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1. Introduction

Algebraic structures have been studied for their close affiliation with representation theory and
number theory, and they have been extensively studied in combinatorics [1,2]. In addition to the
extensive theoretical research in these areas, finite rings and fields have received attention for their
applications to cryptography and coding theory.

A foundational role of molecular descriptors is to consider molecules as real bodies and transform
them into numbers, which enables mathematics to play a key role in chemistry, pharmaceutical sciences,
environmental protection, quality control and health research. These molecular descriptors are graph
invariants and are usually known as topological indices. In graph theory, by using topological indices
we correlate various characteristics of a chemical structure in order to characterize it. These days there
is an area of research devoted to computing topological indices for various structures.

In mathematical chemistry, a molecular or chemical graph is a presentation of the structural
formula of a chemical compound in the form of graph structures. A chemical graph is a labeled graph
with corresponding vertices representing the atoms of the compound and edges representing their
chemical bonds. A topological index associated with a chemical graph is a numeric value which
remains invariant under the graph automorphism and it also characterizes the topology of a chemical
graph. Hence, these indices have a variety of applications in chemistry as well as in pharmaceutical
science and in the structures of nanotubes [3,4]. For graph theory, topological indices are classified as
“topological indices based on degrees” [5-8], “topological indices based on distances” and “topological
indices based on eccentricities” of graphs. Some well-known topological indices based on the degrees
of a graph are the Randi connectivity index, Zagreb indices, Harmonic index, atom bond connectivity,
geometric arithmetic index and so forth, and the Wiener index, Hosaya index and Estrada index are
distance based topological indices [9,10]. Similarly, eccentricity based topological indices include the
Zagreb eccentricity index [11,12], geometric-arithmetic eccentricity index [13], connectivity of atomic
bond eccentricity index [14] and the fourth type of eccentric harmonic index [15,16]. Topological
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indices lay the criteria for the growth of chemical structures and how mathematical operations on the
graphs, with the relief of topological indices, can extend multidisciplinary research.

2. Motivation behind Topological Indices

An association between the stability of linear alkanes and the branched alkanes is studied through
the ABC index. This index is also used for the computation of strain energy for cyclo alkanes [17,18].
In order to correlate certain physico-chemical characteristics, the GA index has more efficient predictive
power than does the Randic connectivity index [19,20]. The Zagreb indices (first and second) are
powerful tools for the computation of total p-electron energy of the molecules within a particular
approximate expression [21]. The topological indices that are based on degrees are more useful for
examining the chemical characteristics of distinct molecular structures. These applications provide a
motivation to study topological indices that are eccentricity based. The topological indices based on
eccentricity are useful for the assessment of the toxicological, physico-chemical and pharmacological
characteristics of a compound through the structure of its molecules. The study of the QSAR
(quantitative structure activity relationship) is known for this sort of analysis [22]. In order to obtain
further details on the applications of Topological indices see References [23,24].

3. Methods

In order to obtain our intended outcomes we used combinatorial tools such as vertex partition,
edge partition, eccentricity, eccentricity counting for each degree and other graph theoretical methods
with some analytic techniques [23,25]. Moreover, we use C* for the verification of degree and their
corresponding eccentricity.

4. Definitions and Notations

Let G be a connected graph with vertex set V(G) and edge set E(G). We associate with each graph
G a numerical value, called the topological index (descriptor). This index remains invariant under
graph automorphisms. The number of edges adjacent to a vertex v is called the degree of v which is
denoted by d(v) and the corresponding maximum and minimum degree of a vertex in a graph G is
denoted by A(G) and §(G) respectively. The d(u, v) denotes the distance between any two vertices u
and v which is defined as the number of edges in the shortest path between the vertices u and v. The
eccentricity of a vertex v in a graph G is defined as:

e, = max{d(v,u) :u € V(G)}. 1)
We study general topological invariant T(G) based on the eccentricity of vertices in graph G.

T(G) = 2 P(eu, €0), 2)

uveE(G)
where ¢(ey, €5) = ¢(€y, €,) is a real function of €, and €.

o Ifp(eu €) = (€4 + €y)P, where B # 0 is a real number, then ¢(G) is the first Zagreb eccentricity
indexif f =1[11,12].

o If¢p(ey €r) = (€4 X €y)*, where a # 0 is a real number, then ¢(G) is the third Zagreb eccentricity
index if « = 1[11,12].

o Ifgp(eye) = %, we obtain the geometric-arithmetic eccentricity index GA4(G) [13].
o Ifg(eye) = Q’Jigz, we obtain the atom-bond connectivity eccentricity index ABCs(G) [14].
o Ifgp(eye) = ﬁ, we obtain the fourth type of eccentric harmonic index Hy(G) [15,16].

A commutative ring R with identity a non-zero element x € R is called a zero divisor if there
exists another non zero element y € R such that x.y = 0in R. The set of all zero divisors in R is denoted
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by Z(R). By considering a finite commutative ring R, we associate a zero divisor graph G(R) such
that if x1,xp € Z(R) = V(G(R)) and (x1,x2) € E(G(R)) if and only if x;.x; = 0. The notion of the
zero divisor graph was introduced by Beck [2] and later for any commutative ring R, Anderson and
Livingston, in Reference [26], proved that the zero divisor graph G(R) is a connected graph. Due
to broad interest in parameters associated with graphs and rings, several authors investigated the
associated identities of zero-divisor for commutative rings, see for example References [23,27,28].

5. Main Results

For positive integers a,b € Z", we consider G(R) to be a zero divisor graph of commutative ring
R = Z4 x Zj, whose vertex set is V(G(R)) and edge set is E(G(R)). Then

V(G(R)) = {(x,y) € R:x € Z(Z,) U{0} or y € Z(Zy) U{0}}\ {(0,0)}

and
E(G(R)) = {((x1,11), (x2,¥2)) € V(G(R)) x V(G(R)) : (x1x2,51y2) = (0,0) in R}.

This section is devoted on the discussion of eccentric topological indices based on the edges of zero
divisor graphs for rings Z, x Z;, with a = p1py, p*> and b = g2, where py, p», p and g are prime numbers.

5.1. Case 1: Zp,p, X L

Let I'g be a zero divisor graph of commutative ring R = Zy,p, X Z,p, where p1, p, q are prime
numbers with p; # p, in this subsection we discuss the eccentric topological indices for I'g.

Theorem 1. Let I'g be the zero divisor graph of commutative ring R = Zp,p, X L, where p1,p2,q are
prime numbers with py # pa. Then |V(IR)| = ¢*(p2+p1 — 1) +q(p2 — 1)(p1 — 1) — L and |E(Tg)| =
q*(5p1p2 — 3p1 —3p2 +3) +q(—4p1p2 +2p1 +2p2 — 3) + L.

Proof. Let (1,v) € V(I'g). Then we have following cases:

1. Ifu=0andforanyv € Zp withv # kq, 0 < k < g —1, then each (0,v) of this type is connected
to the vertices of type (u/,0) forall u’ € Zy,p, \ {0}. Hence the degree of each such vertex is
pip2 — 1. Similarly if u € Zp,p, \ {0, t1p1, tapo with 1 <t; < pp —1,1 <t <p;—1}andv =0,
then the degree of each such vertex is > — 1.

2. Ifu=0andv=kg,1<k<gq—1,theneachsuch vertex (0,v) is connected to the vertices of types
(11,0),(0,v"), (uz,v"), (u3,v") and (uy, v') for every uy € Zp,p, \ {0}, o = t1p1,1 < t1 < pp — 1,
us = tpy, 1 < tp < pr—Luy # t1p1,0 < t1 < pp—Luy # Hrp,0 <t < py—1and
v =1tq,1 < k < g—1witht # k. Hence the degree of each such vertex is pyjpp —1+q—2+
(P=-D@-D+ =D+ (p2-D(p —D(g-1) =prp2 =2+ (p2+p1 (g 1) +
(2 =D)(p1 —1)(g—1) = p1p2g — 2.

3. Ifu=tp1,1<t <pp—1ando =0, then each such vertex (1,0) is connected to the vertices
of type (0,01), (,0), (u,v2) and (u',v3) for every v1 € Zp \ {0}, u' = topy, 1 <t < p1 — 1,
vp #kq,0 <k <g—1andvs =kq,1 <k < q— 1. Therefore the degree of each such vertex is
P —=1+p1—1+(p1—1)(g*>—q)+ (p1 —1)(g— 1) = p1g® — 1. Similarly if u = topy, 1 < tp <
p1 — 1 and v = 0, then the degree of each such vertices is ppq* — 1.

4. Tu=tp,1<tp<py—1landv #kq,0 <k <g—1,then each such vertex (u,v) is connected
to vertex (u’,0) for every u’ = trpp,1 < t; < p; — 1. Hence the degree of each such vertex is
p1 — 1. Similarly if u = tppp,1 <t < p; —1and v # kgq,0 < k < g — 1, then the degree of each
such vertex is py — 1.

5. Ifu=#tHp;, 1<t <pp—landv=kq1<k<gq—1,theneach such vertex (#,v) is connected
to the vertices of type (u/,0), (0,v") and (u/,7’) for every u’ = trpy,1 <t, < p; — 1,0’ =kq,1 <
k < g — 1. Therefore the degree of each such vertexis py —1+g—1+ (p1 —1)(g—1) = p1g — 1.
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Similarly, if u = tppy,1 <t < py—land v = kg,1 < k < g —1, then the degree of each such
vertex is pog — 1.

6. Hfu#thpiandu #tpy, 0<t1 <pp—1,0<tp <py—landv =kq1 <k <g—1,theneach
such vertex (u,v) is connected to the vertex (0,7') for every v' = kq,1 < k < g — 1. Hence the
degree of each such vertex (u,v) is g — 1.

The total number of vertices of I'r from the above cases is:

P=qg+p-D(p1—-D+q-1+p—14+p1—1+(po= (P —q)+ (p1 — 1) (> —q) + (p2— 1)
@-D+P-D@-1+(p2—-D(p—1(g—-1)

= (@ =D)(p2+p—2)+pp+*—2+(p2—D(p1—1)(q—1)

=@ (p+p—1)+qp2-D(p—1) -1,

Hence, |V(T®)| = ¢*(p2+p1 = 1) +q(p2 = 1)(p1 = 1) — 1.
The total number of edges of I'g is obtained by using hand shaking lemma as:

Y. deg(v)
[E(Tp)| = “8—— = 1{(
(p1—1)(p2* = 1)+ (p2 —1)(p
D(g=1)(p1g—1) + (p1 —1)(

2

—q)(pip2 =1+ (p1 —D(p2 —1)(¢* = 1) + (g — 1) (p1p2g — 2) +
=D+ - D)@ =) (1 =)+ (pr =D —q)(p2 = 1) + (p2 -

q
o _
q=1)(p2g—1)+(g—1)*(p1 — 1) (p2 — 1)}

After simplification we get, |E(Tr)| = 4%(5p1p2 —3p1 —3p2+3) +q(—4p1pa +2p1 +2p2 — 3) +1. O

From the proof of Theorem 1 and our convenance, we partition the vertex set of I'g as follows:

vi1={(0,0):v € Ly, v #Kkq,0 <k < g—1}

Vo ={(0,v) :v=kq,1 <k<g—-1}

Vs ={(u,0):u=tp,1<h <pp—1}

Vo ={(1,0) :u =typy, 1 < tp < p1 — 1}

Vs ={(1,0) :u # tipr,u #tapr, 1 <ty <pp—1,1 <ty < p; — 1}

Ve ={(u,0) :u=tp,v#kg1<t; <pp—1,0<k<qg-—1}

Vo ={(u,0) :u=tpr,v#kq1<t, <p;—1,0<k<qg—1}

Vs ={(u,v) :u=tp,v=k3 1<t <pp—1,1<k<g-1}

Vo ={(u,0) :u=tpp,v =k 1<th <p;—1,1<k<q-1}

Vio={(u,0) ru# ipu# bppv=kl<h <p-11<h<p-11<k<qg-1}

10
This shows that V(I'g) = || V;. Itis observed that | V1| = ¢®> —¢q, | V2| =q—1,| V3| = p2 — 1,
i=1

[Val=p1=1 Vsl =(p1=D(p2=1), [ V6| = (p2=1)(@® —q), V7| = (11 —1)(@* —q), | V8| =
(P2=1)(q=1),[Vo| = (1 —1)(q—1) and | V1o | = (p1 —1)(p2 — 1)(7 — 1). Let the degree of
a vertex u in set A be denoted by d4(u) and the distance between two vertices sets X and Y be
d(X,Y) = d(Y, X). Then following theorem determines the eccentricity of the vertices in graph I'g.

Theorem 2. If p1, po and q are prime numbers such that p1 # pp and the associated zero divisor graph I'y to
the commutative ring R = Zp, p, X Z 2, then the eccentricity of the vertices of corresponding graph I'g is either
20r3.

Proof. It is easy to see from the proof of Theorem 1 that, d(Vq,V3) = d(V1,Vs) = d(Vq1,Vs5) =
d(Vo,V2) = d(V2,V3) = d(Va, Va) = d(V2,Vs) = d(V, V) = d(V2, Vo) = d(V, Vo) = d(V3,Vs) =
d(V3,V7) =d(Vs, Vo) = d(Vy, Ve) = d(Va, Vs) = d(Vs, Vo) = 1.
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d(Vy,Va) =d(V1,V3) +d(
d(V1,Ve) =d(V1,Va) +d(
d(V1,V7) =d(V1,V3) +d(
d(V1,Vs) =d(V1,Va) +d(
d(V1,Vg) =d(Vq,V3) +d(
d(V1, Vo) =d(V1,V2) +d(
d(V1, V1) =d(V1,V3) +d(

Hence the eccentricity of the corresponding vertices of set V1 is 3 i.e., €
that max{d(Vs,V¢)} = 2fors =2,3,4and 1 < t < 10. Therefore, (V>

As d(\/5, \/6) = d(Vs, V1) + d(\/l, \/6) =142 =3and max{d
This shows €(V5) = 3. Similarly, it is easy to calculate max{d(Vs, V¢

50f11

1+1=
1+1=
1+1=2
1+1=2

—14+1=2

—~

V1) = 3. Similarly, we can see
= €e(V3) = e(Va) = 2.

Vs, Vi)} =3 forl1 <t < 10.
} =3fors =6,7,8,9,10 and

~_

1 <t < 10. This implies 6(\/10) = 6(\/9) = 6(\/8) = €(\/7) = 6(\/6) =3 O

Lemma 1. For any three prime numbers p1, pp and q such that py # po and the associated zero divisor graph

I'r of commutative ring R = Zp, p, X Z 2 we have,

T(Tg) = {¢<z,2> 4 q¢<z,3>}<q CD(patpr—2) {4,(2,2> Q0+ —3)p(2,3) + (24 —3q +

1>4><3,3>}<p2 -1+ {(q ~2)9(2,2) +2(0 — 1) (p1p2 - 1>4><z,3>}(‘7;”-

Proof. The graph I'g contains ¢%(p2 + p1 — 1) +q(p2 — 1)(p1 — 1) — 1 vertices and ¢?(5p1p2 — 3p1 —
3p2+3) +q(—4p1p2 +2p1 +2p2 — 3) + 1 edges. Let us divide the edges of T'g into partition sets

according to the eccentricity of its end vertices.

8rs ={uv € E(TR) : €y =1,6, = s}.

This means that the set 5, s contains the edges incident with one vertex of eccentricity r and the other
vertex of eccentricity s. From the Theorem 1 and Theorem 2, we have |Ep,| = (p2+p1 —2)(g—1) +
(2= 1)(p1 = 1) + T2 [Zps) = 2 = 1)(p2 = D(pr = D + (=1 (prp2 =) + (@~ ) (P2 +
p1—2)+@-1)(p2=1)(p1—1), 83| = (p2—1)(p1 —1)(29° 37+ 1) and E(Tg) = Epp UEp3 U Esy3.

Then

T(G)= ) ¢leweo)

uveE(TR)

= Y 922+ Y ¢23)+ Y, ¢(53)

M’UGEZ,Z MU€E2,3 MU€E3,3

(P24 P20 - D)p(2,2) + (52— D)(pr — 1)g(2,2) + T= D@ =2)

+{z<p2 (- D@~ 1)+ (=) (prp2— 1)+ (@ — ) (p2+ p1 — z>}¢<z,3>

+(q=1)(p2 = D(p1 = Dp(2,3) + (p2 = 1)(p1 — 1)(24° — 39+ 1)¢(3,3)

={¢(22) +q¢(2,3)}(q = D (p2 + p1 = 2) +{(9 = 2)9(2,2) +2(q = 1) (p1p2 = 1)¢(2,3)}

(-1

2

+{<P(2,2) + (207 +9-3)¢(2,3) + (29 = 3q + 1)¢(3/3)}(P2 —D(p1 - 1).

O

Now we present values of the eccentric topological indices of the graph I'z which are edge-based.
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Theorem 3. If p1, po and q are prime numbers such that p1 # p and the associated zero divisor graph I'g to
the commutative ring R = Zp, p, X L, then

the First Zagreb eccentricity index of I'g is:

M;(TR) = (59 +4)(q — 1) (pa + p1 — 2) + (10p1p2g — 10p1p2 — 6 +2) 157 + (2247 — 13g — 5)(p2 —
1)(p1—1),

the third Zagreb eccentricity index is:

Mj;(TR) = (69 +4)(q —1)(p2+ p1 —2) +2(q — 1)(Bp1p2g — 3p1p2 — 29 + 1) + (304> — 219 — 5)(p2 —
(p1—1),

the geometric-arithmetic eccentricity index is:

GA(TR) = (2400 +1)(q — D(p2+ p1 —2) + T 4 200(g — 12(pypy — 1) + (WG 4
2010 4 1048) (p 1) (pr — 1),

the atom-bond connectivity eccentricity index is:

ABCs(TR) = L(2 — D(p2 + p1 — 2) + 24U 2p1pag — 2p1py — q) + (222 4 V244 ¢

2-3V2) (1, — 1) (py — 1),

the fourth type of eccentric harmonic index is:

Hy(Tr) = 420 - D(p2+p1 = 2) + G2 Epipog — tpp - Ha- D + (B2 -39 -8) (2 -
D(p1—1).

Proof. For the first Zagreb eccentricity index M; (T'r) of 'z we obtain ¢(ey, €,) = €, + €. So $(2,2) = 4,
$(2,3) =5and ¢(3,3) = 6. Thus by Lemma 1,

M (TR) = (44 50) (7 — 1)(p2 + pr — 2) + (43— 2) +10(g — D)(pap2 — 1) T2
+ (4450202 +9-3) +6(22 =37 +1)) (p2 = 1)(p1 — 1)
—=(59+4)(q = 1)(p2 + p1 —2) + (10p1p2q — 10p1p2 — 69 +2) T

+(224*> =139 = 5)(p2 — 1) (p1 — 1).

For the third Zagreb eccentricity index M3 (I'r) of I'r we obtain ¢(ey, €,) = €4 X €. So ¢(2,2) = 4,
$(2,3) =6and ¢(3,3) =9 So by Lemma 1,

1

M3(TR) =(4+6q) (q—1)(p2+p1 —2) + (4(q - 2)+12(q—1)(p1pz—1))q2

+ (44620 +9-3)+9(24 =37 +1)) (2= 1)(p1 — 1)

=(69+4)(9—1)(p2+p1 —2) +2(q —1)(3p1p29 — 3p1p2 — 29 + 1)
+(30g> — 21 — 5)(p2 — 1)(p1 — 1).
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For the geometric-arithmetic eccentricity index GA4(I'r) of T'r, we get ¢(ey, €0) = 2 evueiexvev. So
$(2,2) = 1,¢(2,3) = 2£° and ¢(3,3) = 1. Therefore,
2v6
GA4(TR) = <1 ) 1)(P2+P1—2)+((4—2)+2(q—1)(P1P2—1)T)qT
+<1+ 2% +9-3)+ (2q23q+1)> (p2—=1(p1—1)
-1 2[
( ! q+1> e+ -2+ TR Oy, )
4v/6+10 2v6—-15  10—6v6
g+ q+ (2= 1)(p1—1).
5 5 5
For the atom-bond connectivity eccentricity index ABCs(I'r) of I'r, we obtain ¢(ey, €y) = %

Thus ¢(2,2) = $(2,3) = L

7 and ¢(3,3) = 2 Therefore,

ABCs(T'r) = (\}Q + éq) (@=D(p2+p1—2)+ (\}E(q—Z) +2(q—1)(p1p2 4)%) %
+ <\}§+\2(2q2+q—3)+§(2q2—3q+1)> (p2—1)(p1—1)

== =2+ G g 22—

3V2+4 , V2-4  2-3V2
+<xf3+q2+\f .t 3xf>

7 (p2—1)(p1—1).

For the fourth type of eccentric harmonic index Hy(T'r) of Tr, we get ¢p(ey, €0) = therefore

$(2,2) = 1,¢(2,3) = Z and ¢(3,3) = 3. Thus,

e+e’

HiTe) = (5 + 20) (- D0at -2+ (30-2) 420 - Dippa - 13 ) 17

+ <;+ %(2112—1—1]—3) +;(2q2—3q+1)> (p2 =D (p1—1)

49+5 (g—1) 4 4 3 1
=75 @@= V(p2+p1=2) + =5—(gpip2d — gP1P2 — 151~ 5)

2, 3 11
+(Br-20-55) -1

O

5.2. Case 2: sz X Zqz

In this subsection, we discuss the eccentric topological indices for zero divisor graph Yg defined
on commutative ring R = Z,> X Z,, where p, q are prime numbers.

Theorem 4. Let p and q be prime numbers and Yg be the zero divisor graph of commutative ring R =
—1)(9—1) (5pq—2)+2pq> — p*q—pg?—2p—2q+4
Ly X Lp. Then |V (YR)| = p?q + pg> — pq — 1and |E(YR)| = (p=1)(g=1)(5p9=2) pzq A A R

Proof. For any two prime numbers p and ¢, we consider the ring R = Z,» x Z» with usual operations.
The associated zero divisor graph Yg on ring R is defined as: Any (#,v) € V(Yg) if and only if the
elementsu = kp, 0 <k<p—1lorv=1tq 0<t<qg—1with (u,v) # (0,0). Therefore, a non zero
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element (u,v) is not a zero divisor in the ring R if and only if u is not a multiple of p and v is not
a multiple of 4. As the number of elements in Z , which are not a multiple of p are p? — p and the
number of elements in Z,» which are not a multiple of g are g% — g. Also, the element (0,0) is not a
zero divisor in R. Thus the total number of non zero divisors in the ring R is (p> — p)(4*> — q) + 1.
This implies

VR = p2g = (P = p)(g* —q) +1) = pPg + pg® — pg — 1.

For any (u,v) € V(YRr), we discuss the degree of each vertex as follows:

1. If u = 0and v is not a multiple of g, then vertex (0,v) of this form is connected to each vertex
(u',0), where u’ € Z» \ {0}. Hence each vertex (0, v) has degree p? — 1. By symmetry each vertex
(,0) such that u is not a multiple of p has degree 4> — 1.

2. Ifu=0andve{q2g,...,(9—1)g}, then vertex (0,v) of this form is connected to each vertex
(u',0"), where u' € Z,» and v’ € {0,9,2q, ..., (9 — 1)q} with (u',v") ¢ {(0,0), (0,0)}. Hence the
each vertex of this type (0,v) has degree p>q — 2. By symmetry the degree of each vertex (u,0)
such thatu € {p,2p,...,(p —1)p}is pg> — 2.

3. Ifuisnotamultiple of pand v € {g,2q,...,(g —1)q}, then each vertex (1, v) is connected to each
vertex (0,7'), v' € {q,2q,...,(qg — 1)q}. Hence each vertex (u,v) of this type has degree g — 1.
By symmetry the degree of each vertex (u,v) if u € {p,2p,...,(p —1)p} and v is not a multiple
ofgisp—1.

4. Hue{p2p,...,(p—1)ptandv € {q,2q,...,(9 —1)q}, then each vertex (u,v) of this form is
connected to each vertex (#/,v"), where u’ € {0,p,2p,...,(p —1)p}and v’ € {0,9,29,...,(9 —
1)q} with (u/,7") € {(0,0), (0,v)}. Hence the degree of each vertex (u,v) is pg — 2.

From the above discussion, it is easy to see that the zero divisor graph Yy contains 4> — g
vertices of degree p?> — 1, p? — p vertices of degree g> — 1, p — 1 vertices of degree pg®> —2, g — 1
vertices of degree qp?> —2, q(p — 1)(q — 1) vertices of degree p — 1, p(p — 1)(q — 1) vertices of
degree ¢ — 1 and (p — 1)(g — 1) vertices of degree pg — 2. By using the hand shaking lemma the
number of edges of Yg are [E(YR)| = 3((p* = 1)(¢* —q) + (4> = )(p* — p) + (pg* =2)(p = 1) +

(@r* =2)a -1+ (p-Da(p - -+ @-plp-D@ -1 +(pg-2)(p -1 -1)) =
(pfl)(qfl)(5pr472)+2p22qupzq*pq2*2p*2q+4. 0

Let 3; denotes the set of containing the vertices of degree i. From the proof of Theorem 4,
we get I%p271| = q2 - q/‘%quﬂ = PZ - p/|%pq272| = pP- 1I|%qp272| = 9= 1'|%p*1‘ =
gqip—1)(q—-1),|S4-1l = p(p —1)(g—1) and [Sp; 2| = (p —1)(qg —1). The following theorem
determines the eccentricity of the vertices in graph of Yg.

Theorem 5. Let p and q be two prime numbers and YR be the zero divisor graph of commutative ring
R = Zy2 X ZLg>. Then the eccentricity of a vertex of Y is either 2 or 3.

Proof. Similar proof of Theorem 2, we get €(S,2_5) = €(Sy,2_5) = €(Spg—2) = 2and e(S ) =
€(Sp_q) =€(Sp-1) =€(Sy-1) =3. O

Lemma 2. Let p and q be two prime numbers and YR be the zero divisor graph of commutative ring R =
Ly X Lo Then

2 2
() = P2 00,2) 4 pgp = 1) =1) (57 + 202,34 9063,3) )

Proof. The graph Yy contains p?q + pg?> — pq — 1 vertices and (p_l)(q_l)(Spq_2)+2p22q2_p2q_pq2_2p_2q+4

edges. Let us divide the edges of Yy into partition sets with respect to the degree of endpoints of each
edge as:
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85 ={uv € E(YR) : €4 =7,6, = s}.

This means that the set X, s contains the edges incident with one vertex of eccentricity r and the

other vertex of eccentricity s. From the Theorem 4 and Theorem 5, we get |Zy,| = W +
~1)(g—2 “D(g-1)(pg+p+9-2) |= =

ML)y O] (3] = 2pg(p —1)(q — 1), [E3a] = pa(p —1)(q — 1) and E(Yg) =

Epo UEy3UE33. Then

T(YR) = Z 4’(514/60)

uveE(GR)
= L 922+ ) 923)+ ) 963
R WL U U RS AR R PR

+2pq(p —1)(qg —1)¢(2,3) + pg(p —1)(qg — 1)¢(3,3)

2 2
_PAEPTZIE2000,2) 1 py(p - 1)(g - 1) <4’(222> +29(2,3) +4>(3,3)> :

O

Now we present values of eccentric topological indices based on edges of graph Y.

Theorem 6. Let p and q be two prime numbers and Yg be the zero divisor graph of commutative ring
R = Z,2 X Zg. Then the First Zagreb eccentricity index of Y is:

M;(YR) =2(pq + pq*> — 4pq +2) + 18pq(p — 1)(q — 1)

the third Zagreb eccentricity index is:

M;(YR) = 2(pq + pq* — 4pq +2) + 23pg(p — 1)(q — 1)

the geometric-arithmetic eccentricity index is:

GA4(YRr)

2q+ pg?® — 4pg +2 15+ 8v/6
= PP P o pgp - (g - 1) | =55

the atom-bond connectivity eccentricity index is:

20 + pg? — 4pg + 2 15+ 42
ABCs(Yg) = EATPT — %P4 +pq(p—1)(q—1)<

2V/2 6v2

the fourth type of eccentric harmonic index is:

2 2
+pg® —4pg+2 83
Hy(vg) = FAZP P22 aoP1P =g 1)

Proof. For the first Zagreb eccentricity index M; (Yr) of Yg we obtain ¢(e,, €,) = €, +€,. So ¢(2,2) =4,
$(2,3) =5and ¢(3,3) = 6. Thus by Lemma 2,

2 2
M; (V) =T PE=E2000,2) 4ot - 10— 1) (252 +20(29) +0(39))

=2(p*q+ pq° — 4pq +2) + 18pg(p — 1)(q — 1).

For the third Zagreb eccentricity index Mj(Yg) of Yr we obtain ¢(ey, €,) = €4 X €. So ¢(2,2) = 4,
$(2,3) =6and ¢(3,3) =9 So by Lemma 2,
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2 2 —4pg+2
TP =852 000,2) 4 pap 1)~ 1)

=2(p*q + pq* — 4pq +2) + 23pq(p — 1)(q — 1).

M (Yg) =2

$(2,2)
S 20(2,3) + <p(3,3))

For the geometric-arithmetic eccentricity index GA4(YR) of Yg, we get ¢(ey, ;) = 2 evuej;f”. So

$(2,2) = 1,¢(2,3) = 2Y° and ¢(3,3) = 1. Therefore,

GAy(YR) =LIEPE Z4P0H2 0 o) 4 e 1)(g - 1) (4’(2'2) 1 20(2,3) +4><3,3>)

2 2
2 2
+ pg® — 4pg +2 15+8v/6
AP =SS fpap - 1) - 1) | = |-
2 10
For the atom-bond connectivity eccentricity index ABCs(YR) of Yg, we obtain ¢ (€, €,) = %

Thus ¢(2,2) = ¢(2,3) = % and ¢(3,3) = 3 Therefore,

2q+ pg® —4pg +2 2,2
ABCs(Yr) =P 26(2,2) + pg(p —1) (9 - 1) ("’(2) +24><2,3>+¢<3,3))
2 2
+ pg? —4pg +2 15 +4/2
PATPE TS 4 pg(p—1)(g 1) |
2V/2 6v/2
For the fourth type of eccentric harmonic index Hy(YRr) of Ygr, we get ¢(ey, €p) ﬁ,

therefore ¢(2,2) = 1,¢(2,3) = £ and ¢(3,3) = 1. Thus,

2 2 —4pg+2 2,2
Ha(e) =230 2000,0) 1 gt - 1(g - 1) (252 4 20(29) +0(3.9))
_PPatpP—dpq+2 83 o
= 1 +ggpalp =1 = 1).

O

6. Conclusions

This article emphasizes the computation of first Zagreb eccentricity index, third Zagreb eccentricity
index, geometric-arithmetic eccentricity index, atom-bond connectivity eccentricity index and the
fourth type of eccentric harmonic index for zero divisor graphs associated with algebraic structures
that are commutative rings Zp,p, X Zy and Z,» X Zp. This study will be useful for the further
comprehension of the attributes of various physical structures like carbohydrates, silicone structures,
polymers, hexagonal chains and cylindrical fullerenes. Likewise, they can be used for creating a
productive physical structure in mechanics as well as for different computer network problems.
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