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Abstract: In this paper, we are concerned with a nonlinear system containing some essential
symmetrical structures (e.g., cross-diffusion) in the two-dimensional setting, which is proposed
to model the biological transport networks. We first provide an a priori blow-up criterion of strong
solution of the corresponding Cauchy problem. Based on this, we also establish a priori upper bounds
to strong solution for all positive times.
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1. Introduction and Main Results

Driven by the need to understand the biological transportation networks (for instance, leaf
venation in plants, angiogenesis of blood vessels and neural networks which transport electric charge),
biologists and physicists have expressed great interest in investigating the qualitative properties of
network structures in the last few decades (see for instance [1-5] and references therein). Recently,
Hu and Cai [6] introduced a purely local dynamic adaptation model based on mechanical laws on a
graph, which was extended to a continuum one in [7-9] that was subsequently studied in the series of
papers [10-15]. This continuum model, posed in spatial domain (), can be read as

9m — D*Am — 2(m - Vp)Vp+ |m? 0" Um =0, xeQ, t>0,

1)
—V-((I—l—m@m)Vp)zS, xeQ, t>0.

The unknown function p = p(t, x) denotes a scalar pressure of the fluid transported within the
network which satisfies Darcy’s type equation due to Darcy’s law for slow flow in the network being
valid, and thus Vp represents a driving force for the evolution of the vector-valued conductance
m = (m1 (t,x), - ,mylt, x)) that describes the dynamics of networks by using a reaction—diffusion
equation consisting of three different mechanisms—pressure effect, diffusion (representing microscopic
Brownian process) and an algebraic conductance-relaxation; the given function S = S(x) models the
sources and sinks. Values of the parameters D? > 0 (diffusion coefficient), > > 0 (activation parameter)
and y € R (relaxation exponent) are determined by the particular physical applications. For instance,
we get from the known experimental studies (see [6,16] and ([8], Section 2) for details) that v = %
can be used to describe blood vessel systems in the human body and that 4 = 1 corresponds to
leaf venation.

From a mathematical perspective, system (1) exhibits two rather peculiar nonlinear structures:
—c(m - Vp)Vp in system (1); and —V - ((m ® m) Vp) in (1),, which may result in yielding several
difficulties in the mathematical analysis. For instance, the absence of a priori L*-bound for m may
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cause the elliptic coefficients in (1), to be singular, and thus the solution of (1), is too weak to control
the nonlinear term —c?(m - Vp)Vp in (1);. These challenges make the cross-diffusion system (1) of
interest. We would like to mention that, when system (1) is posed in a bounded domain (), it should
be supplemented with the initial condition

m(0, x) = my(x) in Q (2)
and the homogeneous Dirichlet boundary conditions
p(t,x) =0 and m(t,x) =0 on 9Q. ©)]

The initial-boundary value problems (1)-(3) has attracted a lot of interest already—see, for
instance, [10] for the existence of global weak solution and of local mild solution when > 1 that was
extended to the case of y > % in [11], ref. [13] for the partial regularity of weak solution, ref. [14] for
the regularity of stationary weak solution in two space dimensions and ref. [15] for the existence of
local classical large-data solution and of global classical small-data solution.

To our best knowledge, the Cauchy problems (1) and (2) was only studied in [17] when Q) = R3,
in which local existence as well as blow-up criterion for large initial data and global existence for
small initial data were established based on H(IR®) being a Hilbert space; however, there is no result
on the Cauchy problems (1) and (2) on R?. Our goal is to fill this gap. It is worthwhile pointing out
that the important problem of the mathematical theory concerning the Cauchy problems (1) and (2)
is whether or not the global in time smooth solution exists for any prescribed smooth initial data.
Hence, in the absence of a global well-posedness theory, establishing a priori estimates is of major
importance for both theoretical and practical purposes, which motivates us to investigate an a priori
blow-up criterion and a priori upper bounds of strong solutions to system (1) and (2) with Q = R?.
We would like remark that, in contrast to system (1) and (2) with Q = R3, H(R?) not being a Hilbert
space poses obstacles with adopting the same strategies in [17] to study the Cauchy problems (1) and
(2) with Q = R2. To overcome this challenge, we will derive the a priori L*-bound for m to rule out
the degeneracy and develop some new dissipation mechanisms hidden in the system (1) and (2) by
fully utilizing some essential symmetrical structures of system when Q) = R2,

Before stating our main results, we need to layout some notations. H*(R?) and L7(R?) denote the
usual Hilbert space and Lebesgue space with the norms || - || g2y and || - || g(r2) (or || - || g and || - || g
for short), respectively. The functions in these spaces are usually understood to be real valued. If no
confusion is likely, we shall use the same notation for similar spaces of vector-valued functions and of
matrix-valued functions, for instance,

2
Imilla and  [[Vmlps = Y [|9jm;]|1a-
i=1 ij=1

2
fmfo =
Throughout this paper, we will use A < B to denote A < CB for some uniform constant C > 0.

Unless specified, the values of the constants may vary line by line according to the context.
With the aforementioned notations, we now state our first result as follows.

Theorem 1. Let v > 1, my € H?(R?) and wV'S € L*(R?),i = 0,1,2, where w(x) := (1+ |x|)(1+
In(1 + |x|)). Assume that there exist a time T > 0 and a strong solution (m, p) to systems (1) and (2) on
R? x [0, T] satisfying

m € C([0, T]; H*(R?)), Vm € L?([0, T]; H*(R?)) and Vp € C([0, T]; H*(R?)).

Then, there exists a maximal time Tmax € (T, 00] such that (m, p) is a strong solution of the Cauchy
problem (1) and (2) on R2 x [0, Tmax ). Moreover, if Tmax < 00, it holds that
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tim sup || m ()| 2 g2 = o0
t— Tmax

if and only if
Tmax
L 19 mO 1 gt = e o)

forany q € (2,400], where

po o {2 02

Remark 1. The blow-up criterion (4) in Theorem 1 is similar to the blow-up criterion of the strong solution of
the Cauchy problem (1) and (2) on R® [17] and to the Serrin-type criterion of Leray—Hopf weak solution of the
Navier-Stokes equations [18].

Invoking the blow-up criterion (4) obtained in Theorem 1, we can further present that the local
strong solution of the Cauchy problem (1) and (2) can be extended to a global one.

Theorem 2. Assume that all conditions in Theorem 1 hold. Then, there exists a positive constant h(4) (see (32)
below) such that, if D > h(4), then the local strong solution of the Cauchy problem (1) and (2) with Q = R? is
global indeed in the sense that

t
()25 + [ 9P lge) + [ 19m(6) e g s < Ce 5)
forall t > 0 and for some positive constants k and C being independent of t.

Remark 2. As far as we are concerned, even though there are substantial results regarding the system (1) on
R3 or a bounded domain Q) C R", there are not yet any on R?. Theorem 1 and Theorem 2 seem to be the first
rigorous theoretical analysis on the initial-value problem (1) and (2) on R? and are a first step toward filling
this gap.

Remark 3. Compared to the initial-value problem (1) and (2) on R3 in [17], establishing an a priori blow-up
criterion (4) and a priori upper bounds (5) are nontrivial in the sense that the benefit emanating from H(R3)
being a Hilbert space will be not granted and that our strategy depends on the weight Hardy inequality over R?
(see (12)) as well as seeking some new estimates.

The rest of this paper is organized as follows. In Section 2, an a priori blow-up criterion is
established. In Section 3, invoking this a priori blow-up criterion, we present that the local strong
solution of the Cauchy problem (1) and (2) is global indeed in the two-dimensional setting.

2. Blow-Up Criterion. Proof of Theorem 1

Assume that there exist a time T > 0 and a unique strong solution (m, p) to systems (1) and (2)
on [0, Ty such that

m € C([0, To); H*(R?)), Vm € L?([0, To]; H*(R?)) and Vp € C([0, To|; H*(R?)). (6)

Clearly, by employing a standard bootstrap argument, we can extend this strong solution (m, p)
to the maximal interval of existence [0, Tmax ), where either Tiax = 00 0r Tmax < 0. If Tnax < 0, then
we have

Jimfm (1) e = o0
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and vice versa. The goal of this section is to further establish a more precise blow-up criterion for such
strong solution, which allows us to extend the local strong solution to a global one in the next section.
To this end, for any T € (0, Tmax), We abbreviate

X(0,T) ::{(m,p) |m € C([0, T]; H2(R?)), Vm € L2([0, T]; H2(R?)),
9 € L2([0, T); H'(R?)), Vp e L=([0, T];HZ(RZ))}

for simplicity. We now begin with establishing the following a priori estimates to the strong solution
of systems (1) and (2) on R2.

Lemma 1. Let (m, p) be a solution to system (1) and (2) in X(0, T). We have
IVm()172 + [m(®) 7, + VP72 + [m - Vp(b)]72 +/ l0m(s) 72ds < 1+ [[mol3s + l[wS|32,
@)

[m(£)]72 +/ IVm(s) |17 + [lm(s) 12, + | Vp(s)32 + [m- VP(S)II%z)dS < CTwS||7, + [lmolI7,
®)

forany t € (0, T), where w(x) := (14 |x|)(1 4+ In(1 + |x|)) and the positive constant C depend only on D, c
and 7.

Proof. Without loss of generality, we may assume that (m, p) is sufficiently smooth. The general case

can be dealt with by taking an approximation procedure.
We proceed along the lines of the proof of ([17], Lemma 3.1) and have

d

= (D Vml + f||m||m + | Vpl2, + Em - Vp|2,) +2[aml 2, = o. ©)

For any t € (0, T), by integrating (9) from 0 to ¢, we infer that
D Tm (Ol + - m(0) L + VPOl + Hm- Tp()[B+ 2 [ [om(o)]3uds
= D?||[Vmpl|7, + — ||mo||L27 + A Vpoll72 + Zllmg - Vpol[F2, (10)
where the function py = p(0, x) solves the following Poisson equation
~V-((I+mo@mo)Vpo) =5, xeR: (11)

To estimate the terms related to pg on the right-hand side of (10), by using pg as a test function
in (11), we obtain from the integration by parts that

/R2 |Vp0|2dx+/Rz(mo - Vpo)2dx = /RZ poSdx.

Recalling the Hardy inequality over R? ([19])

ol

w(x)

2
x§C/RZ|Vf\2dx for w(x) = (1+ |x[)(1 +In(1+ |x])) (12)
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and employing Holder’s inequality, we arrive at
0 1
[, posax < | B2 lwslia £ 1V polzllwsliz < 51V pol: + Cllws| .
From this, we conclude that
IVpollZz + llmo - Vpol7. < CllwS|I7..

This together with (10) yields that

L2v

t
IVm(#)|[2 + [[m ()32, + VP17 + [lm - Vp(£)]3, +/O 19¢m (s) |72

2
S IVmo|f2 + moll 7, + lws|:

2
S 1+ [moll) + (@S2,

where we used Sobolev’s embedding ||myl|;2, < |jmg||g2, Young's inequality and the fact 2y > 2 in
the last inequality.
Next, taking the L? inner product of (1); with m and using the integration by parts, we can obtain

1d 2 2 2 " 2y 9 g 5
24t Jw |m|?dx + D /Rz\Vm\ dx+./Rz|m| dx = ¢ ./Rz(m Vp)2dx. (13)

Taking the L2 inner product of (1), with p, we can obtain from the integration by parts that

/]RZ |Vp|*dx + /Rz(m~Vp)2dx = /]R2 pSdx. (14)

Similarly, we conclude from Holder’s inequality, Sobolev’s inequality and Hardy’s inequality (12) that
2 . 2 2
/R2|Vp| dx+2/Rz(m Vp)2dx < CllwS|3,, (15)

which together with (13) yields that

1d

27 Jhe |m|2dx+/]Rz (D2 Vm|2 + [m 27 + 2| Vp[? + A(m - Vp)?)dx < Cl[wS||%.

For any t € (0, T), we integrate the above inequality from 0 to t and thus obtain
t
2
lm ()17 +/0 (D[ Vm(s)[I7. + [m(s)[| 2, + I Vp(s)[F2 + cllm - Vp(s)lI72)ds
< CT[wS||F2 + [[mo|Z.-

This completes the proof of Lemma 1. [

To obtain the higher-order estimates of the solution component m, we should establish the
higher-order estimates of the solution component p.

Lemma 2. Let (m, p) be a solution to systems (1) and (2) in X (0, T). Then, there exists a positive constant C
depending only on D?, c? and -y such that

2q

IV2pl + 1V (m- Vp) |2 < C(|Vm|],” + [wVS|2,), (16)
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49

193122 + [V2(m - Vp) |22 < 5[ V2m2 + [ 2m]2 (1 Vmllfy? + w72,
A9
+C(Ivmlf;* + [wVs|iE, + [w92s]2,) (17)
forany q € (2,+o0] and all t € (0,T).

Proof. We begin with establishing the estimate (16). Differentiating (1), with respect to xj for k = 1,2,
we have
—Adkp — V- (9(m - Vp)m + (m - Vp)oym) = 0;S. (18)

By taking the L? inner product of (18) with dp, we obtain from the integration by parts that
IVoxpliZ2 + [, 0k(m - Vp)ym-Vogp+ [ (m-Vp)oym- Vo = [ aiSoup.
R2 R2 R2
Hence, it reduces to
IVop 22 + 19k (m - Vp) 172
_ / 3 (m - Vp)dym- Vp — / . Vp)dpm - Vap + /RZ 3, 59p. (19)

Invoking Holder’s inequality and Hardy’s inequality (12), the third term on the right-hand side
of (19) can be controlled as follows:

op
/R 9 Spdx < ‘ e

| Tl < CIV3pl 3]

Based on this, we get from Holder’s inequality and Young's inequality that

IVokp T2 + 19k (m - Vp) 172
< |k (m - Vp) [l 2 [[opm - Vpllp2 + [[(m - Vp)ogm| 12| VOrpl 12 + C[Vogpll 2 [[w VS| 2

< 2 (1k(m - Vp) 2 + [Vakpl2) + [em - Tp|Rs + [[(m - Vp)osm|2 + ClwVs 2,
From this, one arrives at
[V0ep |22 + 9 (m - Vp) 2, < 2[3em - Vp|[2; + 2| (m - Vp)am|2, +C[[w VS|,
which implies that

V2Pl T2 g2y + IV (m - V) T2 gy
<2(IVp- Vm|[ gy + l[(m - Vp)Vm|[fs 52)) + ClwVS|T. (20)

Note that, for any g € (2, +o0|, Holder’s inequality, Sobolev’s embedding, Young’s inequality and
Lemma 1 yield that

VPVl < [VmEVp1? 2,
=

2(1-2 4
< vl vp P vz,
4
< V|2 V2]l

1 2
< 1||V2PH%2 +C||IVm| /%,
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and similarly that

29

1 =5
[(m - Vp) ViR gy < 41V (m- Vp)[3 +ClIVm| ;.

Hence, we can conclude from (20) that, for any g € (2, +o0],

2q_
19202y + IV (- V) o) < C(IVmIIfy* + [w9SI2,). @)

This indicates that (16) holds.
We now turn to the higher-order estimate (17). To achieve this, differentiating (18) with respect to
Xj for j = 1,2, we obtain

—Adjp — V- ((m - Vp)oom + 9;(m - Vp)ogm + 9 (m - Vp)om + 90;(m - Vp)m) = 9;9;S. (22)

Then, multiplying (22) by 92 14 and using the integration by parts, we have

[Voro,pl| z+/ - Vp)orom - Vak8]p+/ (m - Vp)opm + 9 (m - Vp)o;m) - Voxo,p
+/aka -Vp)m- Vadjp = /aka S;p.

Since
m - Vordjp = 9d;(m - Vp) — 9 dym - Vp — dym - Voyp — oym - VO;p,

we have
1V0x0,p122 + [10k0; (m - Vp) |12,
=— /(m - Vp)oxdjm - Vod;p — / (9j(m - Vp)ogm + 9x(m - Vp)djm) - Vord;p
v / (9d;m - Vp +djm - Voyp + dem - VO;p)3id;(m - Vp) + / 040;0,;p.

We now use Holder’s inequality and Hardy’s inequality (12) to estimate the rightmost term of the
above equation as follows:

Sz < Iyl 2,95

One has
IVok0;p 122 + [|0k0; (m - Vp) |12
< 1V3u;pli2 (Il (m - Vp)agdjmilz + a;(m - Vp)asmllz + [ (m - Vp)ojm]2
+ 05 (m - p) 2 (1962jm - Tpllyz + [jm - Vagpl 2 + [3m - Vjpl|2)
+ C[[Vadjpll 2 |w VS| 2.

By employing Young’s inequality, we can deduce that

IVok0;p |12 + [|x0; (m - Vp) |12
< l(m - Vp)ordml|7, + [|0;(m - Vp)dgm|[?, + ||0x(m - Vp)o,m||?,
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+ [|okdjm - Vp||3, + ||0;m - Vogpl|7, + [[9gm - VO,p |72 + [[wV3S|[2,,
and thus that
IV2p[[2, + V2 (m - Vp) |72 Sll(m - Vp)VPm|[7, + [ V(m - Vp) - Vm|[?,

2
+ 2 1Vp- Vom|f + [[VmV2p|[f + [[wVS|[L. (29)
j=1

We estimate the terms on the right-hand side of (23) one by one. Firstly, we conclude from
Holder’s inequality, Sobolev’s embedding, the interpolation, Young's inequality and Lemma 1 that

l(m - Vp)V2m|f, < [|(m- Vp)|[76]| V2ml[7;
2 4 4 2
S llm - Vpl 511V (- V) [15]1V2m |13, Vom|

1
< SIVPmE + CIV2m L[|V (m - Vp) 2.
Secondly, we get from a similar procedure that, for any g € (1, 0],

IV (m - Vp) - Vm|f, < [|V(m-Vp)|? 5 ||V,

L9-2

<V v/ 2(17%) vZ .V % \V/ 2
SIV(m-Vp)ll 2 7V (m- Vp)|l L[ Vml|z

29

< 5 IV2(m - Vp) |7, + CV(m - Vp) |7 V| f*.

1
2

Similarly, we have

1
IVp-Voml|L, < 2| VPm|[Z, + Cl[V2m|2 [ V211,

2q

1 =
IVmV2p72 < SIVPpliT. + ClIV2pl L Vmllf,®
for any g € (2, 400]. It follows from inserting the above estimates into (23) that

1
IV2plIEz + V2 (m - Vp)|I7. < SIIVPm T + ClIV2ml| 3 ([ V2plIZ. + [V (m - Vp)IZ.)
29
+C(IV?pl72 + IV (m - Vp)l[2) I Vml|f* + CllwV2s|[7,
for any g € (2, 4o0]. This implies (17) and thus completes the proof of Lemma 2. [

With the improved a priori estimates on p at hand, we can directly derive the higher-order
estimates of the solution component m under the same assumptions as above.

Lemma 3. Let (m, p) be a solution to systems (1) and (2) in X(0, T). Then, there exists a positive constant C
depending only on D, ¢ and y such that forall 0 < t < T,

d 2 2 D2 2
S IV2m2, + = | Vim] 2,
4q 4 8(y—1)

49 49 1
SIV2mI, (IVm]f,* + [wVS[E:) + [Vmlf* + [m] 577 + [wVS|f + [wV2S|2; +1
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forl < < 3,and

d D?
E\Ivzmlliz + 7||V3m||%2

4q g
S1V2m2, (| Vmll " + [wVS|1:) + 11 Vmllf,* + o VS| + [w92s|2; +1
2q(y—2)

T3t 273 2
+ [lml, ([ Vm[[ ;7 [ VEm]| 2
for oy > 3.

Proof. Similar to ([17], Lemma 3.3), we get that there exists a positive constant Cy independent of ¢
such that

d _
V22 + D2 Vim|E < Co IV ((m- Vp) Vp) |2 + [ V(ImPODm)[2:). @4)

We estimate the terms on the right-hand side of (24) one by one. For the first term on the right-hand
side of (24), we obtain from Holder’s inequality, the interpolation inequality, Young's inequality and
Lemma 1 that

IV ((m-Vp)Vp) |5
< ||V(m-Vp)Vpl[7, + || (m- Vp)V2p|7,
< ||V (m-Vp)||7:]IVplTs + [|m - Vp|5 [ V2p|75

4 5 2 2 2 4 2 4 5 4 3 2
S IV V)LV (m- Vp) [ L IVPl L VP + lme- Vpl 5 IV (me- Vp) [ IVEp LIV p
D2

< g, (V2 Ip) 2+ 19°p132) + C(IIV (m - Vp) 29212 + [V (m - Vp) 319212,

which together with Lemma 2 yields that

2 D? 2
[V ((m-9p)Vp) |72 <5 IV°milEa + CIVmiE (I Vmilf,* + Vsl
4q

+C(Ivm|f;? + [wVs|iE + [wV2S|2, +1). (25)

To estimate the second term on the right-hand side of (24), by using the Leibniz’s product rule
and Holder’s inequality, we obtain

— — 4(y—1
19 (20~ Dm) 2, < [|fmPO D V2, S (][} [ V]2,

For 1 < ¢ < 3, a straightforward application of the interpolation inequality yields that

24(y-1) 4(r-1)

4(y—1
Im[} Y < Jmll 7 1V3m],”

8(7;1) 16(77—1) 3 4('\/7—1
Slmll,” [[Vmll, 7 [VPm],

~

and thus that

4(y—1

_ 8(y—1) 24 16(y—1) 1)
IV (im0 Ym)|2, < [lm|,7 [V, 7 [VPm],”

8(y—1) 14+16(y-1)

D? x &
< EIIV%II@ +Cllm| 5 [Vml|, " . (26)
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On the other hand, for v > 3, we have from Holder’s inequality and the interpolation
inequality that

4(y 2
m 207 < |mlf4e|fm]| ;2

(9—2) q (7 2)
< mf3 [ V?m]| 2 (Imlleq V[ Vm| )

q—2 _q (’Y 2)
S llm] 2| V|3 [| V2m]] 2 (IImIILZ" VIVm HZ” 3HV [ )

4(q*2)(772)+ 2q(v—2)
T Vm| " ([Vim

1+515
< llmf[, [ Vm]
for any q € (2, +o0] and thus

2(y-1) +2q 3 %‘*‘ 2q2(; 32) 2
IV (lm 2" Vm)|[2, < [fm] , || Vm]| [Vml| 3" [|[Vom|| 2. (27)

Substituting (25), (26) and (27) into (24), we deduce from Lemma 1 that, for 1 <y < 3,

4

21 9%m ||22+—\|v3m||L2N||v2m|| (Ivmlf;* + VS| )

8(r—1)

4q
HIVm| 7+ m) 577 + [[wVS|[T. + [wV3S[[2, + 1,

and that, for v > 3,
dio2. 12 D? 3.2
EHV m|[}, + 7”v m||7,
49
< V2 (V) + [w0VS[4) + [Vl + [w9S]E + [w92S)3; + 1

+2q 3 Zqz(g 32) 2
+ [[m[[ 7 [ Vm[ " [Vom|[ .

This completes the proof of Lemma 3. O

Invoking Lemmas 1-3, we now establish a more precise blow-up criterion for the strong solution
as follows.

Lemma 4. Let (m, p) be a solution to systems (1) and (2) in X(0, T) and Tmax be the maximal existence time.
If Timax < 9, it holds that

limsup [|m(£)|| 2 (g2) = o0
t— Tmax

if and only if
Tmax
L IV m gt = oo

forany g € (2,400], where

_ 49 4q(y—2)
5*ma"{q—2’ 20-3 }
Proof. We can first deduce from Lemma 3 that, for 1 < v < 3and all 0 < t < Tpax,

8(7=1)

d £l £l
S v2ml i, +*\|v3m|\L2N||v2m|| (IVmlf +1) + [Vl + mf 25 41,
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and that for v > 3 and all 0 < t < Tpax,

4q 4q9(7—2)

d D2 (1’7:1)
1VPml + = [ VPm|[Z, < [ V2m]|Z, (llelqu +1) + ||Vm||m +[IVm| ;" [fml], 5

Hence, Gronwall’s inequality implies that, for 1 <y < 3,
IV2m (#)[7.

4
t 7-2 t Aq
<5%““W5*”“@v%m@+cAqu@Mﬁ+wwn 2 1) )

and that, for v > 3,

IV2m(6)]1 72

‘*_ﬂ 4q9(1-2) 4(q-1)

< RO (52mo 12, 1.C [ (19m + 19m) Im(),3 0 +1)ds).

By employing Lemma 1 again, we conclude that

limsup [m(t)] 2 = o0
t— Trnax

if and only if
Tmax
[ 1vmis) s = oo
0

for1 < < 3,and

Tmax 49(v=2)
/ |Vm(s) ds+/ IVm(s)|, 2 ds = oo
0

for v > 3, where g € (2, 4+o0]. This completes the proof of Lemma 4. [
Based on Lemma 4, we now prove Theorem 1.

Proof of Theorem 1. The blow-up criterion is a by-product of Lemma 4. Thus, we have completed
the proof of Theorem 1. [

3. Global Existence. Proof of Theorem 2

In this section, invoking blow-up criterion (4), we show that the local strong solution of the
Cauchy problem (1) and (2) is global indeed in the two-dimensional setting.

Lemma 5. Assume that all conditions in Theorem 2 hold and the systems (1) and (2) possess a solution (m, p)
in X(0,T). For fixed r € (2,00), then there exists a positive constant h(r) (see (32) below) such that, for all
D > h(r),

|Vm(®)[lr < C(1+1) 28)
forany 0 < t < T and certain positive constant C independent of t.
Proof. We begin with » > 4. We now apply the operator 9; (i = 1,2) to (1);:

d9;m — D2A9;m + 9;(|m > Vm) = c29;((m - Vp)Vp). (29)
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Then, taking the L? inner product of (29) with 9;m|9;m|"~2 and using the integration by parts,
we obtain

%% |o;m |’dx+D2/ Vo,m - V(9;m|d;m| ~2) dx+/ (JmPVm) - (9;m[dm|"2)dx
_/ m VP Vp- (a m|d;m| "~ 2 dx+/ m - Vp)vap (a m|9;m| 2) (30)

The second and third terms on the left-hand side of (30) can be calculated as follows:
_ _ 2 _
/Rz Vo;m - V(aimlaim‘r Z)dx — /Rz |vaim|2|aim|7 20x + (r—2) /R2 (aim . Vaim) |o;m|" 4y

QU |V (omi) ’

Vv

dx,

r

and
/R2 3 (|m 2" Ym) - (3;m|9;m[ ~2)dx = /]R2 Im|20 =) |9;m|" dx
+2(y-1) /]1%2 (m- 8,<m)2|m|2(7*2)|8im|r*2dx.
Duetor —2> 0and v —1 > 0, we then get from Holder’s inequality and (30) that

1d 4(r —1)D? N
paplomli + = [V (2l [,

< [[0i(m- Vo) 2
< [|8i(m - V)| 2 1Vpll s l9mll 55 + [ V0ipl 2 m - V|| |05

Vp- im[am| 2| |+ | Vaipll2

-2
(m-Vp)a-m|8-m|r .

Lﬁrl

We use the interpolation inequality and Lemma 1 to show

1d 4(r—1)D

2
i omllz, + MESB].

S [oi(m-Vp) | I\Vr7||Lz||V2r7|\Lz||a m||75 )
+[Voipll2[m- VPHfz [V (m-Vp) sz [9im |75,

< [Joi(m-Vp) |2 HVZPIILZIIa ml|75e )

+IVopll 2 |V (m VP)HLz [[0im][] ¢

L6r1

Hence, by employing (16) with g = 4, it arrives at

2
S lloiml7l ) (Vm|7 +1)3

L6r1

2
Lol + 2220 9 (om)|

S llomm|7gi IIVmHL4 + [l9ml[ (31)

L6 r—1)
On the other hand, a direct application of the interpolation inequality yields that for r > 4

r
2 —

rl|2
2
Ll‘

r
S [Vm] f

r(

S [[Vm HLz " Vm IIU

)V\vm\z 2

2’
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which leads to

2

IVm 5 < [|Vm ||Lz

‘V\Vm\z

Here, we used the fact that % > 2,due to r > 4. From this, one then has

1
[Vm|ps < IIVmHL HV IILf 7S IVmll); .
Similarly, we also have
||vaL6r 1) ’ 127 12(r=1)
6(r— 1
5r76
< ||v 12r 1) ‘V|V % r—1)

—2 5r—6
VR
L2 ’

S ||Vm||zé”> Mk

Here, we used the fact that (r US> 2duetor > 4. Whereupon, invoking the above inequalities,
we infer from (31) and Lemma 1 that

L4 Gy + 22D 9 (v |
1 2(3r—4) . 2(3r 4)
<[Vl " ||Vm\|,iz vivme]; “ e vml,
(3f 4
HV|Vm|2

Note that 0 < M < 2and 2(3;7;4)

+ % = 2, due tor > 4. Thus, Young’s inequality implies
from the above 1nequahty that

Liwmi + LU v (vm) [ < 0| vivmis

2
L2+C2

rdt

for two positive constants Cy, C; independent of t. Furthermore, taking

under our assumptions, then one arrives at

1d
~IVmlp < G

Finally, a time integration of the above inequality shows that, for all r > 4,
IVm(®)[[zr < [[Vmol[fr + Cat. (33)

Next, we turn to the case of r € (2,4). Recalling the interpolation inequality

4—r 2(r=2)
[Vmllr < [Vml|,; [Vm]||,,” forallr € (2,4),
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we can get from (7), (33) and Young's inequality that

2(r—2

)
IVm(t)[7 < (IVmollfs + Cot) <14t (34)

Combining with (33) and (34) yields (28). This finishes the proof of Lemma 5. O
By means of Lemma 5 and blow-up criterion (4), we can proceed to prove Theorem 2.

Proof of Theorem 2. By taking r = 4 in (32), we can get from Lemma 5 that
IVm(t,-)|[7s < C(1+¢t) forallt> 0.

Based on this, the local strong solution (m, p) can be extended to a global one by employing the
blow-up criterion (4) obtained in Theorem 2. Moreover, the boundedness (5) directly follows from
Lemma 1, Lemma 2, Lemma 3 and Lemma 5. This completes the proof of Theorem 2. [

4. Discussion

In this section, let us begin with presenting a short summary of our main results for the nonlinear
PDE system (1) and (2) in the two-dimensional setting:

e By developing some new dissipation mechanisms hidden in the system (1), we provide an a priori
blow-up criterion of a strong solution of the Cauchy problems (1) and (2);

e Invoking an a priori blow-up criterion and seeking some suitable estimates, we establish a priori
upper bounds to a strong solution for all positive times.

We conclude this section by providing two unsolved problems which will be the subject of our
future research:

e  How to establish the local existence of a strong solution of the Cauchy problems (1) and (2);
e  We establish an a priori blow-up criterion and a priori upper bounds to a strong solution of
systems (1) and (2) when 7 > 1. Can these be generalized to v > %?
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