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Abstract

:

The fuzzy linguistic approach provides favorable outputs in several areas, whose description is relatively qualitative. The encouragement for the utilization of sentences or words instead of numbers is that linguistic characterizations or classifications are usually less absolute than algebraic or arithmetical ones. In this research article, we animate the m-polar fuzzy (mF) linguistic approach and elaborate it with real life examples and tabular representation to develop the affluence of linguistic variables based on mF approach. As an extension of the Technique for Order of Preference by Similarity to Ideal Solution (TOPSIS) method, we develop an m-polar fuzzy linguistic TOPSIS approach for multi-criteria group decision-making (MCGDM). It is used to evaluate the best alternative, to get more authentic and comparable results and to handle the real life problems of having multi-polar information in terms of linguistic variables and values. In this approach decision-makers contribute their estimations in the form of linguistic term sets. To show the efficiency and compatibility of the proposed approach, we compare it with the m-polar fuzzy linguistic ELECTRE-I (Elimination and Choice Translating Reality) approach. Finally, we draw a flow chart of our proposed approach as an algorithm and generate a computer programming code.
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1. Introduction


Problems that are related to uncertain conditions usually exist in decision-making, but are demanding because of the challenging situation of modeling and handling that comes with such uncertainties. A number of theories and mechanisms have been used to overcome these problems, such as probability, however, in several ways uncertainty is not probabilistic in description but rather relatively vague. Thus, other theories, such as the fuzzy set theory and fuzzy logic [1,2] have been applied to deal with immature, imprecise and vague information. Nonetheless, to hold such a vagueness and imprecision, where two or more roots of imprecision occur together, the modeling mechanisms of traditional fuzzy sets are finite. Due to it, several extensions and generalizations of fuzzy sets have been proposed, including intuitionistic fuzzy sets (IFSs) [3], hesitant fuzzy sets (HFSs) [4,5], bipolar fuzzy sets (BFSs) [6] and m-polar fuzzy sets (mF sets) [7].



In typical decision-making problems, such as selecting a place to visit, deciding which candidate is suitable for election or choosing the best car to buy, Chen et al. [7] introduced the approach of mF sets, which is the generalization of BFSs, in which they state that BFSs or 2-polar fuzzy sets are cryptomorphic mathematical approaches. The basic concept regarding this approach is that multipolar knowledge (not only bipolar knowledge, which coincides with two-valued logic) occurs because facts and knowledge for real world problems are sometimes from n agents (n≥2). This new idea motivated researchers to introduce several novel concepts related to mF sets and its hybrid models, such as Akram et al. [8], who proposed a new multi-criteria decision-making MCDM method based on mF soft rough sets by combining the mF soft sets with rough sets. Akram and Adeel [9] introduced novel hybrid decision-making methods based on mF rough information. Further, Akram et al. [10] worked on decision-making methods based on hybrid mF models. Furthermore, Akram [11] introduced many new concepts including mF graphs, mF line graphs, mF labeling graphs and certain metrics in mF graphs.



The foregoing fuzzy mechanisms are favorable for the problems discussed in quantitative directions, but these mechanisms are not favorable for the problems having relatively qualitative description, in which ambiguity is due to the uncertain conditions approved by decision-makers. For such a situation, Zadeh [12,13,14] introduced the fuzzy linguistic approach which provided favorable outputs in several areas and applications [15]. In group decision analysis a number of researchers motivated by the concept of linguistic variables, such as Herrera et al. [16] introduced a fusion approach for managing multi-granularity linguistic term sets in decision-making. Meng et al. [17] proposed the multi-attribute decision analysis under a linguistic hesitant fuzzy environment. By group decision-making, Wang et al. [18] evaluated the flexibility in a manufacturing system by using a fuzzy linguistic approach. Liu and Su [19] extended the TOPSIS method based on trapezoid fuzzy linguistic variables. Selvachandran and Salleh [20] proposed the concept of intuitionistic fuzzy hedges and intuitionistic fuzzy linguistic variables. Liao et al. [21] discussed the distance and similarity measures for hesitant fuzzy linguistic term sets and their application in MCDM. Later, Riera et al. [22] introduced some interesting properties of the fuzzy linguistic model based on discrete fuzzy numbers to manage hesitant fuzzy linguistic information. Rodriguez [23] worked with a view to overcome such limitations, taking into account the idea under the concept of HFSs, to deal with several values in a membership function having quantitative setting.



In real-world systems, sometimes we obverse the activities and tasks, in which it is compulsory to adopt decision-making mechanisms. Usually, decision-making is a intellectual measure that depends on distinct reasoning and spiritual processes that leads one to choose the suitable alternative from a set of feasible alternatives in the resolution condition. Nowadays, in linguistic decision-making (LDM), the hesitant fuzzy linguistic term sets (HFLTSs) are considered as a focal point in decision-making methods. In several subjective decision environments, decision-makers assume certain feasible criteria’s or linguistic values more than an individual term for an alternative or variable. In actual decision-making methods, rather than the existing ones constituted to distinct aspects, the TOPSIS method proposed in [24] is an effective, favorable and widely used multi-criteria group decision-making (MCGDM) method. Precisely the method of TOPSIS derives from the perception that the selected alternative should have the precised distance from the positive ideal solution and the extreme distance from the negative ideal solution. Since then, several extended TOPSIS methods have been applied to different MCDM problems including [25,26,27]. Further, Alghamdi et al. [28] introduced the multi-criteria decision-making methods in the bipolar fuzzy environment. Chu and Lin [29] used the fuzzy TOPSIS method for the selection of robots. Nadaban et al. [30] discussed a general view on fuzzy TOPSIS. Yue [31] proposed a method for group decision-making based on determining weights of decision-makers using TOPSIS. By considering the triangular fuzzy numbers and defining the crisp Euclidean distance between two fuzzy numbers, Chen [32] introduced an extended TOPSIS method for MCDM. Roszkowska [33] proposed the MCDM models by applying the TOPSIS method to crisp and interval data. Further, Roszkowska and Wachowicz [34] applied the fuzzy TOPSIS method to score the negotiation offers in ill-structured negotiation problems. Ren et al. [35] developed a new hesitant fuzzy (HF) linguistic TOPSIS method for group multi-criteria linguistic decision-making. Ashtiani et al. [36] extended the fuzzy TOPSIS method based on interval-valued fuzzy sets. Beg and Rashid [37] introduced TOPSIS for hesitant fuzzy linguistic term sets. Boran et al. [38] proposed the multi-criteria intuitionistic fuzzy group decision-making for supplier selection with the TOPSIS method. Chu [39] discussed the selection of facility location using fuzzy TOPSIS under group decisions. Wang [40] extended the hesitant fuzzy linguistic term sets and their aggregation in group decision-making.



The field of linguistic multi-criteria decision-analysis is a significant and fascinating scientific area. Therefore, it is interesting to know about fuzzy multi-criteria decision methods other than TOPSIS. Currently the existing MCDM methods yield results that may be questionable and unreliable. These methods very often ignore the issue of rank reversal paradox, which is a fundamental and essential challenge of MCDM methods. In response to this challenge, the Characteristic Objects Method (COMET) was developed. The classical COMET is entirely free of the rank reversal paradox. Several researchers explored and discussed MCDM methods based on COMET including [41,42,43]. For other concepts, terminologies, applications and MCDM methods, the readers are referred to [44,45,46,47,48,49,50,51,52,53,54,55].



The methods proposed in the above cited articles are unable to provide any information, when the given data is in the form of sentences and words with m different numeric and fuzzy values within its crisp domain. Traditional methods are ineffective to study this type of imprecise behavior of linguistic computations and assessments. To deal with such a complexity, Akram et al. [56] proposed the concept of the m-polar fuzzy linguistic variable (mFLV) and to apply it on the mF linguistic ELECTRE-I approach. In this research article, we elaborate the concept of mFLV with graphical representation for an easy understanding and propose the novel approach of mF linguistic TOPSIS to solve the MCGDM problems. We define such a decision-making technique to increase the affluence of linguistic variables based on the mF approach and to choose the best alternative without ranking the relation of the remaining alternatives. The novelty of the proposed approach is proven as it is used to get more authentic and comparable results when we have to evaluate the alternatives being having multi-polar information in terms of linguistic variables and its values. In other words, we can say it is used to deal with the problems and systems with more than one argument. The proposed approach is more compatible as compared to various extensions of TOPSIS and several other MCGDM methods, because in this method a variable and its linguistic values are considered as a fixed criteria for the ranking and evaluation of alternatives. All the linguistic values are further classified by m different numeric and fuzzy values, which provide more accurate and compatible results as compared to other MCGDM methods. For its justification and authentication, we compare our proposed method with an other MCGDM techniques. This approach is valid to resolve the MCGDM problems in every day decision science.



The organization of this research article is as follows: In Section 2, we review some basic concepts and elaborate our novel concept with real life examples. In Section 3, we describe an mF linguistic TOPSIS approach for MCGDM. We also present our proposed method in a flow chart and generate its computer programming code. In Section 3.1 and Section 3.2, we apply our proposed approach to real life examples. In Section 4, we study comparison analysis of the proposed approach. In Section 5, we present the conclusion.




2. m-Polar Fuzzy Linguistic Variable


In this section, we review some basic concepts and elaborate the concept of an mFLV with practical examples and graphical representation. In terms of this variable, a linguistic value such as ‘extremely young’ is characterized by m different characterizations and classifications, which shows the mF restrictions on the values of the base variable. These mF restrictions clearly explain the meaning of term ‘extremely young’.



Definition 1 

([7]). An mF set on a universe X is a function R=(p1∘R(r),p2∘R(r),⋯,pm∘R(r)):X→[0,1]m, where the i−th projection mapping is defined as pi∘R:[0,1]m→[0,1].0=(0,0,⋯,0) is the smallest element in [0,1]m and 1=(1,1,⋯,1) is the largest element in [0,1]m.





Definition 2 

([12]). A linguistic variable is a variable, whose values are sentences or words in an artificial or natural language. If these words are expressed by fuzzy sets defined over a universal set, then the variable is called a fuzzy linguistic variable.





Definition 3 

([56]). An mFLV is characterized by a 4−tuple (Lv,V,Pd,M) such that




	a. 

	
Lv is the name of an mFLV,




	b. 

	
V is the set of linguistic values of Lv,




	c. 

	
Pd=[0,∞) is the physical domain in which an mFLV takes its crisp values,




	d. 

	
M is the semantic rule that relates every linguistic value in V with mF set.











Remark 1.






	1. 

	
The linguistic variable (Lv) is called an mFLV since its linguistic values are further classified by m different characteristics.




	2. 

	
mFLV takes its crisp values from the physical domain (Pd) and Pd can be arranged in parts for linguistic values according to the given requirements.




	3. 

	
M is called semantic rule, that differs the mFLV from previously defined linguistic variables. The rule relates the linguistic values (Vk′s|k=1,2,⋯,q) of mFLV within the mF set, which shows that each linguistic value is further classified by m different characteristics, and the degree of linguistic values is defined by


dki=pi∘dk(Vk)∈[0,1],wherei=1,2,⋯,m.











It clearly shows m different characterizations of each linguistic value. For more details and clarifications about an mF set and its degree of memberships the readers are referred to [7].











We discuss the contribution of mFLV in real life as follows:



Example 1.

Consider a linguistic variable “age" that describes its different stages by a set V={EY,Y,O,EO}, which is the set of linguistic values of “age", where




	
“EY" stands for extremely young,



	
“Y" stands for young,



	
“O" stands for old,



	
“EO" stands for extremely old.








The physical domain for the linguistic variable is Pd=[1,100], which is the set of real non-negative numbers, and each linguistic value has a different range of physical domain given as follows




	
For extremely young age, the physical domain is 1–20,



	
For young age, the physical domain is 20–50,



	
For old age, the physical domain is 50–80,



	
For extremely old age, the physical domain is 80–100.








We call this linguistic variable a 4-polar fuzzy linguistic variable (4FLV), because we describe a semantic rule M which describes each linguistic value in set V with a 4-polar fuzzy set (4F set). According to the 4F set, each linguistic value is characterized as




	
p1∘dk(Vk) serves as “Physically energetic", it describes someone who has lots of get-up-and-go depending upon his physical health and requires that the person is active enough with enthusiasm and excitement to do a task.



	
p2∘dk(Vk) serves as “Mental health", it means being generally able to think, feel and react in the ways that someone needs and wants to live his life.



	
p3∘dk(Vk) serves as “Ability", it is an acquired or natural capacity or talent that enables an individual to perform a particular job or task successfully.



	
p4∘dk(Vk) serves as “Effort", it is an earnest or strenuous attempt to achieve a specified purpose.








where k=1,2,3,4. Thus, we have


Lv={⟨EY,(0.89,0.90,0.95,0.82)⟩,⟨Y,(0.69,0.58,0.61,0.55)⟩,⟨O,(0.33,0.29,0.32,0.30)⟩,⟨EO,(0.10,0.13,0.11,0.10)⟩}.











In terms of the linguistic variable (age), the linguistic value such as extremely young is characterized by four different specifications including physically energetic, mental difficulty, ability and effort which show the 4F restrictions on the linguistic values of base variable. These 4F restrictions show the different states considered for linguistic values to evaluate the base variable in terms of the 4F set, which clearly describe the meaning of linguistic value “extremely young age" and remaining linguistic values. Thus, age is called a 4F linguistic variable by Definition 3. The tabular representation of 4FLV “age" is described by Table 1, which shows the range of each linguistic value in terms of the 4F set.





The tabular representation clearly shows the range of each linguistic value in terms of the 4F set and shows how each 4F set is related with the physical domain Pd. It simply defines the meaning of a 4F linguistic variable, which shows that the 4F linguistic variable (age) has four linguistic values, which have specified physical domains according to their limits. Each linguistic value is further classified by four different specifications according to the states of the linguistic values.



From Table 1, in extremely young age the range of the physical domain is from 1 to 20 and each physical domain is associated with specific values of a 4F set. For example, the physical domain value “10” is associated with the tuple (0.39,0.60,0.56,0.60) which describes that a person who compared to others is considered extremely young at the age of 10 may have the following specifications:




	
The membership value 0.39 shows that an extremely young person at the age of 10 is 39% physically energetic.



	
The membership value 0.60 shows that the mental health of an extremely young person at the age of 10 is 60%.



	
The membership value 0.56 shows that the ability of an extremely young person to do a task successfully at the age of 10 is 56%.



	
The membership value 0.60 shows that the effort of an extremely young person to achieve a specified purpose at the age of 10 is 60%.








Now, we analyze and describe the MCGDM phenomenon which is concerned on the theory that we already have expressed. MCGDM is a measure in which a number of decision-makers have to choose the best alternative from a set of possible alternatives which are described in terms of the criteria’s situation, and MCDM is a specific case of MCGDM in which a single decision-maker is responsible to choose the best alternative. Therefore, we define the respective algorithm and generate a computer programming code for required problems which are described by mFLV. To prove their significance and efficiency, we apply the TOPSIS method to situations which are fully developed. TOPSIS is a technique to select the alternative that should have the shortest distance from the positive ideal solution (PIS) and the largest distance from the negative ideal solution (NIS). This technique is actually used for ranking the objects and to achieve the best performance in MCGDM. We expand this method to take the information relating to mFLV. An mF linguistic TOPSIS approach deals with MCGDM problems based on mFLV.




3. mF Linguistic TOPSIS Approach for MCGDM


Our proposed TOPSIS approach based on mFLV deals with MCGDM problems, in which we choose Lv an mFLV and A={a1,a2,⋯,ap}, the set of mFLV of different alternatives. According to an mFLV, we take {Vk|k=1,2,⋯,q} the set of linguistic values of Lv, where these linguistic values are classified by m different characteristics. In such a case, a group of r decision-makers (Dl,l=1,2,⋯,r) is responsible for evaluating mFLV of p different alternatives under q linguistic values and the suitable ratings of alternatives are according to all decision-makers, assessed in terms of m different characteristics under the physical domain Pd. The degree of each alternative (aj∈A,j=1,2,⋯,p) over all linguistic values Vk′s are given by the mF set ℘j={(aj,djkli)|i=1,2,⋯m}, where djkli=pi∘djkl(aj,Vk)∈[0,1] and djkli classify the different characteristics of each criteria by decision-makers. Pd is the actual physical domain in which the mFLV takes its quantitative (crisp) values, i.e., Pd=[0,+∞). In this case, we take the most suitable m values from the physical domain of each linguistic value. Tabular representation of mF linguistic decision matrix under each group of decision-makers is given by Table 2, which describes the ratings given by each decision-maker.



Table 2 shows the different ratings of linguistic values assigned by a group of r decision-makers, in which each decision-maker assigns ratings according to his choice. The final mF linguistic decision matrix under each group of decision-makers is the aggregated mF linguistic decision matrix, that is, the average ratings of all decision-makers. Aggregated ratings are calculated as follows:


djk1′=1r∑l=1rdjkl1,djk2′=1r∑l=1rdjkl2,⋯,djkm′=1r∑l=1rdjklm.










j=1,2,⋯,p and k=1,2,⋯,q.











For final decision and ratings, the aggregated mF linguistic decision matrix is calculated in Table 3 by using above average ratings.



Decision-makers have an authority to assign weights to each linguistic value of alternatives according to their choice and the importance of each linguistic value, but we are discussing the case of mFLV, so decision-makers have to assign the weights in terms of the linguistic term set L={l1=extremelylow,l2=medium,⋯,lq=veryhigh}. We suppose that the weights assigned by the decision-makers are


Wl=(w1l,w2l,⋯,wql)∈(0,1],l=1,2,⋯,r.











Weights assigned by the decision-makers satisfy the normalized condition, i.e.,


∑k=1qwkl=1,l=1,2,⋯,r.











Aggregated weights according to decision-makers are W′=(w1′,w2′,⋯,wq′), where,


wk′=1r∑l=1rwkl,k=1,2,⋯,q.











The weighted aggregated mF linguistic decision matrix under group decision-making E=[(ejk1′,ejk2′,⋯,ejkm′)]p×q is calculated as


ejk1′=wk′djk1′,ejk2′=wk′djk2′,⋯,ejkm′=wk′djkm′.








The mF linguistic positive ideal solution mPIS and the mF linguistic negative ideal solution mNIS of alternatives under mF environment can be calculated as given in Equations (1) and (2).


mPIS={((d11′)+,(d12′)+,⋯,(d1m′)+),((d21′)+,(d22′)+,⋯,(d2m′)+),⋯,((dq1′)+,(dq2′)+,⋯,(dqm′)+)},



(1)






mNIS={((d11′)−,(d12′)−,⋯,(d1m′)−),((d21′)−,(d22′)−,⋯,(d2m′)−),⋯,((dq1′)−,(dq2′)−,⋯,(dqm′)−)}.



(2)




where,


(dk1′)+=max{ejk1′},(dk2′)+=max{ejk2′},⋯,(dkm′)+=max{ejkm′},(dk1′)−=min{ejk1′},(dk2′)−=min{ejk2′},⋯,(dkm′)−=min{ejkm′}.











We define an mF linguistic Euclidean distance of each alternative aj from mPIS and mNIS by Equations (3) and (4).


De′(aj,mPIS)=1m∑k=1q(ejk1′−(dj1′)+)2+(ejk2′−(dj2′)+)2+⋯+(ejkm′−(djm′)+)2,



(3)






De′(aj,mNIS)=1m∑k=1q(ejk1′−(dj1′)−)2+(ejk2′−(dj2′)−)2+⋯+(ejkm′−(djm′)−)2.



(4)







The relative mF linguistic closeness coefficient of each alternative aj can be computed by using the following formula as described in Equation (5).


Ej′=De′(aj,mNIS)De′(aj,mPIS)+De′(aj,mNIS),j=1,2,⋯,p.



(5)







The alternative with the highest mF linguistic closeness coefficient is the best one and we can determine the ranking order of each alternative.



We present the flow chart of our proposed method of decision-making in Figure 1 as an algorithm.



3.1. Models Ranking According to Their Appearance


Finally, in Appendix A we show the computer programming code of proposed approach in Table A1 by using MATLAB (Version: R2014a, Manufacturer: Cleve Moler, Developer: MathWorks, Country: United States of America, Platform: IA-32, x86-64). Evaluating different personalities based on their physical appearance is a challenging task for decision-makers, especially when a group of decision-makers have to evaluate them. We propose the method of mF linguistic TOPSIS for MCGDM, in which Lv is the linguistic variable, i.e., appearance and M={Am1,Am2,Am3,Am4,Am5} is the set of appearance of five different models, whereas V={Lessattractive,Fairlycute,Quitepretty,Verybeautiful} is the set of linguistic values of appearance. Decision-makers have to evaluate the models on the basis of the linguistic values of their appearance and they have to design a physical domain in which appearance takes its quantitative values, i.e., Pd=[10,100]. The physical domain for linguistic values of appearance is given as follows:




	
For Less attractive appearance, thephysical domain is 10–40/100,



	
For Fairly cute appearance, the physical domain is 40–70/100,



	
For Quite pretty appearance, the physical domain is 70–90/100,



	
For Very beautiful appearance, the physical domain is 90–100/100.








The physical domain of each linguistic value shows the range of marks given by a group of decision-makers out of 100. The degree of appearance of each model, over all the linguistic values are given by 3F set ℘j={(Amj,djkli)|i=1,2,3}, where




	
djkl1=p1∘djkl(aj,Vk) serves for “face features”, the distinguishing elements of a face having attraction, such as beautiful eyes, sharp nose and shaped lips.



	
djkl2=p2∘djkl(aj,Vk) serves for “postures”, a way according to which someone arranges his limbs and positions his body.



	
djkl3=p3∘djkl(aj,Vk) serves for “body figure”, it is the cumulative product of someone’s skeletal structure, the distribution and quantity of muscle and fat on his body.








Where j=1,2,⋯,5, k=1,2,3,4 and l=1,2,3,4. A tabular representation of the 3F linguistic group decision matrix is given by Table 4. It shows the different ratings of linguistic values assigned by a group of four decision-makers, in which each decision-maker assigns ratings according to his choice.



For final decision and ratings, an aggregated 3F linguistic decision matrix is calculated in Table 5.



The weights of linguistic values completely depend upon the decision-makers and the weights of each decision-maker has its own importance. Weights assigned by decision-makers are given in terms of the linguistic term set as L={l1=low,l2=medium,l3=high,l4=extremelyhigh}, whereas the numerical values assigned to this linguistic term set by each decision-maker is given in Table 6 and these values that satisfy the normalized condition. In same Table, aggregated weights D′ are also calculated.



The weighted aggregated 3F linguistic decision matrix is calculated in Table 7.



Use Equations (1) and (2) to determine the 3PIS and 3NIS respectively, for linguistic variable appearance.


3PIS={(0.0558,0.0592,0.0563),(0.1121,0.1334,0.1633),(0.1869,0.1914,0.2077),(0.2886,0.2925,0.3013)},3NIS={(0.0385,0.0409,0.0313),(0.0793,0.1064,0.1432),(0.1408,0.1544,0.1830),(0.2655,0.2591,0.2838)}.











Use Equations (3) and (4) to calculate the 3F linguistic Euclidean distance of appearance of each model from its 3PIS and 3NIS, that are calculated as follows:


De(Am1,3PIS)=0.0219,De(Am1,3NIS)=0.0442,










De(Am2,3PIS)=0.0237,De(Am2,3NIS)=0.0398,










De(Am3,3PIS)=0.0433,De(Am3,3NIS)=0.0262,










De(Am4,3PIS)=0.0335,De(Am4,3NIS)=0.0326,










De(Am5,3PIS)=0.0432,De(Am5,3NIS)=0.0290.











Use Equation (5) to calculate the relative 3F linguistic closeness coefficients Ej of appearance of each model.


E1=0.6684,E2=0.6266,










E3=0.3769,E4=0.4936,










E5=0.4014.











We show the comparison of appearance of models and summarize the whole procedure in Table 8.



For the comparison, we arrange the 3F linguistic closeness coefficients of appearance of models {Amj|j=1,2,⋯,5)} as shown in Table 8. Hence, model m1 has the highest ranking according to her appearance and the ranking of appearance of models is as follows:


Am1>Am2>Am4>Am5>Am3.












3.2. Ranking of High Speed Racing Cars


In this subsection, we discuss the specific case of MCGDM in which only one decision-maker is responsible for choosing the ratings of alternatives according to linguistic values. Choosing and comparing high speed racing cars for different racing competitions is a difficult task for experts. So, in this case we choose “speed” as a linguistic variable and S={Sc1,Sc2,Sc3,Sc4,Sc5,Sc6} is the set of six different high speed racing cars, whereas V={Slightlyfast,Veryfast,Completelyfast} is the set of linguistic values of speed. Pd is the actual physical domain in which speed takes its quantitative values, i.e., Pd=[40,100]. The physical domain for linguistic values of speed is given as follows:




	
For slightly fast speed, the physical domain is 40–60 km/h,



	
For very fast speed, the physical domain is 60–80 km/h,



	
For completely fast speed, the physical domain is 80–100 km/h.








The degree of speed of each car over all the linguistic values is given by 4F set ℘j={(Scj,djkli)|i=1,2,⋯4}, where




	
djkl1=p1∘djkl(aj,Vk) serves for “power of engine”, it is the producer of the power to move the vehicle. Basically it is the rate at which work is done and the car moves.



	
djkl2=p2∘djkl(aj,Vk) serves for “quality of tire”, it totally depends upon the speed ratings, tread wear warranty and typical wheel size.



	
djkl3=p3∘djkl(aj,Vk) serves for “condition of car”, it describes the model specifications, history and outside look of a car.



	
djkl4=p4∘djkl(aj,Vk) serves for “shape of car”, it describes the cars having straight line speed including the front splitter, rear wing, diffuser and underbody of the car.








Where j=1,2,⋯,6, k=1,2,3 and l=1. The tabular representation of 4F linguistic decision matrix is given by Table 9.



The weights of linguistic values completely depend upon the decision-maker. Weights assigned by the decision-maker are given in terms of linguistic term set as L={l1=low,l2=medium,l3=high}, whereas the numerical values assigned to this linguistic term set is given in Equation (6), and these values satisfy the normalized condition.


w=(0.23,0.34,0.43).



(6)







The weighted 4F linguistic decision matrix is calculated in Table 10.



We use Equations (1) and (2) to determine the 4PIS and 4NIS respectively, for 4FLV speed.


4PIS={(0.1380,0.1150,0.1610,0.1380),(0.2040,0.2720,0.2380,0.2720),(0.3440,0.3440,0.3870,0.4300)},4NIS={(0.0920,0.0690,0.0460,0.1150),(0.1700,0.2040,0.2040,0.1700),(0.2580,0.2580,0.3010,0.3440)}.











We use Equations (3) and (4) to calculate the 4F linguistic Euclidean distance of speed of each car from its 4PIS and 4NIS, which are calculated as follows:


De(Sc1,4PIS)=0.0686,De(Sc1,4NIS)=0.0853,










De(Sc2,4PIS)=0.0697,De(Sc2,4NIS)=0.0929,










De(Sc3,4PIS)=0.0952,De(Sc3,4NIS)=0.0632,










De(Sc4,4PIS)=0.0834,De(Sc4,4NIS)=0.0914,










De(Sc5,4PIS)=0.0868,De(Sc5,4NIS)=0.0540,










De(Sc6,4PIS)=0.0747,De(Sc6,4NIS)=0.0961.











We use Equation (5) to calculate the relative 4F linguistic closeness coefficients Ej of speed of each car.


E1=0.5541,E2=0.5713,










E3=0.3989,E4=0.5229,










E5=0.3835,E6=0.5627.











We show the comparison of cars according to their speed and summarize the whole procedure in Table 11.



For comparison, we arrange the speed of cars {Scj|j=1,2,⋯,6)} according to their values obtained from relative closeness coefficients as shown in Table 11. Hence, car c2 has the highest ranking according to its speed and the ranking of cars according to their speed is as follows:


Sc2>Sc6>Sc1>Sc4>Sc3>Sc5.











Note the followings points:




	
The only condition for weights assigned by decision-makers is that the weights should be normalized. It is not compulsory to take four digits after the decimal point. Readers are free to take the weights according to their choice. We take four values after the decimal point for our convenience.



	
Linguistic variables (appearance and speed) considered in this article can depend on other characteristics also according to the criterias or conditions set by readers.










4. Comparison Analysis of Proposed Approach


In this section, we discuss the comparison analysis of our purposed decision-making method by the mF linguistic ELECTRE-I method defined in [56].



	
All the TOPSIS methods for decision-making are not suitable for such situations, where the alternatives are assessed by the decision-makers depending on the linguistic values of variables, which are further classified by m different characteristics. To handle such a complex situations we extend the TOPSIS approach to the mF linguistic TOPSIS approach, which provides more flexible and precise results for choosing the best alternative under complex fuzzy data. The proposed mF linguistic TOPSIS approach is constructed according to observation and recognition of the expertise idea about the linguistic variable and values of alternatives in form of words and sentences having multi-polar information. Its calculations are very simple, and it is also independent of the number of criterias associated in the problem. It provides us with the best alternative as well as the final ranking of alternatives.



	
An mF linguistic ELECTRE-I method is also considered as a flexible approach as compared to various other extensions of ELECTRE-I, because in this method a variable and its linguistic values are considered as a fixed criteria for the ranking and evaluation of alternatives. This method only provides us with the best alternative of having a maximum ranking value, but it does not provide us with any authentic knowledge about the ranking of the alternative. This approach is difficult to understand and has large, difficult calculations compared to the mF linguistic TOPSIS approach. This approach does not point out the one alternative appearing amongst others, rather it points out the small subset of preferable alternatives, and due to this decision-makers face difficulties in choosing the best one and ranking the alternatives.






For comparison, we consider an example of the mF linguistic ELECTRE-I method (Subsection 4.1, [56]) where we consider C as the set of seven countries and V the set of its linguistic values. After large, difficult calculations as described in Table 12, we end up with the most corrupted country as compared to others.



We show the comparison of countries and summarize the whole procedure of the mF linguistic ELECTRE-I method in Table 12.



From Table 12, we get the final result in the form of the most corrupted country, but we do not get the final ranking of all the required countries.



Now we calculate the same Example by using mF linguistic TOPSIS method as described in Section 3. We show the comparison of countries and summarize the whole procedure of the mF linguistic TOPSIS method in Table 13.



From Table 13, we recognize the most corrupted country as well as the final ranking of all the required countries. There is no difference between the final results of both techniques in choosing the most corrupted country, but the mF linguistic TOPSIS method is more preferable compared to mF linguistic ELECTRE-I method due to its outranking relation of countries with simple and easy calculations.




5. Conclusions


It has always been a very challenging task for decision-makers to evaluate alternatives on the basis of numeric values. Traditional methods are determined ineffective in studying the imprecise behavior of linguistic computations and assessments, because it has become difficult to collect data regarding linguistic assessments in terms of numeric and fuzzy values. To deal with such complexities, we have elaborated the concept of mFLV defined in [56], which can deal with thiz situation when we have data in terms of linguistic assessments and m different numeric or fuzzy values as well. We have illustrated our novel concept with real life examples. In this contribution, we also have developed an mF linguistic TOPSIS approach for MCGDM problems as an extension of the TOPSIS method. Finally, we have applied our technique on real life problems and developed a computer programming code for ease of calculations. Our future work will aim to explore the real life applications related to concepts based on (1) the neutrosophic linguistic variable, (2) the fuzzy rough linguistic variable, and (3) the rough fuzzy linguistic variable. Our proposed model may be extended in new directions including generalized fuzzy Euler graphs, generalized fuzzy Hamiltonian graphs and competitions by generalized fuzzy graphs based on [52,53].
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Appendix A


We show the computer programming code of proposed approach in Table A1 by using MATLAB R2014a.
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Table A1. Computer programming code of proposed approach for MCGDM.






Table A1. Computer programming code of proposed approach for MCGDM.





	MATLAB Computer Programming Code





	1.   clc



	2.   p=input(‘no. of alternatives against linguistic variable’);



	3.   q=input(‘no.of linguistic values’);



	4.   m=input(‘no. of membership values’);



	5.   r=input(‘no. of decision maker’);



	6.   Rr=(1:p);Cr=1:m*q;Cw=1:q;A_g=zeros(p,m*q);w_g=zeros(1,q);



	7.   W=zeros(p,m*q);mP_IS=zeros(1,m*q);mN_IS=ones(1,m*q);



	8.   Y1=zeros(p,m*q);Y2=zeros(p,m*q);Z1=zeros(p,q);Z2=zeros(p,q);



	9.   for i=1:r



	10.      D= input(‘enter the m-polar fuzzy linguistic decision matrix pxqxm’);



	11.   A_g(Rr,Cr)=A_g(Rr,Cr)+D;w=input(‘enter the weights’);w_g(1,Cw)=w_g(1,Cw)+w;



	12.   end



	13.  A_g=A_g/r



	14.  w=w_g/r



	15.  for j=1:p



	16.     k=1;



	17.     for s=1:m*q



	18.         W(j,s)=A_g(j,s).*w(1,k);



	19.         if mod(s,m)==0



	20.            k=k+1;



	21.          end



	22.      end



	23.   end



	24.  W



	25.  for j=1:p



	26.      for s=1:(m*q)



	27.           mP_IS(1,s)=max(mP_IS(1,s),W(j,s)); mN_IS(1,s)=min(mN_IS(1,s),W(j,s));



	28.       end



	29.   end



	30.  mP_IS



	31.  mN_IS



	32.   for j=1:p



	33.      k=0;



	34.      for s=1:m*q



	35.          Y1(j,s)=(W(j,s)-mP_IS(1,s)). ^ 2; Y2(j,s)=(W(j,s)-mN_IS(1,s)). ^ 2;



	36.          if mod(s,m)==1



	37.             k=k+1;



	38.           end



	39.          Z1(j,k)=Z1(j,k)+Y1(j,s);Z2(j,k)=Z2(j,k)+Y2(j,s);



	40.       end



	41.   end



	42.  D_P=sqrt(sum(Z1,2)./m)



	43.  D_N=sqrt(sum(Z2,2)./m)



	44.  E=D_N./(D_P+D_N)
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Figure 1. Flow chart of mF linguistic Technique for Order of Preference by Similarity to Ideal Solution (TOPSIS) for multi-criteria group decision-making (MCGDM). 
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Table 1. Tabular representation of 4FLV (age).
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4-Polar Fuzzy

	
Linguistic Values of

	
Physical

	
4-Polar Fuzzy Set




	
Linguistic

	

	

	
Physically

	
Mental

	
Ability

	
Effect




	
Variable (Lv)

	
4FLV

	
Domain

	
Energetic

	
Health






	
Age

	
Extremely young

	
1

	
0.05

	
0.09

	
0.08

	
0.07




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
10

	
0.39

	
0.60

	
0.56

	
0.60




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
20

	
0.89

	
0.90

	
0.95

	
0.82




	
Young

	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
30

	
0.80

	
0.81

	
0.72

	
0.75




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
40

	
0.69

	
0.58

	
0.61

	
0.55




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
50

	
0.40

	
0.49

	
0.45

	
0.50




	
Old

	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
60

	
0.33

	
0.29

	
0.32

	
0.30




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
70

	
0.25

	
0.23

	
0.31

	
0.29




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
80

	
0.20

	
0.19

	
0.21

	
0.19




	
Extremely old

	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
90

	
0.10

	
0.13

	
0.11

	
0.10




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
100

	
0.03

	
0.02

	
0.01

	
0.02
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Table 2. Tabular representation of the mF linguistic decision matrix under group decision-making.
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m-Polar Fuzzy

	
Physical Domain




	
Decision

	
Linguistic

	
Pd1

	
Pd2

	
⋯

	
Pdq




	
Makers

	
Variable

	
m-Polar Fuzzy Linguistic Values




	

	
(Lv)

	
V1

	
V2

	
⋯

	
Vq






	
Dl

	
a1

	
(d11l1,d11l2,⋯,d11lm)

	
(d12l1,d12l2,⋯,d12lm)

	
⋯

	
(d1ql1,d1ql2,⋯,d1qlm)




	
a2

	
(d21l1,d21l2,⋯,d21lm)

	
(d22l1,d22l2,⋯,d22lm)

	
⋯

	
(d2ql1,d2ql2,⋯,d2qlm)




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
ap

	
(dp1l1,dp1l2,⋯,dp1lm)

	
(dp2l1,dp2l2,⋯,dp2lm)

	
⋯

	
(dpql1,dpql2,⋯,dpqlm)
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Table 3. Tabular representation of aggregated mF linguistic decision matrix.
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m-Polar Fuzzy

	
Physical Domain




	
Linguistic

	
Pd1

	
Pd2

	
⋯

	
Pdq




	
Variable

	
m-Polar Fuzzy Linguistic Values and Weights




	
(Lv)

	
V1

	
V2

	
⋯

	
Vq




	
w1

	
w2

	
⋯

	
wq






	
a1

	
(d111′,d112′,⋯,d11m′)

	
(d121′,d122′,⋯,d12m′)

	
⋯

	
(d1q1′,d1q2′,⋯,d1qm′)




	
a2

	
(d211′,d212′,⋯,d21m′)

	
(d221′,d222′,⋯,d22m′)

	
⋯

	
(d2q1′,d2q2′,⋯,d2qm′)




	
⋮

	
⋮

	
⋮

	
⋮

	
⋮




	
ap

	
(dp11′,dp12′,⋯,dp1m′)

	
(dp21′,dp22′,⋯,dp2m′)

	
⋯

	
(dpq1′,dpq2′,⋯,dpqm′)
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Table 4. Tabular representation of the 3F linguistic group decision matrix.
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3-Polar Fuzzy

	
Physical Domain




	
Decision

	
Linguistic

	
10–40/100

	
40–70/100

	
70–90/100

	
90–100/100




	
Makers

	
Variable

	
3-Polar Fuzzy Linguistic Values




	

	
(Appearance)

	
Less Attractive

	
Fairly Cute

	
Quite Pretty

	
Very Beautiful






	

	
Am1

	
(0.25, 0.31, 0.29)

	
(0.47, 0.52, 0.62)

	
(0.71, 0.69, 0.78)

	
(0.92, 0.93, 0.98)




	

	
Am2

	
(0.30, 0.23, 0.33)

	
(0.39, 0.51, 0.70)

	
(0.69, 0.73, 0.75)

	
(0.86, 0.90, 0.89)




	
D1

	
Am3

	
(0.28, 0.20, 0.17)

	
(0.46, 0.43, 0.69)

	
(0.59, 0.65, 0.72)

	
(0.87, 0.79, 0.80)




	

	
Am4

	
(0.18, 0.24, 0.29)

	
(0.27, 0.60, 0.65)

	
(0.60, 0.73, 0.79)

	
(0.93, 0.85, 0.95)




	

	
Am5

	
(0.23, 0.30, 0.28)

	
(0.43, 0.47, 0.71)

	
(0.62, 0.56, 0.80)

	
(0.90, 0.79, 0.90)




	

	
Am1

	
(0.20, 0.34, 0.19)

	
(0.46, 0.57, 0.70)

	
(0.75, 0.65, 0.72)

	
(0.89, 0.95, 0.97)




	

	
Am2

	
(0.31, 0.23, 0.12)

	
(0.40, 0.48, 0.68)

	
(0.68, 0.75, 0.76)

	
(0.88, 0.89, 0.92)




	
D2

	
Am3

	
(0.25, 0.29, 0.15)

	
(0.51, 0.47, 0.58)

	
(0.63, 0.59, 0.70)

	
(0.82, 0.85, 0.92)




	

	
Am4

	
(0.30, 0.16, 0.21)

	
(0.35, 0.59, 0.73)

	
(0.55, 0.68, 0.72)

	
(0.90, 0.89, 0.90)




	

	
Am5

	
(0.15, 0.21, 0.32)

	
(0.29, 0.53, 0.72)

	
(0.44, 0.62, 0.81)

	
(0.89, 0.90, 0.92)




	

	
Am1

	
(0.19, 0.27, 0.23)

	
(0.37, 0.49, 0.58)

	
(0.69, 0.75, 0.73)

	
(0.91, 0.90, 0.89)




	

	
Am2

	
(0.24, 0.24, 0.20)

	
(0.43, 0.48, 0.71)

	
(0.68, 0.72, 0.76)

	
(0.89, 0.89, 0.93)




	
D3

	
Am3

	
(0.31, 0.28, 0.16)

	
(0.49, 0.48, 0.70)

	
(0.69, 0.66, 0.70)

	
(0.80, 0.82, 0.95)




	

	
Am4

	
(0.18, 0.20, 0.21)

	
(0.36, 0.58, 0.75)

	
(0.64, 0.70, 0.79)

	
(0.90, 0.87, 0.90)




	

	
Am5

	
(0.21, 0.22, 0.29)

	
(0.30, 0.50, 0.72)

	
(0.56, 0.62, 0.80)

	
(0.92, 0.89, 0.93)




	

	
Am1

	
(0.22, 0.31, 0.23)

	
(0.43, 0.57, 0.59)

	
(0.73, 0.68, 0.70)

	
(0.87, 0.90, 0.95)




	

	
Am2

	
(0.31, 0.24, 0.25)

	
(0.44, 0.49, 0.70)

	
(0.68, 0.75, 0.74)

	
(0.88, 0.90, 0.87)




	
D4

	
Am3

	
(0.30, 0.28, 0.17)

	
(0.49, 0.47, 0.59)

	
(0.62, 0.60, 0.70)

	
(0.85, 0.80, 0.90)




	

	
Am4

	
(0.20, 0.25, 0.23)

	
(0.40, 0.55, 0.71)

	
(0.61, 0.63, 0.73)

	
(0.90, 0.87, 0.92)




	

	
Am5

	
(0.21, 0.30, 0.28)

	
(0.40, 0.50, 0.69)

	
(0.55, 0.58, 0.79)

	
(0.90, 0.87, 0.90)
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Table 5. Tabular representation of the aggregated 3F linguistic decision matrix.






Table 5. Tabular representation of the aggregated 3F linguistic decision matrix.





	
3-Polar Fuzzy

	
Physical Domain




	
Linguistic

	
10–40/100

	
40–70/100

	
70–90/100

	
90–100/100




	
Variable

	
3-Polar Fuzzy Linguistic Values




	
(Appearance)

	
Less Attractive

	
Fairly Cute

	
Quite Pretty

	
Very Beautiful






	
Am1

	
(0.2150, 0.3075, 0.2350)

	
(0.4325, 0.5375, 0.6225)

	
(0.7200, 0.6925, 0.7325)

	
(0.8975, 0.9200, 0.9475)




	
Am2

	
(0.2900, 0.2350, 0.2250)

	
(0.4150, 0.4900, 0.6975)

	
(0.6825, 0.7375, 0.7525)

	
(0.8775, 0.8950, 0.9025)




	
Am3

	
(0.2850, 0.2625, 0.1625)

	
(0.4875, 0.4625, 0.6400)

	
(0.6325, 0.6250, 0.7050)

	
(0.8350, 0.8150, 0.8925)




	
Am4

	
(0.2150, 0.2125, 0.2350)

	
(0.3450, 0.5800, 0.7100)

	
(0.6000, 0.6850, 0.7575)

	
(0.9075, 0.8700, 0.9175)




	
Am5

	
(0.2000, 0.2575, 0.2925)

	
(0.3550, 0.5000, 0.7100)

	
(0.5425, 0.5950, 0.8000)

	
(0.9025, 0.8900, 0.9125)
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Table 6. Tabular representation of weights assigned by decision-makers.






Table 6. Tabular representation of weights assigned by decision-makers.





	
Decision

	
3-Polar Fuzzy Linguistic Values




	
Makers

	
Less Attractive

	
Fairly Cute

	
Quite Pretty

	
Very Beautiful






	
D1

	
0.1957

	
0.2321

	
0.2512

	
0.3210




	
D2

	
0.2012

	
0.2259

	
0.2631

	
0.3098




	
D3

	
0.1830

	
0.2339

	
0.2703

	
0.3128




	
D4

	
0.1900

	
0.2280

	
0.2537

	
0.3283




	
D′

	
0.1925

	
0.2300

	
0.2596

	
0.3180
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Table 7. Tabular representation of weighted aggregated 3F linguistic decision matrix.
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3-Polar Fuzzy

	
Physical Domain




	
linguistic

	
10–40/100

	
40–70/100

	
70–90/100

	
90–100/100




	
Variable

	
3-Polar Fuzzy Linguistic Values and Weights




	
(Appearance)

	
Less Attractive

	
Fairly Cute

	
Quite Pretty

	
Very Beautiful




	

	
0.1925

	
0.2300

	
0.2596

	
0.3180






	
Am1

	
(0.0414, 0.0592, 0.0452)

	
(0.0995, 0.1236, 0.1432)

	
(0.1869, 0.1798, 0.1901)

	
(0.2854, 0.2925, 0.3013)




	
Am2

	
(0.0558, 0.0452, 0.0433)

	
(0.0954, 0.1127, 0.1604)

	
(0.1772, 0.1914, 0.1953)

	
(0.2790, 0.2846, 0.2870)




	
Am3

	
(0.0549, 0.0505, 0.0313)

	
(0.1121, 0.1064, 0.1472)

	
(0.1642, 0.1622, 0.1830)

	
(0.2655, 0.2591, 0.2838)




	
Am4

	
(0.0414, 0.0409, 0.0452)

	
(0.0793, 0.1334, 0.1633)

	
(0.1557, 0.1778, 0.1966)

	
(0.2886, 0.2766, 0.2917)




	
Am5

	
(0.0385, 0.0496, 0.0563)

	
(0.0816, 0.1150, 0.1633)

	
(0.1408, 0.1544, 0.2077)

	
(0.2870, 0.2743, 0.2902)
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Table 8. Tabular representation comparison of appearance of models.






Table 8. Tabular representation comparison of appearance of models.





	Appearance of Models
	De(Amj,3PIS)
	De(Amj,3NIS)
	Ej
	Ranking





	Am1
	0.0219
	0.0442
	0.6684
	1



	Am2
	0.0237
	0.0398
	0.6266
	2



	Am3
	0.0433
	0.0262
	0.3769
	5



	Am4
	0.0335
	0.0326
	0.4936
	3



	Am5
	0.0432
	0.0290
	0.4014
	4
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Table 9. Tabular representation of the 4F linguistic decision matrix.






Table 9. Tabular representation of the 4F linguistic decision matrix.





	
4-Polar Fuzzy

	
Physical Domain




	
Linguistic

	
40–60 km/h

	
60–80 km/h

	
80–100 km/h




	
Variable

	
4-Polar Fuzzy Linguistic Values




	
(Speed)

	
Slightly Fast

	
Very Fast

	
Completely Fast






	
Sc1

	
(0.5, 0.4, 0.3, 0.5)

	
(0.6, 0.7, 0.6, 0.6)

	
(0.7, 0.8, 0.9, 1.0)




	
Sc2

	
(0.4, 0.5, 0.4, 0.5)

	
(0.6, 0.8, 0.7, 0.6)

	
(0.8, 0.8, 0.7, 1.0)




	
Sc3

	
(0.6, 0.4, 0.6, 0.5)

	
(0.5, 0.6, 0.7, 0.5)

	
(0.6, 0.7, 0.7, 0.9)




	
Sc4

	
(0.4, 0.3, 0.7, 0.6)

	
(0.5, 0.6, 0.6, 0.8)

	
(0.7, 0.6, 0.9, 0.8)




	
Sc5

	
(0.5, 0.3, 0.4, 0.5)

	
(0.6, 0.6, 0.7, 0.6)

	
(0.6, 0.7, 0.8, 0.9)




	
Sc6

	
(0.5, 0.5, 0.2, 0.6)

	
(0.6, 0.8, 0.7, 0.7)

	
(0.8, 0.8, 0.9, 0.8)
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Table 10. Tabular representation of the weighted 4F linguistic decision matrix.






Table 10. Tabular representation of the weighted 4F linguistic decision matrix.





	
4-Polar Fuzzy

	
Physical Domain




	
Linguistic

	
40–60 km/h

	
60–80 km/h

	
80–100 km/h




	
Variable

	
4-Polar Fuzzy Linguistic Values and Weights




	
(Speed)

	
Slightly Fast

	
Very Fast

	
Completely Fast




	
0.23

	
0.34

	
0.43






	
Sc1

	
(0.1150, 0.0920, 0.0690, 0.1150)

	
(0.2040, 0.2380, 0.2040, 0.2040)

	
(0.3010, 0.3440, 0.3870, 0.4300)




	
Sc2

	
(0.0920, 0.1150, 0.0920, 0.1150)

	
(0.2040, 0.2720, 0.2380, 0.2040)

	
(0.3440, 0.3440, 0.3010, 0.4300)




	
Sc3

	
(0.1380, 0.0920, 0.1380, 0.1150)

	
(0.1700, 0.2040, 0.2380, 0.1700)

	
(0.2580, 0.3010, 0.3010, 0.3870)




	
Sc4

	
(0.0920, 0.0690, 0.1610, 0.1380)

	
(0.1700, 0.2040, 0.2040, 0.2720)

	
(0.3010, 0.2580, 0.3870, 0.3440)




	
Sc5

	
(0.1150, 0.0690, 0.0920, 0.1150)

	
(0.2040, 0.2040, 0.2380, 0.2040)

	
(0.2580, 0.3010, 0.3440, 0.3870)




	
Sc6

	
(0.1150, 0.1150, 0.0460, 0.1380)

	
(0.2040, 0.2720, 0.2380, 0.2380)

	
(0.3440, 0.3440, 0.3870, 0.3440)
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Table 11. Tabular representation comparison of cars according to their speed.






Table 11. Tabular representation comparison of cars according to their speed.





	
Cars According

	
De(Scj,4PIS)

	
De(Scj,4NIS)

	
Ej

	
Ranking




	
to Their Speed






	
Sc1

	
0.0686

	
0.0853

	
0.5541

	
3




	
Sc2

	
0.0697

	
0.0929

	
0.5713

	
1




	
Sc3

	
0.0952

	
0.0632

	
0.3989

	
5




	
Sc4

	
0.0834

	
0.0914

	
0.5229

	
4




	
Sc5

	
0.0868

	
0.0540

	
0.3835

	
6




	
Sc6

	
0.0747

	
0.0961

	
0.5627

	
2
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Table 12. Tabular representation of comparison of countries by using the mF linguistic ELECTRE-I method.






Table 12. Tabular representation of comparison of countries by using the mF linguistic ELECTRE-I method.





	Comparison of Countries
	Yuv
	Zuv
	yuv
	zuv
	ruv
	suv
	tuv
	Ranking





	(C1,C2)
	{}
	{1,2,3}
	0
	1
	0
	0
	0
	Incomparable



	(C1,C3)
	{2}
	{1,3}
	0.3627
	1
	0
	0
	0
	Incomparable



	(C1,C4)
	{}
	{1,2,3}
	0
	1
	0
	0
	0
	Incomparable



	(C1,C5)
	{2,3}
	{1}
	0.6917
	1
	1
	0
	0
	Incomparable



	(C1,C6)
	{2}
	{1,3}
	0.3627
	1
	0
	0
	0
	Incomparable



	(C1,C7)
	{2}
	{1,3}
	0.3627
	1
	0
	0
	0
	Incomparable



	(C2,C1)
	{1,2,3}
	{}
	1
	0
	1
	1
	1
	C2→C1



	(C2,C3)
	{1,2,3}
	{}
	1
	0
	1
	1
	1
	C2→C3



	(C2,C4)
	{1,2,3}
	{}
	1
	0
	1
	1
	1
	C2→C4



	(C2,C5)
	{1,2,3}
	{}
	1
	0
	1
	1
	1
	C2→C5



	(C2,C6)
	{1,2,3}
	{}
	1
	0
	1
	1
	1
	C2→C6



	(C2,C7)
	{1,2,3}
	{3}
	1
	0.3813
	1
	1
	1
	C2→C7



	(C3,C1)
	{1,3}
	{2}
	0.6373
	0.5221
	1
	1
	1
	C3→C1



	(C3,C2)
	{}
	{1,2,3}
	0
	1
	0
	0
	0
	Incomparable



	(C3,C4)
	{1,3}
	{2}
	0.6373
	0.6444
	1
	1
	1
	C3→C4



	(C3,C5)
	{3}
	{1,2}
	0.3290
	0.5009
	0
	1
	0
	Incomparable



	(C3,C6)
	{2,3}
	{1,2,3}
	0.6917
	1
	1
	0
	0
	Incomparable



	(C3,C7)
	{1,2}
	{3}
	0.6710
	0.2448
	1
	1
	1
	C3→C7



	(C4,C1)
	{1,2,3}
	{}
	1
	0
	1
	1
	1
	C4→C1



	(C4,C2)
	{}
	{1,2,3}
	0
	1
	0
	0
	0
	Incomparable



	(C4,C3)
	{2}
	{1,3}
	0.3627
	1
	0
	0
	0
	Incomparable



	(C4,C5)
	{2,3}
	{1}
	0.6917
	1
	1
	0
	0
	Incomparable



	(C4,C6)
	{2}
	{1,3}
	0.3627
	1
	0
	0
	0
	Incomparable



	(C4,C7)
	{1,2}
	{3}
	0.6710
	0.7079
	1
	1
	1
	C4→C7



	(C5,C1)
	{1}
	{2,3}
	0.3083
	1
	0
	0
	0
	Incomparable



	(C5,C2)
	{}
	{1,2,3}
	0
	1
	0
	0
	0
	Incomparable



	(C5,C3)
	{1,2}
	{3}
	0.6710
	1
	1
	0
	0
	Incomparable



	(C5,C4)
	{1}
	{2,3}
	0.3083
	0.6792
	0
	1
	0
	Incomparable



	(C5,C6)
	{1,2}
	{3}
	0.6710
	0.9193
	1
	0
	0
	Incomparable



	(C5,C7)
	{1,2}
	{3}
	0.6710
	1
	1
	0
	0
	Incomparable



	(C6,C1)
	{1,3}
	{2}
	0.6373
	0.7328
	1
	1
	1
	C6→C1



	(C6,C2)
	{}
	{1,2,3}
	0
	1
	0
	0
	0
	Incomparable



	(C6,C3)
	{1,2,3}
	{2,3}
	1
	0.8089
	1
	0
	0
	Incomparable



	(C6,C4)
	{1,3}
	{2}
	0.6373
	0.5182
	1
	1
	1
	C6→C4



	(C6,C5)
	{3}
	{1,2}
	0.3290
	1
	0
	0
	0
	Incomparable



	(C6,C7)
	{1,2}
	{3}
	0.6710
	0.9071
	1
	0
	0
	Incomparable



	(C7,C1)
	{1,3}
	{2}
	0.6373
	0.5693
	1
	1
	1
	C7→C1



	(C7,C2)
	{3}
	{1,2,3}
	0.3290
	1
	0
	0
	0
	Incomparable



	(C7,C3)
	{3}
	{1,2}
	0.3290
	1
	0
	0
	0
	Incomparable



	(C7,C4)
	{3}
	{1,2}
	0.3290
	1
	0
	0
	0
	Incomparable



	(C7,C5)
	{3}
	{1,2}
	0.3290
	0.8811
	0
	0
	0
	Incomparable



	(C7,C6)
	{3}
	{1,2}
	0.3290
	1
	0
	0
	0
	Incomparable
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Table 13. Tabular representation of comparison of countries by using the mF linguistic TOPSIS method.






Table 13. Tabular representation of comparison of countries by using the mF linguistic TOPSIS method.





	Comparison of Countries
	De(Cj,4PIS)
	De(Cj,4NIS)
	Ej
	Ranking





	C1
	0.0951
	0.0779
	0.4503
	7



	C2
	0.0320
	0.1271
	0.7988
	1



	C3
	0.0788
	0.0971
	0.5521
	4



	C4
	0.0901
	0.0940
	0.5107
	5



	C5
	0.0980
	0.0940
	0.4895
	6



	C6
	0.0763
	0.1080
	0.5861
	2



	C7
	0.0809
	0.1014
	0.5563
	3
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