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1. Introduction

Differential equations with boundary conditions, especially Sturm-Liouville with a spectrum
contained in the boundary condition, have various applications for mathematical physics, economics
and biophysics. For instance, the vibration of strings and mass transfer [1-4]. The method of finding
the eigenvalues and eigenfunctions of an eigenvalue problem was investigated by many authors.
Naimark [5] studied a general linear differential operator of nth order. He obtained an asymptotic
formula for the fundamental solutions, eigenvalues and eigenfunctions for the problem. Eventually,
Kerimov and Mamedov [6] investigated a second order differential operator. They obtained an accurate
asymptotic formulas for eigenvalues and eigenfunctions compared to Naimark’s work.

The method of obtaining a refinement fundamental solution of a linear differential operator was
studied in Reference [5] (Section 4.6). In this method, the author considered that the coefficients of the
differential operator and their derivatives up to order m are continuous. This method leads to a more
accurate asymptotic formulas for eigenvalues and eigenfunctions, indeed. For more detail about the
method we recommend the reader to see Reference [5] (Section 4.6).

More and more authors have been interested in investigating this kind of subject in recent
years. Fourth order linear differential equations have extensive applications in different fields of
engineering and science. For instance, several appropriate mathematical models have been suggested
in References [3,4] which assist in describing the oscillation behavior appearing in the actual suspension
bridges. Nowadays, investigating the eigenvalue problem is going in the direction of discontinuity of
the solutions or the coefficients of the differential operator with transmission conditions at the point of
discontinuities. Jwamer [7] studied the asymptotic behavior of the eigenvalues and eigenfunction for
a second order differential equation, where its cofficients are discontinuous. Recently, Bayramoglu,
Bayramov and Sen, in References [2,8-10] investigated second order and fourth order differential
operators with a spectral parameter contained in the boundary conditions and transmission conditions.
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Sen formulated a new method for determining linearly independent solutions, eigenvalues and
eigenfunctions for the eigenvalue problems.

Concerning Reference [2], we study a fourth order differential operator with the eigenparameter
contained in the boundary conditions and transmission conditions. In the present paper, we use the
refined method for obtaining the linearly independent solution of the problem. Moreover, an accurate
asymptotic formula was obtained for eigenvalues and eigenfunctions. First, we constitute the problem
as follows:

Consider a fourth order differential operator of the form:

Lly) = y¥ (x) + p(x)y +q(x)y(x) = Aw(x)y(x) (1)
where, x lies in the interval I = [—1,0) U (0,1]. We assume that all solutions of (1) are in L?(I) and
they are satisfying the following boundary conditions at the boundary points x = -l and x =1

Lily] = my(=1) —azy" (-1) =0 @
Laly] = 1y (=1) = foy (-1) =0 ©
Laly) = Ay(1) —y" (1) =0 &)
Lalyl =4y (1) =y (1) =0 5)
At the discontinuity point x = 0, the solutions of Equation (1) satisfies the following transmission
conditions:
Ls(y) = y(0+) —y(0—) =0 ©6)
Lo(y) =y (0+) —y (0-) =0 @)
Ly(y) = y "(04) =y (0-) + A&y (0-) =0 )
Ls(y) =y (0+) =y (0-) + Adoy(0-) =0 ©)
where, the weight function w(x) defined on the interval I as follows:
w; x €[-1,0)
w(x) = . (10)
wsy; x € (0,1]

The functions p(x), g(x) are continuous on the interval I, p(x) € C?>[—1,1] and they have finite
limits, p(0+) = limy_ 0+ p(x), 4(0£) = lim,_,o1 g(x). A is the spectral parameter, «;, ; and w; are
real scalars (for i = 1,2), with |w1 + wy| # 0 and f}l p(x)dx # 0.

In Section 2, we recall some definitions and theorems that are useful in the next section. Also, we
formulate the problem and investigate its properties in operator theory views. The most important
result is the estimation of the eigenvalues and eigenfunctions (see Theorem 4). According to
Theorem 3, the eigenvalue problem (1)-(9) possesses infinitely many positive and negative eigenvalues.
From Theorem 4, we obtain that the zeros of Equations (21) and (22) are the eigenvalues of the problem.
We assume that the solutions of (1) satisfy the initial conditions (15)-(19). The purpose of these
conditions is to conduct a more accurate system of solution of Equation (1), such that it satisfies
the boundary and transmission conditions. In Section 3, we determine the refinement asymptotic
formulas for the linearly independent solutions (resp. their derivatives) of Equation (1). Every
solution satisfies the initial conditions (15)-(19), respectively. Also, we estimate an upper bound for the
fundamental solutions. In Section 4, we establish the accurate asymptotic formulas for the eigenvalues
and eigenfunctions of the problem (1)—(9). Finally, we show that the problem in Reference [2] is
a special case of the problem that is presented in this paper.
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2. Preliminaries and Constructions

In this section, we begin with the following definitions and theorems, which are necessary in
the next section. The definitions and notations in this paper can be found in Reference [1]. Also, we
construct the initial conditions for which the linearly independent solution of the problem will satisfy:

Definition 1 ([2]). Suppose that f,g € L*(I), then the inner product of f, g on L*(I) defined as follows:

0 1
(f,eh =/71f18_1dx+/0 fagadx (11)

where, f1 = f(x)|(—10), f2 = f(x)|(0,1) and fa is the complex conjugate of fp. It is provided that (L*(I), {-))1
form a Hilbert space.

Definition 2 ([2]). Let K = L?(I) & C & C & Cs, & Cs,. Then define [.] on K as follows:
[F,G] = (f.8)1 + (i, k1) + (ho, k) + (h3, k3) + (s, ka) (12)

where, F = (f,hy,hy, h3, hy) and G = (g,kq, ka, k3, kyq) are in K. Then K, under the inner product [.] form
a direct sum of modified Krein spaces.

Note that Krein space is a linear space H with an inner product ., .] defined on H such that there
exists a decomposition H = H; & H_, where (H+, £[.,.]) are Hilbert spaces and [H4, H_] = 0 [1].
The elements of a Krein space H are classified in terms of the inner product [.,.] as follows: an element
x in H is called positive (negative), if [x,x] > 0 ([x, x] < 0). A linear manifold or a subspace K C H is
called positive (negative), if all its non-zero elements are positive (negative). If f € H, then there exists
f+ € Hy,such that f = f + f_. Also, a projection P+ can be defined on H as follows: P.f = fi.
Then the inner product (.,.) defined in terms of [.,.] with the operator | = P, — P_ by:

(f,.8)=1f¢gl

The operator ] is said to be a fundamental symmetry of the Krein space H. The reader can see
References [1,11] for more detail about Krein spaces. Now, we turn to finding a formula for estimating
the eigenvalues of the problem (1)—(5). This method is mentioned in Reference [2]: Suppose that
Jo : L?(I) — L?(I) is introduced by (Jof)(x) = f(x). Then consider a fundamental symmetry operator
J on the Krein space K

Jo 00 O 0

010 O 0
J=10 0 1 0 0

0 0 0 sgnd 0

0 00 0 5gNndy

where, sgnx refers to the signum function of a real number x and it is defined as follows

1: x>0
sgnx =4 0: x=0 (13)
—-1: x<0
It is obvious that (.,.) = [].,.] form a positive definite inner product on K. This implies that K is

a Hilbert space with the inner product (.,.) = [J.,.] defined by K := (K, (.,.)). Let A be a linear
operator defined with respect to the conditions of our problem (1)-(9):
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D(A) = {(f, b1, ho, h3,hs) € K|f©) € AC1oc((0,1)),i =T,3,Lf € L*(I), Ly =0,
k=14 = f(1),hy = f (1), h3 = =61 f (0),ha = —52£(0)}

Then for any F = (f, £(1), f (1), =61 f (0), —=62£(0)) € D(A), we have

"

AF = (Lf,—f" (1), —f (1), f (0+) — f (0=), £ (0+) — f" (0-)),

An interesting application of this process is to rewriting the problem (1)—(9) in the form of
operators as follows:
AF = AF

Consider X as a normed linear space. A subset G of X is said to be dense in X, if every element
x of G is the limit point for a sequence in X. In the following theorem, we investigate the density of
the domain of the operator A, which constructed in term of the problem (1)—-(9) in Ky. Consequently,
we show that the operator A is self-adjoint in K.

Theorem 1. The set D(A), the domain of the operator A, is a dense set in the Hilbert space Ko.

Proof. Suppose that ¢(x) is a function defined by:
p1(x): xe€[-1,0)
= (14)
7 {¢2(x) C xe (0]

where, ¢1(x) € C*(—1,0) and ¢»(x) € C®(0,1). We denote W as the set of all functions of the form
¢(x). It is easy to see that, W is dense in K, (see Reference [12] (Lemma 2.1)). Hence D(A) is dense
setin Ky. O

Theorem 2. The operator A is self-adjoint in K.

Proof. The proof is a direct consequence of [12] (Theorem 2.2). O

This leads us to deal with the problem in the direction of operator theory. We can compare the
properties of this operator at a higher level in the Krein or Hilbert spaces. The most important result of
this construction is the eigenvalues and eigenfunctions of the problem, (1)-(9) are the eigen values
and eigenvectors of the operator A. The following theorem guarantees that the set of eigenvalues and
eigenfunctions of the problem (1)—(9) is not empty:

Theorem 3. The operator A has infinity many positive (negative) eigenvalues. Moreover, every eigenvalue has
a corresponding eigenfunction.

Proof. It is obvious by Reference [11] (Proposition 1.8). [

Lemma 1. Suppose that p(x), q(x) are continuous functions on the interval [—1,1], w(x) is a weight function
defined as in (10) and C;(A), (for i = 1,4) are entire on C. Then for any arbitrary complex number A and a € I
the differential equation

y W)+ Py + )y () = Aw(x)y(x)
has a unique solution, for which satisfy the initial conditions

!/ " "

y(a) = C1(A),y (a) = C(A),y (a) = C3(A),y (a) = C4(A)



Symmetry 2019, 11, 1060 50f 13

Proof. Since the functions p(x) and g(x) are continuous on the interval [—1,1], then by using
the Existence and Uniqueness Theorem in the theory of differential equations. The proof is
hold directly. O

If a = —1, then by Lemma 1 there exists a solution u11(x, A) of the differential Equation (1) on the
interval [—1,0), such that it satisfies the initial conditions,

"

i (—1) = ap,uyy (=1) = 0,33 (—1) = 0 uyy(—1) = —ay (15)

According to this solution, we choose another solution u15(x, A) of the differential Equation (1)
on the interval (0, 1], such that at a = 0 satisfy the initial conditions,

112(0) = 111(0), 35 (0) = 131 (0), u15(0) = 1y (0) — Ady131(0)

and u/1”2(0) = 117(0) — Adau11(0) (16)

By the same way, use Lemma 1, we can define two solutions u;(x,A) and u(x,A) on the
intervals [—1,0) and (0, 1], respectively. These solutions satisfy the following initial conditions:

un (1) = 0,1y, (1) = B, 11y (—1) = —Py ué&( 1) =0
uzz(o) = Un (0)/”,22(0) = ”,21 (0),u22(0) = ”21 (0) - )\51”/21 (0) (17)

"

and 1y, (0) = 11y, (0) — Adiy (0)

Dually, for the Equations (15) and (16), we can choose v11(x, A) and v12(x, A) as two solutions of
Equation (1), such that they are satisfying the following initial conditions on the intervals [—1,0) and
(0,1], respectively:

012(1) = —1,0},(1) = 0,01,(1) =0 v,(1) = A
011(0) = ©12(0), 0} (0) = v1,(0),0},(0) = v1,(0) + A8}, (0) (18)

n

and v’lﬂl (0) = v3,(0) 4+ Adv12(0)

Finally, we have to find two more solutions, to compute the formula for the eigenvalues and
eigenfunctions of the problem (1)—(9). Again by using Lemma 1, Equation (1) possess two solutions
v91(x,A) and vy (x, A) on the intervals [—1,0) and (0, 1], respectively. Such that they are satisfying
the conditions:

(1) = 0,05 (1) = —1,03,(1) = A v3(1) =0
021(0) = 022(0), Vs, (0) = 0 (0), Uy (0) = V9 (0) + Ad104,(0) (19)

"

and 0/2,/1(0) = 0y, (0) + Adp022(0)

From Theorem 3, we conclude that problem (1)—(9) has infinitely many positive and negative
eigenvalues. Now, we turn to the questions “What are the asymptotic behavior of the eigenvalues?
How can we determine them?” Consider a general differential operator of the form:

Lly) =y (x) + paa()y" "V (x) + - +y = Aw(2)y(x)

The Existence Theorem [13] conducts that the above differential equation has a fundumental
system of n linearly independent solutions y1, 2, . .., y» on the interval [a,b] C R . If this differential
equation is constrained with the boundary conditions L;[y],, = &;, fori = 1,...,n, then the eigenvalues
of the eigenvalue problem are zeros of the equation:



Symmetry 2019, 11, 1060 60f 13

Lilyi] Lilya] ... Lilyx]
Lo[y1] La2ly2] ... La[ya] . 20)
Ly [yl} Ly [yﬂ . . Lﬂ[.yn]

Substituting the boundary conditions (2)-(5) in the Equation (20), we obtain the following Wronskians

urr(x,A)  up(x,A) on(x,A) var(x,A)
u, x, A " x,A v, x, A v. x, A

Wi (M) = /1/1( ) %1( ) /1/1( ) %1( ) 1)
”/1”1(’5'/\) u%/l(x,/\) vllﬁl(x,/\) v%ll(x,/\)
upy (X, A) gy (%, A) oy (x,A) vy (%, A)

and

ulZ(x/)\) u22(x//\) le(x//\) UZZ(x/)\)
u, x, A " x,A v. x, A v. x, A

W (M) = /1/2( )\) %2( /\) /1/2( /\) %2( /\) (22)
uplxA) tp(x,A) op(A) op(x4)
upp(x,A) up(x,A) vp(x,A) vy(x,A)

After a simple calculation, we conclude that the Wronskians are equivalent. Means that
Wi (A) = Wy (A), for any values of the spectral parameter A € C. Hence, from (20)-(22), we have
the following interesting result for deriving a formula to estimate the eigenvalues of the problem in
the interval I:

Theorem 4. Consider the problem (1)—(9), then the eigenvalues are the zeros of the Wronskian W1 (A) = W(A).

Proof. It is similar to the proof of [2] (Theorem 3.2). O

3. Asymptotic Behavior of The fundamental Solutions

In this section, we establish the refinement asymptotic formulas for the linearly independent
solutions (resp. their derivatives) of Equation (1), such that each solution satisfy the initial
conditions (15)—(19), respectively. Also, we estimate an upper bound for the solution.

Lemma 2. If A = st s=oc+itandk = 0,1,2,3. Then the fundamental solutions (15)—(17) satisfy the
following asymptotic formulas:

;;{un(x,)\) = dd;{k (0;2 + ajsozcz /_xl P(f)dt> cos (swi (x +1))
+dd;k (0622 _ a;%sﬂzéz /_"1 p(t)dt> cosh (swi(x + 1))
10 (|S|kfselsw1|<x+1>> (23)
;}:{ulz(x,m - dd; (““’2)2‘;1”/“(0) + wgcslg’n(o) I xﬁ(t)dt> cos (sw;x)
_‘_W;J:{ sin (swox) — w;}; cosh (swyx)
_;Z(k <(sw2)(5§u11(0) — aéélg;lm) _/Oxp(t)dt> sinh (swox)

+0 (|S‘ke\sw2|(x+1)) (24)
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d* d*
Wu2l(x,/\) - Z(Sﬁcjl>2dxkcos (SW](X+1))

+d’<< B2 N w1B2 /x p(t)dt> sin (swq(x + 1))

dxk \ 2sw, 8s3 J 1

g1 d .
2 (501 )2 ok sinh (swy(x + 1))

- ( B2 n w1 B2 /jl p(t)dt) cosh (swq(x +1))

Cdxk \2(swq) | 8s3
10 (,S|kf4€\sw1|<x+1>) (25)
;:kuzz(x,)\) = (SCUZ)Z(;M;Z;{ cos (swyx) + 5(4]2‘51;‘/21@;; sin (swyx)
—(Swz)zilu;l(m;;{ cosh (swyx)
_;;k <(S‘”2>‘5§”21(0) - wé‘slglﬂ(o) / XP(t)dt> sinh (sw;x)
10 <|S‘k—1e\swz|(X+1)) (26)

Proof. Consider the Differential Equation (1), then we can rewrite is as follows:
YW (x) = s*w(x)y(x) = m(x) (27)
where, m(x) = —p(x)y (x) — g(x)y(x), then Equation (27) has a unique linearly independent solution

u11(x,A) on [—1,0), which satisfy the initial condition (15) by Lemma 1. It is easy to show that,

eSVIx, eTBWIX  eISWIY and eT*1* are the linearly independent solutions of the equation:

y® (x) = stwiy(x) = 0

By using the method Variation of parameters, we can see the solution w17 (x, A) has the form:

a o .
ur(x,A) = 72“)5 (swl(x—i-l))+msm(sw1(x+l))
2 __ M (swr(x+1)) “ " (—swr (x+1))
+(4 (25w1)3>e +<4 " (25w1)3)e

—25sin (swy (x — t)) + e1x=1) _ e“s““("’”)} p(£)uyy (t)dt

e /11 [72 sin (swy (x — t)) + e x=H) _ e(*s“’l("*m} g(H)uqp (¢)dt (28)

Now, we have to calculate the first integral part of Equation (28), this requires ulll(x,/\),
by differentiating Equation (28), we obtain
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uly (x,A) = f(swl)% sin (swi(x +1)) + (swq) cos (swq(x +1))

X1
(2507)?

« o swn (x « «
) (= ) ) = ) ()

(—swi(x+1))

2
“1

452

2
v
452

xe

/ xl [~2.c08 (swr (x — 1)) + 1 0=0) o5 p(eyud (1)t

/x [—2 cos (swy (x — ) + erx=h) 4 e(fs“’l("*t))} g(Hugq (H)dt  (29)
-1

If we set Fj(x,s) = (swp) telforltDy (x5), M = max,e[_1,0) |F(x,5)], Fu(x,s) =
els@tl 41y (x,5) and M = maxye(_1,0) |F11(x,5)], then after a simple calculation we obtain:

/ laa]  wn //x w1 /x
< — — ity
Fa(eo)l < B2 DM [ ppolde+ v [ (ol

Since the functions p(x) and g(x) are real valued continuous functions on the interval I, then their
integrals are bounded on [—1,0). So, for a sufficiently large |A|, we have P{l(x,s) = O(1). Thus,

up;(x,8) =0 (|s|e‘s“’1|(x+1)) and uy1(x,s) = O <e|5“’1‘(x+1>). Substituting these into Equation (29) and
we get

up(x,A) = —(swl)% sin (swy(x +1)) + (swl)%e(s“’l(”l)) - (swl)%e(_s“’l(”m
+0 (|S|—Ze\sw1|(x+1)> (30)
Putting Equation (30) into the first integral part of (28) and using the asymptotics of u}, (x,s), u11(x,s)

and differentiating k times with respect to x, then (23) is estimated. By using the same technique we
obtain all the solutions (24)-(26). O

Lemma 3. IfA = st s=c+itandk =0,1,2,3. Then the fundamental solutions (18)—(19) are satisfying
the following asymptotic formulas:

;fkvlz(x,)\) - _71 cos (swy (x — 1)) — (2;% + siﬁ /xl p(t)dt> sin (swy(x — 1))
+2iw% sinh (swy(x — 1)) — (; - 8a1)2s /xl p(t)dt>
x cosh (swy(x — 1)) + O (|s|k_ze|s‘*’2‘(1_x)) (31)
;}Z{vll(x, A) = —;; <525122§(0> - 510/182(0) /xo p(t)dt) cos (sw1x)
_&5222};2%(0)5( sin (swyx) + 5(52205%(0);3:‘ sinh (sw1x)
i (ﬁaﬁm LA [ p(t)dt> cosh (1)

+0 (|S‘k+1e\sw1|(l—x)) (32)
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d* N (= 1t
szz(x, ) — @ 270_)% - 27602/3( p(t) t COS (Swz(x - 1))
dc [ s? 1 !
+W <2w§ - E/X p(t)dt) cosh (swy(x — 1))
+0 (|S|k+1e|sw2\(lfx)> (33)
d* d* (526105(0) | 6105,(0) [0
k02 (x,A) = —F < 202 +—3 /x p(t)dt | cos (swyx)
$6,022(0) dF s6y022(0) d*
_22512%()5&" sin (swyx) + 22;25’()dxk sinh (swix)
d~ 52(522/22(0) 32(512/22(0) 0
Tk < 202 - 5 /x p(t)dt | cosh (swix)
+0 (|S‘k+2€\sw1|(lfx)) (34)

Proof. Itis similar to Lemma 2. [

Now, we are concerning to estimate upper bounds for the fundamental solutions of the
problem (1)—(9), under some consideration. First of all, from Equation (28), we have

u1(x,A) = % [cos (swy (x +1)) + cosh (swy (x+1)) ]

2(5‘21)3 [sin (swy (x +1)) +sinh (sw; (x +1)) ]
+%/_1 [sin (swy (x — £)) —sinh (swy (x — £)) ] p () uyy () dt
+ 4 /_ 1 [sin (sw; (x — #)) — sinh (swy (x — £)) ] q (£) uyy (£) dt (35)
Lets = o+it, M = maxe 100D, Q) = maxe 10 {p(t)|E28L g()]},

5 1Q(t)|dt < oo and |7| < ||, without loss of generality. Then the following relations |sinz | <
elmzl, |sinhz | < elRe2l, |cosz| < el 7l and |coshz | < elR¢Zl, imply the following inequalities:
|sinswy (x +1) | < MIT < M7, |sinhsw; (x +1) | < M7l |cosswy (x +1) | < MIT < M7l and
|coshsw (x + 1) | < M!%l. Hence, we obtain an upper bound for the solution (23):

lug1| < MI9IC e®

where, C; = “Z:Tls‘ 7, 1Q ()| dt and C; = <042 + A > In the same way as above, we can estimate

Jswr |

upper bounds for each of the Equations (24)-(34).

4. Accurate Asymptotic Behavior of the Egenvalues and Eigenfunctions

In this section, we estimate the accurate asymptotic formulas for the eigenvalues and
eigenfunctions of the problem (1)-(9). According to Theorem 3, the eigenvalue problem (1)—(9)
possesses infinitely many positive and negative eigenvalues. From Theorem 4, we conducted that the
zeros of Wy (M) are the eigenvalues of the problem. First of all, we have to approximate an expression
for Wy (A):
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Theorem 5. If A = s*, s = o + iT, then Wy (A) (Consequently Wo(A)), for a sufficiently large |A|, has the
following expression formula:

$125 50w w1 +wa) [L p(x)dx
Wi(A) = (2(60511(12655)24) (sinh(s(wl + wy)) sin(s(w1 + wy)) + (wn + Z;szl px)
1
+ (wn + wzisle plx)dx cosh(s(wy + wy)) cos(s(wy + wz)))
x [cosh(swy) + cos(swy)]* + O (|s|ge4‘s(“’1+w2)|> (36)

Proof. Since the functions u11(x,A) and up1(x,A) satisfy the initial conditions (15)—(17) and
differentiating (32)—(34), then substituting the results in the characteristic equation Wy (1), we obtain

[1%) 0 0,11(—1,/\) 0/21(—1,)\)
Wi(A) = 0 B2 0/1/1(—1,/\) 0%1(—1,)0
! 0 —p1 o(-1,4) vy(-1,A)
—ar 0 o (=LA) ou(=1A)
_ v (=1,A) vy (=1,A) O (1s[964s(@r+ew2)] 37
a2 1) ol o] PO (T ) @7)

By calculating vl(f ) (=1,A), fori = 1,2, k = 2,3 and substituting them into Equation (37), then we

obtain (36). By similar argument, we can obtain same formula for the characteristic equation W(A). O

Note that, if A is a negative real number, say A = —2, then we can easily show that Wy (—72) — oo
for a sufficiently large value of r. This fact, provided that the real eigenvalues of the problem (1)—(9)
are bounded below, so we can say that the eigenvalues are of the form of an increasing sequence,
Ap < A1 <.... In the next theorem we establish the asymptotic formula for the eigenvalues:

Theorem 6. Let {A,}§ = s, be the sequence of eigenvalues of the problem (1)~(9). Then A, has the following
two asymptotic formulas:

S 1 man+3) 8w +wr)? [l p(x)dx 1
VA = B @) (en +31))2 +0 (113) (38)
4 1 n(4n+3) 8w + wy)? f_11 p(x)dx 1

M2 = V2 * 4(w + wy) (7t(4n +3))? © <n3> (39)

Proof. Since the eigenvalues of the problem is the zeros of the characteristic equation W;(A) by
Theorem 4. Then from Equation (36) we have,

(wi +w2) [ p(x)dx
252

(wi +w2) 1, plx)dx
252

sinh(s(w1 + wy)) sin(s(wy + wy)) + cosh(s(w1 + wy))

x cos(s(w1 +wr)) = —

+0 <|S‘9e4|s(w1+w2)\) (40)

Let f(s) and g(s) be the left and right side of Equation (40). It is easy to show that |f(s)| < |¢(s)|. Then

by Rouch’s theorem f(s) and f(s) + g(s) have the same number of zeros. The zeros of the function are
(4n+3)

near to )

7T, for a sufficiently large integer #, see Figure 1. Hence we obtain (38) and (39). O
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(277/4.0)
[ANA

Figure 1. Zeros of the function f(s).

According to the asymptotic expressions of the fundamental system of solutions, eigenvalues
and characteristic equation W(A). We evaluate asymptotic formulas for the eigenfunctions. Hence,
the characteristic equation W(A) is significant for estimating eigenvalues and eigenfunctions of the
problem (1)—(9) (see [14] (Theorem 4.1)).

Theorem 7. Asymptotic formulas for the eigenfunctions of the eigenvalue problem (1)—(9) corresponding to the
eigenvalues Ay 1, Anp has the following forms:

$n1(x,Ap1) = sinh <C4n—£3)71x> sin <C4n—£3)nx> +0 (31) (41)

¢n,2(x,)\n,2) = Wligl)ﬂ cosh ((471—23)7Tx> cos (M”‘ZB)TIX> L0 (i) 2)

Proof. From Equations (23), (25), (31) and (34) we can estimate “11{1 (x,An1), ”12{1 (x,Ap1), v’l‘l (2, A1)
and vk, (x, A,,1), then substituting these into the characteristic equation W(A). Hence, by a simple
calculation, (41) and (42) can be obtained. [

Note that, from (41) and (42), we can verify that the formulas (38) and (39) are simple. In general,
the eigenvalues of the problem (1)-(9) are simple (see [9] (Theorem 4.2).

Example 1. If p(x) = 0and w(x) = 1, then Equation (1) reduced to

Lly] = y¥(x) + 9(x)y(x) = Ay(x) (43)

with the conditions (2)—(9). In Reference [2], Sen investigated (43). He obtained asymptotic formulas for the
fundamental solutions and eigenvalues for the problem. In this paper, we obtain an accurate asymptotic formulas
for the eigenvalues for this problem. Substituting p(x) = 0 and w(x) = 1 into (38) and (39), then we have the
following asymptotic formulas for the eigenvalues:

. m(2n+1 1
. m(2n —1) 1
\//\n,2 = % +O (;/13) (45)

Moreover, we show that the following formulas form asymptotic formulas for the eigenfunctions for Sen’s
problem [2]:
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$n1(x, Ay1) = sinh ((Zn—i—l)nx) sin (Wx> +0 (1) (46)
, , 5 - -
Pn2(x,Apn) = ﬁ cosh ((211;1)71)() cos ((271;1)7‘[}() +0 (i) (47)

Example 2. We can note that in Equation (1), the weight functions wy (x) and wy(x) are constant functions
on the intervals [—1,0) and (0,1] respectively. In this example, we consider a special non constant real
valued function:

w(x) = v1—-x x€[-1,0)
T x € (0,1]

Since w1 (x) and wy(x) and their derivatives are bounded on the intervals [—1,0) and (0, 1], then from
Equations (37) and (40), we obtain the following approximate expression for the eigenvalues of the problem:

(48)

g 1 7(4n +3) 8(V1—x+ Vx—1)* [ p(x)dx 1
M= AT D) (r(@n +3)2 o) @

4/ 4/ 1\2 1
Vha= Ly mUntd)  BWIZx+vEol) flp(x)dx+o<nl3> (50)

V2 A(YT—x+Vx—1) (7(4n +3))?

It is easy to show that Equations (41) and (42) are the eigenfunction for this particular case.
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