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1. Introduction and Preliminaries

Convexity is a natural notion and plays an important and fundamental role in mathematics,
physics, chemistry, biology, economics, engineering, and other sciences. To solve practical problems,
several interesting concepts of generalized convexity or generalized concavity have been introduced
and studied. Recent important investigations and developments in convex analysis have focused on the
study of Schur-convexity, and Schur-geometric and Schur-harmonic convexity of various symmetric
functions; see, e.g., [1-20] and references therein. It is worth mentioning that discovering and judging
Schur-convexity of various symmetric functions is an important topic in the study of the majorization
theory. A lot of achievements in this field have been investigated by several authors; for more details,
see the first author’s monographs [21,22].

Throughout this paper, we denote by N and R, the set of positive integers and real numbers,
respectively. Let X be a nonempty set. Denote R, := (0, +00) and R_ := (—o0,0). For a positive
integer 1, the set X" for the Cartesian product is the collection of all n-tuples of elements of X. Therefore,
we can write R"”, R". and R" as follows:

X"=XxXx---xX,

n times

where X € {R,R;,R_}.
Letx = (x1,---,xy)and y = (1, - ,yn) in R". A set D C R" is said to be convex if x,y € D and
0 <a <1imply

ax+ (1—a)y = (ax1 + (1 —a)y1, - -, ax, + (1 —a)y,) € D.
Let D C R" be a convex set. A function f : D — R is said to be convex on D if

flax+(1-a)y) <af(x)+(1-a)f(y)
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forallx,y € D, and all « € [0, 1]. The function f is said to be concave on D if and only if — f is convex
onD.

For the reader’s convenience and explicit later use, we now recall some basic definitions and
notation that will be needed in this paper.

Definition 1 (see [23,24]). (i) Aset Q C R" is called symmetric, if x € Q) implies xP € Q) for every n X n
permutation matrix P.

(ii) A function ¢ : Q — R is called symmetric if for every permutation matrix P, ¢(xP) = ¢(x) for
allx € Q.

Definition 2 (see [23,24]). Let x = (x1,--- ,xy) andy = (y1,- -+ ,yn) € R™.

(i) x>ymeansx; >y, foralli=1,2,---,n.
(ii) Let O C R", : QO — Ris said to be increasing if x > y implies ¢(x) > ¢(y). ¢ is said to be decreasing
if and only if — ¢ is increasing.

Definition 3 (see [23,24]). Let x = (x1,--- ,xy) andy = (y1,- -+ ,yn) € R™.

(i) x is said to be majorized by y (in symbols x < y) zfﬂ-{:l X < vk, ypfork=12---,n—1and
Y1 Xi = Yiq Vi, where xpy) = -+ > xpy and yp) > - > Yy, are rearrangements of x and y in a
descending order.

(ii) Let QO C R", the function ¢: Q) — R is said to be Schur-convex on Q) if x < y on Q implies
¢ (x) < ¢(y). ¢ is said to be a Schur-concave function on Q) if and only if —¢ is a Schur-convex
function on Q).

The following useful characterizations of Schur-convex and Schur-concave functions were
established in [23,24].

Lemma 1 (see [23,24]). Let QO C R" be symmetric and have a nonempty interior convex set. (Q)° is the interior
of Q. ¢ : QO — R is continuous on Q) and differentiable in Q)°. Then ¢ is a Schur-convex (or Schur-concave,
respectively) function if and only if ¢ is symmetric on Q and

(x1 — x7) <§;’1 — ;}Z) > 0 (or <0, respectively) 1)

holds for any x € )°.

In 1923, Professor Issai Schur made the first systematic study of the functions preserving the
ordering of majorization. In Schur’s honor, such functions are said to be “Schur-convex”. It is known
that Schur-convexity can be applied extensively in analytic inequalities, combinatorial optimization,
quantum physics, information theory, and other related fields (see, e.g., [23]).

Definition 4 (see [25,26]). Let x = (x1,X2,...,%,) € Rt andy = (y1,Y2,...,yn) € R

(i) Aset ) C R is called a geometrically convex set if(x‘i‘yf, xg‘yg, . ,xﬁyg) € Qforall xy € Qand

a,p € [0,1] such that a + p = 1.

(ii) Let QO C R'. The function ¢ : QO — Ry is said to be Schur-geometrically convex on Q) if
(log xq,10g x2, ..., logx,) < (logyi,logys, ..., logy,) on Q implies ¢ (x) < ¢ (y). The function ¢
is said to be a Schur-geometrically concave on Q) if and only if — ¢ is Schur-geometrically convex on ().

Lemma 2. (Schur-geometrically convex function decision theorem) [25,26] Let O C R'} be a symmetric and
geometrically convex set with a nonempty interior (3°. Let ¢ : Q) — R be continuous on Q) and differentiable
in QO°. If @ is symmetric on Q) and

(log x1 —log x7) x1a—q’ - xza—q) >0 (or <0,respectively) ()
dxq dxp
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holds for any x = (x1,x,...,x,) € Q°, then ¢ is a Schur-geometrically convex (or Schur-geometrically
concave, respectively) function.

The Schur-geometric convexity was first proposed and studied by Zhang [25] in 2004 and was
widely investigated and improved by many authors, see [27-29] and references therein. We also note
that some authors use the term “Schur multiplicative convexity”.

In 2009, Chu [1-3] introduced the notion of Schur-harmonically convex function and established
some interesting inequalities for Schur-harmonically convex functions.

Definition 5 (see [1]). Let O C R’} or Q) C R”.

. o . . xy
(i) A set Q) is said to be harmonically convex if T (-Ay € Q for every x,y € Qand A € [0,1],
1 1 1 1
where xy = Y.I' ; x;y; and o= (x—l, o E)

1 1
(ii) A function ¢ : QO — Ry is said to be Schur-harmonically convex on ) if i v implies ¢(x) <

¢(y). A function ¢ is said to be a Schur-harmonically concave function on Q) if and only if —¢ is a
Schur-harmonically convex function.

Lemma 3. (Schur-harmonically convex function decision theorem) [1] Let 0 C R'} or Q0 C R” be a symmetric
and harmonically convex set with inner points and let ¢ : (3 — R be a continuously symmetric function which
is differentiable on Q)°. Then ¢ is Schur-harmonically convex (or Schur-harmonically concave, respectively) on
Q if and only if

(x1 — x2)< 299(%) _ X%qu(x)> >0 (or <O0,respectively), x¢€ Q°. 3)

In 2010, Yang [30] defined and introduced the concepts of the Schur-f-convex function and
Schur-power convex function which are the generalization and unification of the concepts of
Schur-convexity, Schur-geometric convexity, and Schur-harmonic convexity. He established useful
characterizations of Schur m-power convex functions and presented their important properties; see [30].

Definition 6 (see [30]). Let f : Ry — R be defined by

x™—1
0;
{ S m#

flx) = (@)

Inx, m = 0.

Then a function ¢ : QO C R’} — R is said to be Schur m-power convex on () if

(f(x1), f(x2), s f(xn) < (f(y2), f(y2), -, fyn)

forall x = (x1,x2,...,%,) € Qandy = (y1,Y2,...,Yyn) € Qimplies p(x) < ¢(y).
If — ¢ is Schur m-power convex, then we say that ¢ is Schur m-power concave.

Lemma 4 (see [30]). Let QO C R’ be a symmetric set with nonempty interior QO° and ¢ : Q) — Ry be
continuous on Q) and differentiable in ()°. Then ¢ is Schur m-power convex on () if and only if ¢ is symmetric
on Q) and

x{n - x;n 1-m aq)(x) _ 1-m aq)(x) > ;
- [xl “oxy X5 x| 2 0, ifm#0 (5)
" Ip(x)  99(x)
_ px) plx T
(log X1 IOg XZ) [xl axl X2 oS :| >0, lfm =0 (6)

forallx € O°.
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For x = (x1,x7,...,x,) € R", recall that the complete symmetric function ¢, (x, r) is defined by

cn(x, 1) = Z xlf xéz . -xi;?, (7)
i1+ig+Hin=r

where co(x,7) =1, r € {1,2,...,n}, iy,ip,..., i, are non-negative integers.
The collection of complete symmetric functions is an important class of symmetric functions which
has been investigated by many mathematicians and there are many interesting results in the literature.
In 2006, Guan [5] discussed the Schur-convexity of ¢, (x, r) and proved the following result.

Proposition 1. c;(x,r) is increasing and Schur-convex on R’}
Subsequently, Chu et al. [2] established the following proposition.
Proposition 2. c;(x,) is Schur-geometrically convex and Schur-harmonically convex on R’}

In 2016, Shi et al. [19] further studied the Schur-convexity of ¢, (x, ) on R" and presented the
following important result.

Proposition 3 (see [19]). If r is even integer (or odd integer, respectively), then c,(x,r) is decreasing and
Schur-convex (or increasing and Schur-concave, respectively) on R™.

Recall that the dual form of the complete symmetric function ¢, (x, r) is defined by
n
ch(x,r) = 11 Y i, 8)
iy +ipgteFip=r j=1

where cj(x,7) =1, r € {1,2,...,n}, iy,ip,...,i, are non-negative integers.

In 2013, Zhang and Shi [18] established the following two interesting propositions.

Proposition 4 (see [18]). Forr =1,2,...,n, ¢j(x,r) is increasing and Schur-concave on R’} .

Proposition 5 (see [18]). Forr =1,2,...,n, c;(x,r) is Schur-geometrically convex and Schur-harmonically

convex on R’} .

Notice that
cr(=x,1)=(=1)"cy(x,7).

It is not difficult to prove the following result.

Proposition 6. If r is even integer (or odd integer, respectively), then c;,(x,r) is decreasing and Schur-concave
(or increasing and Schur-convex, respectively) on R™.

In 2014, Sun et al. [6] studied the Schur-convexity, Schur-geometric and harmonic convexities of
the following composite function of ¢, (x, ):

o(557)= § ﬁ(lx"x])ij- ©)

i1+iz+~"+in:1’ ]:1

By using Lemmas 1-3, they proved the following Theorems 1-3, respectively.

Theorem 1. For x = (x1,x2,...,%,) € (0,1)" U (1, +00)" and r € N,
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(i) cn (1%, 1) is increasing and Schur-convex on (0,1)";
(it) if r is even integer (or odd integer, respectively), then c, (1%5,7) is Schur-convex (or Schur-concave,
respectively) on (1, +00)", and is decreasing (or increasing, respectively).

Theorem 2. Forx = (x1,x2,...,%,) € (0,1)" U (1, +00)" and r € N,

i) cn(125,7) is Schur-geometrically convex on

1 I s Schur-g ically o,1)"

(ii) if r is even integer (or odd integer, respectwely) then cn (1%5,7) is Schur-geometrically convex
(or Schur-geometrically concave, respectively) on (1, +c0)".

Theorem 3. Forx = (x1,x2,...,%,) € (0,1)" U (1, +00)" and r € N,

(i) e (1%, 1) is Schur-harmonically convex on (0,1)";
(it) if r is even integer (or odd integer, respectively), then c, (1%,r) is Schur-harmonically convex
(or Schur-harmonically concave, respectively) on (1, +00)".

In 2016, Shi et al. [19] applied the properties of Schur-convex, Schur-geometrically convex,
and Schur-harmonically convex functions respectively to give simple proofs of Theorems 1-3.
Recall that the dual form of the function ¢, (%;,7) is defined by

1—x/

* X _
o <1_x,r) a 11+1241—I+1y, r]Z (1 —Xj ) (10)

A function associated with this function is
) . (11)

* X o
a(5)- T £a(2
ijtipg+-Fiy=r j=

In this work, we will establish some important results for the Schur-power convexity of symmetric
functions c}; (x 7,1 ) and ¢}, (1 x,r) As their applications, some new inequalities are obtained
in Section 3.

2. Main Results

The following lemmas are very crucial for our main results.

Lemma 5. Let m > —1. For x1,x € (1,400) and x1 > xp, we have

x1(x1 = 1)y " > xp(xg — )" (12)
(xl _ 1)2x17m > (x _ 1)2 1- ml (13)
_1)\2 2 m _1)2 2 m
b1 =17 7, )P (14)
Xy — 1 - X1 — 1

Proof. Since
(k=D =" Ht(m41) —m] > " Y (m+1) —m] >0, fort >1,

we have
(x1 = 1)x7" > (x2 — 1)x3, for x1 > x5.
This inequality is equivalent to inequality (12). Since

((t—1)2>’: (t—D)[t(m+1) +1—m]

t(l—m) tmt[Z(l—m)]
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(t—1D[m+1)+1—m]

> >0, fort >1,

pmp[2(1—m)]
we obtain ) )
x1—1 X, —1
( 1(17m)) > ( 2(17111)) , for x; > xo.
Xy X

This inequality is equivalent to inequality (13). Since

(=12 _ (k= D)2 [t (m+ 1) +2— m]
$(2—m) ¢[2(2—m)]
S (= D2 [(m+1) +2 — m]
- t2(2—m)]

>0, fort>1,

we get

_13 _13
(=17 (% ,2),fOVX1>xz.

mx§2_m) B mxéZ_
This inequality is equivalent to inequality (14). O

Lemma 6. Let m < 0. For x1,x, € (0,1) and x1 > xp, we have
x%_mxz(l —x7) < x%_mxl(l —x1); (15)

x%_m(l - x2)2 < x%_m(l — xl)z; (16)

(1 — xz)zxffm < (1 — xl)zxg_m

1—x; - 1—xp (17)

Proof. Since
(1=t =" m(1 —t) —t] = " Hm —t(m +1)] <0, fort € (0,1),

we get
(1 —xp)x" < (1—x2)x5, forx; > xa.

This inequality is equivalent to inequality (15). Since

<(1—t)2>/: (=D =5 —C+D] o rorr e (0,1),

t(1=m) pm2(1—m)]
we obtain ) )
1—x 1—x
( (1_;)) > ( (1_7’3)) , for xy > xo.
X1 X

This inequality is equivalent to inequality (16). Since

1—1)3\ (=02 "[m(1—t) —2(1+¢t
((t(Z—m)) ) = ( ) E,[z((z_m)]) ( - )] <0, forte (0,1),

we have
(1—xp)° > (1—1x)°

mx§27m) - mx§27m) 4

for x1 > x.

This inequality is equivalent to inequality (17). O

Now, we establish the following new result for the Schur-power convexity of ¢j;((x/(x — 1)), r).
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Theorem 4. Letr € N. If m > —1, then c}; (3%, ) is decreasing and Schur m-power convex on (1, 4-00)".
Proof. Letq(t) = ;-5 Then

1 2
q'(t) = O q"(t) = [(=5ES (18)
From Proposition 4, we know that c};(x, ) is increasing on R", but q(t) is decreasing on R,

therefore, the function ¢} (%7, 7) is decreasing on (1, +00)".
For r = 1 and r = 2, it is easy to prove that ¢, (%7, ) is Schur m-power convex on (1, 4-00)".

Now consider the case of r > 3. By the symmetry of ¢;; (:%7,7), without loss of generality, we may

assume x1 > X». So

a(fgr) = T L Tl zx]_l

iptip+etin= r] 11+12+ +ip= rj
i1 7#0,ip=0 i1=0,ip#0
SRSt | i o
iy tig e tin=r j= iy gt tin=r j= x] - 1
i1 #0,ip#0 i1=0,ip=0

Then we have

aC (x 1,1’) :C*< X 1,)

8x1 x—1
—i1 _il
x PR 2 . 2 LG z]xj + PR 2 . 2 n l]Xj
iq+ig+-+in=r — i1 +ip+-+in=r —
! i127é0,i2:g (x1 1) jgl xjfl ! if#)/iz#g (x1 1) jgl xjfl
X —k
=cn (=) ( (19)
"\x—-1 ktks o tkn=r 1)2( K S
Vg (a -1 (5% +j§3 1)
—k
- k+ +‘; Fin= 2( _kx mxp - K )
mk;E,O,m#Olnfr (xl — 1) (X1*1 + x271 +]§3 xjfl)
By the same arguments, we get
aC (x 1/ ) = r ( —k
9xy CM\x—1" ), k = ki
tkg+-tkn= —1)2( XX2 Lia
3 140 n=r (_X2 1) (x271 +]§3 Xjfl)

+ Yy —k ), (20)

ktm+ig+-+ip=r _1)2( kx2 mxl
kyéo,m#on (XZ 1) (Xzfl + ~

then, it follows from (19) and (20) that

1-m aC (x 1,}’) xl—mac;z (x%l’r) — (

X _ n\x—T )
1 oxy 2 dx "



Symmetry 2019, 11, 897 8 of 14

where
co —kx; ™ B kxy ™
! [ S —— 2( kxy =k 2( _kxp kjx;
e | =D+ B ) e 126+
= =
- no ey L
F e (= DA+ L ) (e - DA + L )
j=3" j=3"
with
=k )l )l 12k 12yl L ki
1= k[x1(x1 )X, xo(x2 Jx; "+ [(x )7x; (x )7xy ]2 v _1
=3 %
and
1-m 1-m
C, = Z ( —kx; B —kx; )
ktmtigietin=r (x; —1)2( kg mxp i kixj) (x2 — 1)2( kxy o mxy i k]'x/')
k#0,m#0 1 x1—1 x—1 =3 Xj*l 2 xp—1 x1—1 =5 xjfl
—k Y A2
kebmtiztoin=r () —1)2( ko 4 omxp i kjxj ) (20 — 1)%( kg o mxp i kjx; )’
k#0,m#0 1 xlfl fol ]:3 Xjfl 2 fol xlfl j:3 x]-fl
with
B 3 x1— 123 (xp —1)2x2
)\Z:k[xl(aq—l)X% m—xz(xz—l)x% m]+m ( xzzlz - ( xlzll
2.1-m 2 1em v KX
+ (0 = 1) ™ = (x2 = 1)7x; }Zx-—l'
j=3%j

By Lemma 5, it is easy to see that C; > 0 and C, > 0 for x € (1,+0)", so

ocs (%5,7) ach (57.7)
1-m~"n \x—1’ _ o lem T \x—1
M1 X1 2 o, =0

X,7) is Schur m-Power convex on (1,+00)" for m > —1.

By Lemma 4, we prove that c;; (%1,
The proof is completed. [
Next, we present some new results for the Schur-power convexity of c;;((x/(1 — x)),r).

Theorem 5. Letr € N.

(i) i (1%, 7) is increasing on R and Schur-convex on [3,1)";
ii) Ifm <0, then ¢ (%=, r) is Schur-m-power convex on (0,1)";
n\l—x P
(iti) Form > —1, if r is even integer (or odd integer, respectively), then ¢}, (125, ) is Schur-m-power convex

(or Schur-m-power concave, respectively) on (1, 4o00)™.

Proof. (i) Let p(t) = ;5. Then

! z (21)
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From Proposition 4, we know that cj,(x,7) is increasing on R”, but p(t) is increasing on R,

therefore, the function ¢;; (%5, 7) is increasing on R”; .
For the case of ¥ = 1 and r = 2, it is easy to prove that ¢, (%, r
Now consider the case of r > 3. By the symmetry of ¢;; (%, 7), without loss of generality, we may

) is Schur-convex on [4,1)".
assume x1 > Xx». So

a(fr) - T L Ty

iy tiptetin=r j=1 1_x] ijtig+-Fin=r j=1

i1 #0,ip=0 i1=0,ip#0
- 1]’“1 X
N D S E §  p
iptip+-tin= r]—] ] 11+12+ ~+in= r] 1 ]
i1 7#0,ip #0 i1=0,ip=0
Then we obtain
aC (l x’r) —c* X 7
8x1 "\1 -«
il Z.1
8 i Higbe i =r (1 _ xl)z f ijx; * iy +Hig+otin=r (1 _ xl)z f %]
i170,ip=0 =1 1—x i1 #0,ip 0 =1 1—x
k
= (=) ( (22)
1-x O 2( kg - Ky
3k7£0 n= (1 — X]) (17](1 +]‘;3 17}(],)
k
> : ) (23)
indefin=r X mx
k+m;r;30tn;(r]n (1—x1)%(1= 9161 + 1 2 + Z ]])
By the same arguments,
ac;kl (1 x,?") * X k
oxp — o 1 7x’r (k+k B 2( kxp ! kx]
3 o n= (1 — xz) <1—x2 g )
k
+ p ), (24)
mig+--Fip=r _ X i
" Zr7’530;17'5+0 (1 x2)2(1—3252 + 1-x Jéj)
ac; (1 x’r) o ac; (1 x’r) = (D +D )
ax1 axz "\1- ! 2
where
k k
D= k+k3+Z+kn:r (1—x1)2 ({2 kxl -+ i kix; ) - (1—x0)%( ki )
k#0 1 2 1—x7 —Xj
o ki
k(xl + Xy — 1)(X1 - Xz) + (Xl — X2)(2 — X1 — XZ) 23 T
]:
=k
_ k L ki k T koxs
sl (128 + § )1 - 02 + 1 1)

k0 j=3 j=3
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and
k k
P2 = k+m+i;«+i —r( kx1 RS - 2( kxp 11Xq o ki) )
™ =2 (5 + 1 ) (1= x2) (=5 + 175, § )
1
n m )
]

=k Z :
mx; )(1 — X2) (1f§2 + =

ktmtig+-+ip=r _ 2( _kxp
k;éO,m#On (1 xl) (1*X1 + l*Xz ~

with
1— 2 1— 2
S =k(xg+x—1)(x; —x2) + (1= x)7mx _ (1= x)7mx +(x1—x2)(2—xp
1—x 1—x; j=3
Letq(t) = (1 t) . Theng'(t) = m(anfz)t(z f)? < 0 which implies that q(t) is descending on R ..
So that % < (1,1173(2) namely ( fcfijlmxl _(-u)p mez > 0. It is easy to see that D; > 0 and D, > 0
forx € [1,1)", s0
aC (1 x’r) aC (1 x’r) >0
0x1 0x7 =

n

r) is Schur-convex on [3,1)".
) is Schur m-power convex on (0,1)".
X

By Lemma 1, we obtain ¢}; (1%,
(ii) For r = 1 and r = 2, it is easy to prove that ¢}, (% =
Now consider the case of r > 3. By the symmetry of ¢;; (%5, ), without loss of generality, we may

assume x1 > Xo. From (22) and (24), we have
n9Ch LT ac ,
5r) _gonPilier) )=c2(1fx,r>(F1+Fz>,

xl ax1 2 8X2
where
F k™ k™
e k-+k +2Fkn:7( 1 le -k x] - 1 2/ kxp 1 kixj )
S (1—x1)2(1= +Z ) (1-x) (1,xZ+21x1)
=k Y o
sl (-2 + £ D0 - P + E )
k#0 1 1—xo T—x; Xj
with
1-m -, 1—m 2 l-m ne Kixj
61 =k[x;"xp(1 —xp) — 2y " (1 —xq)] + [x7 7" (1 — x2)” — x5 (1—x1)]21_x4
=3 j
and
1-m 1-m
= Z ( kx; B kx; )
ke in=r (1 - xp)2( K5 kjx; ) (1= xp)2(f22 )
k#0,m#0 1 1—x; 1—xp X; 2 T—x, 1 X1
=k Y %2
kgt tin=r (1 — ;)2 (K% mxy - 1— kxp
3 ( xl) (17961 + l*Xz = )( xz) (17}62 1— X1 )

k£0,m#0
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with

0y = k[x}_me(l — XZ) — x%_maq(l — Xl)] +m

() (- )] Y

].:31 —x]'

By Lemma 6, it is easy to see that F; > 0 and F, > 0 for x € (0,1)", and then

1-m ac; (ﬁ’r) _ xlfm ac;kl (ﬁ’ 7‘)

> 0.
Y1 oxq 2 9x 0

By Lemma 4, we show that ¢}, (1*5,) is Schur-m power convex on (0,1)".

(iii) Notice that
* X _(_1\T ¥ X
c <x_1,r) =(—=1)"c;, <1_x,r>, (25)

and combining with the Schur-power convexity of ¢, (:%1,7) on (1, +c0)" (see Theorem 4), we can

x—1
prove (iii). The proof is completed. O

According to the relationship between the Schur-power convex function and the Schur-convex
function, the Schur-geometrically convex function, and the Schur-harmonically function, we can
establish the following two corollaries immediately.

Corollary 1. Let r € N. Then c}, (%5,7) is Schur-convex, Schur-geometrically convex, and Schur-
harmonically convex on (1, +c0)™.

Corollary 2. Letr € N.

(i) The function c}, (%5, 7) is Schur-geometrically convex and Schur-harmonically convex on (0,1)".
(it) If r is even integer (or odd integer, respectively), then cy, (%5,r) is Schur-convex, Schur-geometric
convex, and Schur-harmonic convex (or Schur-concave, Schur-geometric concave, and Schur-harmonic

concave, respectively) on (1, +00)".

Finally, an open problem arises naturally at the end of this section.

n
Problem1. Forx € (O, %) , what is the Schur-convexity of ¢iy (12, 7)? Is it Schur-convex or Schur-concave,

or is it uncertain?

3. Some Applications

It is not difficult to prove the following theorem by applying Corollary 2 and the
majorizing relation
(An(x), An(x),..., An(x)) < (x1,%2,...,Xn).

Theorem 6. Ifx = (x1,X,...,%,) € [3,1)" and r € N, or r is even integer and x € (1,+00)", then

«f X rAy(x) S
()= (Fam) 0

_ —1)!
where A(x) = Ly xyand (") = 0l

Ifrisodd and x € (1, +0c0)", then the inequality (26) is reversed.
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By Corollary 2 and the majorizing relation
(log Gy (x),log Gy (x),...,1og Gu(x)) < (logxi,logxy, ..., logxy,),
we can establish the following result.

Theorem 7. Ifx = (x1,x2,...,%,) € (0,1)" and r € Nor r is even integer x € (1, +00)", then
n+r—1
. x Gy (x) S
— )2\ / 27
i (1) = (6 )
, - —1)!
where Gy (x) = /T, x; and ("1171) = %
If ris odd integer and x € (1,400)", then the inequality (27) is reversed.

By using Corollary 2 and the majorizing relation

(meraeaw) < G

we obtain the following theorem.

Theorem 8. Ifx = (x1,x2,...,%,) € (0,1)" and r € N, or r is even integer and x € (1, +00)", then
n+r—1
. X rHy (x) S
X ) > (I 2
i) = (Chw) 28)

_ —1)!
where Hy(x) = £t and (**771) = b=t

Ifris odd and x € (1, +c0)", then the inequality (28) is reversed.

4. Conclusions

In this paper, we establish the following two important main results of this paper for the
Schur-power convexity of symmetric functions ¢, ($%1,7) and ¢, (1%5,7):
o (see Theorem 4) Letr € N. If m > —1, then ¢}, (ﬁ, r) is decreasing and Schur m-power convex

on (1,4o00)™.
e (see Theorem 5) Letr € N.

(i) ¢ (1%, ) is increasing on R and Schur-convex on [4,1)";
(ii) Ifm <0, then c;; (%5, 7) is Schur-m-power convex on (0,1)";
(iti) For m > —1, if r’is even integer (or odd integer, respectively), then cj, (1%;,r) is
Schur-m-power convex (or Schur-m-power concave, respectively) on (1, +o0)".

As applications of our new results, some new inequalities are presented in Section 3.
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