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1. Introduction

The main purposes of this paper are (i) to establish tensor product C*-probability spaces
(A®cSp, Y@ 9f)

induced both by arbitrary unital C*-probability spaces (A, ¢), and by analytic structures (&, (p;))
acting on p-adic number fields Q) for all primes p in the set P of all primes, where j € Z, (ii) to consider
free-probabilistic structures of (i) affected both by the free probability on (4, ¥), and by the number
theory on Q,, for all p € P, (iii) to study asymptotic behaviors on the structures of (i) as p — oo in
‘P, based on the results of (ii), and (iv), and then investigate asymptotic semicircular laws from the
free-distributional data of (iii).

Our main results illustrate cross-connections among number theory, representation theory, operator
theory, operator algebra theory, and stochastic analysis, via free probability theory.

1.1. Preview and Motivation

Relations between primes and operators have been studied in various different approaches. In [1],
we studied how primes act on operator algebras induced by dynamical systems on p-adic, and Adelic
objects. Meanwhile, in [2], primes are acting as linear functionals on arithmetic functions, characterized
by Krein-space operators.

For number theory and free probability theory, see [3-22], respectively.

In [23], weighted-semicircular elements, and semicircular elements induced by p-adic number fields Q,
are considered by the author and Jorgensen, for each p € P, statistically. In [24], the author extended
the constructions of weighted-semicircular elements of [23] under free product of [15,22]. The main
results of [24] demonstrate that the (weighted-)semicircular law(s) of [23] is (are) well-determined
free-probability-theoretically. As an application, the free stochastic calculus was considered in [6].

Independent from the above series of works, we considered asymptotic semicircular laws induced
by {Qp} pep in [1]. The constructions of [1] are highly motivated by those of [6,23,24], but they are
totally different not only conceptually, but also theoretically. Thus, even though the main results of [1]
seem similar to those of [6,24], they indicate-and-emphasize “asymptotic” semicircularity induced by
{Qp}pep, as p — co. For example, they show that our analyses on {Qp } ,cp not only provide natural
semicircularity but also asymptotic semicircularity under free probability theory.
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In this paper, we study asymptotic-semicircular laws over “both” primes and unital C*-probability
spaces. Since we generalize the asymptotic semicircularity of [25] up to C*-algebra-tensor, the patterns
and results of this paper would be similar to those of [25], but generalize-or-universalize them.

1.2. Qverview

In Section 2, fundamental concepts and backgrounds are introduced. In Sections 3-6, suitable
free-probabilistic models are considered, where they contain p-adic number-theoretic information,
for our purposes.

In Section 7, we establish-and-study C*-probability spaces containing both analytic data from Qy,
and free-probabilistic information of fixed unital C*-probability spaces. Then, our free-probabilistic
structure £6 4, a free product Banach *-probability space, is constructed, and the free probability on
£6 4 is investigated in Section 8.

In Section 9, asymptotic behaviors on £& 4 are considered over P, and they analyze the asymptotic
semicircular laws on £6 4 over P in Section 10.

2. Preliminaries

In this section, we briefly mention backgrounds of our proceeding works.

2.1. Free Probability

See [15,22] (and the cited papers therein) for basic free probability theory. Roughly speaking,
free probability is the noncommutative operator-algebraic extension of measure theory (containing
probability theory) and statistical analysis. As an independent branch of operator algebra theory, it is
applied not only to mathematical analysis (e.g., [5,12-14,26]), but also to related fields (e.g., [18,27-31]).

Here, combinatorial free probability is used (e.g., [15-17]). In the text, free moments, free cumulants,
and the free product of *-probability spaces are considered without detailed introduction.

2.2. Analysis on Q)

For p-adic analysis and Adelic analysis, see [21,22]. We use definitions, concepts, and notations from
there. Let p € P be a prime, and let QQ be the set of all rational numbers. Define a non-Archimedean norm
|-|,, called the p-norm on Q by

— 1
p P

[xl, = |p*¢

forall x = p*¢ € Q wherek,a € Z,and b € Z \ {0}.
The normed space Qp is the maximal p-norm closures in Q, i.e., the set Qp forms a Banach space,
for p € P (e.g., [22]). Each element x of Q) is uniquely expressed by

x =Ty b w € {01, p—1},
for N € N, decomposed by
x =Yy a4 L aept.

If x = Y2, xp" in Qp, then x is said to be a p-adic integer, and it satisfies |x[,, < 1. Thus, one can
define the unit disk Z, of Qp,

Zp={x€Qp: x|, <1}.

For the p-adic addition and the p-adic multiplication in the sense of [22], the algebraic structure Q,
forms a field, and hence, Qp is a Banach field.
Note that Q) is also a measure space,

Qp = (Qp, o(Qp), pp),
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equipped with the o-algebra 0(Q)) of Qp, and a left-and-right additive invariant Haar measure on
Jp, satisfying

yp(Zp) =1.
If we take
Uy = p*Z, = {p*'x € Qy 1 x € Z,}, (1)
in o (Qp), for all k € Z, then these subsets Ujs of (1) satisfy
= U U,
Qy kez K
and
Hp (Ug) = # = pp (x +Uy), 2)

forall x € Qp, and
-~~CU2CU1CUO:ZPCU_1CU72C"-,

i.e., the family {Uj } ez of (1) is a topological basis element of Q, (e.g., [22]).
Define subsets d; € ¢(Q,) by

O = Uy \ Ugy1, ©)

forall k € Z.
Such p,-measurable subsets 0 of (3) are called the k-th boundaries (of Uy) in Qp, for all k € Z. By (2)
and (3),

QP = kIEIZ ak/
4)
tp (0k) = pp (Ux) — pp (Ugy1) =

where U is the disjoint union, for allk € Z,
Let M, be an algebraic algebra,

Mp=C[{xs:5€c(Qp)}], (5a)

where g are the usual characteristic functions of yp-measurable subsets S of Q. Thus, f € M, if and
only if

f= L tsxs;tseC, (5b)
Sea((@p)

where )’ is the finite sum. Note that the algebra M, of (5a) is a *-algebra over C, with its
well-defined adjoint,

de

( )y tsXs) =) Y tsxs
Seo(Gp) Seo(Gp)

for tg € C with their conjugates tg in C.
If f € M, is given as in (5b), then one defines the integral of f by

pr fdup= Y tspup(S). (6a)
Sea(Qp)

Remark that, by (5a), the integral (6a) is unbounded on My, i.e.,

f@,, Xq,dip = tp (Qp) = oo, (6b)
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by (2).
Note that, by (4), for each S € 7(Qy), there exists a corresponding subset Ag of Z,

ASZ{jEZZSﬂa]'#Q}, (7)

satisfying
f@p Xs dpp = pr fg\s Xsra; dp
= L mp(Snay)
JEAs

by (6a)

< 9:) = 1_ 13, 8

SEm@)= X% (3-4) (®)

by (4), for the set Ag of (7).
Remark again that the right-hand side of (8) can be co; for instance, AQp =17,e.g., see (4), (6a) and
(6b). By (8), one obtains the following proposition.

Proposition 1. Let S € 0(Qyp), and let x5 € M. Then, there exists r; € R, such that

Hp(SN0;)

0<rj= #p(9;)

<1,Yj € Ag;
9)

_ B S U

3. Statistical Models on M,

In this section, fix p € P, and let Q; be the p-adic number field, and let M, be the x-algebra (5a).
We here establish a suitable statistical model on M, with free-probabilistic language.
Let Uy be the basis elements (1), and dy, their boundaries (3) of Q,, i.e.,

Uy = p*2y,
forall k € Z, and
O = Uy \ Ugy1; k € Z. (10)
Define a linear functional Pp: Mp — C by the integration (6a), i.e.,
op (f) = Jo, f dup, (11)

forall f € M.

Then, by (9), one obtains that ¢, <)(u],) = %, and ¢, ()(a’.) = % - ﬁ, since Ay; = {kelZ:
k> j}, and Ay, = {j}, forall j € Z, where A are in the sense of (7) for all S € 7(Qy).

Definition 1. The pair (M, ¢,) is called the p-adic (unbounded-)measure space for p € P, where @y, is the
linear functional (11) on M.

Let 0y be the k-th boundaries (10) of Q), for all k € Z. Then, for k1, k> € Z, one obtains that

Xy, Xoy, = Xy, 1y, = Ok ko Xoy, /
and hence,
Pp (Xakl Xakz) = Ok k Pp (Xakl)

=/ A1 (12)
k1,ko A PEE
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Proposition 2. Let (jy, ..., j) € ZN, for N € N. Then,
N .
X0y, = 0y, jn) Xy, i M,
and hence,
N
1 1
Pp (HX8”> = O(j,0j) (,71 - ph“) ¢ (13)
where
N—1
O(j1mjir) = (,{11 5]';,]';“) (Sin) -
Proof. The computation (13) is shown by the induction on (12). O
Recall that, forany S € 0 (Q,),
1 1

— (L 1 14
o (xs) = X 1 (=) (14)

for some 0 < r; < 1, for j € Ag, by (9). Thus, by (14), if S1, S» € 7 (Qp) , then

Xs1Xs, = | L Xsinoy L X$;n9;
keAs, j€As,
r (XslmakXSzma]-)
(k,j)E€As, xAs,
= x Ok,j X(511S,)N9;
(k,j)GA51XA52 / ( ! 2) I
= X

jeAsllsz
where

X(SlﬂS2)ﬁa/”

(15)

Ns, 5, = As, N Ag,,
by (4).

Proposition 3. Let S; € 0(Qp), and let x5, € (Mp, ¢p),forl=1,..., N, for N € N. Let

N .
As,,. .5y = lgll\s, inZ,

where Ag, are in the sense of (7), for | =1, ..., N. Then, there exists 1 € R, such that

0< rj < 1imR,
forallj € Ag, . sy, and

N
I1 = N 16
o (fis) = £ G-7) 1o
Proof. The proof of (16) is done by the induction on (15), and by (13).

O
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4. Representation of (M, ¢,)

Fix a prime p € P. Let (M, ¢;) be the p-adic measure space. By understanding Q, as a measure
space, construct the Lz—space,

H, Y (Qp, 0(Qp), pp) =L (Q), 47

over C. Then, this Hilbert space Hy, of (17) consists of all square-integrable elements of M, equipped
with its inner product <, >»,

o 02 Jg, f1 £ dmy (18a)

forall f1, f, € Hp. Naturally, H, is has its L?-norm ||.||, on M,
def
£l = VAFr o (18b)
forall f € Hy, where <, >; is the inner product (18a) on Hp.

Definition 2. The Hilbert space Hy, of (17) is called the p-adic Hilbert space.

Our x-algebra M, acts on the p-adic Hilbert space Hp, via an action a?,
aP(f) (h) = fh,forallh € Hp, (19a)

for all f € M,.i.e., the morphism a? of (19a) is a *-homomorphism from M, to the operator algebra
B(Hy), consisting of all Hilbert-space operators on H,. For instance,

o (X@p)( > tsxs) = _ L fsxgns

Ser(Qp) Ser(Qp) (19b)
= SEUX(:@p)sts,
forallh = ¥ tsxs € Hy, with ||k, < oo, for xg, € M), even though xq, € Hp.
Indee(si,eit((?sp )not difficult to check that
af (fif2) = aP (f1)aP (f2) on Hp, Vf1, fo € My,
(20a)

(@ (£))" = a(f*) on Hy, ¥f € M,

Notation 1. Denote a”(f) by ocj’f, forall f M. In addition, for convenience, denote D‘Zs simply by a’SJ,
forall S € o (Qp).

Note that, by (19b), one can have a well-defined operator txép = ai@p in B (Hp), and it satisfies that
vcép (h) =h =1p, (h),Vh € Hp, (20b)
where 1y, € B(H,) is the identity operator on Hp.
Proposition 4. The pair (H,, &) is a Hilbert-space representation of M.

Proof. It suffices to show that a? is an algebra-action of /\/lp on Hp. However, this morphism a” is a
*-homomorphism from M, into B(Hy), by (20a). [

Definition 3. The Hilbert-space representation (Hp, o) is called the p-adic representation of M.
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Depending on the p-adic representation (H,, a”) of M, one can define the C*-subalgebra M}, of
B(H,) as follows.

Definition 4. Let M, be the operator-norm closure of My,

M, L (M) =C o : f e M, (21)

in B(Hp), where X are the operator-norm closures of subsets X of B(Hp). This C*-algebra M, is said to be the
p-adic C*-algebra of (M, ¢p) .

By (21), the p-adic C*-algebra M, is a unital C*-algebra contains its unity (or the unit, or the
multiplication-identity) 1y, = aép, by (20b).
5. Statistics on M,

In this section, fix p € P, and let M), be the corresponding p-adic C*-algebra of (21). Define a
linear functional cpf : M, — Cby

d
9} (a) & <a(Xaj), Xaj>2,va € My, (22a)

for X € Hjy, where <, > is the inner product (4.2) on the p-adic Hilbert space H) of (4.1), and d; are
the boundaries (3.1) of Q), for all j € Z. It is not hard to check such a linear functional (pf on M, is

bounded, since
9 ("‘5) - <"‘g (Xaf> ' Xaf>2 - <X57faf’ Xaf>z
= <Xsmaj/ Xaj>2 = pr Xsmajdﬂp
< Jo, xoydiy = pp (8)) = 3 — e, (22b)

forall S € 0(Qp), for any fixed j € Z.

Definition 5. Let (p]’.’ be bounded linear functionals (22a) on the p-adic C*-algebra My, for all j € Z. Then, the
pairs (Mp, cp];? ) are said to be the j-th p-adic C*-measure spaces, for all j € Z.

Thus, one can get the system
{(My, ¢"):j € 2}
of the j-th p-adic C*-measure spaces (Mp, (p]’-’ )’s.
Note that, for any fixed j € Z, and (M), (p]’-J ), the unity

denote
1Mp =

_ P
1Hr, = IXQP of Mp
satisfies that

p —
] (1M,,) = <Xmeaj, Xa; >2
(23)
2
— _1 1
oo = -
Thus, the j-th p-adic C*-measure space (M, (p]p) is a bounded-measure space, but not a probability
space, in general.

Proposition 5. Let S € 0 (Qp) , and ag € (Mp, gof) , for a fixed j € 7. Then, there exists rs € R, such that
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0<rs<1inR,

and
() =rs (3~ o) mee

Proof. Remark that the element ag is a projection in M, in the sense that:

% 2
14 P P _ P _ P :
(”‘S) %) TS T Mlasnns) T ("‘5> An My,
and hence,
n
) -
for all n € N. Thus, we obtain the formula (24) by (22b). O

As a corollary of (24), one obtains that, if d is a k-th boundaries of Q, then
P((7\") = 1 1
of ((4)) =0 (3~ ) @)
foralln € N, fork € Z.

6. The C*-Subalgebra &, of M),
Let M, be the p-adic C*-algebra for p € P. Let

Ppj= 045], € My, (26)

for all j € Z. By (24) and (25), these operators P, ; of (26) are projections on the p-adic Hilbert space Hp,
in My, forallp € P,j € Z.

Definition 6. Let p € P, and let &, be the C*-subalgebra

Gp =C ({Pp,]'}jez) =C [{Pp,j}jGZ] OfMP/ (27)

where Py, ; are in the sense of ((26)), for all j € Z.. We call &, the p-adic boundary (C*-)subalgebra of Mp.
Proposition 6. If & is the p-adic boundary subalgebra (27), then

Sp = '@Z ((C ’ Pp/j) e cel, (28)
j€

in the p-adic C*-algebra M.

Proof. It is enough to show that the generating operators {P, ;};c7 of &, are mutually orthogonal
from each other. It is not hard to check that

_ _ P
Pyji P j = &P (Xa’.” noY > = Oj1%p = Oj1,inPpjis
2 1
in &y, for all jy, j» € Z. Therefore, the structure theorem (28) is shown. [J
By (27), one can define the measure spaces,
.\ denot .
& (i) =" (& ). Vi€ 2, (29)

for p € P, where the linear functionals (p]’? of (29) are the restrictions gof |6p of (22a), for all p € P,
j€eZ.
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7. On the Tensor Product C*-Probability Spaces (A QcSp, ¥ & go? )

In this section, we define and study our main objects of this paper. Let (A, ) be an arbitrary
unital C*-probability space (e.g., [22]), satisfying

P(1a) =1,

where 1, is the unity of a C*-algebra A. In addition, let

() = (&, ) (30)

be the p-adic C*-measure spaces (29), forallp € P, j € Z.
Fix now a unital C*-probability space (A, 1), and p € P, j € Z. Define a tensor product C*-algebra

def

&) = A®c 6y, (31)

and a linear functional gbf on 6;‘ by a linear morphism satisfying

9! (a@Pp) = o (p(@)Py), (32)

foralla € (A, ¢),and k € Z.
Note that, by the structure theorem (28) of the p-adic boundary subalgebra &,

ST (@@\Z\) *dso Aelz)) 33)
by (31).
By (33), one can verify that a morphism z,b}ﬂ of (32) is indeed a well-defined bounded linear

functional on 6,‘;‘.

Definition 7. For any arbitrarily fixed p € P, j € Z, let 6]‘;‘ be the tensor product C*-algebra (31), and gb]’.” ,

the linear functional (32) on 6]‘3. Then, we call 6;‘, the A-tensor p-adic boundary algebra. The corresponding
structure,

S4(j) e (G;}, gl ) (34)

is said to be the j-th p-adic A-(tensor C*-probability-)space.

Note that, by (22a), (22b) and (32), the j-th p-adic A-space 6‘;(]) of (34) is not a “unital”
C*-probability space, even though (A, ¢) is. Indeed, the C*-algebra 6{} of (31) has its unity 14 ® 1,
satisfying

v (aety,) =of (v0a)tu,)

forj e Z.
Remark that, by (32),
lp]p (Ll ® Pp,k) = l[J(ﬂ) ng (Pp,k) ’ (35a)

foralla € (A, ¢), and k € Z. Thus, by abusing notation, one may write the definition (32) by
Y/ =@ ¢} onA®c S, =67, (35b)

in the sense of (35a), forallp € P, j € Z.
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Proposition 7. Let a € (A, ¢), and P, , the k-th generating projection of &, for all k € Z, and let a @ Py, x
be the corresponding free random varzable of the j-th p-adic A-space 6A( ), for j € Z. Then,

o (1 P)") =g vie) (5= 7). @)
foralln € N.
Proof. Let Tg,k =a® P, be a given free random variable of 6;‘( j)- Then,

(Tg’k)n = (a ® Pp,k)n =a" Q@ Py Tp K

o (75 )2= 4 (7T5%)

]
~ y(a m(P,) g (05 (3= 4))

and hence

by (35a)

1
=dixy(a )<ﬁ_pﬁ>’
for all n € N. Therefore, the free-distributional data (36) holds. [

Suppose a is a “self-adjoint” free random variable in (A, ¥) in the above proposition. Then,
formula (36) completely characterizes the free distribution of 2 ® P, i in the j-th p-adic A-space 6? ()
of (34), i.e., the free distribution of a ® P,  is characterized by the sequence,

( Sjipla”) (Pf B P’%)x;l

forall p € P, and j, k € Z because a ® P, is self-adjoint in 6{,‘ too.
It illustrates that the free probability on (‘5;‘ (j) is determined both by the free probability on (A,
), and by the statistical data on &, (j) of (30) (implying p-adic analytic information), for p € P, j € Z.

Notation. From below, for convenience, let’s denote the free random variables a ® P, x of G;‘ (j), with
ae (A ¢)andk € Z, by T°

Dk ie.,

T 0 Py,
forallp e P,jcZ.

In the proof of (36), it is observed that
(Tz,k) =T5 € 67()) (37)
for all n € N. More generally, the following free-distributional data is obtained.

Theorem 1. Fix p € P,and j € Z, and let Gf}(]) be the j-th p-adic A-space (34). Let TZ’ € GA( ), for 1 =
1,.., N, for N € N. Then,

ny N N
wp ( ( ZZ’W) > - <z§15j'k’> (i - P’}H> ¥ (1H1a?l>’ (38)
forallny, .., ny € N.

Proof. Let Tka[ = a; ® Py, be free random variables of 6;‘( j),forl =1, ..., N. Then, by (37),

a !
(Tp,]kz) pk, € 6 (j), forn; € N,
foralll =1, ..., N. Thus,
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T—11 (1% \" = (114" 5. P,
=0 Uek) =L E% ) O Oikedn

in &7(j), with

N
Ok, by = HL0jx € {0, 1}

Therefore,

p _ N ny p
¥ () = ik ¥ (l[llﬂz > ¢; (Pp,)

N
— 1 1 n
- j:k] ..... kn (ﬁ - pj+1) lp <l£Ilall> ’
by (35a). Thus, the joint free-distributional data (38) holds. O

Definitely, if N = 1 in (38), one obtains the formula (36).

8. On the Banach *-Probability Spaces SG?I i

Let (A, 1) be an arbitrarily fixed unital C*-probability space, and let &, () be in the sense of (30),
forall p € P, j € Z. Then, one can construct the tensor product C*-probability spaces, the j-th p-adic
A-space,

i) = (88 4]) = (Aecey veg))

of 34), forp e P,jc Z.

Throughout this section, we fix p € P, j € Z, and the corresponding j-th p-adic A-space 6? (j)-In
addition, we keep using our notation Tz,k for the free random variables a ® P, of G4(j), foralla €
(A, ¢) and k € Z, where P, are the generating projections (26) of the p-adic boundary subalgebra &,,.

Recall that, by (36) and (38),

(1) =0 (3 ) e &

Now, let ¢ be the Euler totient function,

¢:N—=C,
defined by
p(n)={keN:k<mn, ged(n k) =1}, (40)
for all n € N, where |X| are the cardinalities of sets X, and gecd is the greatest common divisor.
By the definition (40),
o=+ (g, 0-1)
for all n € N, where “g | n” means “q divides n.” Thus,
p@)=q-1=q(1-1),vgeP, (42)
by (40) and (41).
By (42), we have
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for Pp,k € 6y, and hence,
o7 (The) = (58 vla), )
forall T}, € &7(j), by (39).

Let’s consider the following estimates.

Lemma 1. Let ¢ be the Euler totient function (40). Then,

0, ifj >0,
lim % ={1, ifi=0, (44)
oo, Undefined, ifj <O,

forall j € Z, where “p — oo” means “p is getting bigger and bigger in P.”

Proof. Observe that
. ¢(p) : 1
lim p = lim (1 p> =1,

p%OO p—}OO

by (42). Thus, one can get that

lim&fl) = lim (M) (l) = lim L

p—oo P! p—oo \ P

for j € Z. Thus,

0, ifj >0,
lim%zlim%: 1, 4 ifj=0,
p—oo p—oo P ]}g{}ophl =oco, ifj<0,

where || are the absolute values of j € Z. Thus, the estimation (44) holds. [

8.1. Semicircular Elements

Let (B, ¢) be an arbitrary topological x-probability space (C*-probability space, or W*-probability
space, or Banach *-probability space, etc.) equipped with a topological *-algebra B (C*-algebra, resp.,
W*-algebra, resp., Banach *-algebra), and a linear functional ¢ on B.

Definition 8. A self-adjoint operator a € B is said to be semicircular in (B, ¢), if

1, if n is even,

0, if nis odd, (45)

@ (a") :wnc;;nEN,wn:{

and cy are the k-th Catalan numbers,

2k |
_ 1 _ (20
2 ( k ) = "k

forall k € Ng =N U {0}.

By [15-17], if ky(...) is the free cumulant on B in terms of ¢, then a self-adjoint operator a is
semicircular in (B, ¢), if and only if

1, ifn=2,
ky, (a, a, .. , a) = { 0, otherwise, (46)

n-times
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for all n € N. The above characterization (46) of the semicircularity (45) holds by the Mdbius inversion
of [15]. For example, definition (45) and the characterization (46) give equivalent free distributions,
the semicircular law.

If a; are semicircular elements in topological #-probability spaces (B;, ¢;), for | = 1, 2, then the
free distributions of a; are completely characterized by the free-moment sequences,

(@r(am)>,  forl=1,2,

n=1"

by the self-adjointness of a; and a; and by (45), one obtains that
(@) = (w”cg)nﬁ

= (0/ Cll 0/ CZ/ 0/ C3, )
= (p2(a5))y; -

o

Equivalently, the free distributions of the semicircular elements a; and a; are characterized by the
free-cumulant sequences,

e}

(Ki(a1,..,a1)) 1 = (0,1,0,0,0,..) = (Ki(ag, .., @)y 4,

by (46), where k/,(...) are the free cumulants on B; in terms of ¢;, forall I = 1, 2.

It shows the universality of free distributions of semicircular elements. For example,
the free distributions of any semicircular elements are universally characterized by either the
free-moment sequence

(wnc% ) :10:1 ! 47)

or the free-cumulant sequence
0,1,0,0,...).

Definition 9. Let a be a semicircular element of a topological x-probability space (B, ¢). The free distribution
of a is called “the” semicircular law.

8.2. Tensor Product Banach x-Algebra 2673

Let GQ(k) = (6?, l[)lf ) be the k-th p-adic A-space (34), for all p € P, k € Z. Throughout this
section, we fix p € P, k € Z, and 6;;‘(k). In addition, denote a © Pp,; by Ty ; in 6]‘;‘(k), foralla € (A, ¢)
and j € Z.

Define now bounded linear transformations c;j‘ and a,

“

acting on the tensor product C*-algebra
6;‘," by linear morphisms satisfying,

A a __Ta
p (T?J> "7?J+1'

(48)

ait (15,) = Thjv
on &y, forall j € Z.

By the definitions (27) and (31), and by the structure theorem (33), the above linear morphisms ¢
and a;‘ of (48) are well-defined on 6?.

By (48), one can understand c]‘;‘ and a;,f‘ as bounded linear transformations contained in the operator
space B(GI’;‘) consisting of all bounded linear operators acting on 6?, by regarding the C*-algebra 6;‘
as a Banach space equipped with its C*-norm (e.g., [32]). Under this sense, the operators c‘; and a;;‘ of
(48) are well-defined Banach-space operators on 6;,“.

A
P
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Definition 10. The Banach-space operators c? and aﬁ on &4, in the sense of (48), are called the A-tensor

p-creation, respectively, the A-tensor p-annihilation on 673. Define a new Banach-space operator l;‘ by
A _ LA A A
1 =c) +a; on &3 (49)
We call this operator lﬁ, the A-tensor p-radial operator on 673.

Let 1;;‘ be the A-tensor p-radial operator c{,‘ + a;f‘ of (49) in B(G;,“). Construct a closed subspace 2;‘
of B(G;‘) by

£ = C[{14}] C B(&7), (50)
equipped with the inherited operator-norm ||.|| from the operator space B (6?), defined by
T = sup{HTxHG{} ix € 6{} s.t., HXHG;} =1},

where ||.|| & A s the C*-norm on the A-tensor p-adic algebra 6{} (e.g., [32]).

By the definition (50), the set 2;‘ is not only a closed subspace of B (6;‘), but also an algebra over
C. Thus, the subspace 2;‘ is a Banach algebra embedded in B(G;‘).
On the Banach algebra Q;;l of (50), define a unary operation (*) by

(Z;j’_o ¢ (1;;‘)") s (1;;)" in £4, (51)

where s € C, with their conjugates 5, € C.

Then, the operation (51) is a well-defined adjoint on 2;‘. Thus, equipped with the adjoint (51),
this Banach algebra 2;‘ of (50) forms a Banach -algebra in B (6?). For example, all elements of E‘;‘ are
adjointable (in the sense of [32]) in B(Gﬁ).

Let 2;‘ be in the sense of (50). Construct now the tensor product Banach *-algebra 26’; by

def
£6) = £ ©c6y = £ ®c (A®c 6p), (52)

where ®c¢ is the tensor product of Banach x-algebras. Since Gﬁ is a C*-algebra, it is a Banach
x-algebra too.

n
Take now a generating element (l;‘) ® T; i for some n € Ny, and j € Z, where T; j=a® Py

are in the sense of (37) in 4, with axiomatization:

(1) =16

the identity operator on 6;‘ in B (6,‘;‘) , satisfying

forall T € 6;;‘. Define now a bounded linear morphism E;,“ : EG{,‘ — 6;‘ by a linear transformation
satisfying that:

e (1) o) = i (9) 1)) e

forall k € Ny, j € Z, where [%} is the minimal integer greater than or equal to %, for all k € Ny, for example,

#-2-[1]
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By the cyclicity (50) of the tensor factor 273 of QG;‘, and by the structure theorem (33) of the
other tensor factor 6;;‘ of QG;‘, the above morphism E;,“ of (53) is a well-defined bounded linear
transformation from 26;‘ onto 6?.

Now, consider how our A-tensor p-radial operator 1? = c;,f‘ + a‘;‘ acts on 673. First, observe that:
if c,‘;‘ and a;‘ are the A-tensor p-creation, respectively, the A-tensor p-annihilation on &%, then

p
A A a _Ta _ ALA a
cpap (Tm) =Ty =< (Tm‘)’
foralla € (A, ¢),and forallj € Z, p € P, and, hence,

A A _ _ LALA A
cyay, —16? =ay,c, on Gy (54)

Lemma 2. Lef ¢4, a2

p ay be the A-tensor p-creation, respectively, the A-tensor p-annihilation on 6;‘. Then,

(c)" (o) =16y = (a#)" ()"

(55)
AN (LAY (A" (oA
()" (a2) "= (a2) " () "
on GQ,for alln, ny, ny € N.
Proof. The formulas in (55) hold by induction on (54). O
By (55), one can get that
A" _ (oA A" n A (A F
(8" = (o) = () ()" ()" 2
with identity:
0 0
A _ — A
() =1ep=(a2) -
for all n € N, where
n — n!
[ T
for all k < n € Ny. By (56), one obtains the following proposition.
Proposition 8. Let 1? € 2;‘ be the A-tensor p-radial operator on 6;;‘. Then,
2m—1
(1]’;‘) " does not contain 1 a-term, and (57)
P
2
(1]’;‘) " contains its 16;}—term, ( 2};” ) .16?, (58)

forallm € N.

Proof. The proofs of (57) and (58) are done by straightforward computations of (56) with the help
of (55). O
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8.3. Free-Probabilistic Information of QZ j in 26;‘

Fix p € P, and a unital C*-probability space (4, ¢), and let 2(‘573 be the Banach *-algebra (52).
Let E ;;‘ : SG;‘ — (‘5;‘ be the linear transformation (53). Throughout this section, let

a denote ;4 a A
Qp,j = 1® Tp,j € £6;), (59)

for all j € Z, where T;;J =a®P,;€ 6‘;‘ are in the sense of (37) generating 6‘;‘, forae (A, ¢),and j €
Z. Observe that

a " _ (1A a "
@F -fren)
= (1) o () = (f) o7
by (37), foralln € N, for all j € Z.
If QZJ € 26;;‘ is in the sense of (59) for j € Z, then

B ((25)") = et ()" (73) ©

by (53) and (60), for all n € N.
For any fixed j € Z, define a linear functional T]P on 26? by

T]P = 1;;]7.” o E! on £67), (62)

where gb]’f’ =9p® (p]’? is a linear functional (35a), or (35b) on 6;‘.
By the linearity of both 1,11]’.7 and E{,‘, the morphism ij of (62) is a well-defined linear functional on

QGE? for j € Z. Thus, the pair (2(‘5?, ij ) forms a Banach x-probability space (e.g., [22]).
Definition 11. The Banach *-probability spaces
A denote A P
eep, 1 (oo, ) (63)
are called the A-tensor j-th p-adic (free-)filters, for all p € P, j € Z, where T]P are in the sense of (62).

By (61) and (62), if Q?Lj is in the sense of (59) in £&%., then

P’
p N 1 4 (A "
Ei ((QZ]) ) ! ¥j ((lp)n (T§;)> (64)
foralln € N.
Theorem 2. Let Qz,k = lﬁ ® TZ/k = 1‘; ® (a ® Pp,k) be a free random variable (59) of the A-tensor j-th
p-adic filter 26?,]- of (63), for p € P, j € Z, for all k € Z. Then,
"\ (p)
7 ((2)") = guenptnies (52).

where wy, are in the sense of (45), for all n € N.

Proof. Let QZ j be in the sense of (59) in 26;‘, i’ for the fixed p € P and j € Z. Then,

7 (@) =0 (5 (@)

by (62)
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by (64)

(e (5 ) o)

by (56)

by (57), for all n € N.
Observe now that, for any n € N,

by (64)

R <<z§'10 ( 2 ) (cg)k(a“‘>2""> (T;?z;;l))
by (56)

_ (%H) lp}f’ (( 2: ) TZ’Zjn + [Rest terms])

by (58)

1 ( 2n ) 1’[]p (Tu2n) _ 1 ( 2n )l)b(a%’l) (M)

ZES N - i \"pi g P

by (39) and (43)

where ¢, are the n-th Catalan numbers.

If k # jin Z, and if Q;,k are in the sense of (59) in 26;‘,}», then

7 ((Q)) =0

for all n € N, by the definition (22a) of the linear functional (p]’.’ on &, inducing the linear functional
p_ p A A
¥ =¢@¢; on the tensor factor Gy, of £5,, ;.
Therefore, the free-distributional data (65) holds true. O
Note that, if a is self-adjoint in (A, ), then the generating operators QI‘; i of the A-tensor j-th
p-adic filter 26;‘, j are self-adjoint in £64, since

(@) =(per) =ahre(r)
173 ® Tsz = Z,k’

forallk € Z,for p € P, j € Z, by (51).

Thus, if a is a self-adjoint free random variable of (A, ), then the above formula (65) fully
characterizes the free distributions (up to ij) of the generating operators QZ,k of 26?, forallk,j € Z,
forp € P.

The free-distributional data (65) can be refined as follows: if p € P, j € Z , and if 26‘;‘,]‘ is the
corresponding A-tensor j-th p-adic filter (63), then

2 ((@1)") =nesvin) (42), 2

foralln € N, and
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7 (@) =0 &

forall n € N, whenever k # jin Z, for all n € N.
Before we focus on non-zero free-distributional data (66) of QZ i’ let’s conclude the following

result for { QZ,k Yrtiez-

Corollary 1. Let p € P, j € Z, and let EG;‘J be the A-tensor j-th p-adic filter (63). Then, the
generating operators

—14 —_14 A
=1 0T =1]® (a® Py,;) € £&;;
have the zero free distribution, whenever k # j in Z.
Proof. Itis proven by (65) and (67). O

By the above corollary, we now restrict our interests to the “j-th” generating operators Q’; j of

(59) in the A-tensor “j-th” p-adic filter 26;3, j-forall p € P, j € Z, having non-zero free distributions
determined by (66).

9. On the Free Product Banach *-Probability Space £S5 4
Throughout this section, let (A, i) be a fixed unital C*-probability space, and let
A _ A P
o674 = (SGP 1 ) (68)
be A-tensor j-th p-adic filters, where
A_ —
£6 = £, ©c 6 = £, ©c (A®c &p),

are in the sense of (52), and ij are the linear functionals (62) on 26‘;, forallpe P, j e Z.
Let Qf |, = 1{,‘ ®T), = 1;‘ ® (a ® Pp,k> be the generating elements (59) of SG;;J of (68), for a € (A,
P), p € P,and k, j € Z. Then, these operators Q; i of 26;‘, j have their free-distributional data,

7 ((05)) =imentiris (32). ®

for all n € N, by (65).
By (66) and (67), we here concentrate on the “j-th” generating operators of 26;{ j having non-zero
free distributions (69) for all j € Z, for all p € P.

9.1. Free Product Banach %-Probability Space (£S 4, T)

By (68), we have the family
A . i
{SGP,]- :peP,jE Z}

of Banach *-probability spaces, consisting of the A-tensor j-th p-adic filters 26;1, 2
Define the free product Banach x-probability space,

(g64, 1) Y &

ged
peP,jez. P

(70)

= x L6, x o
peP, jel peP,jeZ ]
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in the sense of [15,22].

By (70), the A-tensor j-th p-adic filters £&, ; of (68) are the free blocks of the Banach *-probability
space (£&4, T) of (70).

All operators of the Banach *-algebra £&,4 in (70) are the Banach-topology limits of linear
combinations of noncommutative free reduced words (under operator-multiplication) in

L el
peP,jez. P/

More precisely, since each free block 26;‘, j is generated by {Q;/k} wcAkez, forallp e P,jeZ,
all elements of £& 4 are the Banach-topology limits of linear combinations of free words in

L ” i A kelZ}.
peP jel {Qpr e £6pjiae A kel

In particular, all noncommutative free words have their unique free “reduced” words (as operators
of £6 4 under operator-multiplication) formed by

11 (0" )" where 0" , € g4
I=1 (Qplfkl) » where QPlrkz = puji

in £64, forall ay, ..., an € (A, P), and ny, ..., ny € N, where either the N-tuple
(pll cees pN) , Or (]l/ wees ]N)
is alternating in P, respectively, in Z, in the sense that:
p1 # P2, P2 # P3, - PN-1 # PN ID P,

respectively,

1 # 2 2 # 3 s jN-1 7 N INZ

(e.g., see [22]).
For example, a 5-tuple

(2,2,3,7,2)
is not alternating in P, while a 5-tuple
(2,3,2,7,2)

is alternating in P, etc.
By (70), if Q‘; j are the j-th a-tensor generating operators of a free block 26;}’]- of the Banach

«-probability space (£&4, 7), forallj € Z, for p € P, j € Z, then (Q‘;’j> " are contained in the same
free block SG;XJ of (£64, T), and, hence, they are free reduced words with their lengths-1, for all n €

N. Therefore, we have
((2,)) =7 ((2))
(71)

for all n € N, by (69).

Definition 12. The Banach *-probability space £& 4 deote (£64, T) 0of (70) is called the A-tensor (free-) Adelic
filterization of{SGﬁj}pepJeZ.
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As we discussed at the beginning of Section 9, we now focus on studying free random variables
of the A-tensor Adelic filterization £& 4 of (70) having “non-zero” free distributions.
Define a subset U of £5 4 by

At A :
U= {pr} €86, [VpeP, je Z} (72)

in £6 4, where 1,4 is the unity of A, and Q:{} are the “j-th” 1 4-tensor generating operators of £5 4, in

the free blocks S@;‘J, forallpe P,j € Z.

Then, the elements Q;/} of U have their non-zero free distributions,

(wneg) (22))™ = (wney (42))° .

by (71), since

p(1%) =¢(1a) =1,
for all n € N. Now, define a Cartesian product set

Uy axu, (73a)

set-theoretically, where U/ is in the sense of (72).
Define a function Q) : U4 — £& 4 by

d .
0(( Q) L Qs incs,, (73b)

for all (g, Q:Jf}) € Uy, where Uy is in the sense of (73a).

It is not difficult to check that this function () of (73b) is a well-defined injective map. Moreover, it
induces all j-th a-tensor generating elements QZ’ jof £6),in £64, forallp € P,and j € Z.

Define a Banach x-subalgebra LS 4 of the A-tensor Adelic filterization £& 4 of (70) by

LS, ™ T W) in £6,4, (74a)

where Q) (Uy) is the subset of £& 4, induced by (73a) and (73b), and Y mean the Banach-topology
closures of subsets Y of £& 4.
Then, this Banach *-subalgebra LS 4 of (74a) has a sub-structure,

LSy “2" (LS4, 7= 7 |1g,) (74b)

in the A-tensor Adelic filterization £6 4.

Theorem 3. Let ILS 4 be the Banach x-algebra (74a) in the A-tensor Adelic filterization £& 4. Then,

L = a A
> Pepfjez(c [{QW 7€ (4 l’b}]

(75)

*-150
=C

* {QZJ ta € (A, 1/)}],

pEP, jEZL

where Q;J € Q(Ux) of (73b). Here, (x) in the first x-isomorphic relation in (75) is the free-probability-theoretic
free product determined by the linear functional T of (70), or of (74b) (e.g., [15,22]), and (x) in the second
s-isomorphic relation in (75) is the pure-algebraic free product generating noncommutative free words in Q(Upn ).

Proof. Let LS4 be the Banach *-subalgebra (74a) in £8 4. Then,

LS4 =C {{Q;J € 26‘;2 ra€ (A, lP)}peP,jel}
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by (73a), (73b) and (74a)

*-i50
= C T A,

PGPf]'eZ [{QW 2 € 1/1)}}
in £& 4, since all elements QZ ;€ Q (U,) are chosen from mutually distinct free blocks 26;{ j of the

a

A-tensor Adelic filterization £6 4, and, hence, the operators {Qp

otherin £64, forany a € (A, ¢), forall p € P, j € Z, moreover,

i’ Q’;}} pep, jez are free from each

*—i:soc[ N {Q;/],:ae(A,IP)}]r

pEP, el

because all elements of LS 4 are the (Banach-topology limits of) linear combinations of free words in
Q(U4), by the very above *-isomorphic relation. Indeed, for any noncommutative (pure-algebraic)
free words in

[Qac (4, p)}

pEP, jEL

have their unique free “reduced” words under operator-multiplication on £& 4, as operators of LS 4.
Therefore, the structure theorem (75) holds. [

The above theorem characterizes the free-probabilistic structure of the Banach x-algebra LS 4
of (74a) in the A-tensor Adelic filterization £ 4. This structure theorem (75) demonstrates that the
Banach *-probability space (LS4, T) of (74b) is well-determined, having its natural inherited free
probability from that on £& 4.

Definition 13. Let (LS4, T) be the Banach x-probability space (74b). Then, we call
LSA den:ote (]LSA, T),

the A-tensor (Adelic) sub-filterization of the A-tensor Adelic filterization £6 4.

By (69), (71), (72) and (75), one can verify that the free probability on the A-tensor sub-filterization
LS4 provide “possible” non-zero free distributions on the A-tensor Adelic filterization £& 4, up to
free probability on (A, ¢). i.e., if a € (A, i) have their non-zero free distributions, then Qp; €LSa
have non-zero free distributions, and, hence, they have their non-zero free distributions on £& 4.

Theorem 4. Let Q; ;€ QU 4) be free random variables of the A-tensor sub-filterization LS 4, for a € (A, ),
and p € P,and j € 7. Then,

(76)

r~]
N
/
/N
@)
‘\3 2
=
N———
*
~—
2
~~_
Il
D
Ry
[3)
Nl
<
—
AN
R}
N—
N
< S
=~
i
N———
<

foralln € N.

Proof. The first formula of (76) is shown by (71). Thus, it suffices to prove the second formula of (76)
holds. Note that
7 *
(%)

(fem) = (e@er,))
- (1;}) ® (@@ P,))" =11 ® (a*®P,;),
and, hence,

(a1) o5t %
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for all Q‘;J € Q) (Uy) . Thus, one has

Q,)) = (@) =l =l inLss,
pj p.i P pi
by (77).

Thus, one has

= wneyp(an) (58),
by (71), for all n € N. Therefore, the second formula of (76) holds too. O
9.2. Prime-Shifts on LS 4

Let LS4 be the A-tensor sub-filterization (70) of the A-tensor Adelic filterization £G 4. In this
section, we define a certain *-homomorphism on LS 4, and study asymptotic free-distributional data
on LS4 (and hence those on £6 4) over primes.

Let P be the set of all primes in N, regarded as a fotally ordered set (in short, a TOset) for the usual
ordering (<), i.e.,

P={n<qp<q3<qs<---}, (78)
with
M1 =2q=3,q3=5q=7,q5=11, ..., etc.
Define an injective function & : P — P by

h(qr) =g k€N, (79)

where g are primes of (78), for all k € N.
Definition 14. Let h be an injective function (79) on the TOset P of (78). We call h the shift on P.

Let /1 be the shift (79) on the TOset P, and let

h(")dghohoho-uof/l,onp, (80)
—_—
n-times

for all n € N, where (o) is the usual functional composition.
By the definitions (79) and (80),

h (g6) = Giesns (81)

for all n € N, in P. For instance, h(®) (2) =7,and h4) (5) =17, etc.

These injective functions k(") of (80) are called the n-shifts on P, for all n € N.

For the shift i on P, one can define a *-homomorphism 7t;, on the A-tensor sub-filterization LS4 by
a bounded “multiplicative” linear transformation, satisfying that

i (Q1) = Qi = 2 (82)

T Rk’

forall Q,, ; € Q(Ua), for all g € P, for all j € Z, where h is the shift (79) on P.
By (82), we have

(e V' Y=1t(an  V'=1i(en )" 83
Th 1=1 Q‘Ik,/jl _l:1 Qh(qkl)rjl _l:l Q”]k,+1/jl ’ ( )
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in LS4, for all ng i € Q(Uy), for g, € P, ji € Z,forl =1, ..., N, for N € N, where ny, ..., ny € N.
»

Remark 1. Note that the multiplicative linear transformation 7tj, of (82) is indeed a x-homomorphism satisfying
o (T7) = (m(T))",
forall T € LS 4, because

() =m (95) = %o,

(Qips) = (m(23))

forall Q3 € O (Uy) .

In addition, by (82), we obtain the *-homomorphisms,

TO; = T, 7T, 7Ty, - -+ 7, on LS 4, (84)
n-times

the products (or compositions) of the n-copies of the x-homomorphism 7, of (82), acting on LS 4. It is
not difficult to check that

7 (Q) = (Qh) =77 (Qa)

=-.. =711 (Qh(y,fl)(p)’]') = Qh(")(p),j'

forall Qf . € Q(Ua) in LS4, where hk) are the k-shifts (80) on P, for all k € N.

(85)

Definition 15. Let 71, be the x-homomorphism (82) on the A-tensor sub-filterization ILS 4, and let 7t} be the
products (84) acting on LS 4, for all n € N, with 71}, = rty,. Then, we call 71!, the n-prime-shift (+-homomorphism)
on LS 4, for all n € N. In particular, the 1-prime-shift v, is simply said to be the prime-shift (x-homomorphism)
onlLS,.

Thus, for any ng, i € Q(Ux) In LSy, for g; € P (in the sense of (78) with k € N), the n-prime-shift
7, satisfies

7 (i) = Qo g0 = % (86)

k+n /j ’

by (81) and (85), and, hence,

- N 4 nj a ny
& (11}1 (qul’j’> ) - 1£11 (Q‘Jkﬁnr]'l) ’ (87)

by (83) and (86), for all n € N.
By (86) and (87), one may write as follows;

T = 70, on LSy, foralln € N,

where h(") are the n-shifts (81) on the TOset P.
Consider now the sequence

1= ()" (88)

n=1

of the n-prime-shifts on LS 4.
For any fixed T € LS4, the sequence I1 of (88) induces the sequence of operators,

I(T) = (m(T)),y = (mu(T), mo(T), m(T), - )
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in LS4, and this sequence I1(T) has its corresponding free-distributional data, represented by the
following C-sequence:

T(T(T)) = (T (7 (T)) )y - (89)

We are interested in the convergence of the C-sequence T(I1(T)) of (89), as n — co.

Either convergent or divergent, the C-sequence 7(II(T)) of (89), induced by any fixed operator T
€ LS4, shows the asymptotic free distributional data of the family {7}/ (T)};_; C LS4, asn — coin N,
equivalently, as g, — oo in P.

9.3. Asymptotic Behaviors in ILS 4 over P
Recall that, by (44), we have

0, ifj >0,
lim % ={ 1, ifj =0, (90)
oo, Undefined, ifj <0,

forj e Z.
Recall also that there are bounded *-homomorphisms

1= (n{l’)::;l ,acting on LSy,

of (88), where 71}/ are the n-prime shifts of (84), where h is the shift (79) on the TOset P of (78). Then,
these *-homomorphisms of IT satisfies

lim, (7 (3)) = Jim, (oo, ;) - O
for all Q‘;/]« € Q(Uy) in LS4, where h(") are the n-shifts (80) on P, for all n € N.

(Q”’ )nl is a free reduced words of LS 4 in Q) (U4, ), then

N
Thus, one can get that: if lH oLl

=1
N ny N ny
: n aj 1 n aj
r}l—%}onh (11;11 (QPIJI) ) - nlgr;o (11;[17Th ((QPZJI) ))
N ny
— T n A
- nlgl;lo (1H1 (nh (QPIJ'I)> )
since 77} are *-homomorphisms on LS 4
N ny
— 1 a1
= o, <lljl (Qmw(mm) )
by (91)

iﬁ@%@%wﬂw' (92)

under the Banach-topology for LS4, for all Qzlz,jz €QUp), fora;e (A ¢), p1€P,ji€Z,forl =1,..,
N, forall N € N.

Notation 2. (in short, N 2 from below) For convenience, we denote li_r>n 7t symbolically by 7, for the
n—o0

sequence IT= (7}') ™ of (88).

Lemma 3. Let QZ’[ IS Q(Uy) be generators of the A-tensor sub-filterization LS5, for | =1, ..., N, for N €
N. In addition, let 11 be the sequence (88) acting on LS 4. If 7t is in the sense of N 2, then

n (Ql’ll,h) - nh—Iggo <Q(lh(")(rf1))r]'1>,
(93)
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N ny N ny
ap _1: a
" (ll:l1 (QPIJI> > = Jim, (11:[1 (Qh(”(m),h) ) ’
forall ny, ..., ny € N, where h") are the n-shifts (80) on P.
Proof. The proof of (93) is done by (91) and (92). O
By abusing notation, one may/can understand the above formula (93) as follows
ay _ . ay
Tt (QPWH) o p}lglooQPl/il’

(94a)

N N
ny o . ny
m <llleP1/fl) o 11;11 (plilgréo (QPlr]'z>) ¢

respectively, where ”[}Lm ” for g € P is in the sense of (44).

Such an understanding (94a) of the formula (93) is meaningful by the constructions (80) of n-shifts
h(") on P. For example,

lim h(" (q) = plgl;o p,forq e P, (94b)

n—oo

where the right-hand side of (94b) means that: starting with g, take bigger primes again and again in
the TOset P of (78).

Assumption and Notation: From below, for convenience, the notations in (94a) are used for (93),
if there is no confusion.

We now define a new (unbounded) linear functional 15 on LS 4 with respect to the linear functional
T of (74a), by

d
T ifro mTonlLSy, (95)

where 71 is in the sense of N 2.

Theorem 5. Let LSy = (LS4, T) be the A-tensor sub-filterization (74b), and let Ty = T o 7t be the new linear
functional (95) on the Banach x-algebra ILS 4 of (74a). Then, for the generators

{Q }pep C OU) of LS,
for an arbitrarily fixed a € (A, ¢) and j € Z, we have that

(o ifj >0,
w((Q) )= @egp@).  Fj=0, (%)
oo, Undefined, ifj <o,

foralln e N.
Proof. Let {Qz,j}pep C Q(Ux) InLSy, for fixed a € (A, ) and j € Z. Then,
n n n
0((0)") = o () =+ (im (1))
by (93) and (94a)

n
= lim 7((Q;,)")
by the boundedness of T for the (norm, or strong) topology for LS 4
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= tim «/ ((Q3)") = lim (wnegp(a) (52))
by (70), (75) and (77)
= (wneyp(a) (Ji%oi(’”)
0, ifj >0,

= wpeyp(a”), ifj=0,
oo, Undefined, ifj <0,

by (90), for each n € N. Therefore, the free-distributional data (96) holds for 7p. O

By (96), we obtain the following corollary.

Corollary 2. Let Q:]f}) € Q(Uy) be free random variables of the A-tensor sub-filterization LS 4, for all p € P,
where 14 is the unity of (A, ). Then, the asymptotic free distribution of the family

Qy' ={Qiy € AUa)}pep

follows the semicircular law asymptotically as p — oo in P.

Proof. Let Q(l)A = {Q;fb}pep C Q(U4) in LS. Then, for the linear functional 1y of (95) on LS 4,
n
(@)~
forall n € N, by (96), since
p(1%) =¢(1s) =1L,neN.

If p — oo in P, then the asymptotic free distribution of the family Q(l)A is the semicircular law by
the self-adjointness of all Q:}fb’s, and by the semicircularity (45) and (47). O

Independent from (96), we obtain the following asymptotic free-distributional data on LS 4.

Theorem 6. Let ji, ..., jn be “mutually distinct” in Z, for N > 1 in N, and hence the N-tuple
[ = (i, - jn) € ZN
is alternating in Z. In addition, let
[a] = (a1, ..., an)

be an arbitrarily fixed N-tuple of free random variables ay, ..., ay of the unital C*-probability space (A, ),
and let’s fix

[n] = (nq, ..., ny) € NN,

Now, define a family ’7'[7[?]’["] of free reduced words with their lengths-N,

il _ L — 11 (om )"
T = {T = 1 (le) L P1, e PN € P}, (97)
in LS 4, for Q;lz,jl € QO (Up), forall p; € P, wherea; € [a], j; € [f], for] =1, ..., N.
For any free reduced words T & 7'[%1]’[”], if Tp is the linear functional (95) on LS 4, then
0, if YLy ji > 1-N,
N

oo, Undefined, ifYN jj<1-N,
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foralln € N.

Proof. LetT € T[][]”]’[”] be in the sense of (97) in the A-tensor sub-filterization LS 4. Then, these operators
T form free reduced words with their lengths-N in LS 4, since [f] is an alternating N-tuple of “mutually
distinct” integers. Observe that

0 (T) =T (N(T)) =T <IIN11 (pl,iinoo (Q;’bjl)m))
by (93) and (94a)

because

li — 1 h(”) — 1 inP,
imp = lim k™ (p1) = lim p, in

p—o0 n—oo

in the sense of (44), forall/ =1, ..., N, and, hence, it goes to

()

by the boundedness of T for the (norm, or strong) topology for LS 4

N
— tim (11 (@neyvia) (42)))

since [j] consists of “mutually-distinct” integers, by the Mobius inversion

N N
(meyn) 1 (3 (3))

= (Hwn,cmlp al ) (hm (%))

p—c0

N

IT lim

=1 p—oo N 1+): 1]1

N

ITwy,cn lim
=1 v p—o0 N 1+Zl 1;1 +1

-
(

0 1fN—1+21 1j1>0
N

- zE(wnzC"l‘P“l N -1+ 57 =0
o0 EN—1+YN,j <0,

by (90), for all n € N. Therefore, the family T[][.]”]’["} of (97) satisfies the asymptotic free-distributional
data (98) in the A-tensor sub-filterization LS 4 over P. [

The above two theorems illustrate the asymptotic free-probabilistic behaviors on the A-tensor
sub-filterization LS 4 over P, by (96) and (98).
As a corollary of (96), we showed that the family

Q" ={Qyh}per CLSA

has its asymptotic free distribution, the semicircular law in LS4, as p — oo. More generally,
the following theorem is obtained.

Theorem 7. Let a be a self-adjoint free random variable of our unital C*-probability space (A, ). Assume that
it satisfies
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(i) Pa) eR* =R\ {0} inC,
i) (@) = (a)®, foralln € N.
Then, the family
— — 1 .
Xg = X0 = Qg p P} (99)
follows the asymptotic semicircular law, in IS 4 over P.

Proof. Let a € (A, ¢) be a self-adjoint free random variable satisfying two conditions (i) and (ii),
and let X be the family (99) of the A-tensor sub-filterization ILS 4. Then, all elements

Xio = gt =18 ((5ia) @ Poo) of X

are self-adjoint in LS 4, by the self-adjointness of QZ,O’ and by the condition (i).

For any XZ/O € A, observe that
o ((%40)") = o 0 ((25a))

= g (wnegv(@))

by (96)

by the condition (ii)
= wyC % ’
for all n € N. Therefore, the family & has its asymptotic semicircular law over P, by (45). [

Similar to the construction of & of (99), if we construct the families X]?,

= {qln0s 0 ) o

peP ’
for a fixed a € (A, ¥) satisfying the conditions (i) and (ii) of the above theorem, and, for a fixed j € Z,

then one obtains the following corollary.

Corollary 3. Fix a € (A, ) satisfying the conditions (i) and (ii) of the above theorem. Let’s fix j € Z, and let
Xj“ be the corresponding family (100) in the A-tensor sub-filterization LS4 = (LS4, 7).

Ifj =0, then X has the asymptotic semicircular law in ILS 4. (101)
Ifj >0, then Xj” has its asymptotic free distribution, the zero free distribution, in LS 4. (102)
Ifj < 0, then the asymptotic free distribution of X]ﬂ is undefined in LS 4. (103)

Proof. The proof of (101) is done by (99).
By (96), if j > 0, then, for any T = ﬁQZJ € Xj", one has that

n
(") = wmyo ((Q5,)7) =0
for all n € N. Thus, the asymptotic free distribution of /Yj” is the zero free distribution in LS4, as p —
oo in P. Thus, the statement (102) holds.
Similarly, by (96), if j < 0, then the asymptotic free distribution X ]-” is undefined in LS4 over P,
equivalently, the statement (103) is shown. O

Motivated by (101), (102) and (103), we study the asymptotic semicircular law (over P) on LS4
more in detail in Section 10 below.
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10. Asymptotic Semicircular Laws on LS4 over P

We here consider asymptotic semicircular laws on the A-tensor sub-filterization LS4 = (LS4, 7).
In Section 9.3, we showed that the asymptotic free distribution of a family

X = {5 Q0 P € P} (104)
is the semicircular law in LS4 as p — oo in P, for a fixed self-adjoint free random variable a € (A4,
) satisfying

(i) y(a) e R*, and
(i) w(a®") = y(a)?", foralln € N.

As an example, the family
X4 ={Qh:peP} (105)

follows the asymptotic semicircular law in LS 4 over P.
We now enlarge such asymptotic behaviors on LS 4 up to certain *-isomorphisms.
Define bijective functions g1 and g_ on Z by

g+(f) =j+Landg-(j)=j-1, (106)
forallj € Z.
By (106), one can define bijective functions giq JonZ by
d
g(in) éfgiogiogiou-ogi, (107)
n-times

(1)

satisfying ¢\’ = g+ on Z, with axiomatization:

g$) = idy, the identity function on Z,

for all n € Ng = N U {0}. For example,
g (j)=j+n, (108)

forall j € Z, for all n € Ny.
From the bijective functions gﬁf Y (107), define the bijective functions (g%

set Q(U4) of (72) of the A-tensor sub-filterization LS 4 by

0\(n) a _Na _Na
0 04) =, =T

)(n)

on the generator

(109)

(n) _ _
(82)" (wa') - Qz,g@u) = Do
with

)(1)

(g2)" = g%, and (¢2) = id,

by (108), for all p € P and j € Z, for all n € Ny, where id is the identity function on Q(U4).
By the construction (73a) of the generator set ()({/4 ) of LS 4 under (73b),

Ots) = U Q)0 € AjEL],
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the functions (g%) ) of (109) are indeed well-defined bijections on (i), by the bijectivity of g(in )

of (107).
Now, define bounded #-homomorphisms G4+ on LS4 by the bounded multiplicative linear
transformations on LS 4 satisfying that:

Ge (5,) =% () = Qo

(110)

(95) =5 (@) = %0

in LS 4, by using the bijections g% of (109), for all Q) ; € QUy).
More precisely, the morphisms G+ of (110) satisfy that
N ny np
aj aj
G (11}1 (QPIJI) ) gi ((Qm ]1) )

(111a)

By (111a), one can get that

o ((f(e)"))

N @y AN-1+1
G (ll—ll (QPN—I+1/jN—I+1)
_ N PR AN-I141\ *
- El ((QPN 1+1,0N- 1+1)i1) ) (111b)
N n *
- E (QPI ]zil)
Gt

(0 (k)

for all Q’;’Z i € Q(Uy), forl =1, .., N, for N € N.
The formula (111a) are obtained by (110) and the multiplicativity of G+. The formulas in (111b),
obtained from (111a), show that indeed G+ are *-homomorphisms on LS 4, since

G+ (T*) = (Gi(T))* VT € ]LSA.
By (110) and (111a),

n I% a \M —INI a i
=\ (QPIJI) T (QPIJHUI) ’

e (1 e)") ) = (o2 (f e2)"))

for all Q;’w’z € O(Uy), forl =1,..., N, for N € N, forall n € Np.

(112)

Definition 16. We call the bounded x-homomorphisms Gl of (110), the n-(£)-integer-shifts on LSy,
foralln € Ny.

Based on the integer-shifting processes on LS 4, one can get the following asymptotic behavior on
LS4 over P.

Theorem 8. Let X]? be a family (100) of the A-tensor sub-filterization LS 4, for any j € Z, where a is a fixed
self-adjoint free random variable of (A, ) satisfying the additional conditions (i) and (ii) above. Then, there
exists a (—j)-integer-shift G_; on LS 4, such that
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o s
G_j= { Gm - G:j fj=0ink, (113)
Gy =G, ifi <0inZ,
and
1 (Gj(T)) = wney, Vn €N, (114)

forall T € Xj”, where Gij on the right-hand sides of (113) are the |j|-(F)-integer shifts (110) on LS 4, and
where Ty = T o 7T is the linear functional (95) on LS 4.

Proof. Let Xj“ = {ﬁQ;J 1p € 73} be a family (100) of LSy, for a fixed j € Z, where a fixed
self-adjoint free random variable a € (A, ) satisfies the above additional conditions (i) and (ii).

Assume first that j > 0 in Z. Then, one can take the (—j)-(—)-integer-shift G]; of (110) on LSy,
satisfying

6L (Q},) = Q= QoinLSn,

forall Q. € Q (Ua).

Second, if j < 0in Z, then one can have the |j|-(4)-integer shift G;j of (110) on LS 4, satisfying that

G/ (Q5) = Qi = Boin LS4

forall Q. € Q(Ua).

For example, for any Q. € Q(Uy), we have the corresponding (—j)-integer-shift G_;,

i s
G,]' _ G:j 1f] > 0,
G, ifj <0,
on LS 4 in the sense of (113), such that
G (@) = Qioinlsy,

forall p € P.
_ 1
Then, for any Xru),j = WQ; j cX ]?1, we have that

w (67 ((X3)")) = (e (G-125) ).

since G_; is a *-homomorphism (113) on LS4

_ 1 N _

= (57 (o) ) = wneys
by (96) and (98), for all n € N. Therefore, formula (114) holds true. O

By the above theorem, we obtain the following result.

Corollary 4. Let X]“ be a family (100) of the A-tensor sub-filterization LS 4, for j € Z, where a self-adjoint free
random variable a € (A, ¢) satisfies the conditions (i) and (ii). Then, the corresponding family

g = {G_]- (X): X € x].ﬂ} (115)

has its asymptotic free distribution, the semicircular law, in IS 4 over P, where G_; is the (—j)-integer shift
(113) on LS4, for all j € Z.

Proof. The asymptotic semicircular law induced by the family g;? of (115) in LS4 is guaranteed by
(114) and (45), forallj € Z. O

By the above corollary, the following result is immediately obtained.
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Corollary 5. Let leA be in the sense of (100) in LS 4, where 1, is the unity of (A, ¢), and let

g/t ={G(x):xex/}

be in the sense of (115), for all j € Z. Then, the asymptotic free distributions of Q].lA are the semicircular law in
LS4 over P, forall j € Z.

Proof. The proof is done by Corollary 4. Indeed, the unity 1,4 automatically satisfies the conditions (i)
and (i) in (A, ). O

More general to Theorem 8, we obtain the following result too.

Theorem 9. Let a € (A, ) be a self-adjoint free random variable satisfying the conditions (i) and (ii), and let
po € P be an arbitrarily fixed prime. Let

def
ar> = G_: .
Gi1= pol { i (Xp) p > poinP

X;].exjﬂand}

where Xj" is the family (100), and g]?’ is the family (115), for j € 7. Then, the asymptotic free distribution of the
family G7 [> po is the semicircular law in LS 4.

Proof. The proof of this theorem is similar to that of Theorem 8. One can simply replace
“ no— 1] n . ”
p— o’ = nlgrgoh (2);2¢P,
in the proof of Theorem 8 to

up _) OO” = “" hm hn(p())/ p() e 7),1/

n—oo

where (=) means “being symbolically same”. [
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