, (x,y),



Symmetry 2019, 11, 1168 10 of 16

and
ENN(1—xy) = (~1)™El | (vy),

Now, we observe that
tTl

o () [
ygg”/A(x'y)n! et

a1l (1)@ - eo

(e(t) — 1+ 1) cos (t) (44)

Therefore, by (44), we obtain the following theorem.

Theorem 6. For n > 0, we have

Also, for n € N, we have

n k
eltow = L3 () s (kDD ).

3. Degenerate Bernoulli Polynomials of Complex Variable

In this section, we will consider the degenerate Bernoulli polynomials of complex variable
and, by treating the real and imaginary parts separately, introduce the degenerate cosine-Bernoulli
polynomials and degenerate sine-Bernoulli polynomials.

From (4), we have

L = Y B i (45)
( ) 1 n=0
and
t}’l
W Z Bua(x —iy) . (46)

Thus, by (45) and (46), we get

L (Bua (x4 )+ Bua(x - i) = Zﬁeﬁ(t) cost¥) (1), (47)
and

- , NN .

Z;O (Bua(x +iy) = Bua(x —iy)) i ZIWei(t) sm&y) (t). (48)
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In view of (24) and (25), we define the degenerate cosine-Bernoulli polynomials and degenerate
sine-Bernoulli polynomials respectively by

éex(t) Cos(y)(t) _ i [3(5) (x y)ﬂ (49)
() 1M S i P e
and
L et (p)sin® (¢) = i BY) (x y)ﬂ (50)
e)\(t) - n=0 ATl
Note that ﬁéﬁ(x,y) =0.
From (47)—(50), we have
Bua(x +iy) + Bua(x —iy)
B\ (xy) = 5 / ®1)
and . )
BE) (x,y) = Prallt W) —Bualx=iy) ()5 52)
’ 2i
Note that

: (c) _ plo) . (s) _ pls)
)lllgblgn,)\(xry)—Bn (x,y), %lgbﬁn,/\(xry) =B’ (x,¥),

where B,(f)(x,y), B,(f) (x,y) are cosine-Bernoulli polynomials, and sine-Bernoulli polynomials

(see [12,16]).

By (49), we get
[ee] t” t N
) ﬁi(fgl( J/)E = Wﬁ;\(t)cos&y)(t) (53)
n=0 :
(e ] tl (o) m
1=0 m=0
o n n tn
=) (Z (l)ﬁz,ACnl,A(x,y)> -
n=0 \]=0 !
On the other hand,
t X
OB cosY) (#) (54)
=Y Bua(x)— 3 Y A1)k (1, 26)
m=0 " 1=0k=0 n

n

(111) /\ZZk(_l)kyzks(l)(l,Zk)ﬁnl,/\(x)> al

n!

[e¢] [%] n n ! K k X ti’l
(Z Z (l)A 2 (_1) yz S(l)(llzk)ﬁnl,/\(x)> E
n=0 \k=0I[1=2k :

Therefore, by (53) and (54), we obtain the following theorem.
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Theorem 7. For n > 0, we have

Bty =) (”)ﬁk,Acnk,A<x,y>

=

-y Y (7) A2k S (1, 2K) By 0 ().

Also, for n € N, we have

ﬂﬁf}(x,y) = i (Z) BrASn—kA(x,Y)

—
il
o

N}

—

n
5 (n) A2k 21 (1 2k 4-1) B,y A ().
=0 1=k \/

and

BE) (x,y) = 0.

72

From (49), we have

50 (1 b t —x(1) cos?) (1 55
’;),Bn,,\( x,y)n! 1—6X1(t)e)‘ (t) cos,” (1) (55)

_ —t X [ (v) .
77@,;\(—&—16_)‘( t) cos” (—t)

(o] c _1 n "
= ;)5;(1,))\(’5/.1/)( n!) t.

Therefore, by (55), we obtain the following theorem.

Theorem 8. For n > 0, we have

and

By (49), we easily get
- (c) ﬁ — t X+r t () ¢ 56
Y Bih (et ) = el eost? () (56)
n=0 :
t X T
= e cost? ()¢} (1)
00 i’l ) gm
=Y By L (Dma—
1=0 *m=0 :

[l
gk
VS
1=
VS
— X
N—
=
G
—
Ry
<
S—
—
~
N—
i

<
N———
2

3
i
o
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By comparing the coefficients on both sides of (56), we get

sl = 5 ()0
and
B\ (x+7,y) = Z() Mxy(r)n_m,

where r is a fixed real (or complex) number.
From (49), we note that

1} (1) cosy” (1) = L, Bl e ) g ea(t) = 1)
e | o m o)
= E)ﬁfﬁ(x,y);! Zo(l)m,/\fn! - Zj B (x, Y
B =] n ©) . B . #
= £ (1 (1)l -pien )

B (v +1,9) - B (x, y>) a

I
agk:
Y Y

Bilia(x+1y) =Bl (xy) |
n+1 n! ’

By (59), we get

00 (c) _ plo) n
3 <5n+1,/\(x+1/y) ﬁn-i—l,/\(x’y)):l' =ei(b) (v)

n=0 n+1 n=0

[es] t}’l
cost! (1) = 1 Con(1,9) .

13 of 16

(57)

(58)

(59)

(60)

Therefore, by comparing the coefficients on both sides of (60), we obtain the following theorem.

Theorem 9. For n > 0, we have

Cur(0y) = 5 {81+ Ly) = B4 (e},

and

Sualty) = — = (6514 (v + 1y) — By (o) )

Corollary 1. For n > 1, we have

Cun(x,y) n+1 Y <n+1)5c;3 ) Wng1-1.0

1=0

and

1 & /n+1\ (s
Sn,A(X:}/)Img( | )ﬁ?,ﬁ(x,y)(l)nﬂ_z,»

When x = 0, let 8)(0,y) = B (1), B0, ) = BEL (1), £19(0,y) = €1)(y), and
£1%(0,y) = €5 ()
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For n > 0, we have

Bhw = 1 3 (1A H 00,2008, (61

B = ¥ % ()00, 24 1, 62
k=0 1=2k+1
By (49), we get
Y Ay = gy oot (e ~141)° (©3)
m oo o k
= 2 erA t 2(")125( )(k l)kl
l:O k=1
m oo k k
= Y A X 2<x>ls§2><k,l>%
m=0 " k=01=0 :
t}’l
E(EL Qoo

Comparing the coefficients on both sides of (63), we have

Bire) = LY () s (6 0B, ()

Also, for n € N, we get

and

4. Conclusions

In [15], the authors introduced the so-called the new type Euler polynomials by means of
generating functions (see (9) and (10)) and deduced several properties and identities for these
polynomials. Haceéne Belbachir, the reviewer of the paper [15], asked the following question in
Mathematical Reviews (MR3808565) of the American Mathematical Society: Is it possible to obtain
their results by considering the classical Euler polynomials of complex variable z, and treating the real
part and the imaginary part separately?

Our result gives an affirmative answer to the question (see (16)). In this paper, we considered
the degenerate Euler and Bernoulli polynomials of a complex variable and, by treating the real and
imaginary parts separately, were able to introduce degenerate cosine-Euler polynomials, degenerate
sine-Euler polynomials, degenerate cosine-Bernoulli polynomials, and degenerate sine-Bernoulli
polynomials. They are degenerate versions of the new type Euler polynomials studied by
Masjed-Jamei, Beyki and Koepf [15] and of the 'new type Bernoulli polynomials.’



Symmetry 2019, 11, 1168 15 of 16

In Section 2, the degenerate cosine-polynomials and degenerate sine-polynomials were introduced
and their explicit expressions were derived. The degenerate cosine-Euler polynomials and degenerate
sine-Euler polynomials were expressed in terms of degenerate cosine-polynomials and degenerate
sine-polynomials and vice versa. Further, some reflection identities were found for the degenerate
cosine-Euler polynomials and degenerate sine-Euler polynomials. In Section 3, the degenerate
cosine-Bernoulli polynomials and degenerate sine-Bernoulli polynomials were introduced. They
were expressed in terms of degenerate cosine-polynomials and degenerate sine-polynomials and
vice versa. Reflection symmetries were deduced for the degenerate cosine-Bernoulli polynomials and
degenerate sine-Bernoulli polynomials. Further, some expressions involving the degenerate Stirling
numbers of the second kind were derived for them.

It was Carlitz [1,2] who initiated the study of degenerate versions of some special polynomials,
namely the degenerate Bernoulli and Euler polynomials. Studying degenerate versions of some special
polynomials and numbers have turned out to be very fruitful and promising (see [3,5-11,13,14,19] and
references therein). In fact, this idea of considering degenerate versions of some special polynomials
are not limited just to polynomials but can be extended even to transcendental functions like gamma
functions [8].
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