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Abstract: Here we would like to introduce the extended r-central incomplete and complete Bell
polynomials, as multivariate versions of the recently studied extended r-central factorial numbers
of the second kind and the extended r-central Bell polynomials, and also as multivariate versions of the 7-
Stirling numbers of the second kind and the extended r-Bell polynomials. In this paper, we study several
properties, some identities and various explicit formulas about these polynomials and their connections
as well.
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1. Introduction

We begin this section by briefly recalling several definitions related to the central factorial numbers of
the second kind and the central Bell polynomials and also to their generalizations of the extended r-central
factorial numbers of the second kind and the extended r-central Bell polynomials (see [1]). The central
factorial x"l is given by the generating function

t 2\ e
<2+\/1+4> :Zx[”]m. 1)

n=0
A proof of (1) can be found in [2], p. 215, Equations (27), (28) and (27a), (see also [1,3-5]).
It is well known that Formula (1) shows that

£ =1, x[”]:x(x—i—g—l)---(x—n—b—l), (n>1), 2)

2
where x| is of degree 7 in x.
The central factorial numbers of the second kind T (1, k) are the coefficients in the expansion of x" in

terms of central factorials as follows:
n

=Y T(nk)xl, (3)

k=0

(see [6-11]) and it is known that T(2n,2n — 2k) enumerates the number of ways to place k rooks on a
3D-triangle board of size (n — 1) (see [12,13]). The generating function of T (1, k) is given by
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1 /¢ _t\k ad "
H(EZ—E 2) :ET(n,k)m, 4)

which follows, for example, from (1) and (3).
Indeed, on the one hand by making use of (3) we have

et=Y" x”% = kZ: ( ) T(n,k)%)x[k]. (5)

n=0 =0 n=k

On the other hand, by virtue of (1) we also have

t t t t 2x
w_ (et (et —e7h)
| =" 14— - "/
e ( > + + n

(6)
_ i Lieh — o hykelt
= k'
k=0 """
Now, it can be easily seen that Equation (4) follows from (5) and (6).
Kim-Kim in [11] introduced the central Bell polynomials by means of generating function as
A :
€X<€ ¢ > = 2 Bnc)(x)t—. (7)

BY (x) = Y T(n,k)x*, (n>0).
k=0

For a nonnegative integer r, Kim-Dolgy-Kim-Kim in a recent work [1] introduced the extended
r-central factorial numbers of the second kind given by the generating function:

1 £ A _ - (r) t"
H(EZ*E 2) e —n;kT (n+r,k+r)a 8)
From (8), it is noted that (see [1])
n
(x+n)" =Y. TO(n+r,k+r)xH. ©)
k=0
The extended r-central Bell polynomials [1] are defined by
t t
I-¢2 o0 .
e"<e ‘ )e” — Yy Bl () (10)

By definition (10), it is also known that (see [1])

B (x) = Y T (n+ 1,k +7), (12 0). (an
k=0
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The purpose of this paper is to introduce and study the extended r-central incomplete and complete
Bell polynomials, as multivariate versions of the recently studied the extended r-central factorial numbers
of the second and the extended r-central Bell polynomials (see [1]), and also as multivariate versions of
the - Stirling numbers of the second kind and the extended r-Bell polynomials (see Section 2). Then we
investigate their properties, some identities and various explicit formulas related to these polynomials and
also their connections.

This paper is organized as follows. In Section 2, we introduce the incomplete and complete r-Bell
polynomials and give some of their simple properties. We observe that these polynomials are multivariate
versions of the r- Stirling numbers of the second kind and the extended r-Bell polynomials . In Section 3,
we introduce our object of study, namely the extended r-central incomplete and complete Bell polynomials,
and provide several properties, some identities and various explicit formulas for them. Finally, in Section 4,
brief summaries for the obtained results about newly defined polynomials are provided.

2. Preliminaries

The r-Stirling numbers Sg)(n,k) of the second kind are defined by the generating function

(see [14-19])

n

1 (e — 1)ke” =) Sg)(n—kr,k—i—r)t
n=k

k! n! (12)

and they enumerate the number of partitions of the set {1,2,- - - ,n} into k nonempty disjoint subsets in
such a way that 1,2, - - -, r are in distinct subsets.
The extended r-Bell polynomials are given by (see [15])
oo tn
erter(@=1) = ) BV (x) = (13)

|
=0 n:

One can show that Equations (12) and (13) imply

r e (k+1)"
B;(1 )(X) =e kz—o ( k!r) xf
N (14)

Fs(n+rk+r), (n>0).

n
k=0

In particular x =1, B,(f’r) = B,(f’r) (1) are called the extended r-Bell numbers.
The incomplete r-Bell polynomials are given by the generating function

K N
1 s t] had t] r tn
K (2%) (E)%'Hﬂ) = ¥ B p (v ) (15)
j= =

n>k

Thus, we have
B,(fl,,kﬂ(xl,xb- oYL Y2)
! ! (16)
(e () (30" (o () (2" (207

where the summation is over all integers ki, kp,--- > 0and rg,rq,72 - - - > 0, such that
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Y ki=k ) rp=r, and (ki+r1)+2(kp+r2)+3(ks+r3)+ - =n.
i=1 >0

Letaj,ap,---,and by, by, - - - be any sequences of nonnegative integers. Then, as was noted in [20],
Bi(;) rkar(@1,82, - by, by - - - ) enumerates the number of partitions of a set with (1 + r) elements into

(k + r) blocks satisfying:

e  The first r elements are in different blocks,
Any block of size i with no elements of the first r elements, can be colored with a; colors,
e Any block of size i with one element of the first r elements, can be colored with b; colors.

From (12) and (16), we note that

BY (L L--51L) = S+ kk+7), 17)
B,S?_r,k_;'_r(axl/axZ/ C Y1, Ay ) = ak+rB;(fl:)_krk+r<x1/ X2, Y1, Y20 )/ (18)

and
B,ﬂ,’kﬂ(wxpvczxzw Y ey, 0PYs, ) = vc”B,(flk,kH(xLXz,- oYLy ), (19)

where « is a real number.
By using (15), we get

0 n o\ k
ZBU) (x,1,0,0,...;1,0,(),...)i :l (xt+t )

n4rk+r n! k! E
n=k
1 & kN /)"
Q) ()
kt = \n/ \2
_ i (n+k)! (kY (1\" 4, t"*
= K n) \2 (n+k)!
Also, it can be seen that
S : P a0 . Pk
Z Bn+r,k+r(x’1’0f0f -+;1,0,0,--- )E = Z Bn+k+r,k+r(x’ L0,0,---;1,0,0,--- ) (Tl 4 k)l (21
n=k : n=0

Thus, by (20) and (21), we have the following equation given by

(40! ky (1)" yk—n ;
(1) G0 (3) A osn<k
B (xlllolol"';llolor"'): (22)
S {0, ifn > k.
By replacing n by n — k in (22), we get
(r) n'( k okn (1 nk
Butrkr(61,0,0,---31,0,0,-) =35 )x7 " 5 ) o (ksns26). 23)

Now, we define the complete r-Bell polynomials by virtue of generating function as
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n!’

. N\ T
(] tl ] t] [ee] tVl

o (Z"ii'> (Zlmlj') = LB xSy ) (24)
i=1 - j=0 ’ n=0

From (15) and (24), we have

;
s m © 1 0
ZBEIr)(xlleI"' /yl/yZI )n' - ZF ( Xi— ) <Zy]+1 )
n=0 : k=0"" \i=1
= Z Z Bn+r,k+r(x1’x2’ oY Y2,e )I’l'
k=0 n=k
o n n
= Z Z Big:)-r,k—&-r(xl’le oYL Y2, )E
n=0k=0 !
Comparing both sides of (25) gives us the identity
n
Br(lr) (xleZ, YL Y2, ) = Z BJ(L)rr,kJrr(xl’xZ/' YL Y2, ) (26)

k=0

Now, we observe that
(r) Z" (")
Bn (x,x,---;l,l,---)= Bn+y,k+r<x/x/"';1/1/"')

k ('r‘
ExB 1,1,---;1,1,--+)
k 77ty
n+r, +r (2)

n
= Z xksg)(n +rk+r)
k=0

=B (x), (n>0).

3. An Extended r-Central Complete and Incomplete Bell Polynomials

Recently, in [21], we initiated the study of central incomplete Bell polynomials T}, ;(x1, X2, - - - , X;—k+1)

and the central complete Bell polynomials BSIC) (x|x1,x2,- -+, xpn), respectively given by

1/ & £

1 t"
F( Z 271(xm—( 1) xm)m ) Z Tnk X1,X2," " ,xn—k+1);f
Coom=1 ’

and
[} tn

exp ( Z 21 Xi ( i ) Z B x|x1,x2, /xn)*

|
i=1 n:

7

and studied some properties and identities concerning these polynomials. It was observed, in particular,
that the number of partitioning a set with n elements into k blocks with odd sizes is given by the number
of monomials appearing in T}, x (x1,2x2, - - , 2" Fx, _;.1), and that the number of partitioning a set with n
elements into a certain k blocks with odd sizes is the coefficient of the corresponding monomial appearing
in T,k (x1,2x2, -+, 2" Kx,_piq).

Here we will consider 'r-extensions’ of the central incomplete and complete Bell polynomials. In light
of (15), we may define the extended r-central incomplete Bell polynomials by
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k .
1 (& [1\" PN & t t"
7 <2 <2> (xm — (=1) xm)m!> (%yﬁlﬂ) Z n+,k+r (x1,x0,- - ;]/Lyz,"')ﬁ (28)
]:

m=1

for any k € NU {0}. Then, for n,k > 0 with n > k, by (28), one can check that

(r) ) _ n! x1\k1 / x3 \ks / x5 \ks
ez ) =X (g (1) () () o)
r! 1 o Y2 r Y3 2
% (1’0!1’1!1’2!'” (a) (F) (5) !
where the summation is over all integers k1, k3, ks --- > 0and rg, 71,72 - - - > 0, such that
Zin,l =k, Z r; =71, and Z(Zi —1Dkpi1 + Z ir; = n. (30)

i>1 i>0 i>1 i>1

The extended r-central incomplete Bell polynomials have the following combinatorial interpretation.
This can be seen from (29). Let aj,a3,---, and by, by, - - - be any sequences of nonnegative integers.

(r)
Then Tn+r ktr

elements into k blocks of odd sizes and r blocks of any sizes satisfying:

(ay,2a2,2%a3,- - - ;b1,by, b3, - - - ) enumerates the number of partitions of a set with (1 +r)

o  The first r elements are in different blocks,
Any block of (odd) size i with no elements of the first  elements, can be colored with a; colors,
e  Any block of size i with one element of the first r elements, can be colored with b; colors.

From (15), (16) and (29), we note that
X3
T}S:}r,kﬁ»r(xl’ X, }]/1/ ]/2/ e ) BSH)% k+7(x1’ Or 272/ 0/ et ;yll yZI y3 e ) (31)
Therefore, we obtain the following theorem.

Theorem 1. For n,k > 0, with n > k, we have

X3
T,S:E,,k+r(x1,Xz, CeYLY2 ) = B,(L)r, jir (¥1,0, 520 YLy )-
From (28), we have

k N\ T
) ] t” 1 (& /1 " =t
ZTn:-rk-&-r oL E k(E (2 (1-(=D" )% '2'7

=0/
% (e% _ e—%)"ert (32)

n

Therefore, by (32), we obtain the following corollary.
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Corollary 1. Forn, k > 0, with n > k, we have
TV (L1511, ) = TO (it rk+7),  (re NU{0}).

Let 1, k be nonnegative integers. Then, from (28), we get

= mooq BB 5 k x2 r
2 2
ZTr(lQr,k-&-r(x/xZ/x:;/"';]vxrx/"')E =7 <xt+ + +> (1+Xt+2t +>

L i\ s
1 &k k1 (I4r—)xt (33)
— r—5)x
a1 (7)ot
-0
) x" k k k—1 k n tn
_E'E)(l)(_l) (z+ —2> =
Therefore, comparing both sides of (33) yields the following theorem.
Theorem 2. For n,k > 0, we have
(r) . '
ﬁ i (k) (_1)}(71 (Z +r— k>n = Tnti-r,k—i-r(x’xz’x?)" o ’1’x’x2" o )’ lle >k,
kt = \1 2 0, otherwise.
In [10], Kim-Dolgy-Kim-Kim proved the following equation (34) given by
k n (") k ifn >k
1Z(k)(_1)k_l <l+r—k> _ (n+rk+r), ifn>k (34)
k! = 1 2 0, otherwise,

where 1,k € Z with n,k > 0. Therefore, by (34), the following corollary is established.
Corollary 2. For n,k € NU {0}, with n > k, we have

T(r)

n+r,k+r(x,x2,x3,~ c5Lx xR, ) = x"T(’)(n +rk+r).

From (29) and Corollary 2 , one can also have the following identity.

Corollary 3. For n,k > 0, with n > k, we have

T(r) (x,xz,x3,- . ;1,x,x2,~~~) = x"TerH,(LL- ;L)

n-+rk+r
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and

Té?r,k-&-r(l/l/' 51,1, ZT(V)(n—i—r,k—i—r)
1 1

=B£2r,r(1,0,27,0,zjlol. -51,1,1,--4)

n! 1\ /1 \%/ 1\5
=L klkslks! - - - (v) (223') (245')
r! 1\ /1\" 1\
X . J— J— J— PR P
(rO!rl!r2!~~~ (0!> <1!> (2!) )

where the summation is over all integers kq,k3, ks --- > 0and ro,r1,1r2 - - - > 0, satisfying the conditions in (30).

For n, k > 0, we have

> " 1
Z n+rk+r x 1’0’0"”"1'0'0"")*:*(3“)]{' (35)

By comparing the coefficients on both sides of (35), we have

(r) . ok 0
Tn+r,k+r(x’1’0’0" --5;1,0,0,-- ) =X <7’l _k>- (36)

Also, by (29), one can obtain that

Tr(lQkaLr( Xy ;]//]//"') :x Yy Tr(l;:zrkﬂ(l’l""’.l’l"”)

(37)
=y T (n 47,k +7),
and
T,(Qr fr (QXT, QX0 oY1, Y2, ) = k“T,(Qr (X1, X2, YLy, ), (38)

where 1, k are nonnegative integers with n > k.
Now, we observe that

on (s (3) (o) &) (Eues)
xk’j'@ | _1)ixi)z>k<gw+lz>r (39)

[eS) "
Z HrkH (x1,22, -5y, )

[
Mg

Il
-
I
o

I Mg I [\18

tVl

n
Z n+rk+r xl’x2"“’y1’y2/ )Tl"

Taking (24) into account, we may define the extended r-central complete Bell polynomials by

) 1 i . ti ) t] r [ or tn
P (xz (2) (xi B (71)19(") i') (Zym]-,) = Y B (xlxr, 2,  y1 v, ) (40)
i=1 ) \j=o : :

k=0
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In particular, when x =1, Bﬁ,c’r) (Lxg, x2, -+ 5y, Y2, -+ ) = B,(f’r) (x1,X2,- -+ ;Y1,Y2,- - - ) are called the
extended r-central complete Bell numbers.
For n > 0, by (39) and (40), we get

B;(f'r) (x1, %2, ;y1,Y2, - Z Tnl)r k+r (x1, %2, Sy, Y2, ) (41)
and
Bﬁlc'r) (x|xl/x21 . ;y1’y2, . Z kanQrk+r x1,x2, e ;]/1/]/2/ e )

It is easily noted that B(()C’r)(xl,x2,. S YLy, ) =L
Hence, one can have the following theorem.

Theorem 3. For n > 0, we have

BY (x|x1, %2, y1,ya, - Z x ,WH, (x1,%2, Y1, Y2, )
and
n
B;([C’r)(x]/XZ/"' ;]/1/]/2/' Z T +rk+r xl/xZ/”' /]/]/]/2/)
k=0
Please note that
(er) .
B, = LT (L1
= Z T (n4r,k+7)
k=0
=B,
and

B (x[1,1,, 51,1, ) = Y AT (n 4 rk+7) = BE(x), (n>0).

By (39), we get

r

exp (li <;)l (xi - (—1)ixi> j) (}i%ﬂi)
S (e (9 (2" 62)" ) @
(e (Y () ()" ) ) o

where the inner sum runs over all integers ki, k3, k5 - - - > 0 and rg,rq,72 - - - > 0, such that

21’1- =7, and 2(21' — Dk + 2 ir; = n. (43)

i>0 i>1 i>1
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For n > 0, we have

B (x, %2, 51,92, Z T,Q,,W (x1, %2, 5y, Y2,- )
b Gl ErEr)

where the sum is over all integers kq, k3, k5 - - - > 0 and rp, 71,72 - - - > 0, satisfying the conditions in (43).

Thus, the following theorem is established.

Theorem 4. For n > 0, we have
B(C'r) . o n! X1 kq X3 k3 X5 ks
w3 YY) = ) Ky 'kalks! - - (F) (ﬁ) (2T5|)

(gt () () (8)° ).

where the sum is over all integers ki, k3, ks - -+ > 0 and ¢, 71,72 - - - > 0, satisfying the conditions in (43).

Now, we observe that

oo (£ Q) 0-c0) (E4) £ (B Q) -om2) ()

i=1 p¥

o kY () p i

- Zx ZTn+rk+r(1'1r ;L1 )E ( )
k=0 n=k :
o n "

_ k(r) t

- Z Z X Tn+7’,k+r(1/ 1, ;11 )E

n=0k=0

Alternatively, the left hand side of (45) can be simplified in the following way:

exp (x i (;)l (1 - (—1)’) :j) <]§ ;:)r = ex(e%_e_%>ert = ni:oB,(f'r)(x)Z:. (46)

i=1

Comparing the coefficients in (45) and (46) gives the following identity.

Theorem 5. For n > 0, we have

ZX n+rk+r L1, ”';LL"'):B?(lC’r)(x)'

From (29), it is noted that

ktrp(r) (r) .
Zox ' ”+Vk+r 1 L. ZTn+rk+r /x'x/"')

:Bﬁlc’)(x,x,... ;x/x,...)/

which yields the next corollary.
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Corollary 4. For n > 0, we have
B,(f’r)(x, X, X, X, ) = xrB,(f’r)(x).

4. Conclusions

In recent years, studies on various old and new special numbers and polynomials have received
attention from many mathematicians. They have been carried out by several means, including generating
functions, combinatorial methods, umbral calculus, p-adic analysis, differential equations, probability and
so on.

In this paper, by making use of generating functions we introduced and studied the extended r-central
incomplete and complete Bell polynomials, as multivariate versions of the recently studied the extended
r-central factorial numbers of the second and the extended r-central Bell polynomials (see [1]), and also as
multivariate versions of the r- Stirling numbers of the second kind and the extended r-Bell polynomials
(see Section 2). Then we studied several properties, some identities and various explicit formulas related
to these polynomials and also their connections.

In Section 1 we briefly recalled, in more detail, definitions and basic properties about the central
factorial numbers of the second kind, the central Bell polynomials, the extended r-central factorial numbers
of the second kind and the extended r-central Bell polynomials. In Section 2 we introduced the incomplete
and complete r-Bell polynomials as multivariate versions of the - Stirling numbers of the second kind and
the extended r-Bell polynomials and give some of their simple properties. In Section 3, we introduced
the extended r-central incomplete and complete Bell polynomials, and provided several properties,
some identities and various explicit formulas for them.

As our immediate next project, we would like to find some further results about the extended r-central
incomplete and complete Bell polynomials by virtue of umbral calculus and also some of their applications
associated with partition polynomials.
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