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Abstract: We consider an algebra qup of analytic functions on the Banach space of two-sided absolutely
summing sequences which is generated by so-called supersymmetric polynomials. Our purpose is to
investigate qup and its spectrum with using methods of infinite dimensional complex analysis and the
theory of Fréchet algebras. Some algebraic bases of qup are described. Also, we show that the spectrum
of the algebra of supersymmetric analytic functions of bounded type contains a metric ring M. We prove
that M is a complete metric (nonlinear) space and investigate homomorphisms and additive operators
on this ring. Some possible applications are discussed.
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1. Introduction and Preliminaries

Let X be a complex Banach space. A (continuous) map P: X — C is said to be a (continuous)
n-homogeneous polynomial if there exists a (continuous) n-linear map Bp: X" — C such that
P(x) = Bp(x,...,x). 0-homogeneous polynomial is just a constant function. A finite sum of homogeneous
polynomials is a polynomial. We denote by P (" X) the space of all continuous n-homogeneous polynomials
on X and by P(X) the space of all polynomials on X. Note that P("X) is a Banach space with respect to
any of the norms

1Pl = sup [P(x)],  r>o. M
llxll<r

Let 1, be the topology on P(X) of uniform convergence on bounded subsets of X. This topology
is generated by the countable family of norms (1) for positive rational numbers r and so is metrisable.
We denote by Hy(X) the completion of (P(X), 1,). So Hp(X) is a Fréchet algebra which consists of entire
analytic functions on X which are bounded on all bounded subsets (so-called entire functions of bounded type).
For details on polynomials and analytic functions on Banach spaces we refer the reader to [1]. The spectra
(sets of continuous complex homomorphisms = sets of characters) of H,(X) and its subalgebras were
investigated by many authors (see e.g., [2-5]).

Let G be a group of isometric operators on X. We denote by Hy(X) the subalgebra of Hy(X)
which consists of G-invariant analytic functions. Such algebras were considered in the general case
in [6,7]. For some special cases of G there is a sequence of G-symmetric homogeneous polynomials
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{P,P,...,P,,...},deg P, = n which forms an algebraic basis in the algebra of G-symmetric polynomials
P (X). For example, if G = s is the group of all permutations of the basis vectors in /1, then the functions

F(x) = fo, keN
i=1

and

iy <<y

Let F(x)(t), G(x)(t) and H(x)(t) be formal series
= i " 1F, (%)
n=1

=) t"Gu(x), Go=1

and .
=) t"Huy(x), Hy=1
=0

which also are called generating functions. From combinatorial considerations it is known ([9] p. 3) that
() = =7 0]

and
G(x)(t) = exp ( i prfnl ) ) —exp (- [ A0 @), ©)

where the equality holds for every x € ¢; and every ¢ in the common domain of convergence. In [10] it is
shown that every complex homomorphism ¢ of Hys(¢1) is completely defined by its value on G(x)(t) and

g(t) =¢(g(t) = ) t"9(Gn) ()

is a function of exponential type with ¢(0) = 1. Moreover, if ¢ = Jy is the point evaluation functional at
x € {1 (thatis 6x(f) = f(x), f € Hyp(¢1)), then

5:(G(t) = ]i_o[ 1+ xit). (5)

Note that (5) is an absolutely convergent Hadamard Product—the entire function defined by its zeros
a, = 1/(—xy) for x, # 0. Also [10,11], there is a family 1), A € C in the spectrum of H(¢;) such that
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In [12] it is shown that there is a function of exponential type y with 7(0) = 1 but which cannot be
represented as in (4). Spectra of algebras Hy,(¢,) were investigated also in [13,14]. Polynomials which are
symmetric with respect to some other representations of the group of permutations of natural numbers
were considered in [15-17].

In this paper we consider a subalgebra of entire functions of bounded type which is generated by
so-called supersymmetric polynomials. Algebras of supersymmetric polynomials on finite-dimensional
spaces were considered in [18-20]. In Section 2.1 we consider some important bases in the algebra of
supersymmetric polynomials. Section 2.2 is devoted to the spectrum of the algebra of supersymmetric
analytic functions of bounded type. In particular, we show that the set of point evaluation functionals
on the algebra can be described as a metric ring which is not a linear space. Some operators on this ring
are investigated.

2. Results

2.1. Bases of Supersymmetric Polynomials

We will use N for natural numbers and Z for integers. Also, we set Zy = Z \ 0 and denote by ¢1(Z)
the Banach space of all absolutely summing complex sequences indexed by numbers in Zj. The symbol
¢1 = ¢1(N) means the classical Banach space of absolutely summing complex sequences. Any element z in
01(Zy) has the representation

2=, 2 n, e 2-2,2.1,21,22, -+, 2ty - - -)

=x)=(..,Yn .-, Y2, 1|x1, %2, ..., Xn, .. )
with

[ee]

Izl =} l=il,

i=—o0

where x = (x1,x2,...,%u,...)and y = (y1,¥2,-.-,Yn,...) arein by, z, = Xy, z—y = Yy, for n € N and
x— (0|xq,x2,...,%xp,...)and y — (..., Y—n,...,¥—2,¥-1/0)

are natural isometric embeddings of the copies of ¢1 into ¢1(Z).
Let us define the following polynomials on ¢1(Zy):

[ee] [eo)

Ti(z) = Fe(x) = F(y) = } K_Y'yk, keN

i=1 i=1

Definition 1. A polynomial P on {1(Zy) is said to be supersymmetric if it can be represented as an algebraic
combination of polynomials { Ty }° ;. In other words, P is a finite sum of finite products of polynomials in {Ty} 3,
and constants. We denote by Py, the algebra of all supersymmetric polynomials on £1(Zyg).

Note first that polynomials Ty are algebraically independent because Fy are so. Hence {Tj }{° ; forms
an algebraic basis in Ps;p.

We say that z ~ w, for some z, w € ¢1(Zy) if Tx(z) = Tx(w) for every k € N. Let us denote by M the
quotient set £1(Zg)/ ~ which is a natural domain for supersymmetric polynomials. For a given z € ¢1(Zy),
let z] € M be the class of equivalence which contains z.
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Similarly like in [10] we introduce an operation “e” on {1 (Z):
zew = (yev|xeu)= (..., 00, Yn, ..., 01, Y1|X1, U1, .., Xn, Un,...),

where z = (y|x) and w = (v|u). Also, we denote z~ = (y|x)~ = (x|y). Clearly, (z7)” =zandzez™ ~
(0]0). These operations can be naturally defined on M by

[z] @ [w] = [zew]and [z]” = [z7]. (6)

Theorem 1. The following statements hold:

Ti(z e w) = Ty(z) + Tx(w) for every k € N.

The operations in (6) are well defined, that is, they do not depend on the choice of representatives.

(M, e, [z] — [z]7) is a commutative group with zero 0 = (0]0).

z ~ 0 if and only if there are d, s € {1 such that z = (d|s) and F,(d) = Fi(s) for all k € N. Equivalently, all
nonzero coordinates of d coincides with nonzero coordinates of s up to a permutation.

o =

Proof. Assertions (1)—(3) are straightforward consequences of definitions. In [13] is proved that for given
d,s € {1, F(d) = Fi(s) for all k € N if and only if all nonzero coordinates of d coincides with nonzero
coordinates of s up to a permutation. [J

Let P; and P, be some algebras of polynomials on linear spaces X and Y respectively such that
P, is generated by an algebraic basis {P;, P5,..., Py, ...} and P, is generated by an algebraic basis
{Q1,Q2,...,Qu, ...} with deg P, = degQ, = n, n € N. Then the map, defined on the basic vectors
by P, — Q, and extended to P; by linearity and multiplicativity, obviously is an algebraic isomorphism
from P; onto P, which preserves degrees of polynomials.

Let us denote by A the isomorphism from Ps = Ps(/1) to Psyp such that

AN:F,— Ty, neN.
Proposition 1. If {P,};>_; is an algebraic basis in Ps, then {A(P,)}5_ is an algebraic basis in Pgyp.

Proof. The proof follows from the general fact that the range of any algebraic basis under an isomorphism
is an algebraic basis. Indeed, A(P,), n € N are algebraically independent because P, n € N are so and A
is injective. Also, every Q € Py, belongs to the algebraic combination of {A(P,)}$°_; because A~1(Q)
belongs to the algebraic combination of { P, }>_; and A is surjective (cf. [13]). [

Let qup be the completion of Psup with respect to the topology of uniform convergence on bounded
subsets. In other words, qup is the minimal closed subspace of Hy(¢1(Z)) which contains Ps,,. Elements
of H,"" will be called supersymmetric analytic or entire functions on ¢1(Zo).

Proposition 2. The map A~ is continuous and can be extended to a continuous homomorphism from HZW to
Hys = Hys(¢1) with a dense range. The map A is discontinuous and densely defined on Hy,.

Proof. Let us observe first that A*1(P) is the restriction of P € Ps,, onto the closed subspace
{(0]x): x € £1}. The operator of the restriction is obviously continuous on qup and is the extension
of A1, The range of A~! is dense because it contains all symmetric polynomials on /1. On the other
hand, in [10] it is proved that the homomorphism A_: P; — Ps such that A_F, = —F, k € Nis
discontinuous on (Ps, 7). Moreover, in [21] a function g(x) € Hy, such that A_(g) ¢ Hys was constructed.
If A is continuous, it can be extended to the whole space Hys and so Ag(x|0) = (A_g)(x). It leads to
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a contradiction because on the left side we have a bounded function on all bounded subsets but on the
right side, it is not so. [

For a given y € {1 we denote by AyP(x) = (AP)(y|x), P € Ps.Itis easy to see that

AyP(x o) = (AP)(ylx o y) = (AP)(0]) = P(x).

Theorem 2. Let AG, = Wy,. Then

x) = kz Ge(x)Hyi(~y), neN )
=0
" G (1)
" x)(t
(y|x n;)t Wﬂ 3/|x) g(y)(t>/ (8)

where the equality is true on the common domains of convergence.

Proof. In [10] it is proved that

Gxey)(t) =G(x)()G(W)(), xy€Eb. )
Hence, for a fixed y € ¢4
Ay(G(xey)( Z PAG) W) Y- FGaly) = Y #'Walyl) Z "G
n=0 n=0
On the other hand,
Ay(G(xey)(t) = Z t"G
So

Y PWa(ylx) Y t"Gu(y) = ) t"Gu(x). (10)
n=0 n=0 n=0
From (10) we have
W(ylx)(£)G(y)(t) = G(x)(t)
and so (8) holds. Taking into account Formula (2) we have

Y W(ylx) = Y HGa(x) io PH(—y) = Y Y Gelx)Hy ().

n=0 n=0

From here we have (7). O

Corollary 1.
W((ylx) o (d[b))(t) = W(y[x)()W(d[b)(t), x,y,bd & by

Proof. The required statement immediately follows if we combine Formulas (9) and (8). O
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Corollary 2. For everyn € Nand x,y,b,d € {1 we have

Wa((yl|x) o (d]b)) ZWk y|x)Wy—(d|D),

xob ZGk

and

y od) Z Hk (d).
Proof. From Corollary 1 we have

i "W ((y[x) o (d|b)) = i FWe(y|x) i HW;(d][b).
n=0 k=0 j=0

Taking coefficients of " we have the first equality. The second and thirds equalities we can obtain by
the same reasoning. [J

Itis clear that (y e a|x e a) ~ (y|x) for all x,y,a € ¢1. We say that (y|x) is an irreducible representative
of u € M if [(y|x)] = u and for every x,, # 0 and every k, x,, # yy.

Proposition 3. (y|x) is irreducible if and only if G(x)(t) and G(y)(t) have no common zeros.

-1

Proof. According to (5), for nonzero elements x; and y; the numbers (—x;)~! and (—y;) ! are zeros of

G(x)(t) and G(y)(t) respectively. [

Corollary 3. Let u € M. Then u is completely defined by W(u)(t) = W(y|x)(t) and W(y|x)(t)
is a meromorphic functions of the form f(t)/g(t) such that f,g are entire functions of exponential type with
f(0) = 1and g(0) = 1, where (y|x) € u. Moreover, let (ay) and By be zeros of f and g respectively. Then both
(1/ag) and (1/By) belong to ¢4,

f(t):ll:ll(l—ofl) and g(t):g(l—ﬁtk),
and 1 1 1 1 1 1
O NI e VR U

is an irreducible representation of u.
Let x € /1. We denote by supp x the support of x, that is,
suppx = {n € N: x,, # 0}.

Corollary 4. Let (y|x) and (y'|x") be two irreducible representatives of u. Then there are bijections i: supp x —
supp ¥’ and j: suppy — suppy’ such that x, = x;(n) and y, = y;(m)for all n € supp x and m € suppy.
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Proposition 4. For every u = [(y|x)] € M the following equality holds on the common domain of convergence

W(u)(t) = exp <—nilt"T”(n_”)> = exp <— /Ot T(—u)((j)dé), (11)

where —u = [(—y| — x)].

Proof. From (8) and (5) it follows that W(u)(t) converges for every t € C if y = 0 and in the ball
|t| < r, where
: -1
r = min
o !
if y # 0. Since A~! is a continuous homomorphism, from (3) we have that for each t € C such that

W(u)(t) converges
ATTW(u)(t) = G(x)(t) = exp <— ;fF(n_X)>

Since || E,|| = 1, the series
£ pEil)
n=1 n
converges if [t| < ||x||. Also, ||T,|| = 1 and the series
§ pTul )
n=1 n

converges if |[t| < ||u||. So in the common domain of convergence

exp <— i;l " Fn(=x) (n_x) )

is in the domain of A and
W(u)(t) = AG(x)(t) = Aexp ( ) t”Fn(n_x))
n=1

Also, in the domain

A lexp (— i £ T"(n_u)> = exp (— ; t”F”(n_x))

O

Theorem 3. Let u € M and u # 0. For a given A € C there is v € M such that Ty(v) = ATy (u) if and only if A
is an integer number.

Proof. Let A\ =m e Z.Ifn=0,thenv=0.If n >0,thenv=ue---ou.Ifn <0, thenv=u" o---0u"
—— —————

n n

Let now A ¢ Z. According to (11)
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But it contradicts representation (8) forv. O

2.2. The Spectrum of ngp and the Nonlinear Normed Ring M

2.2.1. The Spectrum

Let us denote by Mzup the spectrum of qup , that is, the set of all continuous nonzero complex
homomorphisms (characters) of HZ”p . Clearly for every point u € M there is a character 6, € Mzup
(so-called point evaluation functional) such that 6, (f) = f(u), f € qup . Moreover, if u # v, then §,, # 5.
In this sense, we can say that M C M.

Since polynomials {W, } form an algebraic basis in qup , any character ¢ € Mzup is completely
defined by its values on W,, n € N. In other words, every character ¢ can be represented by the function

e}

oWV (1) = Y " p(Wa). (12)
n=0
Note that if ¢ = J, for some u € M, then ¢(WV(t)) can be described by Corollary 3. Using ideas
in [11,13] it is possible to construct a character which is not a point-evaluation functional. Let A and u be
complex numbers. Consider
uiA

Uy = (0,...,0,%,...,; E""’%’O’”"O)‘

From the compactness reasons, we have that {9, } has a cluster point ¢, ,, in Mzup. So

. YR tGe(M/n, ..., A/n,0,...,0)
=1 .
PruOV(D)) 050 Yo *Ge(p/n, ..., u/n,0,...,0)

Taking into account [10] that

[e9)

. k At
nlgr;kgot Ge(A/n,...,A/n,0,...,0) =e¢

we have

Pau(W(1)) = A1,

Comparing the representation with Corollary 3, we can see that ¢, , cannot be equal to a point
evaluation functional.

2.2.2. The Normed Ring Structure of M

We consider the set M more detailed. Let M = {u € M: u = [(0|x)],x € ¢1}. According to [12]
we introduce an operation ‘¢” on M | and extend it to M.

Let x,y € ¢1. Then x o y, we mean the resulting sequence of ordering the set {x;y;: i,j € N} with
one single index in some fixed order. If u = [(0|x)] and v = [(0|y)], then u o v = [(0|x o y)]. From [12,22]
we know that the operation on M is commutative, associative and [y ¢ (x e d)] = [(yox) e (yod)].
Finally, let u = [(y|x)] and v = [(d|b)] are in M. We define

uov=_[((yob)e(xod)|(yod)e(xob))].

Proposition 5. Forevery k € N, Ty(uov) = Ti(u) Ty (v), u,v € M.
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Proof. From [12] we know that for all x,z € ¢, F(xoz) = F(x)F(z). Let u = [(y|x)] and v =
[(d|b)]. Then
Ti(uov) = F((yod)e (xob)) — F((yob) e (xod))

= F(y)F(d) + F(x) B (b) — Fi(y) Fi(b) — Fe(x) Fe(d) = T (u) T (0).
O

Theorem 4. (M, e, ) is a commutative ring with zero 0 = [(0|0)] and unity I = [(0|1,0,...)].

Proof. Note first that (M, @) isa commutative group and if u = [(y|x)] € M, thenu™ = [(y|x)~] = [(x|y)]
is the inverse of u. The associativity and commutativity of the multiplication and the distributive low were
proved in [12] for the case M | and can be checked for the general case by simple computations. [J

Note that there is an operation of multiplication by a constant on C x M:
M)l = [(Ay[Ax)], A€ C, [(ylv)] € M.
Clearly,
AMuev)=AueAv and A(uov)=(Au)ov=uo(Av) A€C, uve M.

But, in the general case,
(A1 +A2)u # Aqu e Aju.

So (M, e, (A, u) — Au) is not a linear space over C. Hence (M, o, ¢) is not an algebra. In order to
topologise M, we can use the standard norm on ¢1(Z).

Definition 2. Let u € M. We define a norm of u by the following way:

lull = llxll + [yl = Y [xal + Y [yl
n=1 n=1

where (y|x) is an irreducible representative of u.

From Corollary 4 it follows that the definition of norm || - || does not depend on the irreducible
representative. The next proposition shows that, like in a linear space, the norm has natural properties.

Proposition 6. Let u,v € M, A € C The following properties hold:

||| > 0and ||u|| = 0 if and only if u = 0.
[[Aul] = [A][[u]].
[ ool < [lul| + [|o].
[uoo| < [lufllo].
(™| = fJull-
[ull = min (|lx[| + [[y]])-
(y]x)

cu

S =

Proof. We need to prove just item (6). Let (y|x) be a representation of 1. We can write up to a permutation
that (y|x) = (' e a|x’ e a) for some a € {1 and irreducible (y'|x’). So

el = 11"+ 1y < Nl + [l ]
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for ever (y|x) € u. O

We define a metric p on M, associated with the norm by the natural way. Let u, v € M. Set
p(u,0) = [lueo™|.

It is easy to check that p is a metric using the same arguments as in the classical case of linear
normed spaces.

Proposition 7. The multiplication by A € C, A — Au for a fixed u € M is discontinuous in general at each
nonzero point in C and continuous at zero. Here we consider the standard topology on C and the topology on M,
generated by p.

Proof. Let ¢, be a sequence in C such thate, #0,e, — 0asn — o0, A Z0and u = [(...,0,y1]x1,0,...)],
where x1 # 0 or y; # 0and x; # y1. Then

(A1 +en)u, Au) = ||[(...,0,Ay1, A1+ €n)x1]|Ax1, A(1 +€4)y1,0,..)]l

= [[Axall + Ayl + A+ en)xa || + [[AQL + eyl > [A][[u]l >0

while A(1+¢,) = Aasn — oo.
Letnow A =0, u € M and (y|x) be an irreducible representation of u. Then

p(entt, 0) = [[enul| = len|l[x[| + [enlllyll = O.
O
Theorem 5. The operations ‘e" and ‘o’ are jointly continuous on (M, p).
Proof. Itis easy to check that if p(u,u’) < &1 and p(v,?’) < &3, then
pluev,u ov) < (uev) e (1 00)) | < &1+

and
p(uov,u' ov') <eqllul| +ex|v| + e1€2.

O
Proposition 8. The metric space (M, p) is nonseparable.
Proof. Let us consider the following set
S ={uy =Al=(0[A,0,0...): A € C,|A| =1}

If Ay # Ay, then
p(upr, upr,) =1(--.,0,0,A2]A1,0,0...)[| = 2.

So the unit sphere of (M, p) contains an uncountable set S; such that the distance between each pair
of distinct points of S is equal to 2. [

Theorem 6. The metric space (M, p) is complete.
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Proof. Let u and v be in M and p(u,v) = ||ue v || < ¢ and (y|x) be an irreducible representations of u.
Then there is an irreducible representation (d|b) of v such that ||(y|x) — (d|b)|| < e. Indeed the inequality
|uev~| < eimplies that there is w € M such that u = v’ ew, v = v ew and |[u'|| + ||| < ¢. Let us
consider a representation (d|b) of v such that the element w in (d|b) is represented by the same vector
that in (y|x). Let (/|x") be the irreducible representation of u’ in (y|x) and (d’|b’) be the irreducible
representation of v’ in (d|b). Then

1(ylx) = (@[B) = [1(y'1x") = (@B < [Ju'[| + [[2]| <e.

Let u(™), m € Nbe a Cauchy sequence in (M, p). Taking a subsequence, if necessary, we can assume
thatif n > N and m > N, then p(u(™),u(")) < 1/2N+1 Let us chose irreducible representations (y(" |x("))
of u(™) such that

H(y(m-&-l)|x(m+1)) _ (y(m) |x(m))|| — p(u(m-&-l),u(m)) < 1/2m+1.

Soifn > N and m > N, then
Iy 1) = (" x| < 172N,

Hence, (y™|x(™)), m € N is a Cauchy sequence in ¢1(Z) and so it has a limit point z(0) = (y(©|x(©)),

m)

Let zi(m) be the ith coordinate of z(™) = (y(™)|x(™), i € 7, that is, zl(m) = xl(m) ifi>0andz;" "’ = y(":) if
(0)

i

i < 0. Clearly that zl(m) — zl(o) as m — co. We claim that if z
(m)

i

= ¢ # 0 then there is a number N such that
forevery m > N, z;"/ = c. Indeed, it it is not so, then for every n,m > N, p(u(’”), u(”)) > ¢ and we have
a contradiction.

For a given ¢ > 0 we denote by z° a vector in /1(Zg) such that z° has a finite support, z{ = ZEO) or
zi =0and

p(z5,20) < ;

Note that for this case p(z¢,z(?)) = ||z¢ — z(0)||. Let N be a number such that for every n > N, z5 = zgn)

forall i € suppz® and ||z2(" — 20| < £.So0

p(z",2) = |12 = 20| < ||z — 20 + |12 - 20| < %S-

Thus
p(z,20) < p(zM, 2%) 4+ (25,20 < e.

O

2.2.3. Invertibility and Homomorphisms
If u € M has an inverse with respect to the multiplication ‘o’ we denote it by u~! = u°(~1), that is,

uoul=ulou=1

Proposition 9. Let u € M and ||u|| < 1. Then 1 e u~ is invertible in M.

Proof. It is easy to check that the proof for classical Banach algebras can be literally repeated for this case.
In particular,

(]Iouf)*l - 9 u",
n=0
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where 4 = I, u®" = u ¢ - - - o u and the series on the right converges in M. [
N——’

n

Next we consider ring homomorphisms and subrings of M. In sequel we do not assume that ring
homomorphisms preserve the multiplication by constants. Note that an element x of a commutative
Banach algebra A is invertible if and only if ¢(x) # 0 for every character ¢ of A. The situation in M is
different. LetI*" =JTe---01 = (0|1,...,1,0,...).

" —
Proposition 10. Let ¢ be a nonzero ring homomorphism from M to C. Then ¢(I*") = n but I*" is non invertible
forn > 1.

Proof. Clearly, ¢(I*") = n¢(I) = n. On the other hand, I*" o u = u*" # I foreveryu € M. O

Example 1. The following maps are ring homomorphisms from M to C.

1. Polynomials T,, n € N are (continuous) complex valued ring homomorphism of M but only Ty preserves the

multiplication by constants.
2. Letu=[(y|x)] € M. We define

[e)

o) = §1|xn|— Y [yl

n=1

Clearly, © is well defined. The additivity and multiplicativity will be proved for more general case.

As usual R is a subring of M if it is a subset of M and a ring with respect to ‘e” and ‘¢’. For example,
let Mo consists of all elements u = [(y|x)] such that if (y|x) is irreducible, then supp x and suppy
are finite sets. Then My is a dense subring of M. We consider some nontrivial examples of closed
subrings of M.

Example 2. Let Mp, Mg and M be defined by
Mp = {u € M: |x;j| <1, |y;| < 1V irreducible representations (y|x) € u},

Ms ={u € M: [xj| =1or0, yj| = 10r 0V irreducible representations (y|x) € u} U {0},
My ={ue M:x;=10r0, y; = 10r 0V irreducible representations (y|x) € u} U{0}.
Clearly, Ma, Mg and M1 are subrings of M and
A4A D) A45 D) A41.

Also, My is isomorphic to the ring Z of integer numbers and the restriction of the topology of (M, p) to Mg
and M coincides with the discrete topology. In the general case, let U be a subset of C. We denote by

My = {u € M: x; € U, y; € UV irreducible representations (y|x) € u} U {0}.
Then My is a subring of M if U is closed with respect to the multiplication in Cand 1 € U.

Proposition 11. Let 7y (t) be a function of one variable which is well defined and multiplicative on a subset U € C.
We define

Oy (u) = i v(xn) — i Y(yu), uEM,

n=1 n=1



Symmetry 2019, 11, 1111 13 of 19

where (y|x) € u. If U is closed with respect to the multiplication and 1 € U, then ©. is a complex valued ring
homomorphism of M.

Proof. Note first that ©,(u) does not depend of the choice of a representative. Thus

Oy ((ylx) o (d|b)) = O (y e d|x o D)

= Y v(xa) + Y vla) = Y v(yn) = Y v(dn) = Oy (yx) + O, (d|D).
n=1 n=1 n=1 n=1
By the multiplicativity of ¥ we have
©,((0]x) o (0[b)) Z 7(x =Y v(x) Y v(b)
n= 1] n=i n:j

and ©,(x|0) = —©,(0]x). So

Oy ((ylx) o (d[b)) = O ((y o b) @ (x o d)|(x o D) @ (y 0d))

= ) L) + v vl — X570 1o vlby) - Yo ) Yoa(d)
n=i n:] n=i n:] n=i n:] n=t n:]

= 0y(y[x)O(d|D).
O

Example 3. Let us consider some examples of complex valued homomorphisms of subrings of M.

1. Let g be a multiplicative function from N — C. In Number Theory such functions are called completely
multiplicative arithmetic functions. Then for v = |g|, ©®,, is a complex valued ring homomorphisms of Mg
and M.

2. Lete < 1and eA be the closed disk in C of radius ¢, centered at zero. Then My is an ideal in M. Let

NIRRT
X(C\SA(t) - { 1 §f|t| > e,

then Oy, is a complex valued ring homomorphisms of M. Note that if u € My \ Mep and v € M,
then p(u,v) > €. From here we have that Oy o 18 CONtinuoUs.

We do not know whether or not every complex valued homomorphism of M or its closed subring
is continuous.

2.2.4. Additive Operator Calculus

Let ®: M — M be an additive map. Since it is a homomorphism of the additive group (M, ) to
itself, ® is continuous at every point if and only if it is continuous at a point in M. Let 7: C — Cbe an
arbitrary function. Then it is well defined the following additive map from My to itself:

Doy () = (oo v (), v (WD) r(x0), v (2, ). (13)
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Proposition 12. If there are constants C > 0 and m € N such that |y(t)| < C|t|™, then ®., is continuous,
additive and well defined on M.

Proof. For every u € M

[0 9)

1901 = ()l + 1 < € X (al” + ™) < .

n=1 n=1

If ||u|| <& <1,then ||®,(u)| < Ceand so P, is continuous at zero. Thus it is continuous. [

Example 4. (Power operators.) Let m € N. Then y(t) = " satisfies Proposition 12 and so the map ®y,: u — u™,
where u = [(y|x)] € M and

u = (LA, g )

is a continuous additive operator on M.

Let k € Nand
Va = (a)Vk = (aV/kD q(1/k2) - a(/kK)y g e ¢

be the multi-valued kth power root function. Let us consider

(@(V/kD) gk G(KRY) — (/K1) f(/K2)  (/kK) 00 )

7V

as an element in {1. Then, for every u € M such that for an irreducible representation (y|x) of u

Z(|xn|l/k + |yn|l/k) < o0
n=1

wecandefine
1/ky.1/k
@1/k(u)——u1/k—— (---oy}l/ko---oyl/ \xl/ o---ox,l/ko---).

The map ®q i for k > 1 is a discontinuous additive operator, defined on a dense subset of M. But if m > k,
then we can define an additive operator
q)l /k o CIDm

which is continuous on M. Note that &1 /; o Oy # Pq if k > 1 because Oy is the identical operator while

q)l/koq)k(u) =Ue: - -0l = MOH.k.
k
We say that a map A: M — M is a linear operator if it is additive, preserves multiplications by
constants, that is, A(Au) = AA(u), A € Cand if A(u~) = (A(u))~ for all u € M. From Proposition 12
it follows that there are a lot of additive operators. Linear operators, in contrast, can be described in
a simple way.

Theorem 7. Let A be a continuous linear operator from M to itself. Then there exists an element v € M such that

A(u) =vou, ue M.
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Proof. Letu =1 =[(0/1,0,...)] and A(u) = [(b|a)] € M. Setv = [(b|a)]. Let now u be an element in M
which can be represented by a vector (y|x) with finite support

Wx)=(..,0,Ym, ..., y1|x1, ..., x1,0,...).

Then we can write
[(y|x)] =yl o---oy,l~ exile---x,l

and so
A(u) =YU e @Yl eX{Ue Xyl =TVOU.

Since the set M of elements with finite supports is dense in M and A is continuous, A = v ¢ u for
everyu ¢ M. 0O

We denote by Ay (u) the operator u — v o u, u € M. Let us prove some natural properties of operators Ay.

Proposition 13. 1.  The operator A, is bijective if and only if v is invertible in M.
2. Ifthe operator Ay is surjective, then it is bijective.

3. The operator Ay is injective if and only if ker A, = 0.

4. Ifu € ker A, for some u # 0, then T,,(v) = 0 for some n € N.

5. IfTu(v) = 0 for some n € N, then A, is not surjective.

Proof. (1) If v is invertible, then A, 1 = A7 ! s0 Ay is a bijection. Let now B = A;!. Then from the Open
Map theorem for complete metric groups (see [23]) it follows that B is continuous. From Theorem 7 we
have that B = Ay, for some w € M. Since

Ay o Ay = Apow = A,
w=o0""
(2) Let A, be surjective. Then there exists u € M such that A,(u) = vou = L. So v is invertible and
A, = AL
(3) If Ay is injective, then ker A, = 0. Conversely, If there are u,w € M, u # w such that A,(u) =
Ay(w), then A,(u e w™) = 0 and so ker A, is nontrivial.
(4) If u € ker Ay, then vou = 0 and so

Te(vou) = Ty(v)Tr(u) =0, ke N.

Since u # 0, there exists a number 1 € N such that T, (1) # 0. So T, (v) = 0.
(5) If A, is surjective, then it is bijective and so v is invertible. But

1=T,(I) =Ty(vov!) = T,(0v)Tu(v}) =0,
a contradiction. O

Note that for v = I the operator A, is not surjective but it is injective because

Ay(u)=ue---eou, ueM
~—

and Tx(v) = m > 0 for every k. On the other hand for v = (...,0,1,2|3,0...), T(v) = 0 and so A, is
not surjective but it is injective. Indeed, it is easy to check that Ty(v) # 0 for k > 1. So, if vou = 0 for
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some u = (y|x) € M, then F;(x) = F(y) for k > 1. But from [13] it follows that also F; (x) = F;(y) and so
Ti(u) =0 for all k € N, thatis u = 0. Finally, for v = (...,0,—1|1,0...), A, has a nontrivial kernel which
contains u = (...,0/1,—1,0...).

3. Discussion

According to Gelfand'’s theory, every commutative semi-simple algebra Fréchet A can be represented
as an algebra of continuous functions on its spectrum M(A) (see e.g., [24] p. 217, p. 231). If A consists of
analytic functions on a Banach space X, then for every x € X the point evaluation functional J, belongs to
M(A). The map x — Jy is one-to-one if and only if A separates points of X, for example, if A = Hj(X)
is the algebra of all analytic functions of bounded type on X. Investigations of the spectrum of H;(X)
were started by Aron, Cole and Gamelin in their fundamental work [2]. Note that, in the general case,
M, = M(Hy(X)) has complicated topological and algebraic structures (see [5,25]) which can be described
only implicitly involving such tools as the Aron-Berner extension, topological tensor products, StoneCech
compactification, ect. On the other hand, it is convenient for applications to have algebras of analytic
functions of infinite many variables whose spectra admit explicit descriptions. If a subalgebra A of Hy(X)
has an algebraic basis of polynomials Py, P,, ..., Py, ..., thenevery ¢ € M(.A) is completely defined by its
values on this basis, {1 = ¢(P1),& = ¢(P),...,&n = ¢(Pyn),....So we can describe M(.A) as a subset of
a sequence space {(¢1,...,Cn,...): g€ C}. Moreover, if | P, || = 1 and deg P, = n, then it is not difficult
to check that sequences () should satisfy the following condition

sup &' < co. (14)
n

Note that for the algebra of symmetric analytic functions of bounded type on L [0, 1] condition (14) is
sufficient [14] but for the algebra Hy,(¢1) is not [12]. In the present paper we use this approach for HZMP
which is a subalgebra of Hy,(¢1(Zy)) generated by polynomials Ty, Ty, . . .. We can see that Hy(¢1(Z)) is
quite different than Hy,(¢1). For example, the homomorphism defined by Ty — —Tj is continuous in
Hy(¢1(Zy)), while F — —F; is discontinuous in Hy,(¢1). On the other hand, the homomorphism defined
by Ty — ATy is discontinuous for A ¢ Z and so the set of sequences §; = ¢(T1),é = ¢(Ta),...,in =
o(Ty),..., ¢ € Mzup does not support multiplications by constants. From here we have that condition (14)
is not sufficient for description of Mzup .

The results of Section 2.2 show that the spectrum of qup admits an interesting algebraic structure of
commutative ring with respect to operations ‘e” and ‘¢’ which play roles of addition and multiplication.
Using these operations and the ¢;-norm we introduced a natural metric p on M, and proved that (M, p)
is a complete metric space. We studied homomorphisms of M and described all linear operators of M to
itself. So obtained results may be interesting in the theory of commutative topological algebras and for
algebras of analytic functions on Banach spaces as well.

Supersymmetric polynomials and analytic functions are applicable in other branches of Mathematics
and in Physics. Note first that supersymmetric polynomials of several variables were studied by many
authors and in [18-20] we can find analogs of Formulas (7) and (8) for these cases (with using some
different notations). Here we proved such results for infinite many variables and due to ¢;-topology we
can claim that W(y|x)(t) is a rational function, where the numerator and the denominator are functions
of exponential type for every fixed (y|x) € ¢1(Zg). But an important difference between finite- and
infinite-dimensional case is that in the finite-dimensional case we can not to use the operations ‘e’ and "¢’
because they do not preserve the dimension of the underlying space. Some applications of supersymmetric
polynomials for Brauer groups are described in [26]. It seems to be that H;”p can be applied for infinite
generated Brauer groups in a similar way. Another application can be obtained for Statistical Mechanics.
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In [27] we can find an approach to how classical symmetric polynomials can be used to modeling the
behavior of ideal gas. According to this approach and using our notations, independent variables x1, x, . ..
correspond to abstract energy levels which particles of ideal gas may occupy; symmetric monomials

k! k"
Z Xip X,

ih1<-<ip

correspond to occupation these energy levels by particles; generating functions G(x)(¢) and H(x)(t)
correspond to grand canonical partition functions for bosons and fermions respectively, and Equation (2)
is modeling the Bose-Fermi symmetry law. From this point of view and taking into account (7),
supersymmetric polynomials may be useful for the description of ideal gas consisting of both type particles:
bosons, and fermions. Moreover, the Bose-Fermi symmetry in our notations means just [(x|x)] = 0.

Note that Statistical Mechanics work with the situation when the number of particles, N tends to
infinity. The fact that we consider the closure of polynomials in a metrizable topology allows us to proceed
with limit values as N — oo. The /1-topology of the underlying space ¢1(Zy) is guarantying that all abstract
supersymmetric polynomials are well defined on this space. For example, if we will use ¢(Z) instead of
41(Zy), then Ty will be not defined. Finally, we can expect that the algebraic operations ‘e” and ‘o” may
have a physical meaning in the proposed approach. But such kind of problems is outside of the topic of
our article.

4. Conclusions

In this article, we considered the algebra qup of analytic functions of bounded type generated by
supersymmetric polynomials on ¢1(Zg). We have described some algebraic bases of the subalgebra of
supersymmetric polynomials and corresponding generating functions. Such a description is important
in order to study the spectrum (the set of complex homomorphisms) of qup . In particular, it is shown
that every point evaluation complex homomorphism can be represented as a ratio of two entire functions
of exponential type. Also, we constructed an example of complex homomorphism which is not a point
evaluation functional. However, we have not a complete description of the spectrum of qup . In particular,
it is unclear under which conditions a meromorphic function is of the form (12) for some ¢ € MZ”p?
Note that such kind of problem is also open for the algebra Hy,(¢1) [10,12].

Our goal is establishing the structure of a complete metric commutative ring on the set M of point
evaluation functionals of qup . The algebraic structure of M is very close to the Banach algebra structure
but M is not a Banach algebra because it is not a linear space. So we have a natural question: which
Banach algebras properties can be extended to the ring M? For example, we can see that if an element
is closed to the unity, then it is invertible. But we do not know: do M admits a discontinuous complex
homomorphisms? Also, we investigated homomorphisms of M, its subrings and additive operators of M.
The role of obtained results in the theory of algebras of analytic functions on Banach spaces and possible
applications in Physics are discussed.
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