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Abstract: In the present paper, we aim to prove a new lemma and quantum Simpson’s type
inequalities for functions of two variables having convexity on co-ordinates over [, B] X [i, ¢].
Moreover, our deduction introduce new direction as well as validate the previous results.
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1. Introduction

In mathematics, g—calculus, also known as Quantum calculus, is the study of calculus with no
limits. In quantum calculus, we obtain g-analogues of mathematical objects that can be recaptured
as g — 17. This concept was given by Euler who introduced g in infinite series and further
defined in detail by Newton. Later on, Jackson [1] proposed the notation of g—definite integrals
and extended the concept of g—calculus. Diverse fields of g—calculus have plentiful applications in
orthogonal polynomials, number theory, information technology, quantum mechanics and relativity
theory. Profound work of quantum calculus and theory of inequalities is addressed in [2—4] and the
references cited therein. The idea of g—derivatives over the finite interval [«, 8] C R is introduced
by Tariboon et al. [5,6] and discussed numerous problems on quantum analogues like g-Holder
inequality, g-Ostrowski inequality, g~Cauchy-Schwarz inequality, -Griiss-Chebysev inequality,
g—Griiss inequality and other integral inequalities.

Noor et al. [7,8], Sudsutad et al. [9] and Zhuang et al. [10] used g-differentiable convex functions as
well as quasi-convex functions to investigate integral inequalities in different ways and their results are
helpful in estimation of the right-hand side of quantum analogue of Hermite-Hadamard inequality.

Inequalities and theory of convex functions have a great dependency on each other.
This relationship is the main sanity behind the vast literature published using convex functions.
The Hermite-Hadamard inequalities have been studied extensively over the past three decades.
The Hermite-Hadamard inequalities provide a necessary and sufficient conditions for a continuous
function i : V.C R — R to be convex on [«, ], where «, B € V with « < B. These inequalities are

stated as follows: B 1 B h(a) + h(,B)
N o
h (2> < ﬂ/a h(z)dz < f (1)

The following inequality is recognized as Simpson’s inequality:
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Let h : [, B] — R be a four times continuously differentiable mapping on the interval [«, f] and
h¥9)]]e = sup ‘h(4) (z)‘ < 00. Then, the following inequality holds:
)

ze(a,B
[y () L Phoe | < St )| @

A number of results on Simpson’s type inequalities have been proved by many researchers.
For more details—see [11-14].

Tung et al. first proposed Simpson type quantum integral inequalities for the function of one
variable based on convexity—see [15].

Lemma 1. Letting h: V — R be a continuous function and q € (0,1). If 4 Dyh is an integrable function on
VO (the interior of V'), then the following inequality holds:

& [+ a1 (E) o hip)] - 1 [ adatx = (600 [ p@)aDyh (1 2) o+ 280t
her
e qz—%, ZE[O,%),
pz) = qz — %, z € [%,1).

Preliminaries of Hermite-Hadamard type inequality for co-ordinated convex functions on
a rectangle from the plane R? are addressed by Dragomir—see [16].

The foundation of Simpson’s type inequality for co-ordinated convex functions is laid by
Ozdemir et al.—see [17].

Lemma 2. Let hh : A C R? — R be a partial differentiable mapping on A = [a, B] x [¢, ¢]. If aazza;;} e L(p),
then the following equality holds:

h(a 252) 40 (B, 252) +4h (S5, 852) + 1 (52, 9) + 1 (“5E,9)
9

L B, 9) & h(B ) + h(a,9) + h(B,¢)
36

_6([31_“)/;3 [h(x,l/})+4h (x,¢+¢>+h(x, )} dx ®)

s [ v (HEy) i ay

1 B r¢
tEmaa=p L J, Moo

= N

1ol 2 —Z)KT+2Z —w w
= (-ap-v) [ [ pixzgt,p UL 0N g,

where

and
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The main result from [17] is stated in the theorem below.

Theorem 1. Let it : A C R? — R be a second order partially differentiable function on A. If -2 azaw is a convex
function on the co-ordinates on A, then the given inequality holds:

(035 £ (. 25) 000 (2. 59) o (52) (20

9
h(a, ) + h(B, ) + h(a, @) +h(B, P) 1 oo B
* 36 FETRG ) e Sy My A’
25(B—a)(¢— ) [|2*h(w )| | |0*h(w,@)| , [*h(B )| , |0°h(B,¢)
= 144 { FTER ‘ | ks ‘ | or0s ‘ | aras } /

where

S o [ (x50 ot e
1/5’[ () ]

2. Preliminaries
For attaining our main aim, we recall some previously known concepts and basic results

on g—calculus. The concept of g-calculus in single variable was given by Tariboon et al. [5,6]

Definition 1. Let h: V = [a,b] C R — R be a continuous function and let s € V. Then, the g—derivative of
hon V at s with q € (0,1) is defined as

«Dgh(s) = hs) (_1}1_(25)?; (_1“_)11)“), s # a. 4)

It is obvious that

A function h is q-differentiable on V; then, yDyh(s) exists for all s € V. Moreover, if we take & = 0 in (4),
then ¢Dgh = Dgh, where Dgh is well-known g—derivative of h(s), which is defined by

_ h(s) —h(gs)
P =

In addition, we shall define higher-order g-derivatives of functions on V.

Definition 2. Let h: V = [a,b] C R — R be a continuous function and q € (0,1) be a constant, denoted by
,XD%,h (provided that , Dgh is q-differentiable on V), which is the function from V' — R defined by

«D3h = oDy («Dygh) .

Similarly, provided that “D;”lh is g-differentiable on V for some integer n > 2, the n'"" -order q-derivative
of h on Vis the function from V — R defined by

«Djjh = 2Dy (D)7 'h) .
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Definition 3. Let h: V = [a,b] C R — R be a continuous function and q € (0,1) be a constant. Then, the
g—integral on V is defined by

[ Hendyz = (=) —0) L (a5 + (1)) ®)

forseV.
Note that, if we take « = 0 in (5), then we obtain the concept of classical g—integral of function h(z) as

[} Hewz =01 q)s - (s

Theorem 2. Leth : V = [a,b] C R — R be a continuous function and q € (0,1) be a constant; then, we have
the following

(i) D, /;h(z)adqz:h(s);
(i) /: WDyh(2)edyz = h(s);

(i) /1,, " Doh(2)adgz = h(s) — h(), ¥ € ().

Theorem 3. Letting hy,hy : V = [a,b] C R — R be a continuous function, and a € Rand q € (0,1) bea
constant, then we have the following:

(i) / T [1(2) + ha(2)) addgz = / I (2)adgz + / " ha(2)adyz,
(i) / (ah (2))adgz = a / I (2)ad,z.

Latif et al. [18] evolve quantum integral inequalities theory for functions of two variables
and introduced g-Hermite-Hadamard type inequality of functions of two variables over finite
rectangles. It is easy to discern that the preliminaries in Latif et al. [18] contain the preliminaries in
Tariboon et al. [5] as a special case when F is a function of a single variable.

Definition 4. Let h : [a, B] x [¢, ¢] C R? — R be a continuous function of two variables and q1,q, € (0,1)
be constants. Then, partial q,-derivative, qo-derivative and qyqo-derivative at (s, t) € [a, B] X [, @] are,
respectively, characterized by expressions as:

Dauli(5,) _ h(grs+ (1= q)a, t) — hs, 1)

s A-qGe-a STw
Pk Mgt (=) <k

Ot Ty 7V
’Xrllla%l/fhh(s' t) 1

20,5y, t (1=g1)(1—gq2)(s —a)(t =)
X [h(%s + (1 —q1)a, g2t + (1 — q2)9) — h(q15 + (1 — g1)a, t)

—h(s, g2t + (1 —q2)9) + h(s,t)}, s#wa, t#P.

The function h : [a,B] x [¢,¢] C R? — R is called partially q1- qo- and qiqp-differentiable on
wdgy h(st) g, h(s,t) w993 4,1 (5,t)

[a, B] % [y, 9] if PR and Drssedgt exist for all (s, t) € [a, B] X [, P].

Similarly, we can define partial derivatives of higher order.
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Definition 5. Let h : [a, B] x [¢,¢] C R? — R be a continuous function of two variables and q1,q, € (0,1)
be constants. Then, the definite q1qo-integral on [a, B] X [, ¢| are delineated as:

t s
/ / h(z,w)adg, zpdg,w
P Ja

1)1 — )ty ii s (s + (1— ) gt + (1— g2) )

m=0n=0

for (s,t) € [, B] X [, ¢].

Theorem 4. Let h : [a, B] x [, ¢] C R? — R be a continuous function. Then,

az 't s
2990 / / h(z, W) g, zpdg,w = h(s, t)

ath‘/’afht
s "“Path 92 (z,w) _
(if) / / a’hzwaqzw g zpdg,w = h(s, t)
s o 02 h(z,w
(ii) // Y qup ) ) wdg Zypdg,w
t1 /51 a‘hzwafhw

= h(s,t) —h(s,t1) — h(s1,t) + h(s1,t1), (s1,t1) € (a,5) X (P, t).

Theorem 5. Let hy, hy : [, B] X [, ¢] C R* — R be continuous functions and a € R. Then, for (s,t) €

[a, B] x [, 9],
t ps
/1;:/ [h1(z,w) + ha(z,w)] adg, zypdg,w
14
t s t s
:/ / hl(z,w)adqlzwdqzw—i—/ / ho(z, w)adg, zypdg,w.
Y Ja P Ja

t s t s
(i1) / / ah(z, w)adg, zydg,w = a/ / h(z,w)adg, zpdg,w.
y Ja yJa

Theorem 6. (Holder inequality for double sums). Suppose (Xmn),, nery A4 (Ymn )y nen be sequences of real
(or complex) numbers and rfl + r;l =1, 1,72 > 1, the following inequality for double sums holds:

1 1
0 00 o 00 2]
Z Z |xmn]/mn| < (Z Z |xmn|rl> <Z Z |ymn|72> ’
m=0n=0

m=0n=0 m=0n=|
where all the sums are assumed to be finite.
Theorem 7. (q1q,—Holder inequality for functions of two variables). Let g and h be functions defined on

[, B] X [, ¢]] and q1,q2 € (0,1) be constants. If r7* + 1y = 1 with riry > 1, the following inequality for
q192—-Holder inequality for functions of two variables holds:

B e
L s (ehte )|y wndyz ©

</ / |g(z,w)|" q;dqzwadq]z)] (/ / |h(z,w)|"™ lpdqzwadqlz)lz. (7)

For more detail see [15].
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Lemma 3. Let 0 < g < 1 be a constant. Then, hold

1

3 1 360° + 1292 + 129 + 1
quz/o (1—t)‘qt—6 /I B e

216(4° +2¢2 +2q+ 1)

Odqt =

[z 1 _ 184> + 187 —7
Bg '_/o H1t— g Odqt_zlé(q3+2q2+2q+1)‘

) 2
Cy = /; (1-1t) ‘qt - g odqt = 216(1723q+—;q122—7—;q5+ 1)
2

Dy:= ;t qt*% odgt = 216%23:2;51;125“)'

1

1
Frim f, Jif= g ot = 550y
Gy i= /0% ot =g ot = +6(v3f1;(?p+;3+<11>_ ’

, [(5_3q)p+1+(6q_5)p+1}(1—q)

1 5

H; := t——

q /% "%

The main objective of this paper is to formulate lemmas and derive some quantum analogues

of Simpson’s type inequalities of functions of two variables over finite rectangles by taking under
consideration the theory quantum calculus of functions of two variables.

Moreover, we also provide some quantum estimates for Simpson’s type inequalities of functions

of two variables using convexity on co-ordinates of the absolute value of the g;4,-partial derivatives.

6p+lq(1 _ qp+1)

3. Main Results

Lemma 4. Let h : A C R? — R be a mixed partial q1q.-differentiable function over A° (the interior of A).

"‘"Pa%lmh(z'w)
aaql z¢aq2 w

for q1,q2 € (0,1), then the following equality holds:

(015 o4 (. 5) i (5 52) (1) 04 (29)

Moreover, if mixed partial q,q,-derivative is continuous and integrable over [, B] X [P, p] C A°

9
h(a, ) +h(B, ) + h(a, ¢) +h(B,¢)
36

- 6({31_00 /j [h(x,tp) + 4h <x, ¢12L<P> +h(x,q>)} 0dg, x ®)
a+p

_ 6(4)11#) /: {h(a,y) +4h (2,1/) + h(ﬁ,y)] otlg,y

1 B o
+W/“ /w h(x,y)odg,Yodq, x

+

“"/’aélmh((l —z)a+zB, (1 —w)y +we)
aaqlzll,&qzw

0dg, zod gy w,

= -0 [ [ Pz

where

1

1 1
1z — %, z€ |0,5),

A L 3
nz— 3z, z € [3,1),
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and
qu 6 w e [O/ 1)/
T(y qu2) = { g 1 2
W — 32 w e [5,1).

Proof. Now, we consider

1 1 95,01 (1 = 2)a + 2B, (1 — w)y + w)
1 9, qzh((l—z)a+zﬁ,(l —w)p + we)
z- < w— dg zodg,w
/ / (!hz 5) (qzw — ) bh qzh((l —z)a+zB, (1 —w)yp + w¢)0d -
6 w0y ZyOg, W n=rn
w2 o (1 —2z)a+2zB, (1 —w)p + we)
_2 2\ a¥9%0
—I—/% /% (qlz 6) <‘12w 6> 0 Zpdey od,hzodqzw.

By the definition of partial q14»-derivatives and definite g1 42-integrals, we have

1 “'lpaél,qzh((l —Z)oc—i—zﬁ, (1—ZU)IIJ+ZU(P)
/ / ( &= ) (qu 6) 0, Zyp0g, W 0dg, 20, W

_ 1 bod (nz—3) (o —4)
- (1—111)(1—512)(ﬁ—“)(4)—‘/’)/() /0 ZW

x [0+ (1= 2g1)0, 0429 + (1~ wg2)p) — h(zqip+ (1~ 241)a, w)

— h(z,wpg + (1 - wg2)p) + h(w)}odq]z@dqzw

) ) i

atp Pig . .
:‘é(iﬂf% (ﬁw)l(4> 15 (qzl“(l‘ql) +)

1 - a+p g3 0
(ﬁ—w>¢—¢>n;0q2h( 2 ’2¢+( 2 ‘”)
*<ﬁ—a>1<¢—¢>,§,§oqw<qz¥“(1‘q£>“'ng14’+ 1-%)v)
Foagp o o (S (-0 ) e Ber (1))
= iqé”h(”b,ﬁm(l—‘ﬁ)w)
B-w—9 22" 22 ;
~Fagw Lo (5 (- )e T (1-5) )
oo o e (S (-0 ) e Bor (1))
_(ﬁ—a?(lcp—w),g)"’fh(qzl“(“qzl)“'lp;q))
~For o (5 (1-5)a S (1-5) )
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oot o o (S (1-0) e Bor (1))
oy D o (5 (104 )e o (1-5) )
h(#ﬂ#) ~ 1 © q; q;
6B-0—9) 6(B-0@ tp)nzoqlh(z“(l 2)"‘"’)
oo D o (5 (124 ) e B (1-5) )
6B ><¢—¢>,§§oqlh(qﬁﬂ+(1‘q21>""q2£n"’+(1 qzz)”’)
h(4h ) 1 B, v+o
6B @)  6B-w@—9) E‘“h(z’”(l 3)et3?)
tarae oo (3 (15 e B (1-8) ).
n 1 2” (Xj

s i (015 5o (1-5) )

“wpmagen L (2 () e (o))
a=ar—p 5 5 (20 (5 5o (%))
h(a452) , oo

6(p ~

Py Ry e R DR (""qg‘“ (1‘ qT) "’>
~srae—m Lo A (2 (1-5) e Fer (1-5)0),
¢

72 SR
T F- w9 =

N3
=
A/~
=
=
+
N N
= —
|
N
~_

[ &8
N‘§§ |
RS
_l’_

//
—
|
Ry
N3
<
~

atp P+¢ 00 m m
6?/%(—; >’<f— 2/)) = ;«p— Pl (“;ﬁ T+ (1 B qzz) "’)
o oo (T (-0 )« T (1-F) )

8 of 16
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)
36(13;)(47 iﬁoh(%“(—qf)“ﬁ"“(l %))
(R i A A A
“36(B-a)9—9) 36(B-a)g- anZlleh( “(1 )’2"”(1 2)"’)'

We can calculate the value of the remaining three integrals in the same way as shown above
respectively, and adding them together to get the following result:
-, a0, 0, (1= 2)a + 2B, (1 — 5)9 + 5¢)
P(x,z,q1)T(y, w, k2
|| Pz e ) R

(o 58) (5 5) 0 (51552 0 (12) o1 (5)

odqlzodqzw

9
4 h(a, ¥) +h(B, ) + h(a,¢) +h(B, §)
36
_(,Bl_)(Z;(P) Zqifh (giB+ (1 —q7)a, ) +4nZ‘bquh (%ﬁ+(1—q1) 1/1—21-4;)

+ Zoéﬁh (qip+ (1 —q) e, ¢)]

L a5 (a5 + (1= a3)) +4 3 g (*

m=0

+5q£”¢+(1qz)¢>
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) h(a B2) 0 (B 252) +4n (42, 252) + 1 (52, 9) + 1 (“5E,9)

ha, ) +h(B, ) +h< )+ h(B, 9)
B 6<ﬁ—w [h ) Hh( ;(P) +h(’“"”)} odgyx (10)
6(B— {h(oc y) + 4h (”‘Zﬁ,y) +h(ﬁ,y)] oda,y

¢
+ / / h(x,y)ods, xods. y.
FerG g L Jy Moty
Multiplying both sides of (10) by (B — a) (¥ — ¢), we get the desired result. [

Theorem 8. Let h : A C R*> — R be a mixed partially q192-differentiable mapping over A°(the

¢aﬂ1 ‘72h( w)

interior of A). Moreover, if mixed partially qlqz—deriwztive gy 249, 0

is continuous and integrable over

0,995, 1(20)

[a, B] x [1p, 9] C A° for q1,q2 € (0,1) and By, 25,0

the given inequality holds:

B B52) 0 (B 052) +4h (S5E,252) + 0 (S5, 9) + 1 (%3E,9)

is convex on co-ordinates over [, B] X [, ¢|, then

9
+h(zx,tp)+h(/ﬂ,lp);h(oc,qb)+h(ﬁ,<l>) - L /f '/:h(x,y)dydx—A’
o, 821, 2]’1(0(, 4)) % 821, zh(a’(P)
<(B—a)(p—1v) [Mql(A,DJquZ) "’azlzw + Mgy (Bg, + Dyy) lpalequw

’X/lrba%l quh(ﬁ’ IIJ)
“afhzll’a!hw

Ml’aél rflzh (ﬁ' 47)

Ny (A
+ ql( fiz"’cﬂz) aathzl[laqgw

+ Ng;(Bg, + Dg,)

|

A= qﬁl_w/f {h(x,lp) +4h< 4’“’) +h(x, 4;)] odg X

+6(¢1_¢)/: [h(oc,y)+4h( +5,y) + (B, 1/)} 0dg,Y-

Proof. Taking the absolute value on both sides of the equality of Lemma 4 and convexity of

,XWB(ZH,qzh(z,w)
«dgy ZypOg, W

h ( "’*"’) +h (ﬁ "’*"’) +4h (#@) +h (#tp) +h (#,gb)
9

o 42 p
M) T HEY) ) B 9) | e /fh(x,y)dydx_/a]

where

on co-ordinates over [, ] X [¢, ¢], then we have
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<=9 [ [ Pz Tho)

<=0 [ 11w [/01 |P<x,z,q1>|{<1 -2)

z Dél,baql qzh(lB/ (1 - w)l/) + w¢)
a9g, Zydg, W

}Odql Z‘| oquw.

Computing the integral on the right-hand side of the above inequality, we have

1 p 1 a/lpagl,qzh( ( )lp+w¢) Otlliaql q2 (ﬁ/ (1 - w)lp+w4))
| (er/CI1)| ( _Z) a ) +z a )
0 mZp0q W mZp0g W
_ /% 1‘ (1 —Z) l’é,llJa%h,qzh(‘xl( _w)lp+w¢) +z tXlIJaql qZh(ﬁ ( _w)¢+w¢)
0 6 0, Zp0g, W a0g, Zyp0g, W
+/1 e 5‘ (12 ap0g, g, (@, (1 — W) + wp) s ap03,,0,1 (B, (1 — ) + we)
1z— = _
5 6 099, Z0g, W 209,20, W
92 ha, (1 —w)p +wp)| i 1
_ | ¥\ /21_ by
a%zlﬁa%w 0 ( o) |z 6/° n*
9,0 (B, (1 —w)p +we) | r3 1
& 99,4 /
+ — —1lod
alhzlﬁalizw Jo Z |41z 6 04q,2
9, (@, (1 —w)p +we) | 11 5
x990 /
+ (1—2) |q1z — =| ody, 2
w0, Zy0g, W 3 7 6"
9,01 (B, (1 —w)p +wp)| 1
YYq1,42 /
+ z g1z — = | odg, 2.
w0, Zp0g, W 3 n 6"
Utilizing Lemma 3,
_ ap0g, g, (@, (1 — W) + w) 5 w97, 1 (B, (1 — W)y + we)
o aﬂlzlﬁaqzw " “aqlzll’aﬁlzw
Dtlliaql q2h( ( )l[J-l-w(P) allﬂaql qgh(ﬁr(l -—w 1/)+ZU(P)
+ Cﬂl 20 ) + D, q p) )
MmZpOq W a0q 20 W
After simplification, we get
_ 6q% +4q7 +4q1 +1 “r‘ljaél/ﬂzh(“/ (1-w)y +we)
36(‘7% + 2‘7% +2q1 +1) 0, Zyp0g, W
2q% =+ qu +1 18 lliaql qzh(IB ( - w)lp + ZU(P)
12(q3 + 247 + 21 +1) w0y ZyOg, W
— “/lpagl,qzh(“’ (1 - ZU)ll) + W(P) lPaql q2 (ﬁ ( )l)b + ZU(P)
n w0, Zp0g, W i w0, Zyp0g, W

11 of 16
2 h((1—2)a+z6,(1—w)y+w
a,PYq1,q, (( ) IB ( )11[) (P) Odqlzodqzw
10, Zp0g, W
w03, 0,1 (e, (1 — W) + we)
w0, Zyp0g, W

} Od‘hZ
}odqlz
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We obtain

B B52) 40 (B, 252) +4n (55, 232) + 0 (S5, 9) + 1 (3E,9)
9

B
+h<a,¢)+h<ﬁ,w>3+6h<a,¢>+h<ﬁ,¢>+(ﬁ_ 1 /[P¢h(x,y)dydx—A’

1
<(B-0@—9) | T w0 | My,

82
2 $9q1,q2
— h(a, (1 —w)yY +w
B e, (1 w)y ¢>|

By a similar argument for the above integral, we have

&, 821 2
A g, (1 w)p + we)

+ N,
q ,Xaqlzl,,aqzw

1 2
2 1 a0 ‘71 72 h(e, ) "‘r‘/’afhmh(a’(l))
< _ _ _ - _ A1 v R A0 v R
<(B-a)¢—1) l/o qaw 6‘ {(1 w)th 20y, g, W 71 20, Wydgy W
2 h(B,
+ (1 o T/U)qu q] A2 (;B ll]) ’_'_qul’ P q1,92 (IB 4))
aaqllpaqz aaqlzlpaqzw
1 2 h(a,
+/1 Q2W—5’ (1—W)Mq1 a9 ‘71‘72 h(e, ) " 2 ¥%1.92 (a, )
2 6 a0y, y0g, W 20y, WyOg, W
9,01 (B W) 0 p95,,0,1 (B, ¢)
le,[J /lP /
UL o v el ALY e e el B AL
a%q1 9% a9q149p9qy
Again utilizing Lemma 3, we get
0y g1 () 04,1 (2, )
91,92\ 91,92 "\
< — — M, (A, +C — 4+ M, (B, + D _
- (‘B )(4) lp)[ ’“( 12 qz) aafhzl/ﬂa‘hw ql( o qZ) txaqlz‘l’alhw
9,01 (B W) 92,01 (B, ¢)
a,P9qq,q,"\Pr apYqy,q, "\ P
+ N, (Ag, +C - |+ N,.(B;, + D —_ 1 |.
171( o qZ) ’Xa‘71z¢a¢12w ql( ” 172) “afilzlﬁathw

We obtain our desired result. [

Remark 1. Letting g1 — 1~ and q; — 17 in Theorem 8, then Theorem 8 converts into Theorem 3
proved in [17].

Theorem 9. Let h: A C R? — R be a mixed partially q192-differentiable mapping over A° (the interior of A).

‘Paql qzh( w) .

Moreover, if mixed partially q1q,-derivative * Do 290
1

is continuous and integrable over [a, B] X [, p] C

n

95 o h(zw . .
Oy (20) is convex on co-ordinates over [w, B] X [¢, ¢lfor r1 > 1 with

a0y Zydgy W
2% 1y ry L =1, then the given inequality holds:

B (o 242) +n (B 452) +an (42, 52) 1 (442, 9) + 1 (45E,¢)
9

B
+h(1x,lP)+h(/3/¢)3v;h(w,¢)+h(l3/¢)+(IB_ 1 //(ph(x,y)dydx—/\’

A° for q1,q> € (0,1) and
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(B—a)(¢ — ) ((Ggy + Hyy) Gy + Hyp)) 7t
[(T+g1)(1+g2)]n

T T
“'l/’agl r‘lzh (2, 9) ' ”‘r‘/’aéwzh (a, ) '
“a‘hzll]a‘hw “a%‘zlpalhw

<

X <lhﬂl2

where A is defined in Theorem 8.

1
V1>r1
7

Proof. Taking the absolute value on both sides of the equality of Lemma 4, using the (g1, 2 )-Holder

h(z,w) "

82
, S ’ .
% on co-ordinates
adgy ZyOgp W

a,lpa%quh(ﬁ, lp) "
“a‘ilzlpaqzw

“zlﬁa%l,ﬂzh(lg' 4))
"Ca‘hzl/’a‘hw

inequality for functions of two variables inequality and convexity of

over [, B] X [¢, ¢], then we have

h( "’*"’) +h (/3"’7) +4h (Tﬁ"’T) +h (Tﬁlp) +h (#,4))
9

o 119 p
R /jh(x,y)dydx-/x]

<= ([ [ 106wz odqlzrodqzw)lz

r

[ (1= 21— ) |9 w9901, @) [

070 w0y Zy0g, W 104, Zp0g, W
w918 ) |

1
E) ) [ 0
| 2093, (B, 9) odoyzodw |
“afhzl/’alizw “amZ#’a!hw

+(1-2z)w

+(1-w)z

Utilizing Lemma 3, we obtain

1 r1
| 1PGoz, ) T(w,,2) P oy zodgy
1 1
= ([ 1Pz oy, ) ([ 17000217 oo
= (Ggy + Hyy) (Ggy + Hy,) -

Utilizing the g;-integral and g;-integral, we get

1
71
1—2)odg,z = ,
/0( o= 130,

1
92
1— d = ,
fy A=t = 7

1 1
/ 2oz = 1+q; th

/ wodg,w = e
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Finally,

(B—a)(@— ) ((Gyy + Hyy) (Ggy + Hyy))
[(T4+g1)(1+g2)]

T 2 T
0 g7l (0 9) | ) 0,01 (@ ) |
10, Zp0g, W 10q, Zp0g, W

<

X (171112

which is our expected result. [

1

"

Theorem 10. Let i : A C R?* — R be a mixed partially q192-differentiable mapping over A° (the interior of A).

ll’ath qzh( w) .
ey z¢a w

‘11 12 (ﬁ lp)

a‘hZ‘Pa'izw

ql A2 (,B (P)

a‘thPathw

Moreover, if mixed partially q1q,-derivative - is continuous and integrable over [a, B] X [¢, p] C A°

ayd g hzw) | ‘ ,
forq1,q2 € (0,1) and %aq(z;}) is convex on co-ordinates over [a, B] X [, p|for r > 1, then the given

inequality holds:

B B52) 40 (B, 052) +4h (S4E,232) 4 (S5, 9) + 1 (%3E,9)
9

B
+h(a,¢)+h(ﬁ,¢>3+6h(a,¢>+h<ﬁ,¢>+(ﬁ_ L //;h(x,y)dydx—A’

1

<B-a)¢—1) [(E‘h +Fq1) (Eﬂz +F‘72)]17r

2 phla,p) |
9%, ’
X <(Aq1 +Cqy) (Agy +Cpp) S

w0, Zy0g, W + (Aql + C‘h) (Bfiz + qu)

"‘f‘/’agl,thh(lx’ (P) '
10, Zp0g, W
1
r ) T

Proof. Taking the absolute value on both sides of the equality of Lemma 4, using the (ql, qz)—Hélder

’
a,,,,agl,qzh(z,w)
aaql 24]8[,2 w

“/llﬂagl/fhh(ﬁ’ lp) '

aaql zl,)a,h w

“/llﬂa%l,fhh(ﬁ’q))

+ (B'h + Dlh) (Ath + Cﬂz) 10, Zp0g, W

+ (Bbh + D'h) (Bth + Dlh)

where A is defined in Theorem §.

inequality for functions of two variables inequality and convexity of on co-ordinates

over [, B] X [¢, ¢], then we have

1
7

1—
<G-wp-v ([ / 1 |P(x/Z/41)T(yrw/qz)|odqlzodqzw>

a‘ilztﬁathw
“/#’aélﬂzh(ﬁ’ l/)) '
“a‘hzll’a‘hw

(/01 /o1 IP(x,2,q1) Ty, w, 512)|>

T
G
“aﬂlzll)a‘hw

1
r T
‘|0dqlzodq2w> .

+(1-2z)w

. ‘X‘pa‘ﬁ 92 (,B,(p)

+(1—-w)z
( ) “a‘thPa‘hw
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Utilizing Lemma 3, we observe that

[

1
| 1PGoz,a) (0, 0,2) oy 200

_ (/01 |p(xlzlql)|0dq1z) </01 |T(y,w,q2)|0dq2w)

= (Eq +Fyy) (Eq, + Fp)

A

/ (1—2)(1 —w) [P(x,2,q1)T(y, w,92) | 0dg, Zodg,w

(/O (1—2z)|P(x,2,q1)] 0dg 2 ( w) |T(y,w, q2)|0dq2w)

= (Afh + C’h) (qu + Cliz) ’

1 1
/0 /o (1—2z)w |P(x,2z,q1)T(y, w,q2)| 0dg, zodg,w
1 1
= ([ a-2Pezalodyz) ([ @lTm o)
(Aql +Cqy) (B, +Dyy)
[ [ 201G a0) T 0,02) o 2052
- ( [ 2Pz anlodnz) ([ 0= 1T00,02) oo
= (Bg, +Dyy) (Ag, +Cgs)
1 1
|| 2w 1P 2,00 T(w,0,92)] ody 20,0

1 1
= ([ =Ptz m)lodyz) ( [ l70w,02) od

= (th +D'11) (Bliz +D¢12>'

Using the values of the above g1 g,-integrals, we get the desired inequality. [

Author Contributions: Conceptualization, H.K. and MA.L.; writing—original draft preparation, H.K.; writing—
review and editing, MA L. and S.H.; supervision, J.W.

Funding: This research work has been carried out at the School of Mathematical Sciences, Zhejiang University,
Hangzhou 310027, China.

Acknowledgments: The Chinese Government should be acknowledged for providing a full scholarship for Ph.D.
studies to Miss Humaira Kalsoom.

Conflicts of Interest: The authors declare no conflict of interest

Jackson, EH. On a g—definite integrals. Q. J. Pure Appl. Math. 1910, 4, 193-203.

Ernst, T. A Comprehensive Treatment of g—Calculus; Springer Basel AG: Basel, Switzerland, 2012.

Gauchman, H. Integral inequalities in g—calculus. Comput. Math. Appl. 2004, 47, 281-300. [CrossRef]
Kac, V.; Cheung, P. Quantum Calculus; Springer Nature: New York, NY, USA, 2001.
Tariboon, J.; Ntouyas, S.K. Quantum integral inequalities on finite intervals. |. Inequal. Appl. 2014, 121, 13.

Tariboon, J.; Ntouyas, S.K. Quantum calculus on finite intervals and applications to impulsive difference
equations. Adv. Differ. Equ. 2013, 282, 19. [CrossRef]

References
1.
2.
3.
4.
5.
[CrossRef]
6.
7.

Noor, M.A.; Noor, K.I; Awan, M.U. Some quantum estimates for Hermite-Hadamard inequalities.

Appl. Math. Comput. 2015, 251, 675-679. [CrossRef]


http://dx.doi.org/10.1016/S0898-1221(04)90025-9
http://dx.doi.org/10.1186/1029-242X-2014-121
http://dx.doi.org/10.1186/1687-1847-2013-282
http://dx.doi.org/10.1016/j.amc.2014.11.090

Symmetry 2019, 11, 768 16 of 16

10.

11.

12.

13.
14.

15.

16.

17.

18.

Noor, M.A;; Noor, KI; Awan, M.U. Some quantum integral inequalities via preinvex functions.
Appl. Math. Comput. 2015, 269, 242-251. [CrossRef]

Sudsutad, W.; Ntouyas, S.K.; Tariboon, J. Quantum integral inequalities for convex functions. J. Math. Inequal.
2015 9, 781-793. [CrossRef]

Zhuang, H.; Liu, W.; Park, ]. Some quantum estimates of Hermite-Hadmard inequalities for quasi-convex
functions. Miskolc Math. Notes 2016, 17, 649-664.

Alomari, M.; Darus, M.; Dragomir, S.S. New inequalities of Simpson’s type for s-convex functions with
applications. RGMIA Res. Rep. Coll. 2009 ,12, 1-18.

Dragomir, S.S.; Agarwal, R.P,; Cerone, P. On Simpson’s inequality and applications. J. Inequal. Appl. 2000,
5, 533-579. [CrossRef]

Hudzik, H.; Maligranda, L. Some remarks on s-convex functions. Aequ. Math. 1994, 48, 100-111. [CrossRef]
Sarikaya, M.Z.; Set, E.; Ozdemir, M.LE. On new inequalities of Simpson’s type for convex functions.
Comput. Math. Appl. 2016, 60, 2191-2199. [CrossRef]

Tung, M.; Gov, E.; Balgecti, S. Simpson type quantum integral inequalities for convex functions.
Miskolc Math. Notes 2018, 19, 649-664. [CrossRef]

Dragomir, S.S. On the Hadamard’s inequality for functions on the co-ordinates in a rectangle from the plane.
Taiwan J. Math. 2001, 5, 775-788. [CrossRef]

Ozdemir, M.E.; Akdemir, A.O.; Kavurmaci, H.; Avci, M. On the Simpson’s inequality for coordinated convex
functions. arXiv 2010, arXiv:1101.0075.

Latif, M.A.; Dragomir, S.S.; Momoniat, E. Some g—analogues of Hermite-Hadamard inequality of functions
of two variables on finite rectangles in the plane. J. King Saud Univ. Sci. 2017, 29, 263-273. [CrossRef]

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.amc.2015.07.078
http://dx.doi.org/10.7153/jmi-09-64
http://dx.doi.org/10.1155/S102558340000031X
http://dx.doi.org/10.1007/BF01837981
http://dx.doi.org/10.1016/j.camwa.2010.07.033
http://dx.doi.org/10.18514/MMN.2018.1661
http://dx.doi.org/10.11650/twjm/1500574995
http://dx.doi.org/10.1016/j.jksus.2016.07.001
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Main Results
	References

