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Abstract: In the present work, we report a detailed description of the symmetry properties
of the eight-atomic molecule ethane, with the aim of facilitating the variational calculations of
rotation-vibration spectra of ethane and related molecules. Ethane consists of two methyl groups
CH3 where the internal rotation (torsion) of one CH3 group relative to the other is of large amplitude
and involves tunnelling between multiple minima of the potential energy function. The molecular
symmetry group of ethane is the 36-element group G36, but the construction of symmetrised basis
functions is most conveniently done in terms of the 72-element extended molecular symmetry
group G36(EM). This group can subsequently be used in the construction of block-diagonal matrix
representations of the ro-vibrational Hamiltonian for ethane. The derived transformation matrices
associated with G36(EM) have been implemented in the variational nuclear motion program TROVE
(Theoretical ROVibrational Energies). TROVE variational calculations are used as a practical example
of a G36(EM) symmetry adaptation for large systems with a non-rigid, torsional degree of freedom.
We present the derivation of irreducible transformation matrices for all 36 (72) operations of G36(M)
(G36(EM)) and also describe algorithms for a numerical construction of these matrices based on a
set of four (five) generators. The methodology presented is illustrated on the construction of the
symmetry-adapted representations both of the potential energy function of ethane and of the rotation,
torsion and vibration basis set functions.

Keywords: ro-vibrational; point groups; molecular symmetry groups; ethane

1. Introduction

In variational calculations of molecular rotation-vibration energies and wavefunctions, a matrix
representation of the molecular rotation-vibration Hamiltonian, constructed in terms of suitable basis
functions, is diagonalised numerically. It is well known that this type of calculation can be facilitated
by the introduction of symmetrised basis functions, i.e., basis functions that generate irreducible
representations of a symmetry group for the molecule in question (see, for example, [1]). Even though
the calculation of energies and wavefunctions can, in principle, be carried out without the use of
symmetry, the subsequent simulation of molecular spectra, involving the computation of transition
intensities, would be impossible in practice without the consideration of symmetry [2]. We implement
the symmetry information in the variational calculation by defining groups of matrices that are
isomorphic or homomorphic to the original symmetry group of the molecule and that are associated
with the various irreducible representations (irreps) of this symmetry group [1]. When suitable
matrix group elements are known, projection operator techniques are employed to obtain the desired
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symmetrised basis functions for the variational calculation [1]. In a recent paper [2], we described
an example of such a symmetry adaption, in that we presented character tables and irreducible
representation transformation matrices for Dnh groups with arbitrary n-values. With these results, we
could practically utilise the linear-molecule symmetry properties described by the D∞h point group
in numerical calculations with the variational nuclear motion program TROVE [3], the acetylene
molecule 12C2H2 serving as an example. In the present work, we report an analogous analysis for the
molecular symmetry (MS) group G36 and the extended molecular symmetry (EMS) group G36(EM) [1]
of the ethane molecule H3

12C12CH3, shown in Figure 1, with the aim of facilitating the solution of the
rotation-vibration Schrödinger equation for ethane and related molecules.

The MS group G36 has been the subject of a number of studies (see, for example, [4,5]). The EMS
group G36(EM) was studied in detail by Di Lauro and Lattanzi [6,7]. Examples of the application of the
G36(EM) group include studies of the rotation-torsional spectra of various ethane-type molecules [8–12].
TROVE (Theoretical ROVibrational Energies) [3,13] is a general variational program for computing
ro-vibrational spectra and properties for small- to medium-sized polyatomic molecules of arbitrary
structure. It has been applied to a large number of polyatomic species [13–33], most of which have
considerable symmetry (e.g., with molecular symmetry groups [1] such as C3v(M), Dnh(M) and Td(M)).
TROVE is an efficient computer program for simulating hot spectra of polyatomic molecules; it is one
of the main tools of the ExoMol project [34,35]. The most recent updates of TROVE have been reported
in Refs. [35,36]. TROVE uses an automatic approach for constructing a symmetry-adapted basis set
to be used in setting up a matrix representation of the molecular rotation-vibration Hamiltonian.
As mentioned above, we require towards this end, for each irrep of the symmetry group in question [1],
a group of matrices constituting that irrep. However, for G36 or G36(EM), these matrices have not
been available in the literature thus far. The present work aims at describing fully the groups G36

and G36(EM) and, in particular, determining matrix groups that define the irreps. The matrix groups
obtained are used for symmetrising the potential energy surface and the rotation-vibration basis
functions for ethane.
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Figure 1. The structure of ethane in the staggered configuration.

2. The Structure of the G36 Group

Longuet-Higgins [37] showed that the group G36 can be written as a direct product of two smaller
groups C(−)

3v and C(+)
3v

G36 = C(−)
3v × C(+)

3v ; (1)

both of these groups are of order 6 and isomorphic to the C3v point group. The top row and leftmost
column of Table 1 define the elements of these two groups. For convenience, we label the elements
of C(±)

3v as R(±)
j , j = 1, 2, . . . , 6; this notation is also defined in Table 1. The nuclei are labelled as

in Figure 2.
In Table 1, we list the products R(−)

j R(+)
k = R(+)

k R(−)
j , where R(−)

j ∈ C(−)
3v and R(+)

k ∈ C(+)
3v . Since

G36 = C(−)
3v × C(+)

3v , the 36 possible products R(−)
j R(+)

k = R(+)
k R(−)

j constitute the complete group G36.
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Figure 2. The labelling of the ethane nuclei.

Each of the groups C(−)
3v and C(+)

3v has three classes, C(±)1 = {E} = {R(±)
1 }, C

(±)
2 = {R(±)

2 , R(±)
3 },

and C(±)3 = {R(±)
4 , R(±)

5 , R(±)
6 }. Since G36 is the direct product of C(−)

3v and C(+)
3v (where, as discussed

by Longuet-Higgins [37], each element of C(−)
3v commutes with each element of C(+)

3v ), its classes are

obtained as C(−)i × C(+)
j , that is, a class of G36 contains all elements RS where R ∈ C(−)i and S ∈ C(+)

j .

In the top row and leftmost column of Table 1, we indicate the class structures of C(+)
3v and C(−)

3v ,

respectively. A class C(+)
i of C(+)

3v is simultaneously, in the form C(−)1 × C(+)
i , a class of G36. Similarly,

the classes of C(−)
3v are simultaneously classes of G36. In Table 1, we indicate the complete set of G36

classes C(−)i × C(+)
j .

Table 1. The class structure of G36
a.

R
(−

)
1

=
R
(+

)
1

=
E

R
(−

)
2

=
(1

32
)(

45
6)

R
(−

)
3

=
(1

23
)(

46
5)

R
(−

)
4

=
(1

4)
(2

5)
(3

6)
(a

b)

R
(−

)
5

=
(1

6)
(2

4)
(3

5)
(a

b)

R
(−

)
6

=
(1

5)
(2

6)
(3

4)
(a

b)
R(+)

2 = (123)(456) (465) (132) (153426)(ab) (143625)(ab) (163524)(ab)

R(+)
3 = (132)(465) (123) (456) (162435)(ab) (152634)(ab) (142536)(ab)

R(+)
4 = (14)(26)(35)(ab)∗ (152436)(ab)∗ (163425)(ab)∗ (23)(56)∗ (12)(46)∗ (13)(45)∗

R(+)
5 = (16)(25)(34)(ab)∗ (142635)(ab)∗ (153624)(ab)∗ (13)(46)∗ (23)(45)∗ (12)(56)∗

R(+)
6 = (15)(24)(36)(ab)∗ (162534)(ab)∗ (143526)(ab)∗ (12)(45)∗ (13)(56)∗ (23)(46)∗

a The top row and leftmost column contain the G36 elements that also belong to the C(−)
3v or C(+)

3v group,

respectively. The remaining entries are the products R(−)
j R(+)

k = R(+)
k R(−)

j , where R(−)
j ∈ C(−)

3v is at the top

of the column and R(+)
k ∈ C(+)

3v is at the left end of the row. The horizontal and vertical lines denote the
separation of the classes.

3. Irreducible Representations of G36

Again, since G36 is the direct product of C(−)
3v and C(+)

3v , we could in principle label its irreps as

(Γ(−), Γ(+)), where Γ(−) is an irrep of C(−)
3v and Γ(+) is an irrep of C(+)

3v . C(−)
3v and C(+)

3v both have the
one-dimensional irreps A1 and A2 together with the two-dimensional irrep E (Table A1 in Appendix A).
Customarily, the irreps of G36 are labelled as in Table 12 of Longuet-Higgins [37]. Table 2 is the character
table for G36, obtained from Table 12 of Longuet-Higgins [37], with the irreducible representations
labelled by their customary labels Γ36 and the combination labels (Γ(−), Γ(+)). In the bottom row of
the table, we indicate the C(−)i × C(+)

j label of each class. For each of the nine G36 classes, we give in
Table 2 a representative element together with the number of group elements in the class. The complete
classes are obtained from Table 1.
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In the present work, we are particularly concerned with the doubly-degenerate irreducible
representations E1 = (E, A1), E2 = (E, A2), E3 = (A1, E), and E4 = (A2, E) together with the
four-dimensional irreducible representation G = (E, E).

Table 2. Character table of G36.

Γ36 (Γ(−), Γ(+)) E (1
23

)(
45

6)

(1
4)

(2
6)

(3
5)

(a
b)
∗

(1
23

)(
46

5)

(1
23

)

(1
42

63
5)

(a
b)
∗

(1
4)

(2
5)

(3
6)

(a
b)

(1
42

53
6)

(a
b)

(1
2)

(4
5)
∗

1 2 3 2 4 6 3 6 9

A1 (A1, A1) 1 1 1 1 1 1 1 1 1

A2 (A2, A1) 1 1 1 1 1 1 −1 −1 −1

A3 (A1, A2) 1 1 −1 1 1 −1 1 1 −1

A4 (A2, A2) 1 1 −1 1 1 −1 −1 −1 1

E1 (E, A1) 2 2 2 −1 −1 −1 0 0 0

E2 (E, A2) 2 2 −2 −1 −1 1 0 0 0

E3 (A1, E) 2 −1 0 2 −1 0 2 −1 0

E4 (A2, E) 2 −1 0 2 −1 0 −2 1 0

G (E, E) 4 −2 0 −2 1 0 0 0 0

C(
−
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×
C(

+
)

1

C(
−
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1
×
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+
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C(
−
)

1
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+
)

3

C(
−
)

2
×
C(

+
)

1

C(
−
)

2
×
C(

+
)

2

C(
−
)

2
×
C(

+
)

3

C(
−
)

3
×
C(

+
)

1

C(
−
)

3
×
C(

+
)

2

C(
−
)

3
×
C(

+
)

3

In Section 12.4 of Ref. [1], and in Section 3.1 of Ref. [2], it is discussed how the point group C3v and
any group isomorphic to it can be defined in terms of two generating operations, one of which belongs
to the two-member class C(±)2 of C3v and the other to the three-member class C(±)3 . For the group

C(−)
3v , we choose the generating operations as R(−)

2 = (123)(465) and R(−)
4 = (14)(25)(36)(ab), whereas

for C(+)
3v , we choose R(+)

2 = (123)(456) and R(+)
4 = (14)(26)(35)(ab)∗. We then have R(±)

3 = (R(±)
2 )2,

R(±)
6 = R(±)

2 R(±)
4 , and R(±)

5 = R(±)
2 R(±)

6 .

4. Representation Matrices for the Ei Irreducible Representations of G36

The representation matrices for the non-degenerate irreps A1, A2, A3, and A4 of G36 are uniquely
defined as equal to the representation characters; these can be found in Table 2. The 2× 2 representation
matrices of the irreps E1, E2, E3, and E4 are, however, not uniquely defined. Having found one such set
of matrices MEi [Oi], where Oi ∈ G36, we can generate infinitely many equivalent representations with
representation matrices M′Ei

[Oi] = V MEi [Oi]V−1, where V is an arbitrary and invertible 2× 2 matrix.
In practice, we want to keep the representation matrices real and orthogonal, and that drastically limits
the possible choices. We select one particular set of representation matrices here for E1 by initially
choosing the representation matrix for R(−)

2 = (123)(465), one of the generating operations of C(−)
3v .

We set

ME[(123)(465)] =

(
cos

( 2 π
3
)
− sin

( 2 π
3
)

sin
( 2 π

3
)

cos
( 2 π

3
) )

=

(
− 1

2 −
√

3
2√

3
2 − 1

2

)
. (2)
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The 2× 2 orthogonal matrix ME[(123)(465)] satisfies the relation ME[(123)(465)]3 = E, the 2× 2
unit matrix, imposed by the fact that [(123)(465)]3 = E. An alternative choice would be the matrix
with the signs of the sin(2π/3) terms reversed. The other generating operation of C(−)

3v , R(−)
4 =

[(14)(25)(36)(ab)], is self-inverse: (R(−)
4 )2 = [(14)(25)(36)(ab)]2 = E. The 2 × 2 orthogonal matrix

representing R(−)
4 is also self-inverse and we can choose it as

ME[(14)(25)(36)(ab)] =

(
cos θ sin θ

sin θ − cos θ

)
(3)

where θ is arbitrary. All such matrices satisfy ME[(14)(25)(36)(ab)]2 = E. We choose θ = 0, so that

ME[(14)(25)(36)(ab)] =

(
1 0
0 −1

)
. (4)

The two matrices ME[(123)(465)] and ME[(14)(25)(36)(ab)] have traces of −1 and 0, respectively,
and it is seen in Table A1 that they generate the irrep E of C(−)

3v . We can now use the relations in
Section 12.4 of Ref. [1] or, equivalently, in Section 3.1 of Ref. [2] to determine, by matrix multiplication
involving ME[(123)(465)] and ME[(14)(25)(36)(ab)], the representation matrices for all operations
in C(−)

3v .
We have discussed above how the irrep E1 of G36 can be described as (Γ(−), Γ(+)) = (E, A1),

where Γ(−) and Γ(+) are irreps of C(−)
3v and C(+)

3v , respectively. We have already determined a group

of representation matrices belonging to the E irrep of C(−)
3v , and to obtain one for the A1 (totally

symmetric) irrep of C(+)
3v , we introduce the 1× 1 representation matrices

MA1 [(123)(456)] = MA1 [(14)(26)(35)(ab)∗] = 1 (5)

for its generating operations R(+)
2 = (123)(456) and R(+)

4 = (14)(26)(35)(ab)∗. Again, we can use the
relations in Section 12.4 of Ref. [1] or in Section 3.1 of Ref. [2] to determine the representation matrices
for all operations on C(+)

3v . It is rather trivial here since these representation matrices all are the 1× 1
matrix 1.

We now have E representation matrices for the six operations in C(−)
3v and A1 representation

matrices for the six operations in C(+)
3v , and we can form E1 representation matrices for the 36 operations

in G36 by forming the 36 products of ME[R], R ∈ C(−)
3v , with the constant (=1 always in this case) MA1 [S],

S ∈ C(+)
3v . The products are formed with the computer-algebra program maxima [38]. The resulting

2× 2 transformation matrices ME1 [R], R ∈ G36, are included in Appendix B (Appendix B.1).
For E2 = (E, A2), we obtain the representation matrices as just described for E1. The only

difference is that we replace the C(+)
3v representation matrices by

MA2 [(123)(456)] = 1 and MA2 [(14)(26)(35)(ab)∗] = −1. (6)

For E3 = (A1, E) and E4 = (A2, E), the representation matrices are determined by interchanging
the C(−)

3v and C(+)
3v representation matrices in the determination made for E1 and E2, respectively.

The 2 × 2 transformation matrices ME2 [R], ME3 [R], and ME4 [R], R ∈ G36, are included in Appendix B
(Appendix B.1).

5. Representation Matrices for the G Irreducible Representation of G36

We now aim at determining a set of 4× 4 matrices constituting the irrep G of G36. In principle, we
could continue as outlined in the preceding section by utilising that G = (Γ(−), Γ(+)) = (E, E). However,
this would imply that we use the 2× 2 E-representation matrices for C(−)

3v and C(+)
3v to generate 4× 4
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G-representation matrices of G36 as the “super-product” matrices discussed in Section 6.4 of Ref. [1]:
Each of the 16 elements of the G-representation matrix is a product of two E-representation matrix
elements, one of the four elements in the C(−)

3v E-representation matrix times one of the four elements

in the C(+)
3v E-representation matrix (see, in particular, Equation (6)–(97) of Ref. [1] and the discussion

of it). The formation of such a super-product is not a standard linear-algebra operation and not easily
programmable in maxima [38]. Consequently, we make use of a more straightforward approach: We
initially note that the six CH-bond lengths rk, k = 1, 2, 3, . . . , 6, of H3CCH3 span the representation A1 ⊕
A4 ⊕ G of G36. This is easily established as the transformation properties of the rk under the operations
of G36 are simple permutations. We define the CH bond length rk as the one involving proton k, with
the protons labelled as in Figure 2. We now proceed to use representation-theory methods to determine
the symmetrised linear combinations of the rk and, subsequently, the transformation properties of the
resulting G-symmetry coordinates.

As just mentioned, it is straightforward to determine the effect of the operations Oi in G36 on the
six bond lengths rk. In general, we can write

Oi



r1

r2

r3

r4

r5

r6


=



r′1
r′2
r′3
r′4
r′5
r′6


= M′[Oi]



r1

r2

r3

r4

r5

r6


, (7)

where the elements of the 6× 6 matrix M′[Oi] are determined from the general idea that after the
operation Oi has been carried out, the proton 1, say, occupies the position previously occupied by the
proton k (and the C nucleus to which it is bound has moved with it), and therefore r′1 = rk, with similar
considerations made for the bond lengths r2, . . . , r6.

Having obtained the matrices M′[Oi], i = 1, 2, . . . , 36, for all operations in G36, we form the linear
combination

OG =
36

∑
i=1

χG[Oi]M′[Oi], (8)

where χG(Oi) is the character of the operation Oi for the irrep G. The 6× 6 matrix OG projects out
the G-symmetry part of its argument and we multiply it on to the 6× 1 column vector with the rk,
thus obtaining six linear combinations of the rk that are all, in principle, of G symmetry. However,
only four independent G coordinates exist and so the linear combinations are linearly dependent.
We discard two of them and the remaining four are linearly independent. We then orthogonalise
(with the Gram–Schmidt technique) the four six-component vectors with the coefficients of the four
linearly independent combinations, thus obtaining the rows 3, . . . , 6 of the 6× 6 matrix V describing
the transformation to symmetrised combinations of the rk:

SA1

SA4

SG;1

SG;2
SG;3
SG;4


=



r1 + r2 + r3 + r4 + r5 + r6

r1 + r2 + r3 − r4 − r5 − r6

2 r1 − r2 − r3 + 2 r4 − r5 − r6

r2 − r3 + r5 − r6

−2 r1 + r2 + r3 + 2 r4 − r5 − r6

−r2 + r3 + r5 − r6


= V



r1

r2

r3

r4

r5

r6


(9)
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with

V =



1 1 1 1 1 1
1 1 1 −1 −1 −1
2 −1 −1 2 −1 −1
0 1 −1 0 1 −1
−2 1 1 2 −1 −1

0 −1 1 0 1 −1


. (10)

Rows 1 and 2 of V describe symmetrised coordinates of A1 and A4 symmetry, respectively, the
remaining four rows produce G-symmetry coordinates.

We now transform, with the help of the computer algebra program maxima [38], the 36 matrices
M′[Oi], i = 1, 2, . . . , 36, to be expressed in terms of the symmetrised S coordinates

Qi = V M′[Oi]V−1 (11)

and it is checked that each of the resulting matrices Qi is block diagonal with two 1 × 1 blocks
containing the characters of the irreps A1 and A4, respectively, and a 4× 4 block whose trace is the G
character.

Finally, we subject the Qi matrices to the final transformations to obtain the transformation
matrices of the G-symmetry coordinates:

MG [Oi] = Tnorm T4×6 Qi TT
4×6 T−1

norm (12)

where

T4×6 =


0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 , (13)

and

Tnorm =


1

2
√

3
0 0 0

0 1
2 0 0

0 0 1
2
√

3
0

0 0 0 1
2

 , (14)

and the superscript T denotes transposition. The transformation with T4×6 cuts out the G-block of
each transformation matrix and that with Tnorm “normalises” the symmetrised coordinates so that the
resulting G transformation matrices MG [Oi] become orthogonal. The normalisation could in principle
just as well have been incorporated in the matrix V, but that made the output from maxima [38] rather
unreadable, and so the transformations were split into several steps as described here.

The orthogonal matrices MG [Oi] are listed in Appendix B (Appendix B.2).

6. Generation of a Symmetry Adapted Basis Set for Ethane

As mentioned in Section 1, the analysis in the present paper is analogous to previous work [2]
on the point group D∞h of acetylene and other centrosymmetric linear molecules. In addition, in
the present work, we use the variational nuclear-motion program TROVE in the generation of a
symmetry-adapted ro-vibrational basis set for ethane.

The general method used by TROVE is thoroughly explained in [3,39,40]. The basic idea is to take
advantage of the useful fact that in a symmetry-adapted basis set {Ψ}, the ro-vibrational Hamiltonian
matrix is block diagonal with the form〈

ΨJ,Γs
µ,ns

∣∣∣ Ĥrv

∣∣∣ΨJ,Γt
µ′ ,nt

〉
= Hµ,µ′ δt,s δns ,nt (15)
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where the indices µ and µ′ label the basis functions, Γs and Γt denote irreducible representations of
the symmetry group, and ns(nt) labels the components of the irrep Γs(Γt). To construct a symmetrised
basis set, one can diagonalise an operator which commutes with all operations of the MS group.
Of course, the ro-vibrational Hamiltonian is one such operator, by definition, so TROVE utilises this
by constructing, from the full ro-vibrational Hamiltonian, reduced Hamiltonians that also commute
with the group operations, each reduced Hamiltonian depending on fewer coordinates than the
full Hamiltonian. The reduced Hamiltonians are diagonalised separately and products of their—by
necessity symmetrised—eigenfunctions are again symmetrised. The result is a symmetry-adapted
basis set appropriate for the complete ro-vibrational coordinate space. We describe this symmetrisation
procedure for ethane in the following sections.

6.1. Definition of the Internal Coordinates Used for Ethane

To construct the reduced Hamiltonians mentioned in the preceding section, one first separates the
internal coordinates into subsets which transform into each other under the symmetry group operations.
We use the convention in Section 1.2 of [1] for transforming functions of Cartesian coordinates. The basis
set associated with each coordinate subset is obtained in terms of one-dimensional primitive functions
φni (qi), where ni is the number of quanta for coordinate qi. By averaging the Hamiltonian over the
“ground state” (ni = 0; φ0(qi) ≡ |0〉qi

) primitives associated with the coordinates in all subsets not
under consideration, i.e.

〈0|q1
. . . 〈0|qk−1

〈0|ql+1
. . . Ĥrv . . . |0〉ql+1

|0〉qk−1
. . . |0〉q1

(16)

where {qk . . . ql} are the coordinates in the subset of interest, one obtains the reduced Hamiltonian
which depends only on these coordinates; it commutes with the operations in the MS group. Product
functions of the form φnk (qk) . . . φnl (ql) are then used as a basis set for diagonalising this reduced
Hamiltonian.

In the case of ethane, there are 3× 8− 7 = 17 small-amplitude vibrational coordinates, one
torsional coordinate (describing the independent rotations of the CH3 groups), and three rotational
coordinates. Figure 3 shows representative members of three of the vibrational coordinate subsets:
the C – C bond length denoted by R, one of six C – Hk bonds denoted by r, and one of six bond angles
∠(Hk–C–C) denoted by α. The small-amplitude vibrational coordinates R, rk, and αk (k = 1 . . . 6)
measure the displacements of the respective internal coordinates from their equilibrium values, that
is the coordinates actually used are R− Re, ri − re (i = 0 . . . 6) and αk − αe (k = 1 . . . 6). The rk(αk)
coordinates are equivalent and so they have a common equilibrium value re(αe).

Rr

α

Figure 3. Representative members of three of the vibrational coordinate subsets. Here, R is the C – C
bond length, r is one of the six C–Hk bond lengths rk, and α is one of the six ∠(Hk-C-C) bond angles αk.

The last vibrational subset is obtained from six dihedral angles θ12, θ23, θ31, θ45, θ56, θ64, one of
which is labelled θ in Figure 4. θij is the angle between the Hi – C – C and Hj – C – C planes, where
protons i and j belong to the same CH3 group. Only four of the six angles are linearly independent
due to the constraints θ12 + θ23 + θ31 = θ45 + θ56 + θ64 = 2π. The positive directions of rotation for the
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θij angles are from proton 1→ 2→ 3 for the one CH3 group, and from proton 4→ 5→ 6 for the other.
The independent coordinates constructed from the six θij angles are

γ1 =
1√
6
(2θ23 − θ31 − θ12),

γ2 =
1√
2
(θ31 − θ12),

δ1 =
1√
6
(2θ56 − θ64 − θ45),

δ2 =
1√
2
(θ64 − θ45),

(17)

which transform as the G representation of G36.

2

3

1

5

4

6

x

y

θ

τ

Figure 4. A Newman projection of ethane, with the CH3 group containing protons 1, 2, and 3, indicated
by solid C – H bonds, being closest to the viewer. One of the dihedral angles used in the vibrational
subsets is labelled by θ and the torsional angle is labelled by τ and is measured in the counterclockwise
direction. The x axis halves the dihedral angle between the H1 – C – C and H4 – C – C planes.

To describe the orientation of the ethane molecule with Euler angles, one approach is to attach
coordinate axes on each CH3 group. Here, the z axis is the same for both and points from Cb to Ca,
while the xa and xb axes point in the direction of Ca-H1 and Cb-H4, respectively, when the molecule
is viewed in the Newman projection of Figure 5. The y axes ensure that the Cartesian axes are right
handed. With this construction, the θ and φ Euler angles describing the direction of the z axis for
CH3 group are the same while the χ angles describing the rotation about the z axis are different and
are denoted by χa and χb. These increase in the counterclockwise direction due to the right hand
rule. This essentially follows Section 15.4.4 of [1] in the definition of the Euler angles according to the
convention described in Section 10.1.1 of [1].

As described in [1], to achieve maximum separation of the torsional and rotational motion, it is
expedient to define two new coordinates from χa and χb. We set the rotational coordinate χ to

χ =
1
2
(χa + χb) (18)

and hence our x axis shown in Figure 4 halves the angle between H1 – C – C and H4 – C – C and increases
in the counterclockwise direction. The torsional angle τ could be defined as

τ = χa − χb (19)

and hence, as indicated in Figure 4, is the angle from H4 – C – C to H1 – C – C in the counterclockwise
direction. In the TROVE calculations, we use a different choice and define τ as the average of three
dihedral angles. To define these, we form three pairs of protons (4, 1), (6, 2), and (5, 3) with the two
members belonging to different CH3 groups. The pairs are chosen such that the protons i and j in each
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(i, j) pair form a dihedral angle τij of π in the staggered equilibrium geometry of Figure 1 and τij = 0
for the eclipsed geometry (see Figure 6), using the labelling of Figure 2. In a general instantaneous
geometry, each (i, j) pair defines a dihedral angle τij (where the positive direction of rotation for the τij
angles is from proton 1→ 2→ 3) and the torsional angle is then given by a symmetric combination

τ =
1
3
(τ41 + τ62 + τ53). (20)

With this definition, τ = 0, 2π/3 and 4π/3 correspond to eclipsed configurations, while, at τ = π/3,
π, and 5π/3, the molecule is in one of its three equilibrium geometries. The torsional angle τ has
definite transformation properties under the operations of G36 (see also Appendix D). As discussed
in Section 6.3, the two coordinate-pair values (τ, χ) and (τ + 2π, χ + π) describe the same physical
situation. However, the coordinate which τ is based on, χa − χb, has a range of 4π. Although a given
geometry can be described by a value of τ in the interval [0, 2π], we must allow τ to range over [0, 4π]

to obtain a correct correlation with χa − χb (see Section 6.3 below).

2

3

1

5

4

6

xa

ya

xb

yb

Figure 5. A Newman projection of ethane, with the CH3 group containing protons 1, 2, and 3, indicated
by solid C – H bonds, being closest to the viewer. The x and y components of the coordinate axes
attached to each CH3 group is shown, the subscript a signifying that the coordinate axes are for the
CaH3 group. To ensure the coordinate system is right handed, the z axis (the same for both groups)
points from Cb to Ca. With this construction, the θ and φ Euler describing the direction of the z axis
are the same for CH3 group are the same while the χ angle describing the rotation about the z axis
different and are denoted by χa and χb. These increase in the counterclockwise direction due to the
right hand rule.

a

1

3
2

b

4

5
6

Figure 6. Ethane in the eclipsed configuration.

In conclusion, the coordinate subsets, for which we initially diagonalise reduced Hamiltonians, are

1. the C – C bond length R;
2. six C – H bond lengths rk, k = 1, 2, . . . , 6;
3. six bond angles ∠(Hk-C-C) = αk, k = 1, 2, . . . , 6;
4. four dihedral-angle coordinates γ1, γ2, δ1, and δ2,
5. the torsional angle τ; and
6. the three rotational angles (θ, φ, χ).



Symmetry 2019, 11, 862 11 of 37

The primitive basis functions for subsets 1, 2, 3, and 5 are obtained using the Numerov–Cooley
approach [3,41,42], while we use harmonic-oscillator eigenfunctions [1] for Subset 4. The primitive
basis set 5 is obtained by solving the 1D torsional Schrödinger equation[

−1
2

∂

∂τ
g1D

τ,τ(τ)
∂

∂τ
+ V1D(τ)

]
|n〉 = En|n〉 (21)

using the basis set constructed from the normalised, 4π-periodic Fourier series functions√
1/2π cos(kτ/2) and

√
1/2π sin(kτ/2). Here, g1D

τ,τ(τ) is the purely torsional element of the TROVE
kinetic-energy g-matrix (see [3]) and V1D(τ) is the one-dimensional, 2π/3-periodic torsional part of
the 18D potential energy function of ethane with the remaining 17 vibrational coordinates set to their
equilibrium values. For both the kinetic-energy function g1D

τ,τ(τ) and the potential function V1D(τ), we
must consider τ-values in the extended interval [0, 4π] as detailed in Section 6.3 below.

6.2. Transformation of the Vibrational Coordinates under G36

As described in Section 3, one can construct every operation of G36 with only four generating
operations. In the TROVE calculations, we use the generators R(−)

2 = (132)(456), R(+)
2 = (123)(456),

R(+)
3 = (14)(26)(35)(ab)∗ and R(−)

4 = (14)(25)(36)(ab). Then, to describe the transformation
properties of a coordinate for all elements in G36, we need only determine these properties for the four
generating operations. We have implemented in TROVE the procedure to generate the irreducible
representations of G36 based on these four group generators and the multiplication rules in Table 1.
The latter can be conveniently represented as the following recursive rule:

Ti = Tj Tk, (22)

where the operations Ti, Tj and Tk (i, j, k = 1, . . . , 36) are as organised in Table 3.
Each of the vibrational coordinates and the torsional coordinate can be expressed as a function of

the nuclear Cartesian coordinates. In the following, and in Appendix C, we describe the procedure in
determining the transformation of these coordinates under the G36 operations in a systematic way,
although in the majority of cases the result is intuitive.

The C – C bond length R is invariant under all G36 operations. We label the six C – Hk bond
lengths rk, and the six bond angles ∠Hk-C-C = αk, by the generic labels βk, as the two subsets
transform identically. The transformation properties are determined by recognising that after the
operation Oi ∈ G36 has been carried out, proton 1, e.g., occupies the position previously occupied by
the proton k (and the C nucleus to which it is bound has moved with it), and therefore the transformed
value of the C – H1 bond length is r′1 = rk, the original value of the C – Hk bond length, with analogous
considerations for the bond lengths r2, . . . , r6, and the αi angles.
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Table 3. The recursive rules to generate the elements of G36 using the four generators T2 =

R(+)
2 = (123)(465), T4 = R(−)

4 = (14)(25)(36)(ab), T7 = R(−)
2 = (132)(456), and T19 = R(+)

4 =

(14)(26)(35)(ab)∗. See also Table 1 for the class structure of G36 and Figure 7 for an illustration of the
effects of the generators.

T1 = E T19 = (14)(25)(36)(ab) = R(−)
4

T2 = (123)(456) = R(+)
2 T20 = (16)(24)(34)(ab) = T7 T21

T3 = (132)(465) = T2
2 T21 = (15)(26)(34)(ab) = T7 T19

T4 = (14)(26)(35)(ab)∗ = R(+)
4 T22 = (153426)(ab) = T19 T2

T5 = (16)(25)(34)(ab)∗ = T2 T6 T23 = (162435)(ab) = T19 T3

T6 = (15)(24)(36)(ab)∗ = T2 T4 T24 = (143624)(ab) = T20 T2

T7 = (132)(456) = R(−)
2 T25 = (152634)(ab) = T20 T3

T8 = (123)(465) = T7
2 T26 = (163524)(ab) = T21 T2

T9 = (465) = T7 T2 T27 = (142536)(ab) = T21 T3

T10 = (123) = T7 T3 T28 = (23)(56)∗ = T19 T4

T11 = (132) = T8 T2 T29 = (13)(46)∗ = T19 T5

T12 = (456) = T8 T3 T30 = (12)(45)∗ = T19 T6

T13 = (152436)(ab)∗ = T7 T4 T31 = (12)(46)∗ = T20 T4

T14 = (142635)(ab)∗ = T7 T5 T32 = (23)(45)∗ = T20 T5

T15 = (162534)(ab)∗ = T7 T6 T33 = (13)(56)∗ = T20 T6

T16 = (163425)(ab)∗ = T8 T4 T34 = (13)(45)∗ = T21 T4

T17 = (153624)(ab)∗ = T8 T5 T35 = (12)(56)∗ = T21 T5

T18 = (143526)(ab)∗ = T8 T6 T36 = (23)(46)∗ = T21 T6

For (β1, β2, β3), we obtain the following transformation properties under the generating
operations:β′1

β′2
β′3

 =

0 0 1
1 0 0
0 1 0


β1

β2

β3

 for (123)(456),

β′1
β′2
β′3

 =

1 0 0
0 0 1
0 1 0


β4

β5

β6

 for (14)(26)(35)(ab)∗,

β′1
β′2
β′3

 =

0 1 0
0 0 1
1 0 0


β1

β2

β3

 for (132)(456),

β′1
β′2
β′3

 =

1 0 0
0 1 0
0 0 1


β4

β5

β6

 for (14)(25)(36)(ab)

while for (β4, β5, β6) they are given byβ′4
β′5
β′6

 =

0 0 1
1 0 0
0 1 0


β4

β5

β6

 for (123)(456),

β′4
β′5
β′6

 =

1 0 0
0 0 1
0 1 0


β1

β2

β3

 for (14)(26)(35)(ab)∗,

β′4
β′5
β′6

 =

0 0 1
1 0 0
0 1 0


β4

β5

β6

 for (132)(456),

β′4
β′5
β′6

 =

1 0 0
0 1 0
0 0 1


β1

β2

β3

 for (14)(25)(36)(ab).

The dihedral-angle coordinates (γ1, γ2, δ1, δ2) are mixed by the G36 operations. The transformation
properties are most easily determined by using the correspondence with the transformation of the rk
and αk coordinates. For (γ1, γ2), we writeγ1

γ2

2π

 = Z

θ12

θ23

θ31

 (23)
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with

Z =

−
1√
6

2√
6
− 1√

6
− 1√

2
0 1√

2
1 1 1

 (24)

where we have taken into account the constraint θ12 + θ23 + θ31 = 2π in the third row of Z.
After we have carried out the operation (123)(456), protons 1, 2, and 3 are found at the positions

initially occupied by protons 3, 1, and 2, respectively, and so the angles θ12, θ23, θ31 are permuted as
follows θ′12

θ′23
θ′31

 =

θ31

θ12

θ23

 = S

θ12

θ23

θ31

 = S Z−1

γ1

γ2

2π

 (25)

with

S =

0 0 1
1 0 0
0 1 0

 (26)

and we can finally calculate the transformed values of (γ1, γ2) asγ′1
γ′2
2π

 = Z

θ′12
θ′23
θ′31

 = Z S Z−1

γ1

γ2

2π

 (27)

where

Z S Z−1 =

− 1
2 −

√
3

2 0√
3

2 − 1
2 0

0 0 1

 . (28)

With the upper 2 × 2 corner of this matrix, we can express the transformed values (γ′1, γ′2) in
terms of (γ1, γ2). The transformation matrix for (γ1, γ2) for (123)(456), and the ones for the other
generating operations, obtained in a similar manner, are(

γ′1
γ′2

)
=

(
− 1

2 −
√

3
2√

3
2 − 1

2

)(
γ1

γ2

)
for (123)(456),

(
γ′1
γ′2

)
=

(
1 0
0 −1

)(
δ1

δ2

)
for (14)(26)(35)(ab)∗,

(
γ′1
γ′2

)
=

(
− 1

2

√
3

2

−
√

3
2 − 1

2

)(
γ1

γ2

)
for (132)(456),

(
γ′1
γ′2

)
=

(
1 0
0 1

)(
δ1

δ2

)
for (14)(25)(36)(ab),

and those for (δ1, δ2) are given by(
δ′1
δ′2

)
=

(
− 1

2 −
√

3
2√

3
2 − 1

2

)(
δ1

δ2

)
for (123)(456),

(
δ′1
δ′2

)
=

(
1 0
0 −1

)(
γ1

γ2

)
for (14)(26)(35)(ab)∗,

(
δ′1
δ′2

)
=

(
− 1

2 −
√

3
2√

3
2 − 1

2

)(
δ1

δ2

)
for (132)(456),

(
δ′1
δ′2

)
=

(
1 0
0 1

)(
γ1

γ2

)
for (14)(25)(36)(ab).

6.3. The Extended Molecular Symmetry Group G36(EM) and the Transformation of the Torsional Coordinate

As explained in Section 15.4.4 of [1], our separation of the rotational and torsional degrees of
freedom has led χ and τ being double-valued. That is, there are two sets of (χ, τ) values associated
with the same physical situation. This is most straightforwardly seen by considering Equation (18)
and the three angles χa, χb, and χ appearing in it. The angle χa is determined entirely by the positions
in space of protons 1, 2, 3 and their carbon nucleus Ca; χb is determined by the positions of protons
4, 5, 6 and their carbon nucleus Cb; and χ is the average of the two. Due to the 2π periodicity of χa,
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increasing it by 2π does not change the positions in space of the nuclei in CaH3, however, in this case, χ

→ χ + π and τ → τ + 2π. That is, the two coordinate pairs (χ,τ) and (χ + π,τ + 2π) describe identical
physical situations.

One way of avoiding the ambiguity described above would be to use a molecule-fixed axis system
with, for example, χ = χa. This molecule-axis system is attached to the CH3 group with protons 1, 2, 3,
and not influenced by the other CH3 group. A χ coordinate chosen in this manner has no ambiguity.
However, as already mentioned it is advantageous to choose χ according to Equation (18) since this
choice (called the Internal Axis Method (IAM), see Section 15.2.2 of [1]) yields a particularly useful form
of the rotation-torsion-vibration Hamiltonian with minimised coupling between rotation and torsion.
It is desirable to keep the definition of χ from Equation (18) and find a way of treating the ambiguity.
We use here the procedure first proposed by Hougen [43] in 1964, primarily for dimethylacetylene
H3CCCCH3, whose internal rotation is essentially free, but generally applicable to other molecules
such as ethane H3CCH3, hydrogen peroxide HOOH, and disulfane HSSH with two identical moieties
carrying out internal rotation. Recently, these ideas have been extended to molecules with two different
moieties and applied to oxadisulfane (also known as hydrogen thio-peroxide) HSOH [44,45], and more
recently they have been applied to computation of the rotation-torsion-vibrational spectra of hydrogen
peroxide HOOH in Ref. [21,26], where the HOOH kinetic energy operator was built using the x-axis
chosen to halve the dihedral angle between the H1 – O – O and H4 – O – O planes, as well as in Ref. [46].

We consider the effect of G36 operations on χa, described thoroughly in Section 12.1.1 of [1],
where the axes are rotated in such a way that the coordinates of the nuclei—measured in a space-fixed
axis system—remain the same after the operation, assuming the CaH3 group is in the equilibrium
configuration. Considering the operation (123), we see that, using our convention, χa becomes
χa + 4π/3 or, equivalently, χa − 2π/3. This would correspond to the pair (τ, χ) becoming (τ +

4π/3, χ + 2π/3) or (τ − 2π/3, χ− π/3), which are no longer equivalent but correspond to the same
physical situation as noted before. For (123)3 = E, the changes become (τ + 4π, χ + 2π) = (τ, χ) or
(τ − 2π, χ− π) = (τ + 2π, χ + π). These are illustrated in Figure 7A,F, respectively.

To deal with the double-valuedness of (τ, χ), we extend the symmetry description in the manner
first introduced by Hougen [43], by extending G36 to the extended molecular symmetry group G36(EM)
as explained in Section 15.4.4 of [1]. To appreciate the definition of G36(EM), we note that the internal
coordinates R, rk and αk (k = 1, 2, . . . , 6), γ1, γ2, δ1, δ2, θ, and φ used for ethane in the present work
are all “space-fixed” in the sense of Section 15.4.4 in [1]; the instantaneous values of these coordinates
can be unambiguously obtained from the instantaneous coordinate values of the nuclei in a Cartesian,
space-fixed axis system [1], e.g., XYZ. Appendix C explains in detail how the internal coordinates
values are determined from the Cartesian coordinate values.

We present here the ideas of Hougen [43], using the more modern notation of Section 15.4.4 in [1].
The extension of G36 to G36(EM) involves the introduction of a fictitious operation E′ (taken to be
different from the identity E) which, for ethane, we can think of as letting the CaH3 do a full torsional
revolution relative to the CbH3. That is, E′ has the effect of transforming χ→ χ + π and τ→ τ + 2π.
After the application of (E′)2 the molecule-fixed axis system is back where it started, and so we take
(E′)2 = E. E′ does not affect the space-fixed nuclear coordinates; it has the same effect as the identity
operation on the complete rotation-torsion-vibration wavefunction of ethane.

We now define four generating operations a, b, c and d that transform χ and τ unambiguously and
have the same effect on the space-fixed coordinates [R, rk and αk (k = 1, 2, . . . , 6), γ1, γ2, δ1, δ2, θ, and
φ] as the G36 operations (123), (456), (14)(26)(35)(ab)∗ and (23)(56)∗, respectively. Tables A-28 and A-33
of [1] are the character tables of G36 and G36(EM), respectively. Comparison of the two tables shows
that the four generating operations R(−)

2 = (132)(456), R(+)
2 = (123)(456), R(+)

4 = (14)(26)(35)(ab)∗

and R(−)
4 = (14)(25)(36)(ab) chosen for G36 in the present work correspond to ab, a5 b, c, and d c,

respectively. Following Section 15.4.4 of [1], we define in Table 4 the effect on χ and τ of the G36(EM)
generators. The approach of Bunker and Jensen [1] to simply postulate, by definition, the effect of the
G36(EM) generators on χ and τ may appear arbitrary. It is not, however. We show in Figure 7 how, for
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each of the four G36(EM) generators ab, a5 b, c, and d c, the effect on χ and τ can be explained as the
effect of the G36 partner of the G36(EM) generator in question (Table 4).

Table 4. Transformation of the torsion angle τ and the rotation angle χ under the generators of
G36(EM).

Transformed τ Transformed χ G36(EM) Generator G36 Generator

τ − 4π/3 χ ab (123)(456)
τ χ + 2π/3 a5 b (132)(456)
2π − τ χ + π c (14)(26)(35)(ab)∗

τ χ d c (14)(25)(36)(ab)
τ + 2π χ + π E′

The group generated by the five operations a, b, c, d, and E′ has 72 elements and, as mentioned
above, it is denoted G36(EM), called an extended molecular symmetry (EMS) group, and its character
table is given as Table A-33 of [1]. This character table shows that we can think of G36(EM) as a direct
product

G36(EM) = G36 × {E, E′}, (29)

where the group G36 is constructed from the generating operations a, b, c and d; it is isomorphic to
G36, so that it has the irreducible representations given in Table 2. The two-element group {E, E′}
is cyclic of order 2 and has two irreps A′ and A′′, both one-dimensional, with the representation
matrices 1 or −1, respectively, under E′. The irreps of G36(EM) are straightforwardly constructed
from those of G36. Each irrep Γ of G36 in Table 2 gives rise to two irreps of G36(EM), Γs = (Γ, A′) and
Γd = (Γ, A′′) as given in Table A-33 of [1]. An irrep Γs has identical characters for the operations E
and E′, χs[E′] = χs[E], whereas for the irrep Γd, χd[E′] = −χd[E]. As long as we pretend that E′ 6=
E, we must also pretend that the coordinate values (τ, χ) and E′ (τ, χ) = (τ + 2π, χ + π) describe
different physical situations. As a consequence, we must allow τ to be periodic with a period of 4π as
already mentioned in connection with Equation (21). The torsional potential energy function V1D(τ) is
periodic with period 2π, V1D(τ) = V1D(τ + 2π) for τ ∈ [0, 2π], and this symmetry causes the torsional
wavefunctions |n〉 from Equation (21) to be either symmetric (of Γs symmetry) or antisymmetric (of Γd
symmetry) under E′.

We know that, in reality, E′ = E, and so only functions and coordinates with Γs symmetries occur
in nature. Since we can form, for example, basis functions of an allowed Γs symmetry as products of
an even number of factors, each with a forbidden symmetry Γ′d, say, we need to consider also the Γd
symmetries initially for the torsional and rotational basis functions. The final wavefunctions resulting
from our theoretical calculations should be subjected to a “reality check”: They must necessarily have a
Γs symmetry in G36(EM). In particular, torsional basis functions of d symmetry must be combined with
rotational basis functions of d symmetry to produce a torsion-rotation basis function of an allowed
s symmetry.
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Figure 7. Newman projections of ethane showing the effects of the G36(EM) generators (and their G36

partners; see Table 4) on τ and χ; the change of τ is represented by the curved arrow encircling the C–C
axis and the change of χ is illustrated by the change in x-axis orientation. (A) Starting configuration
with τ = 4π/9 and the x-axis forming the clockwise angle 8π/9 with the horizontal. (B) The effect
of ab ∼ (123)(465) which causes τ to decrease by 4π/3 (equivalent to an increase of 8π/3 ) and χ to
remain constant. (C) The effect of a5 b ∼ (132)(456) with τ remaining constant and χ changing by
+2π/3. (D) The effect of c ∼ (14)(26)(35)(ab)∗ with τ→ 2π − τ and χ→ χ + π. (E) The effect of d c ∼
(14)(25)(36)(ab) under which τ and χ are both invariant. (F) The effect of E′ which has no G36 partner,
E′ τ = τ + 2π and E′ χ = χ + π.

6.4. Rigid-Symmetric-Rotor Function Representations

As mentioned above, we use the rigid-symmetric-rotor eigenfunctions |J, k, m〉 [1] as primitive
rotational basis functions. For K 6= 0 (where K = |k|), the corresponding symmetrised functions are
defined as

|JKmη〉 = iη(−1)σ

√
2

(|J, k, m〉+ (−1)J+K+η |J,−k, m〉) (30)

where {
σ = K mod 3 η = 1

σ = 0 η = 0,
(31)

while for K = 0 it is |J00η〉 = iη |J, 0, 0〉 where η = J mod 2. Using the rigid rotor transformation
properties given in Equations (12-46) and (12-47) of [1], along with Tables 12-1 and 15-6 of [1], we can
determine the irreps of the rigid rotor basis functions; the results are summarised in Table 5.

Table 5. The irreps of the rigid rotor wavefunctions. For K > 0, the two functions with η = 0, 1
generate a two-dimensional irrep or the direct sum of two one-dimensional irreps. For a given K value,
we list first the η = 0 function and then the η = 1 one. n is a positive integer.

K Γ

0 (J even) A1s
0 (J odd) A2s
K = 3n (K even) A1s ⊕ A2s
K = 3n (K odd) A4d ⊕ A3d
K = 3n + 1 (K even) E1s
K = 3n + 1 (K odd) E2d
K = 3n + 2 (K even) E1s
K = 3n + 2 (K odd) E2d
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6.5. Symmetrisation of the Basis Set

Once a set of basis functions has been constructed for one of the subsets mentioned above
as eigenfunctions of a 1D Schrödinger equation, the degenerate eigenfunctions (which in general
transform reducibly) are symmetrised by a sampling and projection procedure described in Sections 4
and 5 of [39]. Briefly, a set of geometries is sampled (typically around 50) and each MS operation is
applied to the eigenfunctions to obtain an overdetermined set of linear equations which are solved for
the transformation matrix effecting the operation on the degenerate eigenfunctions. Using the traces of
these matrices and the irrep matrices, one can obtain the irreducible coefficients of the reducible matrix
as well as projection operators onto the irreps. These operators are then applied to the eigenfunctions
to generate the symmetrised basis functions.

One then produces the basis functions for the complete TROVE calculation as products of
the symmetrised 1D basis functions, one 1D basis function from each of the sets defined above.
In general, these total basis functions do not transform irreducibly, and so a further application of the
symmetrisation procedure is required, although the sampling step can be omitted as the transformation
properties of the “factor” functions are already known.

7. Potential Energy Function of Ethane in a Symmetry Adapted Representation

To represent the PES analytically, an on-the-fly symmetrisation procedure has been implemented
(see, e.g., [22]). We first introduce the stretching coordinates

ξ1 = 1− exp (−a(R− Re)) (32)

ξ j = 1− exp (−b(ri − re)) ; j = 2, 3, 4, 5, 6, 7 , i = j− 1, (33)

(a is used for the C–C internal coordinate R, and b is used for the six C–H internal coordinates r1, r2, r3,
r4, r5 and r6) the bending angular coordinates

ξk = (αi − αe) ; k = 8, 9, 10, 11, 12, 13 , i = k− 7, (34)

the dihedral coordinates from Equation (17)

(ξ14, ξ15, ξ16, ξ17) = (γ1, γ2, δ1, δ2) (35)

and, finally, the torsional term
ξ18 = 1 + cos 3τ (36)

where τ is defined in Equation (20). The quantities Re, re and αe are the equilibrium structural
parameter values of C2H6.

Taking an initial potential term of the form

Vinitial
k =

18

∏
i=1

ξ
ki
i (37)

with maximum expansion order ∑i ki = 6, each symmetry operation TX of G36 (see Table 3) is
independently applied to Vinitial

k , i.e.,

VTX
k = TX Vinitial

k (ξ) = TX

(
18

∏
i=1

ξ
ki
i

)
(38)
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where TX is one of the 36 operators of G36, to create 36 new terms. Here, k denotes the 18-dimensional
hyper-index k1, k2, . . . , k18 and (ξ) denotes {ξ1, ξ2, . . . , ξ18}. The results are summed up to produce a
final term

Vfinal
k = ∑

TX

VTX
k , (39)

which is itself subjected to the 36 G36 symmetry operations TX to check its invariance. The total
potential function is then given by the expression

Vtotal(ξ) = ∑
k

fkVfinal
k (ξ) (40)

where fk are the corresponding expansion coefficients determined through a least-squares fitting to
the ab initio data generated at the CCSD(T)-F12b/aug-cc-pVTZ level of theory. The details of the PES
will be given elsewhere. The symmetry operations are represented as matrices and are generated from
the four chosen generators as described above (see also Appendix B).

8. Numerical Example

In this section, we apply the symmetrisation procedure on a small test basis set for the ethane
molecule. We demonstrate how the method works for Subsets 2 (six C−Hi stretching modes), 4 (four
dihedral-angle modes γ1, γ2, δ1, δ2), and 5 (the torsional mode τ). In Subset 1 (C−C stretch), the
symmetrised wavefunctions are of A1s symmetry only as each G36 operation leaves the bond length
R invariant; in Subset 3 (six C−C−Hi bending modes), each G36 element has the same effect on the
coordinates as in Subset 2, and so the irreps obtained for Subset 3 are identical to those obtained for
Subset 2.

In TROVE calculations, the size of the primitive basis set is determined by the maximum polyad
number Pmax, which occurs in the inequality

P = a1n1 + a2n2 + a3n3 + . . . ≤ Pmax (41)

where ni is the excitation number for the primitive basis function of coordinate i and ai is its polyad
coefficient. In our example all ai = 1.

8.1. Subset 2 Symmetrisation

For the six-member Subset 2, we set the maximum polyad number to be 1, so the space
is seven-dimensional. We consider here the seven unsymmetrised eigenfunctions at lowest
energy, the latter four being degenerate. As the first three of these eigenfunctions eigenfunctions
are non-degenerate, they are already symmetrised and no further work is required. The first
one-dimensional energy solution (at 0.0 cm−1) is essentially the primitive ground-state wavefunction
with small contributions from the other primitives:

Ψ1 = 0.9999374 |000000〉+ . . . (42)

where . . . signifies small (of the order 10−14) contributions from other primitive functions (omitted in
the following). For simplicity we give only 5–7 significant digits here, while the actual calculations are
done in quadruple precision. The eigenfunction in Equation (42) has A1s symmetry.

The second one-dimensional solution (at 2929.16 cm−1) is

Ψ2 =
1√
6
(− |000001〉 − |000010〉 − |000100〉+ |001000〉+ |010000〉+ |100000〉) (43)

and has A4s symmetry.
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The final one-dimensional solution (at 2940.44 cm−1) is

Ψ3 =
1√
6
(|000001〉+ |000010〉+ |000100〉+ |001000〉+ |010000〉+ |100000〉) (44)

which is totally symmetric and so of A1s symmetry.
The four unsymmetrised, degenerate solutions (at 3007.21 cm−1) are

Ψ4 =+ 0.565540 |000001〉 − 0.209498 |000010〉 − 0.356041 |000100〉 − 0.482230 |001000〉
− 4.233691 |010000〉+ 0.524567 |100000〉

Ψ5 =− 0.536788 |000010〉+ 0.446199 |000100〉+ 0.330258 |001000〉 − 0.578016 |010000〉
+ 0.247758 |100000〉

Ψ6 =+ 0.581276 |000001〉 − 0.308888 |000010〉 − 0.272388 |000100〉+ 0.398602 |001000〉
+ 0.157199 |010000〉 − 0.555801 |100000〉

Ψ7 =− 0.489104 |000010〉+ 0.516345 |000100〉 − 0.407635 |001000〉+ 0.553226 |010000〉
− 0.145592 |100000〉

(45)

which turn out to be of Gs symmetry, and thus also already symmetrised. However, in this case
there is ambiguity in the group matrices describing the transformation properties of the degenerate
wavefunctions. We therefore find and apply a unitary transformation on the wavefunctions to produce
functions with transformation properties described by our “standard” G representation matrices
collected in Appendix B.2. To this end, we follow the sampling procedure from Ref. [39], derive
the transformation properties of the above wavefunctions and convert them to have our “standard”
transformation properties. For this work, we modified the sampling procedure in TROVE by applying
it to the five group generators only (out of 72). This simple modification led to a significant speedup
of the sampling part of the code and is now the standard part of TROVE. The reduced symmetrised
wavefunctions become

Ψ4 =
1

2
√

3
(− |000001〉 − |000010〉+ 2 |000100〉 − |001000〉 − |010000〉+ 2 |100000〉)

Ψ5 =
1
2
(− |000001〉+ |000010〉 − |001000〉+ |010000〉)

Ψ6 =
1

2
√

3
(− |000001〉 − |000010〉+ 2 |000100〉+ |001000〉+ |010000〉 − 2 |100000〉)

Ψ7 =
1
2
(− |000001〉+ |000010〉+ |001000〉 − |010000〉)

(46)

which are recognised as the linear combinations (defined by the matrix V) of bond lengths rk that
transform as the Gs irrep (Equation (9)).
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8.2. Subset 4 Symmetrisation

For Subset 4, we use a maximum polyad number of 1 and thus we have 5 eigenfunctions, one
non-degenerate and four degenerate ones. |0000〉 is the first eigenfunction (at 0.0 cm−1); it has A1s
symmetry. The other four unsymmetrised eigenfunctions (at 1469.30 cm−1) are

Ψ2 =
1√
2
(|0001〉 − |0100〉)

Ψ3 = − 1√
2
(|0001〉+ |0100〉)

Ψ4 = − 1√
2
(|0010〉+ |1000〉)

Ψ5 =
1√
2
(− |0010〉+ |1000〉)

(47)

which again turns out to be of Gs symmetry. Here, and in the following, 1√
2

stands for the numerical

value 0.707106781186545 (±10−15). The desired symmetrised functions are

Ψ2 =
1√
2
(|0010〉+ |1000〉)

Ψ3 =
1√
2
(|0001〉+ |0100〉)

Ψ4 =
1√
2
(|0010〉 − |1000〉)

Ψ5 =
1√
2
(|0001〉 − |0100〉).

(48)

8.3. Subset 5 Symmetrisation

For the one-dimensional Subset 5, we use a maximum polyad number of 29 and show, for
illustrative purposes, the symmetrisation of the first three eigenfunctions. The lowest energy solution
(at 0.0 cm−1 with A1s symmetry) is:

Ψ1 = 0.999958 |0〉+ . . . . (49)

The second and third eigenfunctions (at 0.0029 cm−1) are degenerate, and the unsymmetrised
wavefunctions are

Ψ2 =+ 0.0272058 |1〉+ 0.999588 |2〉+ . . .

Ψ3 =− 0.999588 |1〉+ 0.0272058 |2〉+ . . . .
(50)

These turn out to be of E3d symmetry, which we then converted to

Ψ2 =− 0.75926 |1〉 − 0.65072 |2〉+ . . .

Ψ3 =− 0.65072 |1〉+ 0.75926 |2〉+ . . .
(51)

to obey our “standard” transformation properties imposed by the matrices in Appendix B.

8.4. Torsional Basis Function Symmetries

Figure 8 shows the torsional potential energy as a function of τ. In order for the torsional basis
functions to transform according to the irreps of the extended MS group G36(EM), we obtain them
as solutions of the 1D torsional Schrödinger equation in Equation (21). In solving this Schrödinger
equation in a Fourier-series basis (see the discussion of Equation (21)), we let τ vary from 0 to 4π
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so that the potential energy curve in Figure 8 has six minima. In the figure, we indicate the lowest
allowed torsional energies. Some of these energies are degenerate, i.e., associated with more than
one eigenfunction of a given irreducible representation. In the limit of an infinite barrier height, we
expect the energies to be six-fold degenerate. With the actual, finite height of the barrier, the energies
form near-degenerate clusters with a total multiplicity of 6 as shown in Figure 9. However, since
our description of the torsional angle τ ∈ [0, 4π] is unphysical, only three of the states in the cluster
(of s symmetry) exist in nature if they are combined with rigid-rotor basis functions of s symmetry.
The other three states (of d symmetry) must be combined with rigid-rotor basis functions of d symmetry
in order that the total rotation-torsion state can exist in nature. For J = 0, only the s-type torsional
states will exist since only s-type rigid-rotor basis functions are available.
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Figure 8. The torsional potential energy as a function of the torsion angle τ. The allowed energy values
are marked by blue horizontal lines. Each energy may correspond to more than one eigenfunction of a
given irreducible representation. Dashed lines indicate states of d-type symmetry.
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Figure 9. A enlarged detail of Figure 8, showing the lowest energy cluster with the G36(EM) symmetry
labels indicated.

Figure 10 shows the ground state torsional wavefunction which, as always, is totally symmetric (of
A1s symmetry) in G36(EM). The effect of the G36(EM) generators on τ is shown in Table 4. In Figure 11
(left display) we show the doubly-degenerate wavefunctions of the first excited state. They span the
E3d irrep but must be transformed to obtain the transformation properties imposed by the E3d matrices
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described in Appendix B.1. The transformed functions, with the desired transformation properties are
shown in Figure 11 (right display).
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Figure 10. The ground state torsional wavefunction.
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Figure 11. The degenerate first excited state torsional wavefunctions. (Left) The two wavefunctions
which generate the E3d irrep, but which do not transform as given by the transformation matrices of
Appendix B.1, displayed as a red and a blue curve, respectively. (Right) The corresponding two E3d
wavefunctions obtained as transforming according to the transformation matrices of Appendix B.1 and
displayed as a red and a blue curve, respectively.

The symmetry adapted ro-vibrational basis set functions are constructed as direct products of
the symmetrised component functions from the different subspaces as Ψ(0),Γ0

λ0
⊗Ψ(1),Γ1

λ1
⊗Ψ(2),Γ2

λ2
· · · ⊗

Ψ(L),ΓL
λL

, where L is the number of vibrational subspaces. The symmetry of a product basis function is
the direct product of the irreducible representations of the component functions. This symmetry must
be further reduced, but this is rather straightforward when each component function generates one of
the irreps of the group and has defined, “standard” transformation properties. In this case, we use the
same projection operator symmetrisation technique described above without further sampling of the
symmetry properties of the corresponding components. The d-symmetry components are unphysical
and must be disregarded. Some s symmetry ro-vibrational basis functions will necessarily contain
products of the d components, underpinning the importance of the G36(EM) extended symmetry group.
The nuclear spin statistical weights of the ro-vibrational states can be deduced using the procedure
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from [1]. We obtain nuclear spin statistical weights of 6, 10, 6, 10, 4, 4, 2, 6, and 12 for the G36(EM)
symmetries A1s, A2s, A3s, A4s, E1s, E2s, E3s, E4s, and Gs, respectively.

9. Conclusions

We have presented a detailed description of the G36 and G36(EM) molecular symmetry groups.
A full set of irreducible representation matrices have been derived and tested for constructing
symmetry-adapted potential energy functions and basis functions of ethane C2H6. Both the
construction of the transformation matrices and the symmetry adaption can be implemented as
numerical procedures as part of computational approaches to the solution of the ro-vibrational
Schrödinger equation. A self-consistent choice of the vibrational, torsional and rotational coordinates
for ethane, satisfying the G36(EM) symmetry requirements, have been introduced and analysed in full
detail. The irreducible representation matrices as well as the coordinate choice made for ethane in the
present work have been implemented as part of the program system TROVE, and we have discussed a
few examples of symmetrised wavefunctions. These results of the present work will be important in
our planned line-list calculations for ethane.

The results of the present work are, of course, not only applicable to ethane H3CCH3, but
also to other molecules with MS groups G36 and G36(EM). A prominent molecule of this kind is
dimethylacetylene H3CCCCH3. In addition, subgroups of the matrix groups constructed can be applied
to molecules whose MS groups are subgroups of G36 and G36(EM), such as D3CCH3. The general ideas
used for generating the matrix groups can be applied to other MS groups. In particular, generation of
matrix groups in a manner similar to that of the present work will be required for MS groups with
irreps of dimension 4 and higher.
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Appendix A. Character Table of the Isomorphic Groups C(−)
3v and C(+)

3v .

G36 is the direct product of C(−)
3v and C(+)

3v , G36 = C(−)
3v × C(+)

3v , and so the irreps of G36 are

obtained from those of C(−)
3v and C(+)

3v . These latter irreps are given in Table A1.

www.dirac.ac.uk


Symmetry 2019, 11, 862 24 of 37

Table A1. Common character tables of C(−)
3v and C(+)

3v .

Γ C(±)
1 C(±)

2 C(±)
3

1 2 3

A1 1 1 1

A2 1 1 −1

E 2 −1 0

We label the elements of C(±)
3v as R(±)

j , j = 1, 2, . . . , 6 (see Table 1). The nuclei are labelled

as in Figure 2. C(±)
3v has three classes, C(±)1 = {E} = {R(±)

1 }, C
(±)
2 = {R(±)

2 , R(±)
3 }, and C(±)3 =

{R(±)
4 , R(±)

5 , R(±)
6 }.

Appendix B. The G36 Transformation Matrices

In Appendix B.1 and B.2, we have abbreviated some of the operations R ∈ G36 as R = R(−)
j R(+)

k

= R(+)
k R(−)

j , where R(−)
j ∈ C(−)

3v and R(+)
k ∈ C(+)

3v (since, if we used the complete labels such as
(15)(24)(36)(ab)∗ and (143526)(ab)∗, the text would not fit on the page). All such products, and the
complete classes of G36, are given in Table 1.

Appendix B.1. Ei Transformation Matrices in G36

For each operation R ∈ G36, we list here the four matrices ME1 [R], ME2 [R], ME3 [R], and ME4 [R]
in that order.

Appendix B.1.1. One-Member Class C(−)1 × C(+)
1 Containing E

MEi [E]

(
1 0
0 1

) (
1 0
0 1

) (
1 0
0 1

) (
1 0
0 1

)

Appendix B.1.2. Two-Member Class C(−)1 × C(+)
2 Containing (123)(456) and (132)(465)

MEi

[
R(+)

2

] (
1 0
0 1

) (
1 0
0 1

) (
− 1

2 −
√

3
2√

3
2 − 1

2

) (
− 1

2 −
√

3
2√

3
2 − 1

2

)

MEi

[
R(+)

3

] (
1 0
0 1

) (
1 0
0 1

) (
− 1

2

√
3

2

−
√

3
2 − 1

2

) (
− 1

2

√
3

2

−
√

3
2 − 1

2

)

Appendix B.1.3. Three-Member Class C(−)1 × C(+)
3 Containing (14)(26)(35)(ab)∗

MEi

[
R(+)

4

] (
1 0
0 1

) (
−1 0
0 −1

) (
1 0
0 −1

) (
1 0
0 −1

)

MEi

[
R(+)

5

] (
1 0
0 1

) (
−1 0
0 −1

) (
− 1

2 −
√

3
2

−
√

3
2

1
2

) (
− 1

2 −
√

3
2

−
√

3
2

1
2

)
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MEi

[
R(+)

6

] (
1 0
0 1

) (
−1 0
0 −1

) (
− 1

2

√
3

2√
3

2
1
2

) (
− 1

2

√
3

2√
3

2
1
2

)

Appendix B.1.4. Two-Member Class C(−)2 × C(+)
1 Containing (123)(456) and (132)(456)

MEi

[
R(−)

2

] (
− 1

2 −
√

3
2√

3
2 − 1

2

) (
− 1

2 −
√

3
2√

3
2 − 1

2

) (
1 0
0 1

) (
1 0
0 1

)

MEi

[
R(−)

3

] (
− 1

2

√
3

2

−
√

3
2 − 1

2

) (
− 1

2

√
3

2

−
√

3
2 − 1

2

) (
1 0
0 1

) (
1 0
0 1

)

Appendix B.1.5. Four-Member Class C(−)2 × C(+)
2 Containing (123) and (456)

MEi

[
R(−)

2 R(+)
2

] (
− 1

2 −
√

3
2√

3
2 − 1

2

) (
− 1

2 −
√

3
2√

3
2 − 1

2

) (
− 1

2 −
√

3
2√

3
2 − 1
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Appendix B.1.9. Nine-Member Class C(−)3 × C(+)
3 Containing (12)(45)∗
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Appendix B.2.7. Three-Member Class C(−)3 × C(+)
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Appendix B.2.9. Nine-Member Class C(−)3 × C(+)
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Appendix C. Derivation of the Transformation of Internal Coordinates

In the following, we describe the procedure with which to calculate the transformation of the
internal coordinates due to the molecular symmetry group operations. If f is a function of the
Cartesian coordinates X1, X2, and X3 of three nuclei 1, 2, and 3, respectively, then, after the operation
in (123), nucleus 1 is at the position nucleus 3 was previously, 2 is at 1, and 3 is at 2. We thus
have (123) f (X1, X2, X3) = f (X3, X1, X2). In addition, E∗ f (X1, X2, X3) = f (−X1,−X2,−X3). Since
any curvilinear coordinate can be written as a function of the Cartesian coordinates, this defines the
coordinate change due to the operation. We now go through the three types of internal coordinates
that TROVE uses.

Appendix C.1. Bond Lengths

The bond length between nuclei 1 and 2 (with position vectors r1 and r2, respectively, in the
space-fixed axis system) is defined by |r1 − r2|. We see that this value is unaffected by E∗ and the other
operations simply result in the relabelling of the bond lengths. For example, the H1 – Ca bond length is
given by r1 = |r1 − ra| and the operation (123) transforms r1 to r′1 = |r3 − ra| = r3, and we obtain, once
again, an obvious result. The operation (14)(26)(35)(ab)∗ yields r′1 = | − r4 + rb| = |r4 − rb| = r4

Appendix C.2. Bond Angles

To obtain the angle between nuclei 1 and b via nucleus a we define r1a = r1 − ra and likewise for
rba. Then, the sought angle is

α1 = arccos
(

r1a · rba
|r1a||rba|

)
. (A1)

Despite the expression for α1 being more complex than the expression for r1, the effect of MS
group operations can be determined completely analogously. E∗ produces no effect and the other
operations relabel. For (123), we have

α′1 = arccos
(

r3a · rba
|r3a||rba|

)
= α3, (A2)
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while for (14)(26)(35)(ab)∗

α′1 = arccos
(
(−r4b) · (−rab)

| − r4b|| − rab|

)
= arccos

(
r4b · rab
|r4b||rab|

)
= α4. (A3)

Appendix C.3. Dihedral Angles

The expressions involving the dihedral angles are the most complicated. Consider the four nuclei
labelled 1, a, b, and 4 in Figure A1. The dihedral angle between the plane spanned by 1, a, and b and
that spanned by a, b, and 4 is shown in Figures A1 and A2. We define 〈v〉 as the unit vector obtained
by normalisation of v, 〈v〉 = v/|v|. The orientation of the z axis is defined by ez = 〈rab〉. We need two
further axes x and y (whose orientations are defined by the unit vectors ex and ey, respectively) which,
together with z, form a right-handed axis system.

To simplify the discussion, we take the xy plane to be horizontal and the z axis to be vertical. We
aim at obtaining the x and y components of r1a in order to determine the “horizontal” angle θ it makes
with r4b, as shown in Figure A2. We require the x axis to be directed along the horizontal component
(i.e., the component perpendicular to ez) of r4b. Thus, the y axis is perpendicular to the plane defined
by ez and r4b, so that we have ey = 〈ez × r4b〉 and therefore ex = ez × ey = ez × 〈ez × r4b〉, as shown
in Figure A3. The unit vector ex′ = ez × 〈ez × r1a〉 defines an x′ axis in the 1–a–b plane; this axis is
analogous to the x axis in the 4–a–b plane. The dihedral angle between the two planes is the angle
between the x and x′ axes.

The x and y components of ex′ are ex · ex′ and ey · ex′ , respectively. To obtain the dihedral angle in
the range [−π, π] with the correct sign, we use the standard trigonometric function arctan2 (For (x, y)
= (r cos ϕ, r sin ϕ), the function arctan2(y, x) = ϕ ∈ [−π, π]) to obtain

θ = τ41 = arctan2(ey · ex′ , ex · ex′)

= arctan2(ey · ez × 〈ez × r1a〉, ex · ez × 〈ez × r1a〉) (A4)

which, written more explicitly, is

θ = τ41 = arctan2[〈ez × r4b〉 · (ez × 〈ez × r1a〉),
(ez × 〈ez × r4b〉) · (ez × 〈ez × r1a〉)]

= arctan2[ez · (〈ez × r1a〉 × 〈ez × r4b〉),
(ez × 〈ez × r1a〉) · (ez × 〈ez × r4b〉)]

(A5)

where the last expression emphasises the equivalence of nuclei 1 and 4.

b

a
1

4

Figure A1. Four nuclei 1, 4, a, and b. The dihedral angle θ is the angle between the 1–a–b and 4–a–b
planes. We define the positive direction of the angle by the right hand rule with the thumb pointing in
the rab direction.
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1

4
θ

Figure A2. Top down view of Figure A1 with the dihedral angle (with the defined direction) marked
as θ.

r1a

r4b

ey = 〈ez × r4b〉

Figure A3. The y axis.

We define the dihedral angles θij and τij in terms of Equation (A5) and, by means of this equation,
we can determine their transformation properties under the generating operations of G36. We note that
generally E∗arctan2(y, x) = arctan2(−y, x) = 2π − arctan2(y, x). The dihedral angle θ23, for example,
is defined by

θ23 = arctan2[ez · (〈ez × r3a〉 × 〈ez × r2a〉),
(ez × 〈ez × r3a〉) · (ez × 〈ez × r2a〉)]

(A6)

Under (123), we obtain

θ′23 = arctan2[ez · (〈ez × r2a〉 × 〈ez × r1a〉),
(ez × 〈ez × r2a〉) · (ez × 〈ez × r1a〉)] = θ12.

(A7)

To obtain the effect of (14)(26)(35)(ab)∗, we initially apply (14)(26)(35)(ab) with the result

arctan2[− ez · (〈−ez × r5b〉 × 〈−ez × r6b〉),
(−ez × 〈−ez × r5b〉) · (−ez × 〈−ez × r6b〉)].

(A8)

Applying E∗ reverses ez, and by swapping r5b and r6b we obtain the final result:

θ′23 = arctan2[− ez · (〈−ez × r6b〉 × 〈−ez × r5b〉),
(−ez × 〈−ez × r6b〉) · (−ez × 〈−ez × r5b〉)] = θ56.

(A9)

where the positive direction of the dihedral angle is in the sense of the proton numbering.
Finally, applying (14)(25)(36)(ab) to θ23 gives

θ′23 = arctan2[− ez · (〈−ez × r6b〉 × 〈−ez × r5b〉),
(−ez × 〈ez × r6b〉) · (−ez × 〈−ez × r5b〉)] = θ56.

(A10)

For τ41, which is defined by going counterclockwise from 4 to 1, the equation is

arctan2[ez · (〈ez × r1a〉 × 〈ez × r4b〉),
(ez × 〈ez × r1a〉) · (ez × 〈ez × r4b〉)] = τ41.

(A11)

Under operation (123)(456), this becomes

τ′41 = arctan2[ez · (〈ez × r3a〉 × 〈ez × r6b〉),
(ez × 〈ez × r3a〉) · (ez × 〈ez × r6b〉)] = τ63

(A12)
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To determine the effect of (14)(26)(35)(ab)∗, we first apply (14)(26)(35)(ab) to τ41 and obtain

arctan2[− ez · (〈−ez × r4b〉 × 〈−ez × r1a〉),
(−ez × 〈−ez × r4b〉) · (−ez × 〈−ez × r1a〉)].

(A13)

Applying E∗ reverses ez. After swapping the order of r1a and r4b, we have

τ′41 = arctan2[− ez · (〈ez × r1a〉 × 〈ez × r4b〉),
(ez × 〈ez × r1a〉) · (ez × 〈ez × r4b〉)] = 2π − τ41.

(A14)

Finally, applying (14)(25)(36)(ab) to τ41 gives

τ′41 = arctan2[− ez · (〈−ez × r4b〉 × 〈−ez × r1a〉),
(−ez × 〈−ez × r4b〉) · (−ez × 〈−ez × r1a〉)] = τ41.

(A15)

Appendix D. Transformation of τ under the Generating Operations of G36

The torsional coordinate τ is defined by Equation (20):

τ =
1
3
(τ41 + τ62 + τ53), (A16)

and we investigate how this coordinate transforms under the generating operations of G36, R(+)
2 =

(123)(456), R(−)
2 = (132)(456), R(+)

4 = (14)(26)(35)(ab)∗, and R(−)
4 = (14)(25)(36)(ab) used in the

TROVE calculations. The transformation properties of the dihedral angles τij are derived as outlined
in Appendix C.

The operation (123)(456) permutes the protons 1, 2, 3, 4, 5, and 6 to the positions previously
occupied by the protons labelled 3, 1, 2, 6, 4, and 5, and the transformed value of τ is given by

τ′ =
1
3
(τ63 + τ51 + τ42) (A17)

where
τ63 = τ62 + θ23 (A18)

τ51 = τ53 + θ31 (A19)

τ42 = τ41 + θ12. (A20)

For example, τ51 = τ53 + θ31, the plus sign coming about because the positive direction of rotation
for the τij dihedral angles (proton 1→ 2→ 3) is the same as that of θ12, θ23, and θ31. Hence

τ′ =
1
3
(τ41 + τ62 + τ53 + [θ12 + θ23 + θ31]) (A21)

=
1
3
(τ41 + τ62 + τ53 + 2π) = τ + 2π/3 (A22)

or, equivalently, τ′ = τ − 4π/3 as given in Table 4, to ensure that (123)3(456)3 = E.
After carrying out the operation (132)(456), the protons 1, 2, 3, 4, 5, and 6 are found at the

positions previously occupied by the protons labelled 2, 3, 1, 6, 4, and 5, respectively. Consequently,
the transformed value of τ is given by

τ′ =
1
3
(τ62 + τ53 + τ41) = τ. (A23)
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For (14)(26)(35)(ab)∗,

τ′ =
1
3
(τ14 + τ26 + τ35) (A24)

=
1
3
(−τ41 − τ62 − τ53) = −τ (A25)

or, equivalently, 2π − τ as given in Table 4.
Finally, for (14)(25)(36)(ab),

τ′ =
1
3
(−τ14 − τ26 − τ35) (A26)

=
1
3
(τ41 + τ62 + τ53) = τ. (A27)

The transformation properties derived here are summarised in Table 4.
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