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Abstract: This paper aims to explore the algebra structure of refined neutrosophic numbers. Firstly,
the algebra structure of neutrosophic quadruple numbers on a general field is studied. Secondly,
The addition operator & and multiplication operator ® on refined neutrosophic numbers are proposed
and the algebra structure is discussed. We reveal that the set of neutrosophic refined numbers with
an additive operation is an abelian group and the set of neutrosophic refined numbers with a
multiplication operation is a neutrosophic extended triplet group. Moreover, algorithms for solving
the neutral element and opposite elements of each refined neutrosophic number are given.
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1. Introduction

The notion of neutrosophic set was proposed by F. Smarandache [1], which is an extension of fuzzy
set and in order to solve real-world problems. A neutrosophic set has three membership functions,
and each membership degree is a real standard or non-standard subset of the nonstandard unit interval
107,1F[=0"U[0,1]Ul".

In recent years, the idea of neutrosophic set has been applicable in related algebraic structures.
Among these algebraic structures, Smarandache and Ali [2] proposed the algebraic system neutrosophic
triplet group (NTG), which is an extension of the classical group but the neutral element is different
from the classical algebraic unit element. To regard the unit element as a special neutral element,
the neutrosophic extended triplet group (NETG) has been proposed [3,4] and the classical group is
regarded as a special case of a NETG. Moreover, some research papers have carried out in-depth
research based on NTG (NETG). For example, the inclusion relations of neutrosophic sets [5],
neutrosophic triplet coset [6], neutrosophic duplet semi-groups [7], generalized neutrosophic extended
triplet group [8], AG-neutrosophic extended triplet loops [9,10], the neutrosophic set theory to
pseudo-BCl algebras [11], neutrosophic triplet ring and a neutrosophic triplet field [12,13], neutrosophic
triplet normed space [14], neutrosophic soft sets [15], neutrosophic vector spaces [16] and so on have
been studied.

As an example of NETG, Ma [8] revealed that for each n € Zt,n>2,(Z,,®) is a commutative
NETG if and only if the factorization of 7 is a product of single factors. As another example, Ma [17]
showed that the set of neutrosophic quadruple numbers with a multiplication operation is a NETG.
The concept of neutrosophic numbers of the form a 4 b, where I is the indeterminacy with " =
I, and, a and are real or complex numbers. If I into many types of indeterminacies Iy, I, - - -, I,
in [18], Smarandache extended the neutrosophic numbers a + bl into refined neutrosophic numbers
of the form a + b1 I} + bylp + - -+ + byl,, where a,by,by,- -+, by, are real or complex numbers and
considered the refined neutrosophic set based on these refined neutrosophic numbers. The notion of
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neutrosophic quadruple number, which has form: NQ = a + bT + cI + dF where a,b, ¢, d are real (or
complex) numbers; and T is the truth/membership/probability; I is the indeterminacy; and F is the
false/membership/improbability are called Neutrosophic Quadruple (Real, respectively, Complex)
Numbers. “a” is called the known part of NQ, while bT + cI + dF is called the unknown part of NQ.
Similar to refined neutrosophic numbers, if T can be split into many types of truths, Ty, T, - - -, Tp, I
into many types of indeterminacies, Iy, I, - - - , I;, and F into many types of falsities, F, F, - - - , F,, we
can get the refined neutrosophic quadruple numbers. We know that the set of neutrosophic quadruple
numbers with a multiplication operation is a NETG. In this paper, we explore the algebra structure
of refined neutrosophic numbers (refined neutrosophic quadruple numbers) and give new examples
of NETG. In fact, the solving method of the neutral element and opposite elements for each refined
neutrosophic number is different from the solving method for each neutrosophic quadruple number.

The paper is organized as follows. Section 2 gives the basic concepts. In Section 3, we show that
the set of neutrosophic quadruple numbers on the general field with a multiplication operation also
consists of a NETG. In Section 4, the algebra structure of refined neutrosophic numbers and refined
neutrosophic quadruple numbers are studied. Finally, the summary and future work is presented in
Section 5.

2. Basic Concepts
In this section, we provide the related basic definitions and properties of NETG, neutrosophic

quadruple numbers, and refined neutrosophic numbers (for details, see [3,4,18-20]).

Definition 1 ([3,4]). Let N be a non-empty set together with a binary operation x. Then, N is called a

“_r

neutrosophic extended triplet set if, for any a € N, there exists a neutral of “a” (denote by neut(a)), and an
opposite of “a”(denote by anti(a)), such that neut(a) € N, anti(a) € N and:

axneut(a) = neut(a)xa =a, axanti(a) = anti(a)*a = neut(a).
The triplet (a, neut(a), anti(a)) is called a neutrosophic extended triplet.

Definition 2 ([3,4]). Let (N, ) be a neutrosophic extended triplet set. Then, N is called a neutrosophic
extended triplet group (NETG), if the following conditions are satisfied:

(1) (N, ) is well-defined, i.e., for any a,b € N, one has a xb € N.
(2) (N, x) is associative, i.e., (axb) xc=ax (bxc) foralla,b,c € N.

A NETG N is called a commutative NETG if forall a,b € N,axb = b xa.

Proposition 1 ([4]). (N, %) be a NETG. We have:

(1) neut(a) is unique for any a € N.
(2) neut(a) * neut(a) = neut(a) forany a € N.
(3) neut(neut(a)) = neut(a) forany a € N.

Definition 3 ([18,19]). A neutrosophic number is a number of the form (a,bl), where I is the indeterminacy
with 12 = I, and a and b are real or complex numbers. A refined neutrosophic number is a number of the form
(ap, a1y, a0, - - ,ayly), where I, I, - - -, I, are different types of indeterminacies, and agy, ay,ay,- - - , a, are
real or complex numbers. The set NN defined by

NN = {(a,bI)|a,b € R or C}. Q)

is called a neutrosophic set of neutrosophic numbers. The set RN N defined by

RNN = {(ap,aly, a2k, -+ ,anly)|ag, a1, a2, - - ,an € Ror C}. @)
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is called a neutrosophic set of refined neutrosophic numbers.

Definition 4 ([18,20]). A neutrosophic quadruple number is a number of the form (a,bT,cl,dF), where T, I
and F have their usual neutrosophic logic meanings, i.e., truth, indeterminacy and false, respectively, and
a,b,c,d € Ror C. The set NQ defined by

NQ = {(a,bT,cl,dF)|a,b,c,d € R or C}. 3)

is called a neutrosophic set of quadruple numbers. For a neutrosophic quadruple number (a,bT,cl,dF), a is
called the known part and (bT,cl,dF) is called the unknown part. The set RNQ defined by

RNQ = {(a,biTy, b1y, -+ ,bpTy,c1ly,c20p, -+ ,cqly, diFy,doFy, - - -, drFy))|

4
a/blle/' t /bprcllCZI' T /CL]/dlleI' o /di’ S Rorc}~ ( )

is called a neutrosophic set of refined neutrosophic quadruple numbers.

Definition 5 ([18,20]). Let N be a set, endowed with a total order a < b, named “a prevailed by b”, “a less
stronger than b” or “a less preferred than b”. We consider a < b as “a prevailed by or equal to b”, “a less
stronger than or equal to b”, or “a less preferred than or equal to b”.

For any elements a,b € N, with a X b, one has the absorbance law:

a-b=>b-a= absorb(a,b) = max(a,b) =b. (5)

which means that the bigger element absorbs the smaller element. Clearly,

a-a=a*>= absorb(a,a) = max(a,a) = a. (6)
and
al'a2”’a}’l:max(al/a2/"' ran)- (7)

Analogously, we say that “a = b” and we read: “a prevails to b”, “a is stronger than b” or “a is preferred
to b”. In addition, a = b, and we read: “a prevails or is equal to b”, “a is stronger than or equal to b”, or “a is
preferred or equal to b”.

Definition 6 ([18,20]). Consider the set {T, I, F}. Suppose in an optimistic way we consider the prevalence
order T = I > F. Then, we have: TI = IT = max(T,I) = T, TF = FT = max(T,F) = T, IF = FI =
max(I,F) =1, TT=T?>=T,Il=1>=1,FF=F>*=F.

Analogously, suppose in a pessimistic way we consider the prevalence order T < 1 < F. Then, we have:
TI = IT = max(T,I) = I, TF = FT = max(T,F) = F, IF = FI = max(I,F) = F, TT = T2 = T,
II=1?=1FF=F>=F.

Definition 7 ([18,20]). Let a = (aq,a,T,a3l,a4F),b = (b1, boT,b31,byF) € NQ. Suppose, in an pessimistic
way, the neutrosophic expert considers the prevalence order T < I < F. Then, the multiplication operation is
defined as follows:

axb = (al,azT, azl, 0141:) * (b],sz, bsl, b4F)
= (a1b1, (a1by + azby + axby)T, (a1bz + axbs + azby + azby + azbs)I, 8)
(a1by + azby + azby + agby + agby + agbs + (14b4)F).

Suppose in an optimistic way the neutrosophic expert considers the prevalence order T > I > F. Then,

axb=(ay,a;T,a3l,a4F) * (b1, b2T, b3l, byF)
= (a1by, (a1by + axby + axby + azby + asby + axbs + aby) T, )
(ﬂ1b3 + aszby + azbz + azby + a4b3)1, (a1b4 + asby + Ll4b4)F).
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Proposition 2 ([18,20]). Let NQ = {(a,bT,cl,dF) : a,b,c,d € R or C}. We have:

(1) (NQ, ) is a commutative monoid.
(2) (NQ,*) is a commutative monoid.

Theorem 1. [17] For the algebra system (NQ,*)(or (NQ,*)), for every element a € NQ, there exists
the neutral element neut(a) and opposite element anti(a), which means that the algebra system (NQ, %)
(or (NQ,*))isa NETG.

3. The Algebra Structure of Neutrosophic Quadruple Numbers on General Field

From the above section, we can see that the neutrosophic quadruple numbers are defined on
number field R or C. In this section, the notions of the neutrosophic quadruple numbers on a general
field are introduced and the algebra structure of the neutrosophic quadruple numbers on general field
is explored.

Let (F, +, ) be a field, and 0 and 1 are the unit elements for operator + and -, respectively. For
every a € IF, —a is the inverse element of a for operator +, and a~ ! is the inverse element of a for
operator -. In the following, field (F, +, -) is denoted by F for short and a - b is denoted by ab.

Definition 8. Let F be a field; a neutrosophic quadruple number is a number of the form (a,bT,cl,dF),
where T, I, F have their usual neutrosophic logic meanings, i.e., truth, indeterminacy and false, respectively,
and a,b,c,d € F. The set NQF defined by

NQF = {(a,bT,cl,dF)|a,b,c,d € F}. (10

is called a neutrosophic set of quadruple numbers on field F.

Definition 9. Let a = (a1,a,T,a3l,a4F),b = (b1, byT,b31,b4F) € NQF, then the addition operator is
defined as follows:
adb= (ﬂl + by, (112 + bz)T, (113 + bg)l, (114 + b4)F). (11)

Definition 10. Let a = (ay,a,T,a31,a4F),b = (b1, byT, b31,byF) € NQF. Suppose, in an pessimistic way,
the neutrosophic expert considers the prevalence order T < I < F. Then, the multiplication operation is defined
as follows:

axb = (al,azT, azl, a4F) * (b],sz, bsl, b4F)
= (a1by, (a1by + axby + axby) T, (a1bz + axbs + azby + azby + azbs)I, (12)
(a1by + axby + azby + agby + agby + agbs + a4b4)F).

Suppose in an optimistic way the neutrosophic expert considers the prevalence order T > I > F. Then,

axb= (ay,a;T,a3l,a4F) * (b1, b2T, b3l, byF)
= (a1by, (a1by + axby + axby + azby + asby + axbs + aby) T, (13)
(Lllb3 + aszby + azbz + azby + Ll4b3)[, (a1b4 + asby + Ll4b4)F).

Theorem 2. (NQF, ®) is an abelian group.
Proof. Itis obvious. [

Theorem 3. For the algebra system (NQF,*) (or (NQF,x)), for every element a € NQF, there exists
the neutral element neut(a) and opposite element anti(a), thus the algebra system (NQF, %) (or (NQF, %))
isa NETG.
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The proof’s method is similar to the proof when F = R in [17]. The detailed proof is omitted.
For algebra system (NQF, ), Table 1 gives all the subsets which have the same neutral element, and
the corresponding neutral element and opposite elements. In the following, from two examples, we
show that how to solve the the neutral element and opposite elements of each element for algebra
system (NQF, %) on different fields.

Example 1. Let F = Zs = {[0], [1], 2], [3], [4]}, then (Z5,+,-) is a field, where + and - are the classical
mod addition and multiplication, respectively. For algebra system (NQF, ), if a = (a1,a,T,a31,a4F) =
(12], [4]T, [3]1, [1]F), ie., a1 # [0],a1 +ax # [0],a1 +ax +a3 # [0],a1 +ap + a3 +ays = [0],
then, from Table 1, we can get neut(a) = ([1],]0],[0], [4]F). Let anti(a) = (c1,¢c2T,c31,csF),
soc) = al_l = [3],c0 = [3],¢c3 = [3], ¢4 € Zs, thus anti(a) = ([3], [3]T, [3])I, c4F), where cy € Zs. Thus, we
can easily get the neutral element and opposite elements of each neutrosophic quadruple number on general field.
For more examples, see the following:

. Letb=([1],[2]T, [1]I, [3]F), then neut(b) = ([1],[0], [0], [0]) and anti(b) = ([1], [1]T, [2]I, [4]F).

2. Let ¢ = ([0],[0],[1]1, [4]F), then neut(c) = ([0],[0],[1],[4]) and anti(c) = (c1,c2T,c3l,caF),
where c1 ® ¢y D ¢z = [1],¢4 € Zs.

3. Letd = ([0],[1]T,[1]I, [1]F), then neut(d) = ([0], [1]T,[0], [0]) and anti(d) = (c1,c2T, [2]1, [4]F),
where ¢1 ® ¢ = [1].

Table 1. The corresponding neutral element and opposite elements for (NQF, ).

The Subset of NQF Neutral Opposite Elements (c1, 2T, c31, c4F)
Element

{(0,0,0,0)} (0,0,0,0) ¢ €F

{(0,0,0,a4F)|as # 0} (0,0,0,F) it teato=a;l

{(0,0,a31, —asF)|az # 0} (0,0,1,—F) cl+c2+C3:a3_1,C4€IF

{(0,0,a31,a4F)laz # 0,a3 + a4 # 0} (0 0,1, 0) citeatez=a3"cs = —(agas (a3 +ag) ")

{(0,112T,—a2[,0)|a2 #0} ( )} Cl+C2:a£1,C3,C4€F

{(0,a2T, —azI,a4F)|az # 0,a4 # 0} (0, ,F) at+o=a,c+tc=a"+(-a")

{(0,a,T,a31,a4F)|ay # 0,ap +a3 # (0,T,0,—F) c1+ce= a;l,C3 = —(a3a2’1(a2 +a3)7 1),

0,ap +a3+ag =0} cu €F

{(0,aT,a31,a4F)|ay # 0,ap + a3 # (0,T,0,0) cite=ay',c3=—(aza, (ap +a3)7),

0,az +a3 +ay # 0} cg = —(ag(az +az) ' (ay + a3 +ag) )

{(ay, —a1T,0,0)|a; # 0} (1,-T,0,0)} Q= al_l,Cz,C3, gy €F

{(a1,—a1T,0,a4F)|ay # 0,a4 # 0} (1,-T,0, F) cg=a;'cotcztep=a;' +(—a;t)

{(ay, —a1T,a31, —azF)|a; #0,a5 #0}  (1,— —F) 1 :ufl,c2+C3 :agl—ufl,q ceF

{(ay, —a1T,a31,a4F)la; # 0,a3 # (1,-T,1, 0) = al_l,Cz +c3 = a3_1 + (fal_l),

0,a3 +ay # 0} ¢y = —(agay" (a3 +a4) ")

{(a1,a2T,a31,0)|a; # 0,ay +a # (1,0,—1,0) a1 =a;t,cp = —(aay (@ +a2)7h),

0,a1 +ap + a3 =0} c3,cp €F

{(al,azT,a3I,a4F)|a1 7& 0,a1 + ay 7é (1,0,—I,F) 1= ﬂ;l,Cz = _(ﬂzﬂfl(al + ﬂz)_l)'

0,a1 +ap +a3 =0,a4 #0} C3+C4=a4_1+(7(u1+a2)*1)

{(‘llfazT/ a311a4F)|a1 # 0, a; +ap # (1/Or 0, _F) 1= aferZ = —(QZQ;l(ﬂl + ‘12)71)/

0,41 +ap+az #0,a1 +ay +az +ay = 3 = —(ﬂ3(ﬂ1 +a2)71(tl1 +ap +a3)71),

O} Cq € F

{(a1,a,T,a31,a4F)|a; # 0,9 +ay # (1,0,0,0) a1 =a; "t =—(aa; (g +ap)7 ),

0,41 +ay+az #0,a1 +ay+az +ay # 3 = —(ﬂ3(ﬁ1 +a2)*1(a1 +ap +a3)71),

0} cs = —(ag(ar +ay +az) " (ar + ay + a3 +a4) 1)
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Example 2. Let Fy = {0,1, x,y}, the operators + and - on Fy is defined by Table 2.

Table 2. The operators + and - on Fy.

< RrR 2O
= R PR OOo
RS O

_ow R R
oOrRr ke

= R - O -

oo ocoo
"R RO
e R OR
R P, Ow

Then, (Fy,+,-) is a field. Set NQF = {(a,bT,cl,dF)|a,b,c,d € F4}. We have:

1.

6 of 13

Let a = (0,0,xI,xF), then neut(a) = (0,0,1,F) and anti(a) = (c1,c2T, c31,c4F), where ¢c1 + ¢co +

3 =1Y,C4 € IFy.

Let b = (0,xT, xI,yF), then neut(b) = (0, T, I, F) and anti(b) = (c1,¢2T, c31, c4F), where ¢y + ¢ =

y,c3+cg =1

Let ¢ = (x,xT,0,0), then neut(c) = (1,T,0,0) and anti(c) = (y,c2T, c31,c4F), where ¢, c3,c4 € Fy.

In the same way, for algebra system (NQF, x), Table 3 gives all the subsets which have the same
neutral element, and the corresponding neutral element and opposite elements.

Table 3. The corresponding neutral element and opposite elements for (NQF, ).

The Subset of NQF Neutral Opposite Elements (c1, 2T, c31, c4F)
Element

{(0,0,0,0)} (0,0,0,0) G €F

{(0,a,T,0,0)|ay # 0} (0,T,0,0) citototag=a!

{(0, —a3T,a31,0)|az # 0} (0,—T,1,0) citeztea=a3',c€F

{(0,a,T,a31,a4F)|az # 0,a0 +a3 #0}  (0,0,1,0) ci+ezteg=a3l,

2 = —(apaz* (ap +az)7!)

0,0, —a41, LZ4F) |LI4 7é O}

(0,0,—I,F)}

c1+c4 = a;l,cz,g eF

{(
{(O,ﬂzT, 7a4l,ﬂ4F)|112 7& 0/”4 # O}

(0,T,—LF) 01+C4=a4_1,c2+C3:a2_1+(7a4_1)
{(0,a5T,a31,a4F)|ag # 0,a3 + a4 # (0,—T,0,F) citeg=a;',c3=—(aza; (a3 +as)7h),
0,a2+u3+u4=0} el
{(0,aT,a31,a4F)|ay # 0,a3+a4 # (0,0,0,F) citeg=a;',c3=—(aza; (a3 +as)7h),
0,a; + a3 + a4 # 0} ¢ = —(az(az +ag) " Nax +az+a4)7t)

{(a1,0,0, —a1F)|a; # 0}

(1,0,0,—F)}

-1
c1=ay ,¢,¢3,c4 EF

{(a1,a,T,0,—a1F)|ay # 0,a, # 0} (1,T,0,—F) a=a Yo+ teg=a,"+(—a; )
{(a1, —a3T,a31, —a;F)|ay #0,a3 #0}  (1,-T,I,—F) aa=a Y csteg=a3;'+(—a;'),cs €F
{(a1,a,T,a31, —a1F)|ay  # 0,a3 # (1,0,1,—F) cg=a;'c3+cq=a3' + (—at),

0,ap +a3 # 0} ¢ = —(apaz (a2 +a3) ")
{(a1,0,a3,a4F)|ay # 0,49 +a4 # (1,0,—1,0) o1 =aytca = —(aga; (a1 +a4)7Y),
0,a1+u3—|—a4:0} cy,c3 €F

{(a1,a2T,a31,a4F)|ay # 0,a1 +a4 # (1,T,—10) o1 =a;t oy = —(aga; (a1 +ag)7Y),
0,a1 +a3 +as =0,a, # 0} +ceg=ay + (—(ag+ag)7")
{(a1,a2T,a31,a4F)|ay # 0,a1 +a4 # (1,-T,0,0) c1=ay' e = —(asa; (ag +ag)7h),
0,a1+as+ay #0,a1 +ap +az+aq = c3 = —(az(ay +ag) " Hay +az+ay)h),
0} cp el

{(a1,a2T,a31,a4F)|ay # 0,a1 +a4 # (1,0,0,0) c1=ay' e = —(asay (a1 +ag) "),
0,a1 +az+ay #0,a1 +ax+az+ag # c3 = —(a3(ar +ag) (a1 + a3 +as) "),

0}

a3(
02 = —(az(ay +az+az)"V(ay +azy + a3 +ay) ")
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4. The Algebra Structure of Refined Neutrosophic Numbers on General Field

In the above section, we reveal that the algebra structure of the neutrosophic quadruple numbers
on general field. In this section, we explore the the algebra structure of the refined neutrosophic
numbers (refined neutrosophic quadruple numbers) on general field.

Definition 11. Let F be a field; a refined n-ary neutrosophic number is a number of the
form (ag,a1I,a20,- - ,anl,), where I,Ip,---, and I, are different types of indeterminacies,
and ag,a1,az,- -+ ,a, € F. The set RNF, defined by

RNFH = {(a()/ a111/a212/ Tty anln) ‘110, ai,az,- -+ ,0n S ]F} (14)
is called a refined neutrosophic set on field F.

Definition 12. Let x = (Ll(], a1 ly, a0y, - - - ,ﬂnln),y = (bo, b1 I,b0p, - - - ,bnln) € RNF,, then the addition
operator on RNF,, is defined as follows:

xby= (ao + by, (a1 + bl)lll ({Ilz + bz)[z,- -, ({Iln + bn)ln)o (15)

Definition 13. Let x = (ag, a1y, a5, -+ ,anly),y = (bo,b11h, balp, - -+ ,byl,) € RNF,, the neutrosophic

expert considers the prevalence order Iy < I < --- < Iy. Then, the multiplication operation is defined
as follows:
xxy= (ao, a1, a2lp, -+, anly) * (bo, b1l balp, -+, buly)
= (aobo, (aob1 + a1by + a1b2) Iy, (aobz + a1b + azbo + a2b1 + axb) I, (16)

Tty (ﬂobn +arby +asby + - - - +a,_1by +ayby +apby - - - + anbn)ln)~
The neutrosophic expert considers the prevalence order Iy > Ip > --- > I,,. Then,

xxy= (ap,arl,acly,--- ,anly) % (bo,b1Iy, boly, - - -, byly)
= (agbo, (agby + a1b1 + - - - + ayby + a1bo + a1by + arbz + - - -+ a1by) L, - - -, (17)
(aobp—1 + ay_1bo + ay_1by—1 + ay_1by + anby_1)I,—1, (aohy + anbo + anby)1y).

Theorem 4. (RNF,, ®) is an abelian group.
Proof. The proof is obvious. [J

Theorem 5. For the algebra system (RNEy, %) (or (RNFEy,,x)), for every element a € RNF,, there exists
the neutral element neut(a) and opposite element anti(a), thus the algebra system (RNF,, x) (or (RNF,, %))
isa NETG.

Proof. We use applied mathematical induction for n and only discuss the algebra system (RNFE,, *).
The algebra system (RNF,, ) has a similar proof.

If n = 2, for refined 2-ary neutrosophic set, which is same as neutrosophic binary numbers set
in [17], from Theorem 7 in [17], we can see that for every element a € RNF,, there exists the neutral
element neut(a) and opposite element anti(a), thus the algebra system (RNF,, *) is a NETG.

Assume that the refined n-ary neutrosophic set RNF, is a NETG. That is, for every element
a € RNF,, there exists the neutral element neut(a) and opposite element anti(a). In the following, we
prove that for the refined (n + 1)-ary neutrosophic set, which is a NETG.

For each a = (ag,a1h,a2h,--- ,a,411,41) € RNF,4q, let a/ = (ag,a1ly,a2h, -+ ,a,ly),
being 4’ € RNF,, then, from the above assumption condition, neut(a’) and anti(a’) exist
and let neut(a’) = (bo,b1L,balp, -+ ,buly), anti(a’) = (co,c1hh,c2l, -+ ,cnly). We prove for

a=(ag,arly,a2h, -+ ,ay411,4+1), neut(a) and anti(a) exist. We discuss from the different cases of a,, ;1.



Symmetry 2019, 11, 954 8of 13

Case A: If a,117 = 0, Being (ag,a11y, a2, - -+ ,anly,0) % (bo,b1Ly, balp, - -+, byly, byi1lyi1) =
(ag,a11y, a1y, - - ,a,1,,0), thatis (ag + a1 + - - - + an )by 11 = 0, thus we discuss from ag +a; + -+ - +
a, =0oray+ay+---+a, #0.

Case Al: If a7 = O0a+a+ - +a, = 0, so (ag,a1ly,a2lp,--- ,a,1,,0) %
(co,c1hi,clp, -+ cnln, cugrlygq) = (bo, bily, balp, - -+, byly, byi1l,1q), thatis b,y = 0 and ¢,4q can
be chosen arbitrarily in IF.

Case A2: Ifay,q = 0,a0+ay;+---+a, # 0, so from (ag+a; +---+a,)b,11 =0, we have
by1 =0,from (ag, a1y, a2, - - ,a,1,,0) * (co,c1l1, c2lp, - -+, cnln, i1 luv1) = (bo, b1y, balp, - -+, byly, 0),
thus c;11 = 0.

CaseB:Ifa, 1 # 0,being (ag,a1I1,a21p, - - -, anly, ayi1L,41) * (bo, b1l balp, - -+, byly, byi1ly1) =
(ag,a1hy, 02D, - -+ ,anly, ap1l,11), thatis (ag+ay + - - +ay41)by1 + aps1(bo + b1+ -+ -+ by) = a,41,

thatis (ag+a1+ - -+ a,401)bpy1 = ayp1(1—bg—by — - - - — by), we discuss fromag +a; +- - - +4a,41 =0
orag+ai+---+a,.1 #0.

Case Bl: If ay4,1 # O0a9+a+---+a,41 = 0, we have by + by + --- +
by, = 1, so from (ag,a1li, a2, ,anly,ay:11L,01) * (co,c1li, 2, -+ ,enly, cni1lyi) =

(bo, b I, b1, - ,byl,, bn+11n+l)r that is b,.1 = (C() +c+-+ Cn)lln+1 = b,.1 and ¢, 1 can be
chosen arbitrarily in F.

CaseB2: Ifa, 1 #0,a0+a1+---+4a,.1 #0,wehaveb, 1 =a,,1(1—by—by — - —by)(ag +
a +ap-- -an)’l, so from (ag,a1hy,a20, -+ ,anly, ayi1l,41) * (co,c1lh, 2, -+ enln, cpp1lny1) =
(bo,bil1, baly, -+, byly, byy1lyy1), thatisand ¢ 1 = (byg1 — apqr(co+c1+ -+ +cn))(ao+ar+---+
an+1)_1‘

From the above analysis, we can see that, for each 2 € RNF,, which has the neutral element
neut(a) and opposite element anti(a), from the mathematical induction method, we can obtain that
the algebra system (RNF, %) isa NETG. O

For algebra system (RNE,1,%), if a = (ag,mb,abh, - ,ay11141), let o/ =
(ap,a1h,a2Lp,- -+ ,a,I,) € RNE,, if we have neut(a’) = (by, b1, b2, ,byly), anti(a’) =
(co,c111,¢21n, - -+ ,culy). Then, the corresponding neutral element and opposite elements of a are given
in Table 4 according to the different cases of a,, 1.

Table 4. The corresponding neutral element and opposite elements for (RNE,, 1, *)

The Subset Neutral Element Opposite Elements

{(ao,a1ly,- -+ ,ant1lut1)}  (bo, b1y, -+, buly, byy1lut1) (co,e1ln, =+ + s enln, cny1lnt1)

ap+1 = O, bi’l+1 =0 Cn+1 el

ap+ap+---+a, =0

ﬂn+1 = O, bl’l+1 = O CVI+1 = 0

apg+ar+---+a, #0

Ap41 7& 0, bn+1 = (CO +c+--+ Cn)ﬁl-,H_l Cnt1 € F

ag+ay -+ ap+a,41 =0

any1 # 0, bpy1 = ap1(L—bo—by — - = cpp1 = (byyr —appr(co+ey +--- +
ag+ar+- -+ an+au1 A0 by)(ag+ag+ay+ - +ay) ) cn))(ag+ar+ - +aypq)

For algebra system (RNF,, ), according to the results in Tables 3 and 4 in [17], we can easily
obtain the neutral element and opposite elements when n = 1,2 on general fields. In Table 1, we can get
the neutral element and opposite elements when 1 = 3 on general field. Thus, from Theorem 5, we can
get the neutral element and opposite elements of each element in RNF, step-by-step. The solving
method is given by Algorithm 1 and the following example is used to explain the algorithm.
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Algorithm 1 Solving the neutral element and opposite elements of each element in (RNF,, *).

Input: a = (ag, a1y, a2, - -+ ,anly),n >3

1:i=3;

2:Fori=3:n

30 A= (ag,amly,a2lp, -+ ,a;I;);

4: Ifi==3

5: Obtain neut(A;),anti(A;) by Table 1;

6: else

7 Obtain neut(A;), anti(A;) by Table 4 combining the values of neut(A;_1) and anti(A;_1);
8: end

9:  Save neut(A;),anti(A;);

10: end

Output: neut(a) = neut(A,),anti(a) = anti(Ay)

Example 3. For algebra system (RNF,, *), and set F = R. If a = (ag,a111) = (0, —1Iy), from Table 3 in [17],
we can get neut(a) = (0, ) and anti(a) = (co, c1l1), where co +c1 = —1.

In the following, we use two methods to solve the the neutral element and opposite elements of b =
(ap,a151,a —2Ip) = (0, —I1, I) € RNF; and we get the same results.

1. Algorithm 1: From Table 2, being az # 0 and ag+ a1 +a, = 0, thus b, = (co+¢1)-1 = —1,
that is neut(b) = (0, I, — L) and anti(a) = (co,c111, c21n), where ¢y + ¢ = —1 and ¢y can be chosen
arbitrarily in R.

2. Rsults from Table 4 in [17]: Being ay # 0 and ag + a1 + a, = 0, thus neut(b) = (0,11, —I) and
anti(a) = (co, c111, c21p), where cg + ¢1 = —1 and ¢, can be chosen arbitrarily in R.

Example 4. For algebra system (RNFs, ), and set F = R. Ifa = (ag,a111,a,1) = (1,—11,,) € RNF;,
from Table 4 in [17], we can get neut(a) = (1, —Ij, L) and anti(a) = (1,c151, c2Ip), where c; + ¢ = 0.

In the same way, we use two methods to solve the the neutral element and opposite elements of b =
(ao,ﬂlll,ﬂzlz,ﬂglg) = (1,—11, I, 13) € RNF,.

1. Algorithm 1: From Table 2, being a3 # 0 and ag + a; + ap + ag # 0, thus by = 0, that is neut(b) =
(0,—L,1,0)and c3=(0—1-1- %) = —%, thus anti(a) = (1,c1 5y, c2 o, —%13), where ¢c; +cy = 0.
2. Results from Table 1 in [17]: Being ag # 0, ay # 0 and ap + a3 # 0, thus neut(b) = (1, —I;, I,0) and

co=1,¢1+¢c=0,c3 = —ﬁ = —%, thus anti(a) = (1,¢c1 5y, c2 I, —%13), where ¢c; + ¢y = 0.

For algebra system (RNF,iq,%), set a = (ap,mly, a2l ,ay411,41), being the order
L -~ ILb = --- > I, thus we should obtain the neutral element and opposite elements
of ' = (ag,axl,- - ,ay411,11). Knowing that neut(a’) = (by,bylp, b33, -+ ,byly), anti(a’) =
(co,c2l,¢313, -+, culy), then the corresponding neutral element and opposite elements of a are given
in Table 5 according to the different cases of a;.
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Table 5. The corresponding neutral element and opposite elements for (RNF, x).

The Subset Neutral Element Opposite Elements

{(ao, a1y, -+ ,an411441)}  (bo,bily, -+« ,buly, byy1l41) (co,e1ly, -+ ,enly, cuy1lyyr)

a =0, b1 =0 cqneF

ag+ay -+ +ayq =0

a1 = 0, l’)l =0 1 = 0

ag+ay+---+a,41 #0

ap #0, blz(C0+C2+~~~+CH+1)lI1 c1 €F

agt+ar+---+an+a,1 =0

a; #0, by = a1 —-—(MBy+by+ -+ ¢ = (g —a(co+c2+ -+
ag+ar+--+ap+ap1 #0 byr))(ag+ar+ - +apg)! Cug1)) (a0 + a1+ -+ ayy1) 7!

Similarly, we also can get the neutral element and opposite elements of each element in (RNF,, x)

step-by-step. The solving method is given by Algorithm 2 and the following example is used to explain
the algorithm.

Algorithm 2 Solving the neutral element and opposite elements of each element in (RNF,, x).

Input: a = (ag,a11y, a2, - -+ ,anly),n >3

l:i=n—-2;

2: Whilei > 1

3 A= (ao,aily,- -, an-1lp—1,anly);

4: Ifi==n-2

5: Obtain neut(A;), anti(A;) by Table 3;
6: else

7: Obtain neut(A;), anti(A;) by Table 5 combining the values of neut(A; 1) and anti(A;1);
8: end

9:  Save neut(A;), anti(A;);

10 i=i—1;

11: end

Output: neut(a) = neut(Ay),anti(a) = anti(A;)

Example 5. For algebra system (RNFy, %), and set F = R, a = (0,0, —2I, — I3, I4,0), solve the neutral
element and opposite elements of a.

According Algorithm 2 for algebra system (RNFg, x): Firstly, we solve the neutral element and opposite

elements of a' = (0,—1I3,14,0) from Table 3, and then solve the neutral element and opposite elements

of a"" = (0, -2, —I3,14,0) from Table 5, lastly, we solve the neutral element and opposite elements of a

from Table 5.

1. From Table 3: neut(a’) = (0, —1I5, 14,0) and anti(a’) = (co, c313, c4ly, c5l5), where cg + c4 +¢c5 = 1,
c3 € R

2. From Table 5 and combining the results of the above step: Being —2 # 0and 0+ (=2) 4+ (=1) +1+0 #
0, thus neut(a”) = (0, I, —I3,14,0) and anti(a") = (co, calp, 313, c4ly, c515), where cg + ¢4 + ¢5 = 1,
) +c3 = 7%.

3. From Table 5 and combining the results of the above step: Being 0 = 0 and 0+ 0+ (—=2) + (—1) +

140 # 0, thus neut(a) = (0,0,I, —I3,14,0) and anti(a) = (co,0,c21p,c313,c4ly, c515), where
Cotcstes=1c4c3=—3.

Similarly, we explore the the algebra structure of the refined neutrosophic quadruple numbers on

general field in the following.
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Definition 14. Let F be a field; a refined neutrosophic quadruple number is a
number of the form (a,01T1, boTo, - -+ ,bpTy,c1ly, c20p, - - - ,cqly, d1Fy, doFo, - - -, dr ),
where a, by, by, - -+ ,bp,c1,¢2,+++ ,¢q,d1,d2, - ,dy € F. The set RNQFyg, defined by

RNQF;%]V = {(a/ blTlrbZTZI T /prp/ 6111/C212/ T /Cqu/d1P1/ dZFZI o /d?’FT’)|

18
a/b]/bZI"'rbp/cl/CZI"'/CQ/d]/dZ/"'/dreF}' ( )
is called a refined neutrosophic quadruple set on field IF.
Definition 15. Let x = (a,b1Ty, b2 Ty, - - - ,bpTy, c1l, c2lp, - -+, cqly, diFi,doFo, - - -, drFy),

v= (e, ATv,oTo, -, fpTp, &1, 821, - - , 841y, i Fi, hoFp, - - - 1 Fy) € RNQFyy, then the addition
operator is defined as follows:

x®y= (ate (bi+ fi)T1, (ba+ f2)To, -+, (bp+ fp)Tp, (c1 +81) N, (2 + &) Do, - -+,

19
(¢ + g0) g, (d1 + 1) By, (da + h2)Es, -, (dy + y)Fy). (19)

Definition 16. Let «x = (a,01T1, boTo, - -+ ,bpTy,c1ly, c20p, - - - ,cqly, d1Fy, doFo, - - -, drFy),
y= (e T,f2To, -, fpTp, &111, 82D, -+ , 841, mF1, hoF, - -,y F) € RNQFyy; the neutrosophic
expert considers the prevalence order Ty < Tp < -+ < Ty < <L < < < <FKH <---<F.
Then, the multiplication operation is defined as follows:

X*xy = (ll,b1T1,b2T2,' N /prp/C111/C212/' s /quq/lelrdZFZ/' N ,drFr)
x(e, Ty, f2To, -+, fpTp, 8111, &2, - -+ 1 §qlg i F1, haFa, - -+ iy Fy)
= (ae, (af1 +bre+bif1)Ti, (afa + bifo + bae + baf1 + b2 f2) T,
-+, (ahy + byhy + bohy + - - +dp_1hy +dre+d, f1 + - - -+ dihy) ).

(20)

The neutrosophic expert considers the prevalence order Ty = Ty = -+ =Ty = Iy = I = -+ = I =
Fi = F > --- > F. Then,

xxy = (a, blTl,szz, ce /bPTPr 6111,C212, ce ,Cqu,dlpl,dzpz, te ,drFr)
*(e,flTl,szz, cee ,prp,glll,gzlz, cee rgqlq/ hlPl, thz,' o ,hrFr)
= (ae,(afi +b1fi+ - +d fi+bie+bifo+bifs+---+bih)Ty,
o (ahyy +dr e+ dpihy oy +dp 1l +diheq)F o, (ahy +dre + dihy ) F).

(21)

Similarly, we also have the following results.
Theorem 6. (RNQFpq, ®) is an abelian group.

Theorem 7. For the algebra system (RNQFyg, %) (or (RNQFyqr, %)), for every element a € RNQFpgy,
there exists the neutral element neut(a) and opposite element anti(a), thus the algebra system (RNQFyg, *)
(or (RNQFpgr, %)) is a NETG.

Example 6. For algebra system (RNQFy3,*), and set F =R, a = (1,0,2T,, —311,2F;,0, —2F3), solve the
neutral element and opposite elements of a.

According Algorithm 1 for algebra system (RN Fy13, *), firstly, we solve the neutral element and opposite
elements of a' = (1,0,2T,, —31y) from Table 1. We then solve the neutral element and opposite elements
of a = (1,0,2T,, —311,2F;) from Table 4. Next we solve the neutral element and opposite elements of
a"" = (1,0,2T,, —31,2F;,0) from Table 4. Finally, we solve the neutral element and opposite elements of a
from Table 4.

1. From Table 1, neut(a’) = (1,0,0, — L) and anti(a’) = (1,0, —2T», csIy), where cs € R.
2. From Table 4 and combining the results of the above step: Being2 # 0and 1 +0+2+ (=3) +2 # 0,
thus neut(a") = (1,0,0, =L, Fy) and anti(a") = (1,0, =3 Tz, c4ly, csFy ), where ¢y + 5 = §.
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3. From Table 4 and combining the results of the above step: Being 0 = 0and 1+ 042+ (=3) +2+0 # 0,
thus neut(a’”’) = (1,0,0, — I, F;,0) and anti(a"") = (1,0, —%T2,6411,C5F1,0), where ¢y + c5 = %.

4. From Table 4 and combining the results of the above step: Being —2 # 0and 14+0+2+ (—=3) +2+
0+ (=2) =0, thus neut(a) = (1,0,0, —I1, F;,0, —F3) and anti(a) = (1,0, —%Tz,C4Il,C5F1,0, c7F3),
where ¢y + c5 = %,67 e R

Example 7. For algebra system (RNQFy13, %), and set F = Zs = {[0], (1], (2], [3], [4]}, a = ([1],[0], [2] T2,
[2]11,[2]Fy,0, [3]F3), solve the neutral element and opposite elements of a.

Similar to Example 6, according Algorithm 1 for algebra system (RN Fy13, ), firstly, we solve the neutral
element and opposite elements of a’ = ([1],[0], [2]T2, [2]I1) from Table 1. We then solve the neutral element
and opposite elements of a” = ([1],[0], [2] T2, [2] 11, [2] Fy) from Table 4. Next, we solve the neutral element and
opposite elements of a”’' = ([1],[0], [2] T, [2]I1, [2] F1, [0]) from Table 4. Finally, we solve the neutral element
and opposite elements of a from Table 4.

1. From Table 1, neut(a") = ([1],[0], [0], [4]I1) and anti(a") = ([1], (0], [1]T2, cal1), where ¢4 € F.

2. From Table 4 and combmmg the results of the above step: Bemg [2] # [0] and [1] 4+ [0] + [2] + [2] +
[2] # [0), thus neut(a") = ([1], (0], [0], [4]F, [1]Fy) and anti(a") = ([1],[0], (1] T2, c4]1, csFy), where
C4+C5 = [1]

3. From Table 4 and combining the results of the above step: Being [0] = [0] and [1] 4 [0] + [2] + [2] + [2] +
[0] # O, thus neut(a™) = ([1], [0, [0], [4] 11, [1] Fy, [0]) and anti(a"™) = ([1],[0], 1] T2, csh, csFy, [0]),
where ¢4 4 ¢5 = [1].

4. From Table 4 and combining the results of the above step: Being [3] # [0] and [1] + [0] + [2] +
2] + [2] + [0] + [3] = O, thus neut(a) = ([1],[0],[0], [4]L1, [1]Fy,[0], [4]F3) and anti(a) =
([1],[0], [1]T2, c4 1, c5Fy, [0], c7F3), where ¢4 4 ¢5 = [1],¢c7 € F.

5. Conclusions

In this paper, we study the algebra structure of (NQF(RNF,, RNQF,), ®), (NQF(RNF,, RNQF,), %)
and (NQF(RNE,,RNQF,),*), and we prove that (NQF(RNF,, RNQF,),*) (or (NQF(RNF,,
RNQF,), *)) is a neutrosophic extended triplet group, and provide new examples of neutrosophic
extended triplet group and the neutral element and opposite elements of each refined n-ary
neutrosophic number (refined neutrosophic quadruple number) can be obtained by given
algorithms. In the following, we can explore the algebra structure of (NQF(RNF,, RNQF,), &, ) or
(NQF(RNF,, RNQF,),®,*). We can also explore the relation of neutrosophic quadruple numbers
and other algebra systems in papers [21-23]. Moreover, on the one hand, we will discuss the
neutrosophic quadruple numbers based on some particular ring which can form a neutrosophic
extended triplet group, while, on the other hand, we will introduce a new operation o in order to
guarantee (NQF(RNF,, RNQF,), *,0) is a neutrosophic triplet ring.
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