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Abstract: This paper establishes an optimal generic function model in order to obtain a continuous
phase modulated (CPM) signal with a smoother phase modulation function. This is achieved by
finding the solution to the symbol signals at different lengths of the CPM function. In the solution
process, the unknown amount that needs to be solved is reduced by using the even function symmetry
characteristic of the signal to be solved. For each different form of the signal, the time domain form
of the CPM function and the corresponding normalized energy spectral density are compared
under the influence of the phase modulation signal length and the generic function parameter n.
The data transmission rate is improved by introducing inter-symbol interference, and the modulation
process is realized using six-way parallel transmission when the CPM function is 6T. The simulation
results show that the CPM function obtained by establishing an optimal generic function model
has high-quality time-frequency characteristics. The real-time phase trajectory and the high-order
derivative are both continuous, and the modulated signal has constant envelope characteristics.
The CPM function has a fast rolling-off in the frequency domain and small out-of-band radiation,
which greatly improves the characteristics of the frequency band utilization.

Keywords: optimal generic function model; CPM; optimization; energy spectral density; inter-symbol
interference

1. Introduction

As digital communication technology has advanced, digital modulation and demodulation
technologies have also developed rapidly. Continuous phase modulation (CPM) has gained increasing
attention as an attractive method of communication modulation, due to having smaller out-of-band
radiation, stronger anti-interference ability and higher spectrum utilization than traditional modulation
methods [1–3]. Conventional minimum shift keying (MSK) signals and other baseband transmission
signals usually have phase trajectories that are segment-linear-continuous, while their first-order
derivatives or high-order derivatives are not continuous. As a result, there are large side lobes in
the frequency domain [4,5]. Therefore, the signal requires a larger frequency band for transmission,
resulting in low spectrum utilization. The CPM method can effectively overcome this drawback.
Zhanyu Yang et al., normalized the energy spectrum comparison between MSK and quadrature phase
shift keying (QPSK) and they indicated that MSK has a fast rolling-off sidelobe spectrum [6]. However,
the rate of MSK decline is still slower than the CPM method.

Symmetry 2019, 11, 1114; doi:10.3390/sym11091114 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
http://dx.doi.org/10.3390/sym11091114
http://www.mdpi.com/journal/symmetry
https://www.mdpi.com/2073-8994/11/9/1114?type=check_update&version=2


Symmetry 2019, 11, 1114 2 of 11

The partial response waveform artificially introduces inter-symbol interference at the symbol
sampling time in order to improve the frequency band utilization and accelerate attenuation of the
“tail” of the transmitted signal waveform [7–10]. The interference is then eliminated before the receiver
generates the decision waveform to improve the spectral signature. A system that transmits a partial
response waveform as a baseband signal is usually called a partial response system [11,12]. A partial
response system can not only improve the frequency band utilization, but also has the advantages of
large attenuation and fast convergence of the tail of the transmission waveform. For these reasons, it
has been widely used in digital baseband transmission systems [13,14]. M.M. Naghsh and M.J. Omidi
introduced appropriate per-carrier partial response signaling between successive orthogonal frequency
division multiplexing (OFDM) blocks to reduce out-of-band (OOB) radiation [15]. Alan Barbieri et al.
considered inter-symbol interference and the spacing between adjacent carriers in a frequency-division
multiplexed CPM system and provided an algorithm for optimal spectral efficiency of the system
parameters, effectively improving the spectral efficiency of the CPM signal [16]. There are many well
known optimization algorithms, including the adaptive algorithms for system identifications and
beamforming [17–19]. Future research should apply an adaptive algorithm to the optimization of
baseband symbol signals.

A continuous phase modulated signal has a low out-of-band energy spread, phase smoothing, and
a constant envelope and thus offers a higher frequency spectral efficiency. In this paper, the smoothing
effect of the phase change trajectory of a CPM signal is discussed in detail, and modulation is realized
using MATLAB. In the solution process, using the even function symmetry characteristic of the signal
to be solved, the unknown amount that needs to be solved is reduced. By constructing a generic
function model to optimize the partial response CPM signal function, a CPM signal with continuous
phase and high-order derivatives is obtained, which further improves the normalized energy spectral
characteristics of the CPM signal. The Fourier series coefficients of the symbol signals at different
lengths are obtained by simulation, and a phase modulation function with low out-of-band energy
radiation is constructed. The corresponding phase modulation function spectral density function is
obtained using this phase modulation function. The normalized energy spectral density of the phase
modulation function is compared and analyzed for parameter n of the generic function and the length
of the CPM signal. In order to prove that the obtained CPM signal has good spectral characteristics, an
MSK signal is introduced for comparison purposes. The results show that the obtained CPM signal has
faster rolling-off characteristics and less out-of-band radiation. The transient steady-state modulation
method, of six-way parallel transmission of phase-modulated signals with inter-symbol interference,
improves the transmission efficiency when the baseband signal length is 6T. The obtained CPM signal
is verified to have constant envelope characteristics.

2. Establishment of an Optimal Generic Function Model

In order to ensure that the spectral characteristics of the baseband symbol signal satisfy the
minimum out-of-band energy radiation requirements, the following generic function criterion is
applied when optimizing the signal with a symbol length of 6T [20]:

J =
1

2π

∫ +∞

−∞
g(ω) |S(ω)|2 dω (1)

where g(ω) is a function that determines the slope of the spectrum S(ω) rolling-off of the desired
signal a(t), and |S(ω)|2 is the energy spectral density function of signal a(t). The length of a(t) is 6T
and it is assumed that a(t) is symmetric about the y-axis over the interval [−3T, 3T]. g(ω) is taken
as the ascending function g(ω) = ω2n, n = 1, 2, ... where the value of n depends on the amount of
out-of-band energy radiation to be suppressed. In order to ensure that the generic function integral J
converges in the integration, the quadratic falling slope of S(ω) must be greater than the rising slope
of the rising function g(ω) to ensure the energy spectrum S(ω) rolling-off speed of the desired signal
a(t) is defined.
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Thus, (1) can be written as follows:

J = (−1)n
∫ 3T

−3T
a(t) a(2n)(t)dt (2)

where a(2n)(t) is the 2n-order derivative of symbol signal a(t).
In this way, the minimum out-of-band energy radiation criterion can be reduced to the problem

of solving the baseband symbol function a(t) while ensuring that the mathematical universal function
J is minimized.

For the sake of brevity, only two additional restrictions are discussed below. The single symbol
signal energy constraints and the boundary constraints are used as the Lagrange constraints for
numerical solutions of optimal generic function models. Additionally, the optimal symbol length is
6T and [−3T, 3T] is taken as an example for discussion. A generic function that adds a single symbol
signal energy limit condition can be expressed as:

H = J + λ(
∫ 3T

−3T
a2(t)dt− E) (3)

where λ is the Lagrange coefficient and E is the energy of a single symbol signal.
The energy of a single symbol signal can be expressed as:

∫ 3T

−3T
a2(t)dt = E. (4)

The desired optimal symbol signal a(t) can be expressed as a boundary condition at time t = 3T
and t = −3T:

a(n−1)(±3T) = · · · = a′(±3T) = a(±3T) = 0 (5)

where the a(n−1)(±3T) represents the n− 1 derivative of a(t) at t = ±3T.
The following is a numerical method for solving the optimal generic function using a Fourier

complete orthogonal series. Considering that the optimal generic function of the desired function has
the symmetry characteristic of the even function, it can be expressed in the following form using a
Fourier series:

a(t) =
a0

2
+

m

∑
k=1

(
ak cos

( π

3T
kt
))

, t ∈ [−3T, 3T] (6)

where the coefficients of the Fourier series are:

ak =
1

3T

∫ 3T

−3T
a(t) cos(

π

3T
kt)dt. (7)

Equation (6) can be substituted into Equation (4), but the coefficients a0, a1, a2...ak of the Fourier
series and the Lagrange coefficient λ are unknown for a specific symbol signal energy E and symbol
signal length T in the generic function. If the value of the Fourier series coefficients a0, a1, a2...ak are
found and then substituted into Equation (7), the Fourier series expression of the optimal symbol
signal can be obtained. Its accuracy depends on the number of terms of the Fourier series. The more
items there are, the closer the numerical solution will be to the analytical solution of a(t).

J =
∫ 3T

−3T

{
a0

2
+

m

∑
k=1

[ak cos(
π

3T
kt)]

}
•
{

m

∑
k=1

ak(
π

3T
k)

2n
cos(

π

3T
kt)

}
dt, n = 2, 4, ... (8)

J = 3T
m

∑
k=1

a2
k (

π

3T
k)

2n
, n = 2, 4, ... (9)
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∫ 3T

−3T
a2(t)dt =

∫ 3T

−3T

{
a0

2
+

m

∑
k=1

[ak cos(
π

3T
kt)]

}2

dt = 3T(
a2

0
2
+

m

∑
k=1

a2
k) = E. (10)

Thus, H can be written as:

H = J + λ((
a2

0
2
+

m

∑
k=1

a2
k)−

E
3T

) = 3T
m

∑
k=1

a2
k(

π

3T
k)2n + λ((

a2
0

2
+

m

∑
k=1

a2
k)−

E
3T

), n = 2, 4, ... (11)

The minimum value of H should satisfy the boundary constraints and the Lagrange equations
are as follows:

∂H
∂ak

= 0, k = 1, 2, 3...m;
∂H
∂λ

= 0. (12)

For convenience, we take T = 1, E = 1, and solve the problem of optimizing the generic function
when there are different values for the number of items of the Fourier series.

3. Optimization and Solution of Partial Response CPM Symbol Signal

3.1. Optimization of CPM Signals of Different Lengths

In order to obtain an optimal baseband symbol signal, mathematical models of symbol signals
with symbol lengths of 2T and 4T are established based on the optimal generic function model
established above for a symbol length of 6T. Firstly, generic expressions of symbol signals of lengths 2T
and 4T are obtained. Using the same model building process, the optimization and solution process of
the partial response CPM baseband signal for baseband symbol lengths of 2T and 4T are deduced.

a1(t) =
a0

2
+

m

∑
k=1

(
ak cos

(π

T
kt
))

, t ∈ [−T, T] (13)

a2(t) =
a0

2
+

m

∑
k=1

(
ak cos

( π

2T
kt
))

, t ∈ [−2T, 2T]. (14)

Equation (10) is a Fourier series representation of the target baseband symbol signal when the
symbol length is 2T and Equation (11) is a Fourier series representation of the target baseband symbol
signal when the symbol length is 4T.

The mathematical generic function with additional constraints can then be expressed as follows:

H = J + λ((
a2

0
2
+

m

∑
k=1

a2
k)−

E
T
) = T

m

∑
k=1

a2
k(

π

T
k)2n + λ((

a2
0

2
+

m

∑
k=1

a2
k)−

E
T
), n = 2, 4, ... (15)

H = J + λ((
a2

0
2
+

m

∑
k=1

a2
k)−

E
2T

) = 2T
m

∑
k=1

a2
k(

π

2T
k)2n + λ((

a2
0

2
+

m

∑
k=1

a2
k)−

E
2T

), n = 2, 4, ... (16)

Equation (12) is a generic functional expression of the target baseband symbol signal when the
symbol length is 2T and Equation (13) is a generic function expression of the target baseband symbol
signal when the symbol length is 4T.

For the specific case of E = 1 and T = 1, only the coefficients a0, a1, a2...ak and Lagrange constant
λ of the Fourier series are unknown in the mathematical generic function and the solution for signal
a(t) can be found by solving the coefficients of the Fourier series. The values obtained by MATLAB
simulation are substituted into Equations (10) and (11) to obtain the required optimal baseband symbol
signal, taking a symbol length of 2T as an example to solve the phase modulation function. After
finding the optimal baseband symbol signal function using

∫ T
−T Ka(t)dt = π/2, the coefficient K

is obtained. Thereby obtaining a frequency modulation function g(t) = Ka(t). Then, according
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to ϕ(t) =
∫ t
−T g(τ)dτ, the phase modulation function can be extracted. A generic function model

parameter n = 4 is selected here and the frequency modulation functions at different lengths are
compared with the phase modulation function when the Fourier series m = 4. An example is shown in
Table 1 based on the MATLAB software solution for a spectrogram of the phase modulation function
when the Fourier series m = 4 and n = 2, 4 and 6.

Table 1. Fourier series m = 4, when the symbol length is 2T, 4T and 6T, the coefficient values of the
Fourier series obtained by taking 2, 4 and 6 respectively, and the corresponding K values.

Length of Symbol n a0 a1 a2 a3 a4 K

2 1.1743 0.5569 −0.0241 −0.0241 −0.0015 1.3377
2T 4 1.0388 0.6630 0.1291 −0.0122 0.0023 1.5121

6 0.9479 0.6961 0.2548 0.0284 −0.00428 1.6571
2 0.8302 0.3937 −0.0170 0.0033 −0.0010 0.9460

4T 4 0.7361 0.4698 0.0915 −0.0087 0.0016 1.0670
6 0.6590 0.4933 0.1958 0.0317 −0.0003 1.1917
2 0.6778 0.3215 −0.0139 0.0027 −0.0009 0.7724

6T 4 0.6007 0.3834 0.0747 −0.0071 0.0013 0.8745
6 0.5481 0.4025 0.1473 0.0164 −0.0024 0.9552

Based on the values in Table 1, the energy spectral density of the CPM functions are compared in
a single plot for m = 4, using the normalized energy spectral density comparison chart of the CPM
functions. The different symbol lengths, of n = 2, 4 and 6 are shown in Figures 1–3, respectively.
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Figure 1. Comparison of normalized energy spectral densities for different length continuous phase
modulated (CPM) functions with n = 2 and m = 4.
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Figure 2. Comparison of normalized energy spectral densities for different length CPM functions with
n = 2 and m = 4.
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Figure 3. Comparison of normalized energy spectral densities for different length CPM functions with
n = 6 and m = 4.

Based on Figures 1–3, the main features of the normalized energy spectral densities of CPM
signals for different lengths are analyzed. The properties of a Fourier transform state that when a time
domain signal is Fourier transformed into a frequency domain signal, the corresponding frequency
domain signal will be narrowed as the time domain signal is broadened [21]. For Figure 1, taking 2fT to
3fT as an example, when the length of the CPM function is 2T, there are approximately four side lobes,
and when the length of the CPM function is increased to 4T and 6T, there are approximately eight and
12 side lobes respectively for the same 2fT to 3fT interval, corresponding to a direct multiple of the
function length in the time domain. When n = 2, m = 4 and the CPM function length is 6T, the band
utilization rate is 2.3 times higher than when the CPM function length is 2T and 1.5 times higher than
when the CPM function length is 4T, for a−40 dB bandwidth. When n = 4, m = 4 and the CPM function
length is 6T, the band utilization rate is 2.1 times higher than when the CPM function length is 2T and
1.5 times higher than when the CPM function length is 4T, for a −40 dB bandwidth. When n = 6, m = 4
and the CPM function length is 6T, the band utilization rate is 2.9 times higher than when the CPM
function length is 2T, and 1.5 times higher than when the CPM function length is 4T, for a −40 dB
bandwidth. This analysis shows that increased suppression of interference due to the side lobes is
required as the baseband symbol signal grows, but the band utilization can also be improved to some
extent in the communication system, since the increased length of the baseband symbol signal also
speeds up the decay. Therefore, in a practical communication process, an appropriate solution should
be selected depending on the actual requirements.

3.2. The Effect of the N-Value of the Optimal Generic Function Model on the CPM Function

The above discussion investigates the series of changes in the spectral modulation density of the
phase modulation function as its length increases, for fixed values of n and m. When the length of the
CPM function is constant and the value of m is fixed at 4, the parameter n also has an effect on the
spectral density of the phase function in the optimization of the generic function model. To provide a
significant contrast with the energy spectrum of the CPM signal obtained by optimizing the generic
function model, the energy spectrum of the phase modulation signal of the MSK signal is introduced.
For this example, only the time domain diagram of the 6T length CPM function is given, however,
other lengths have identical characteristics to 6T. Figure 4 shows the CPM function trajectory for the
CPM function length of 6T, and values of n corresponding to 2, 4, and 6 respectively. Figure 5 shows
the normalized energy spectrum density when the length of the CPM function is 6T. Figure 6 shows
the normalized energy density for the corresponding 2T and 4T CPM functions when n are 2, 4, and
6, respectively.
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Figure 4. Minimum shift keying (MSK) energy spectra with CPM function lengths of 2T and 4T and, n =
2, 4 and 6 respectively, and the normalized energy spectral density of the corresponding CPM function.
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Figure 5. The CPM function trajectory with a CPM function length of 6T and n values of 2, 4, and
6 respectively.
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Figure 6. MSK energy spectrum with CPM function length of 6T and n = 2, 4 and 6 respectively, and
the normalized energy spectral density of the corresponding CPM function.

From Figure 5, it can be seen that when the length of the CPM function is constant and the Fourier
series is m = 4, as the length of the CPM function increases, the CPM function will become smoother at
the boundary. From Figure 5, it can also be seen that for a constant CPM function length, the main
lobe is substantially coincident when the value of n increases. This corresponds to their smoothness
characteristics at the boundary in the time domain diagram. Another significant feature is that the
CPM signal obtained from the optimal generic function decays significantly faster than the MSK signal.
For example, from Figure 6, when the length of the CPM signal is 6T, the frequency band utilization of
the optimal signal with n = 2 is 7.14 times higher than the MSK signal for a −40 dB bandwidth. For a
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−60 dB bandwidth, the band utilization of the optimal signal for n = 2 increases to 15.69 times higher
than the MSK signal. It shows that the CPM signal has a much higher energy spectrum utilization
than the MSK signal i.e. the CPM signal obtained from the optimal generic function has superior
spectral characteristics. For CPM function lengths of 2T and 4T and n = 2, 4 and 6, the spectral features
discussed above are also applicable.

3.3. Transient and Steady-State Modulation Method for Six-Way Parallel Transmission

The information transmission rate decreases as the length of the extended CPM function increases.
To address this issue, inter-symbol interference is introduced [22–24]. Taking the 6T CPM function
as an example, the CPM function when n = 4 and m = 4 is selected as the transmission signal and is
recorded as q(t). We divide the CPM function into two parts, the transient response and the steady
state response [25]. The transient response is the component of the CPM function that changes over
time. The steady state response is the component of the phase modulation function that is not affected
by time and is maintained in a relatively stable state. The steady-state response of the CPM signal of
length [−3T, 3T] is the component of the signal with time greater than 3T and this component value is
maintained at π/2. The transient response is the component of the signal between [−3T, 3T], which can
be seen in Figure 5. The transient steady-state modulation method for six-way parallel transmission
of CPM signals introduces inter-symbol interference as follows. Firstly, the baseband symbol signal
is serial/parallel converted, the serial symbol is divided into six paths, and the six-way symbol
information is stored in six arrays. Each single symbol phase is also divided into a transient and steady
state portion in combination with the delay and the single symbol phase function track. The transient
portion is obtained from each single symbol phase function, and the steady state portion is accumulated
by summing the previous symbol information and multiplying by π/2. The symbol information is
combined with the phase function and the six-way parallel time-varying phase trajectories are added
to obtain a modulated signal phase trajectory, thereby obtaining a modulated signal. The principle
block diagram of the method is shown in Figure 7.
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Figure 7. Schematic diagram of a transient steady-state modulation method for six-way parallel
transmission of CPM signals with inter-symbol interference.

The baseband transmission symbol signal is set to {100110 010110 011001 011001 100110 110100}.
After serial-to-parallel conversion, six parallel transmission signals are generated. Each channel is
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delayed by 1T successively in length, and six phase tracks are obtained which each contain six CPM
signals. The first baseband symbol signal is {100110}, and the remaining baseband symbol signals are
{010110}, {011001}, {011001}, {100110} and {110100}. A corresponding CPM phase trajectory map and
phase trajectory are obtained by superimposing the signals with six parallel transmission signals, as
shown in Figure 8 where (a)–(f) are the six-way parallel transmission CPM phase trajectories and (g) is
the phase trajectory obtained by superimposing the six-way parallel transmission CPM signals.
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Figure 8. Six-way parallel CPM transmission signals’ phase trajectory and superimposed
phase trajectory.

From Figure 8, it can be clearly observed that (b)–(f) are delayed by 1T-5T with respect to (a).
The transmission signal (g) containing inter-symbol interference is obtained by adding (a)–(f) using
MATLAB simulation software.

The phase trajectory obtained by superimposing the six-way parallel transmission CPM signals
of the first 18T are selected to obtain the CPM signal modulation signal, as shown in Figure 9.

0 2 4 6 8 10 12 14 16 18
t/T

-1

0

1

A
m
p
li
tu
d
e/
V

Figure 9. The phase modulated signal resulting from the superposition of six parallel CPM
transmission signals.

It can be seen that the trajectory realized by this method also has the CPM phase characteristic
and the modulated signal still maintains a constant envelope.

4. Conclusions

This paper establishes an optimal generic function module for a CPM function by introducing
the Fourier series and the complete orthogonal basis. The characteristics of the normalized energy
spectral density are analyzed for different contexts using the obtained CPM functions. The band
utilization from CPM signals of different lengths with the same parameters are compared. When
n = 4, m = 4 and the CPM function length is 6T, the band utilization rate is 2.1 times higher than when
the CPM function length is 2T and 1.5 times higher than when the CPM function length is 4T, for a
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−40 dB bandwidth. When n = 6, m = 4 and the CPM function length is 6T, the band utilization rate
is 2.9 times higher than when the CPM function length is 2T, and 1.5 times higher than when the
CPM function length is 4T, for a −40 dB bandwidth. The results show that the CPM signal obtained
by establishing the generic function model greatly improves the band utilization rate as the CPM
function length is increased. Additionally, for the same length of CPM signal and different values of
n, the frequency band utilization of the optimal signal with n = 2 is 7.14 times higher than the MSK
signal, for a CPM signal length of 6T and a −40 dB bandwidth. For a −60 dB bandwidth, the band
utilization of the optimal signal with n = 2 is 15.69 times higher than the MSK signal. The problem
of decreasing information transmission rates as the extended CPM function length increases are also
discussed in the paper. This problem is solved by introducing inter-symbol interference, which is a
temporary steady-state modulation method for six-channel parallel transmission of CPM signals with
inter-symbol interference. Using this method, the CPM signal obtained by optimizing the generic
function is modulated. The realized trajectory also has a CPM phase characteristic, i.e. the modulated
signal still maintains a constant envelope.
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