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Introduction 

FreePascal [1] were used to compile the executable for Monte-Carlo (MC) sampling (implements 
the peculiarities of MC simulation given in Table 2 in the paper). Data were generated by running 
the program (32bit executable). PHP v.7.3.1 cli [2] was used to assess numerically the agreement for 
"g1" statistic (Table 3), to calculate the statistics (eqs.6; used as given in Fig.3, Step 2 in Tables 5, 6, 7, 
9, 10, and 11), and to implement (Fig.4) and run the second MC simulation study (Step 4 in Tables 5, 
6, and 7). EasyFit [3] was used to obtain initial estimates (uses a hybrid CM-MLE method) for the 
population parameters. MS Excel [4] was used to do simple calculations, including FCS (eq.4). 
EasyFitXL [5] was used to calculate CDF of Gauss Laplace (Table 4), of χ2 (eq.4; results of those 
calculations appears on Tables 5, 6, 7, 9, 10, and 11 in Step 2), and of Normal and Student (eq.17 and 
19; Step 3 in Tables 5, 6, 7, 9, 10, and 11). Mathcad [6] was used to obtain MLE estimates (eq.3) for 
population parameters (Table 4). l.academicdirect.org/Statistics/tests [7] was used to calculate the 
associated probabilities with the statistics (eqs.6; used as given in Fig.3, Step 2 in Tables 5, 6, 7, 9, 10, 
and 11). Matlab [8] was used to obtain Figs. 1 and 2. 

Algorithms and Source codes 

The algorithm for the first MC simulation study (referred in Table 2 in the paper; N ← 10; R ← 10; S ← 
1000*100000) 

For n from 2 to N 

  For resampling from 0 to R 

    For sampling from 0 to S 

      sample ← Generate n probabilities from uniform distribution 

      g1[sampling] ← g1 statistic for the sample //eqs. 9-10 in the paper 

    EndFor 

    Sort the g1[0..S] array of statistics 

    For grid_point from 1 to 999 

      Extract g1g[grid_point][resampling] from g1[0..S] 

    EndFor 
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  EndFor //collect 11 resamples of the g1 statistic in the given grid points 

  For each grid_point from 1 to 999 

    Sort the g1g[grid_point][0..R] array of statistics 

    Extract g1g[grid_point][R/2] from g1g[grid_point][0..R] 

    Output n, grid_point, g1g[grid_point][R/2] //output data of MC simulation 

  EndFor //median (5 for 0..10) as statistic for order statistics 

EndFor 

The source code for the first MC simulation study software (referred in Table 2 in the paper; FreePascal 
language) 

const 

  s_resa=10; //'resa' in Table 2 in the paper (T2paper) 

  s_leve=1000; //'p'+1 in T2paper 

  s_bloc=100000; s_size=s_leve*s_bloc; s1size=s_size-1; //'m' in T2paper 

  n_min=2; n_max=60; // 'n' in T2paper 

type 

  st_type=array[0..s1size]of extended;  

  praguri=array[1..s_leve-1]of extended; //1..999 

  probabi=array[0..n_max]of extended; //one sample of probabilities 

  npragur=array[1..s_leve-1]of probabi; //grid for distribution of statistic 

function Rnd2:Extended;var i:byte;r:Extended; begin r:=0.0; //binary random 

  for i:=0 to 63 do r:=r/2.0+random(2);r:=r/2.0;if(r>1.0)then r:=1.0;Rnd2:=r; 

end; //FreePascal random uses Mersenne twister 

procedure QuickSortP(var A:probabi;Lo,Hi:LongInt); 

  procedure SortP(l,r:LongInt);var i,j:LongInt;x,y:Extended; begin 

    i:=l;j:=r;x:=a[(l+r)DIV 2]; 

    repeat while(a[i]<x)do i:=i+1; while(x<a[j])do j:=j-1; 

      if(i<=j)then begin y:=a[i];a[i]:=a[j];a[j]:= y;i:=i+1;j:=j-1;end;  

    until(i>j); if(l<j)then SortP(l,j);if(i<r)then SortP(i,r); 

  end; begin SortP(Lo,Hi); 

end; //sorts an array of probabilities 

procedure QuickSortA(var A:st_type;Lo,Hi:LongInt); 

  procedure SortP(l,r:LongInt);var i,j:LongInt;x,y:Extended; begin  

    i:=l;j:=r;x:=a[(l+r)DIV 2]; 

    repeat while(a[i]<x)do i:=i+1; while(x<a[j])do j:=j-1; 

      if(i<=j)then begin y:=a[i];a[i]:=a[j];a[j]:= y;i:=i+1;j:=j-1;end;  

    until(i>j);if(l<j)then SortP(l,j);if(i<r)then SortP(i,r); 

  end; begin SortP(Lo,Hi); 

end; //sorts an array of statistics 

function G1S(n:byte;var f:prob):Extended;var S,T:Extended;i:byte; begin 

  S:=abs(f[n]-0.5); 

  for i:=n-1 downto 1 do begin T:=abs(f[i]-0.5);if(T>S)then S:=T;end; 

  G1s:=S; 
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end; //calculates the 'g1' statistic for a sample 'f' of size 'n' 

procedure ST_Sample(n: LongInt; var A2:st_type; var A2_low, A2_upp: praguri); 

  var i:LongInt;j,k:LongInt;p:probabi; begin 

  for j:= s1size downto 0 do begin 

    for i:= n-1 downto 0 do p[i]:=Rnd2; A2[j]:=G1S(n,p); 

  end; QuickSortA(A2,0,s1size); 

  for i:= s_leve-1 downto 1 do begin 

    A2_low[i]:=A2[i*s_bloc-1]; A2_upp[i]:=A2[i*s_bloc]; 

  end; 

end; //samples the statistic 

procedure ST_Resample(n:LongInt; var A2:st_type; var A2lr,A2ur:praguri); 

  var A2l_r,A2u_r:npragur;j,i:LongInt; begin 

  for j:= 0 to s_resa do begin 

    ST_Sample(n,A2,A2lr,A2ur); 

    for i:= s_leve-1 downto 1 do begin  

      A2l_r[i][j]:=A2lr[i];A2u_r[i][j]:=A2ur[i]; 

    end; 

  end; 

  for i:= s_leve-1 downto 1 do begin  

    QuickSortP(A2l_r[i],0,s_resa);A2lr[i]:=A2l_r[i][s_resa div 2];  

    QuickSortP(A2u_r[i],0,s_resa);A2ur[i]:=A2u_r[i][s_resa div 2]; 

  end; 

end; //resamples the statistic 

var 

 b:st_type; 

 b_low,b_upp:praguri; 

 i,j:LongInt; 

 f:text;s:string[2]; 

begin Randomize; 

  for i:= n_min to n_max do begin 

    str(i,s); 

    ST_Resample(i,b,b_low,b_upp); 

    assign(f,s+'_bin_rnd_'+'G1S.txt'); rewrite(f); 

    for j:= 1 to s_leve-1 do writeln(f,j,chr(9),b_low[j],chr(9),b_upp[j]); 

    close(f); writeln('resample for ',i,' completed.'); 

  end; 

end. //b_low[j] and b_upp[j] have the same digits till a point (of accuracy) 

Source code for calculation of the assessing of the agreement between observed and expected (implementing 
eq.12, as eq10 vs. eq.11 from the paper; PHP language) 

for($n=10;$n>1;$n--){ $x=array(); 

  $a=explode("\r\n",file_get_contents($n."_bin_rnd_G1S.txt")); 

  for($p=1;$p<1000;$p++){$b=explode("\t",$a[$p]);$x[$p]=$b[1];} 
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 $ss=0; 

 for($p=999;$p>0;$p--) $ss+=pow($p/1000-pow(2*$x[$p],$n),2); 

 $se=sqrt($s/999); echo($n."\t".$s."\t".$se."\r\n"); 

} 

Source code for the second MC simulation study software (Fig.4; PHP language; it uses 
NormalDistribution.php [9]) 

<?php 

  include("NormalDistribution.php");//implements normal distribution object 

  define("K_runs",10000); 

  define("S_size",10);//this is for Tables 6 and 7 calculations 

  // define("S_size",206) for Table 11 calculations 

  //below are data calculated outside and given here 

  $po_gr=array(575.200, 8.702); //MC estimations for μ and σ 

  $mm_gr=array(555.271, 595.129);//CI extreme val. grubbs 

  $po_g0=array(575.200, 8.256); //MLE estimations for μ and σ 

  $mm_g0=array(552.086, 598.314); //CI extreme val. g1 

  //data from above is for Table 6 calculations given in the paper 

  /* 

  $po_gr=array(572.889, 5.011); //MC estimations for μ and σ 

  $mm_gr=array(561.789, 583.989);//CI extreme val. grubbs 

  $po_g0=array(572.889, 4.725); //MLE estimations for μ and σ 

  $mm_g0=array(559.821, 585.957); //CI extreme val. g1 

  //data from above is for Table 7 calculations given in the paper 

  */ 

   /* 

  $po_gr=array(6.481, 0.831); //MC estimations for μ and σ 

  $mm_gr=array(3.492, 9.470); //CI extreme val. grubbs 

  $po_g0=array(6.481, 0.829); //MLE estimations for μ and σ 

  $mm_g0=array(3.444, 9.517); //CI extreme val. g1 

  //data from above is for Table 11 calculations given in the paper 

  */ 

  $st_gr=0; 

  $st_g0=0; 

  $my_norm = new NormalDistribution(0,1); 

  for($i=0;$i<K_runs;$i++){//samples 

    $s=array(); for($j=0;$j<S_size;$j++) $s[]=$my_norm->_getRNG(); 

    //_getRNG() uses mt_rand(); mt_rand() implements Mersenne twister 

    for($j=0;$j<S_size;$j++){ 

      if($po_gr[0]+$s[$j]*$po_gr[1]<$mm_gr[0]){$st_gr++;break;} 

      if($po_gr[0]+$s[$j]*$po_gr[1]>$mm_gr[1]){$st_gr++;break;} 

    }//st_grubbs 

    for($j=0;$j<S_size;$j++){ 



Symmetry 2019, 11, x FOR PEER REVIEW 5 of 7 

 

      if($po_g1[0]+$s[$j]*$po_g1[1]<$mm_g1[0]){$st_g1++;break;} 

      if($po_g1[0]+$s[$j]*$po_g1[1]>$mm_g1[1]){$st_g1++;break;} 

    }//st_g1 

  } 

  echo("outliers grubbs: ".$st_gr."\r\n"); 

  echo("outliers g1: ".$st_g1."\r\n"); 

  echo("expected number of outliers: ".(0.05*K_runs)."\r\n"); 

?> 

It should be noted that the second MC simulation study software uses a mirror (or symmetrical) 
strategy for comparison of the "g1" and Grubbs methods - the same U(0,1) random drawings are used 
to feed the both methods (see $s[]=$my_norm->_getRNG(); in the code above). 

Source code (MathCad language) for the MLE estimations for Gauss-Laplace distribution (eq.3; results given 
in Table 4 in the paper) 

X ≔ READPRNሺ"d_206.txt"ሻ 

c0ሺkaሻ ≔ ඩΓ ቀ 3
kaቁ

Γ ቀ 1
kaቁ   c1ሺkaሻ ≔ 

ka·c0(ka)

2·Γ ቀ 1
kaቁ  

 

MleGgl(x,md,si,ka): =  - lnሺsiሻ - lnሺc1(ka)ሻ + ൬ฬ𝑐0ሺkaሻ · x-md
si ฬ൰ka

 

Mle(md,si,ka) ≔  ෍ MleGgl(Xi,md,si,ka) rowsሺXሻ-1

௜ୀ଴  

md ≔ 4806       si ≔ 0.83017    ka ≔ 1.4645 
Given    d

dmd Mleሺmd,si,kaሻ = 0    d
dsi Mleሺmd,si,kaሻ = 0    d

dka Mleሺmd,si,kaሻ = 0  
Y ≔ Find(md,si,ka)  Y = ൭6.479380.828281.79106൱ 

Source code (MathCad language) for the MLE estimations for Normal distribution (eq.3; results given in 
Tables 6, 7, 9, 10 and 11 in the paper) 

X ≔ READPRNሺDatafileሻ 

MleNor(x,md,se): =  - ln൫√2·π൯ - lnሺseሻ -
1
2 · ൬x-md

se ൰2

 

Mle(md,se) ≔  ෍ MleNor(Xi,md,se) rowsሺXሻ-1

௜ୀ଴  

md ≔ meanሺXሻ       se ≔ Stdev(X) 
Given    d

dmd Mleሺmd,seሻ = 0    d
dse Mleሺmd,seሻ = 0 

Y ≔ Find(md,se)  Y = ቀ ቁ 
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Datafiles and the tables containing the results   

Datafile Table in the paper 
"d_10.txt" Table 6 

"d_10_9.txt" Table 7 
"d_10_601.txt" Table 9 
"d_10_604.txt" Table 10 

"d_206.txt" Table 11 

Source code for the plots (to do Fig.1 and Fig.2; Matlab language) 

Source code for Fig.1 Source code for Fig.2 
XYZ = load('g1t_err_plot.txt'); XYZ = load('g1t_plot.txt'); 

x = XYZ(:,1); 
y = XYZ(:,2); 
z = XYZ(:,3); 

plot3(x,y,z,'.-') 
tri = delaunay(x,y); 

plot(x,y,'.') 
h = trisurf(tri, x, y, z); 

set(0,'defaulttextInterpreter','latex'); 
xlabel('n'); 
ylabel('p'); 

zlabel('CDF_{"g1"}(x;n) - p'); 

xlabel('x'); 
ylabel('n'); 

zlabel('CDF_{"g1"}(x;n)'); 
view(-60,15); 
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