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Abstract: The purpose of this paper is to introduce a new algorithm to approximate a common
solution for a system of generalized mixed equilibrium problems, split variational inclusion problems
of a countable family of multivalued maximal monotone operators, and fixed-point problems of
a countable family of left Bregman, strongly asymptotically non-expansive mappings in uniformly
convex and uniformly smooth Banach spaces. A strong convergence theorem for the above
problems are established. As an application, we solve a generalized mixed equilibrium problem,
split Hammerstein integral equations, and a fixed-point problem, and provide a numerical example
to support better findings of our result.
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1. Introduction and Preliminaries

Let E be a real normed space with dual E*. Amap B : E — E* is called:

(i) monotone if, for each x,y € E, ( —v,x —y) > 0,V y € Bx, v € By, where (-,-) denotes
duality pairing,

(ii) e-inverse strongly monotone if there exists € > 0, such that (Bx — By, x — y) > €||Bx — By||?,

(iif) maximal monotone if B is monotone and the graph of B is not properly contained in the graph of
any other monotone operator. We note that B is maximal monotone if, and only if it is monotone,
and R(J +tB) = E* forall t > 0, | is the normalized duality map on E and R(J + ¢B) is the range
of (J + tB) (cf. [1]).
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Let H; and H; be Hilbert spaces. For the maximal monotone operators By : H; — 2H1 and
By : Hy — 22, Moudafi [2] introduced the following split monotone variational inclusion:

find x* € Hy such that 0 € f(x*) + By (x"),
y* = Ax* € Hysolves 0 € g(y*) + B2(y"),

where A : Hi — Hj is a bounded linear operator, f : Hy — Hj and g : Hy — Hj are given operators.
In 2000, Moudafi [3] proposed the viscosity approximation method, which is formulated by considering
the approximate well-posed problem and combining the non-expansive mapping S with a contraction
mapping f on a non-empty, closed, and convex subset C of H;. That is, given an arbitrary x; in C,
a sequence {x, } defined by

Xpi1 = &nf(xXn) + (1 — ay)Sxp,

converges strongly to a point of F(S), the set of fixed point of S, whenever {«,} C (0,1) such that
a, — 0asn — oo.

In [4,5], the viscosity approximation method for split variational inclusion and the fixed point
problem in a Hilbert space was presented as follows:

Up = ]fl (xn + 'YnA*(])?z — I)Axy);
Xpi1 = @nf(Xn) + (1 —an) T (uy), ¥n > 1, 1)

where Bj and B; are maximal monotone operators, ]fl and ]fz are resolvent mappings of By and By,
respectively, f is the Meir Keeler function, T a non-expansive mapping, and A* is the adjoint of A,
Y, &y € (0,1) and A > 0.

The algorithm introduced by Schopfer et al. [6] involves computations in terms of Bregman
distance in the setting of p-uniformly convex and uniformly smooth real Banach spaces. Their iterative
algorithm given below converges weakly under some suitable conditions:

X1 = ] (Jxn + yA*J(Pg — I)Axy), n >0, )

where I1c denotes the Bregman projection and P- denotes metric projection onto C. However,
strong convergence is more useful than the weak convergence in some applications. Recently,
strong convergence theorems for the split feasibility problem (SFP) have been established in the
setting of p-uniformly convex and uniformly smooth real Banach spaces [7-10].

Suppose that

F(x,y) = f(x,y) +8(x, )

where f,¢: C x C — R are bifunctions on a closed and convex subset C of a Banach space, which
satisfy the following special properties (A1) — (A4), (B1) — (B3) and (C):
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(A1) f(x,y) =0,Yx € C;

(Az) f is maximal monotone;

(A3) Vx,y,z € C and t € [0,1] we havelimsup,, . (f(tz+ (1 —t)x,y) < f(x,y));

(A4) Vx € C, the function y — f(x,y)is convex and weakly lower semi-continuous;

(By) g(x,x) =0V xeC; (3)
(B2) g is maximal monotone, and weakly upper semi-continuous in the first variable;

(B3) g is convex in the second variable;

(C) for fixed A > 0 and x € C, there exists a bounded set K C C

anda € Ksuch that f(a,z) +g(z,a) + 1(a—z,z—x) <0 Vx € C\K.

The well-known, generalized mixed equilibrium problem (GMEP) is to find an x € C, such that
F(x,y)+(Bx,y—x) >0 V ye€C,

where B is nonlinear mapping.

In 2016, Payvand and Jahedi [11] introduced a new iterative algorithm for finding a common
element of the set of solutions of a system of generalized mixed equilibrium problems, the set of
common fixed points of a finite family of pseudo contraction mappings, and the set of solutions of the
variational inequality for inverse strongly monotone mapping in a real Hilbert space. Their sequence
is defined as follows:

Qi(Uniy) + (Citty i + SpiXn, ¥ — ty i) + 0;(y) — 0; (1)

7 (Y =t = xn) 2 0y €K, Vi€, )
Yn = an0n + (1 — an(I — f)Px (T Onitini — AnA LiZ0 Onitin,i) s

Xp1 = Bnxn + (1 + Bn) (70 + 2}11 ’YjTj)PK(}/n — AnAyn)n > 1,

where g; are bifunctions, S; are e — inverse strongly monotone mappings, C; are monotone and Lipschtz
continuous mappings, ¢; are convex and lower semicontinuous functions, A is a ®— inverse strongly
monotone mapping, and f is an (—contraction mapping and &y, 6, B, Au, v0 € (0,1).

In this paper, inspired by the above cited works, we use a modified version of (1), (2) and (4)
to approximate a solution of the problem proposed here. Both the iterative methods and the
underlying space used here are improvements and extensions of those employed in [2,6,7,9-11]
and the references therein.

Let p,q € (1,0) be conjugate exponents, that is, % + % = 1. Foreach p > 1, let g(t) = t"~! be
a gauge function where ¢ : R* — R™ with ¢(0) = 0 and lim;_,c g(t) = c0. We define the generalized
duality map J, : E — 2E" by

Totey = Tp(x) = {x* € E* (,2%) = Jxlllx* ||, ¥ || = g(llxll) = [lxllP~3-
In the sequel, a \V b denotes max{a, b}.

Lemma 1 ([12]). In a smooth Banach space E the Bregman distance Ay, of x to y, with respect to the convex
continuous function f : E — R, such that f(x) = 1 Hx||P is defined by

1 1
Dpx,y) = §||x\|” — (JP(x),y) + EII]/H”,

forall x,y € Eand p > 1.
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A Banach space E is said to be uniformly convex if, for x,y € E, 0 < dg(€) < 1, where dg(€) =
inf{1 — [[3(x + )| [Ix] = lyll = 1, [[x —yll > € where 0 < e <2}.

Definition 1. A Banach space E is said to be uniformly smooth, if for x,y € E, lim,_,o(*£~ e(r )) = 0 where
pE(r) = hsup{lx+yl + [yl ~2: [z = L[yl <r:0 < r < coand 0 < pe(r) < co}.
It is shown in [12] that:

1. pg is continuous, convex, and nondecreasing with pg(0) = 0 and pg(r) <r
2. The function r — ‘OE( ) is nondecreasing and fulfils pgr(r) > 0forallr > 0.

Definition 2 ([13]). Let E be a smooth Banach space. Let /Ay, be the Bregman distance. A mapping T : E — E
is said to be a strongly non-expansive left Bregman with respect to the non-empty fixed point set of T, F(T),
if Ap(T(x),v) <Ap(x,v)VxeEandv e F(T).

Furthermore, if {x,} C C is bounded and lim (Ap(xy,v) — Ap(Txn,v)) = O, then it follows that

n—oo
lim A (xy, Txy) = 0.
n—o0
Definition 3. Let E be a smooth Banach space. Let A\, be the Bregman distance. A mapping T : E — E is

said to be a strongly asymptotically non-expansive left Bregman with {k,} C [1, co) if there exists non-negative
real sequences {ky } with imy, e ky = 1, such that A\ p(T"(x), T"(v)) < kn 2y (x,0), V(x,v) € E x F(T).

Lemma 2 ([14]). Let E be a real uniformly convex Banach space, K a non-empty closed subset of E, and T :
K — K an asymptotically non-expansive mapping. Then, I — T is demi-closed at zero, if {x,} C K converges
weakly to a point p € K and lim |ITxp — xn|| =0, then p = Tp.

n—oo

Lemma 3 ([12]). In a smooth Banach space E, let x,, € E. Consider the following assertions:

1. limyeo||xn — x| =0
2 iy | = ] ad i P (o), %) = (J7(2), )
3. llmn_mo Ap(xn, X) = 0-

The implication (1) = (2) = (3) are valid. If E is also uniformly convex, then the assertions
are equivalent.

Lemma 4. Let E be a smooth Banach space. Let A, and V), be the mappings defined by /\p(x,y) = %||x||p -
(Jhx,y) + 1Hy||7”forall (x,y) € Ex Eand Vy(x*,x) = 1||x*||‘7 (x* x>+%||x||pforall (x,x*) € Ex E*.
Then, Ay(x,y) = Vy(x*,y) forall x,y € E.

Lemma 5 ([12]). Let E be a reflexive, strictly convex, and smooth Banach space, and [P be a duality mapping
of E. Then, for every closed and convex subset C C E and x € E, there exists a unique element Hg(x) eC,
such that Ap(x, Hg(x)) = minyec Ap(x,y); here, I’ c(x) denotes the Bregman projection of x onto C,
with respect to the function f(x) = 117 ||x||F’ Moreover, xo € C is the Bregman projection of x onto C if

(JP(x0 —x),y —x0) > 0

or equivalently
DNp(x0,y) < Ap(x,y) — Dp(x,x9) foreveryy € C.

Lemma 6 ( [15]). In the case of a uniformly convex space, E, with the duality map |1 of E*, Vx*,y* € E*
we have

" =y |7 < (19 = q(J7(x"), y") + 0y (2%, y7),  where
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(v KA S 0 Hly’|
(x'y") =46 | t ve (=) ©

and Gy = 8V 64cK, " with ¢, Ky > 0.

Lemma 7 ([12]). Let E be a reflexive, strictly convex, and smooth Banach space. If we write Aj(x,y) =
%Hx* 17— (JLex*, y*) + %Hy*”qfor all (x*,y*) € E* x E* for the Bregman distance on the dual space E* with
respect to the function f (x*) = %Hx*”‘f, then we have Ay (x,y) = Op(x*, y*).

Lemma 8 ([16]). Let {ay, } be a sequence of non-negative real numbers, such that a, 11 < (1 — Bn)an + on,
n > 0, where {Bn} is a sequence in (0,1) and {5, } is a sequence in R, such that

1. nll—tgo‘gn =0, 220:1 ,Bn = 00,

2. limsupg—” <0or Y7 q|0n| < oo.
n—oo "

Then, lim a;,, = 0.
n—o0
Lemma 9. Let E be reflexive, smooth, and strictly convex Banach space. Then, forall x,y,z € E and x*,z* € E*

the following facts hold:

1 Ap(xy) >0and Ap(x,y) =0iffx = y;
2. Dp(xy) = Dp(x,2) + Dp(z,y) + (x* — 2%,z —y).

Lemma 10 ([17]). Let E be a real uniformly convex Banach space. For arbitrary r > 1, let B,(0) = {x € E :
|x|| < r}. Then, there exists a continuous strictly increasing convex function

g :[0,00) — [0,00),¢(0) =0
such that for every x,y € By(0), fx € Jp(x), fy € Jp(y) and A € [0, 1], the following inequalities hold:

[Ax+ (1 =My[P < Alxf|? + (1= A)[y[[F = (A1 =2A) + (1 = A)PA)g(llx = yl)

and

(e =y fx = fy) = g(llx =yl

Lemma 11 ([18]). Suppose that Y_;> 1 sup{||Ty+1z — Tuz|| : z € C} < oo. Then, for each y € C, {T,y}
converges strongly to some point of C. Moreover, let T be a mapping of C onto itself, defined by Ty = Zim Twy
n—oo

forally € C. Then, lim sup{||Tz — Tnz|| : z € C} = 0. Consequently, by Lemma 3, lim sup{Ap(Tz, Tyz) :
n—oo n—oo
zeC}=0.

Lemma 12 ([19]). Let E be a reflexive, strictly convex, and smooth Banach space, and C be a non-empty,
closed convex subset of E. If f,g : C x C — R be two bifunctions which satisfy the conditions (A1) —
(A4), (By) — (B3)and(C), in (3), then for every x € E and r > 0, there exists a unique point z € C such that

fy) +8(zy) + 3y —zjz—jx) 2 0Vy € C.
For f(x) = %Hx ||”, Reich and Sabach [20] obtained the following technical result:

Lemma 13. Let E be a reflexive, strictly convex, and smooth Banach space, and C be a non-empty, closed,
and convex subset of E. Let f,¢ : C x C — R be two bifunctions which satisfy the conditions (A1) —
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(Ay), (B1) — (B3)and(C), in (3). Then, for every x € E and r > 0, we define a mapping S, : E — C
as follows;

1
Sr(x) ={z € C: f(zy) +8(zy) + vy — 2 Jpz = Jix) > Ovy € C}. ©)
Then, the following conditions hold:

1. S, is single-valued;
2. Sy is a Bregman firmly non-expansive-type mapping, that is,

Vx,y € E(Srx — Sy, JES:x — JESy) < (Spx — Sy, Jhx — Jhy)

or equivalently

Ap(Srx, Sry) + Dp(Sry, Srx) + A p(Sex, x) + Ap(Siy, y) < Dp(Srx,y) + Ap(Siy, x);
3. F(S;) = MEP(f,g), here MEP stands for mixed equilibrium problem;
4.  MEP(f,g) is closed and convex;
5. forallx € Eand forallv € F(S;), ANp(v,Srx) + Ap(Sx, x) < Ap(v, x).

2. Main Results

Let E; and E; be uniformly convex and uniformly smooth Banach spaces and Ej and E; be
their duals, respectively. Fori € I, let U; : E; — 2E1 and T; : Ep — 2E> i € I be multi-valued
maximal monotone operators. Fori € I, § > 0, p,q € (1,00) and K C E; closed and convex,
let @; : K x K — R, i € I, be bifunctions satisfying (A1) — (A4) in (3), let Btlsl" : E; — E7 be resolvent
operators defined by B(lsli =(J 1’571 +ou,)"Yy gl and B(sTi : E — E; be resolvent operators defined by
B(STI' =(J EZ + (STi)’l]ZZ. Let A : E; = E; be abounded and linear operator, A* denotes the adjoint of A
and AK be closed and convex. For each i € I, let S; : E; — Ej be a uniformly continuous Bregman
asymptotically non-expansive operator with the sequences {k,;} C [1,c0) satisfying nlgx;lo kni = 1.
Denote by Y : E] — Ej a firmly non-expansive mapping. Suppose that, fori € I, 0; : K — R are convex
and lower semicontinuous functions, G; : K — E; are e— inverse strongly monotone mappings and
C; : K — Ej, are monotone and Lipschitz continuous mappings. Let f : E; — E; be a {—contraction
mapping, where { € (0,1). Suppose that HZK : E =+ AK s a generalized Bregman projection onto
AK. Let O = {x* € N, SOLVIP(U;); Ax* € N,SOLVIP(T;)} be the set of solution of the split
variational inclusion problem, w = {x* € N$>; GMEP(G;, C;,0;,g;) } be the solution set of a system of
generalized mixed equilibrium problems, and & = {x* € N, F(S;)} be the common fixed-point set
of S; for each i € I. Let the sequence {x, } be defined as follows:

cbi(un,iry) + <]Ep1 Gn,ixnry - ”n,i> + %<y - un,irlglun,i - ]zlxn> > Ovy € K/
Viel, 7)
Xp+1 = ]Z‘i« (Z?io D‘n,iB‘l){l (]len - Z?io .Bn,i)‘nA*]EZU - HZKB}};)A”n,O) ’

where ®;(x,y) = gi(x,y) + (J,, Cix,y — x) + 0i(y) — 6:(x).
We shall strictly employ the above terminology in the sequel.

Lemma 14. Suppose that 7, is the function (5) in Lemma 6 for the characteristic inequality of the uniformly
smooth dual Ej. For the sequence {x,} C Ej defined by (7),1et 0 # x, € E;,0 # A, 0 # ]Zl Gp,ixn € Ef and

0# Y20 Bui ]fgz(l — HZKB}Z)Aun,Z- € Ej, i€l Let,for Ay; > 0andr,; > 0,i € I be defined by
1 1

A = T —— _ , and ®)
AT 22 BulE, (I — T BT Auy |

, respectively. )

Tn,i

”]Zlcn,ixn“
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_ 1
(B

Then for p,; =

(2, %n, TiT b, Gn,ixn)

) - - . (10)
Oq (]El xani:O ,Bn,i)\nA* Zi:o ﬁn,i]EpZ(I - HZ;KB?;:Z)A”n,i) ’

21Gq 1]}, %ullP 0E; (pni) > {

0= =

where Gg is the constant defined in Lemma 6 and pp is the modulus of smoothness of E7.

Proof. By Lemma 12, (6) in Lemma 13 and (7), for each i € I, we have that u,,; = ]g* (Yy,.(J gl Xy —
B ,
Tnil Zl Gpixn)). By Lemma 6, we get

q
X

1 (H]Eplxn - trn,ifglcn,ixn” \ ||]Eplxn“)
iXn) = Gq/o

1_
aa_q (]Zl Xn, 771,1']];571 Gn +
t||rn,i]£1Gn,ixn” ) ;

PE*
((III;’;’lxm = 1,1 JF, Guixull V1R )

(11)

forevery t € [0,1].

However, by (9) and Definition 1(2), we have

t”’”n,i]l‘g] Gn,ixﬂ” < t||7n,i]£1 Gn,ixﬂ”
>VE — 7 o1
) i

PE: -
! <(||]£1xn - t”n,ifglGn,ian \ ||]£1xn|| Hanp !

= pk; (Hini)- (12)
Substituting (12) into (11), and using the nondecreasing of function p Ei, We have

1_
ach(fﬁlxn,rn,ifél G,ixn) < 21Gy || xn [P pE: (pn,i)- (13)

In addition, by Lemma 6, we have

1_ & T,
agq <]£1 Xn, E O,Bn,i/\nA*IEp2 (I - HZ}KB(STII)Aun,i>
1=

q
VITE xall)
X

G /1 (H]é)lxn — Z?io ,Bn,i)\nA*]Epz(I - HZKBEZ)A”n,i
=
0 t

HI 20 B idn A JE, (1 — 115 BY) Auy, | ) "

PE* 3
( <H]Eplxn - Z?io ,Bn,i/\nA*]Epz(I - HZKBQ)A”n,i \ ||]£1xn||>

forevery t € [0,1].

However, by (8) and Definition 1(2), we have

|| £ Buidn A TE, (1= T B ) Ay
PE; - T
P\ (7 = R0 Buidn AT (1 = T B Ay

VT8, %l ) )
520 Buidni A" I, (1 = Ty B Ay
< PE; o1 = pk; (Hni)- (15)
n
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Substituting (15) into (14), and using the nondecreasing of function p E;, We get

1_ ad . :
g‘Tq (]Elxn/ Z ,Bn,i)\nA ]Epz(l - HZKBE:’,)AMn,i>
i=0
< 291Gy ||xnllPpE; (pini)- (16)
By (13) and (16), the result follows. [

Lemma 15. For the sequence {x,} C Eq, defined by (7),i € I,1et0 # Y22 ,[3”,1-]52(1 — HZKB(Q)Aun,i € E5,
0+# ]gl Gnixn € Ef,and Ay > O0andr,; >0, i € I, be defined by

1 1
= 17)
; . r (
1A] 1220 ‘Bn,z‘ﬁg’z(l - HZ}KB(SH)A”n,iH
and
1
Fai = ——, (18)
" IR G
where 1,7y € (0,1) and p,,; = W are chosen such that
o () C 1520 Bu,ilb, (I = TU BYT) Autyy [P (19)
E; (Pni) = po x, —,
S 2AGIAIL T Pl 2 B, (1~ TT) BjY) Ay [P
and
’Y<]£1 Gn,ixn/ Xn — U>
pE; (Hni) = o s : (20)
21Gg]|xn]| HIElGn,ian
Then, for all v € T', we get
Ap(xn-s-lzv) < Ap(xn,v)
- <Z§io Builf, (1— HZKB;,’;)AM",I'/Zfio Bn,i(I— HZKB(sT;)AMn,i> e
— — I X
AN BriTE, (T = TU g B5)) At |
and
]p Gy iXp, Xy — 0
Ap(tn,v) < Ap(xp,v) = [1—7] x U, Gnin, n >, respectively. (22)

H];Gn,ian

Proof. By Lemmas 13, 4 and 6, for each i € I, we get that u,; = ]gf Yy, ( ]gl Xy — Ty, ]gl Gnixn)),
and hence it follows that

Ap(un,ir U) < Vp(]glxn - rn,ijgl Gp,ixn, U)
= —(JE, %, 0) + 1, GniXn, 0)

1 1
+ﬂﬁm—wﬁ@mm+?w? (23)
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By Lemmas 6 and 14, we have

1
6 H]len - 7’n,i]£1 G,ixn Hq
1
< a\llﬁlmllq — 7, {JE, Gu,i¥n, Xn) + 29Gg | TE %nl|” 0E: (ni)- (24)
Substituting (24) into (23), we have, by Lemma 4

Ap(up,i,0) < Aplxn,v) + ZquHIEIXn”pPE;‘(Vn,i)
— 7,i{J}, Gn,iXn, Xn — 0) (25)

Substituting (18) and (20) into (25), we have

]pG,»x,x -0 ]pG,»x,x -0
Ap(ttyi,0) < Ap(x,0) + e, pnl n¥n ) - Ve, 1;,1 n¥n )
ITg, Gu,ixnll 1T, Gn,ixnl|

(JE G, xn — 0)

/%, Gnixul|

= Np(xn,v) = [1— 7] x

Thus, (22) holds.

Now, for eachi € I,letv = B%I"v and Av = B?AU. By Lemma 4, we have

q
1 ad 1
Bp (o) < o |JE tni = 1 Buitn A", (1= 1By ) Ay || + Slol”
i=0
— (J, tn,is 0) + <Z Bu,iAnA*JE (1 =TT BJ') Auy, v> , (26)
i=0

where,
- * Ti
<Z Buidn AT} (1= TTH B Ay j, v>
i=0

= <Z Buitn] g, (T3 Byl — 1) Aty i, (Av = Y By iAty i) = Y Bi(T1 Byt — I)Aun,i>
i=0 i=0 i=0

> T o T,

- <Z ﬁn,i/\nJEZ(I - HZKB(s;)Aun,i/ Z ,Bn,i(I - HZKBgé)A”n,i>
i=0 i=0

+ <Z ﬁn,i/\njg2 (I - HZKB}Z)Aun,i/ Aun,i> .
i=0

As AKis closed and convex, by Lemma 5 and the variational inequality for the Bregman projection
of zero onto AK — Y2y B, jAuy, ;, we arrive at

<Z Buidn ] (T By — 1) Aty i, (Av = Y B Ay i) — Y B i(TT BY — 1)Aun,z-> >0
i=0 i=0 i=0
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and therefore,

(o)
<2 nitn AT TE (1 HQKB;’;)Aun,i,v>

i=0

(&

By Lemma 6, 14 and (27), we get

(e} (o]
<Z nz)\n]E HZKBZE)A”n,irZ,Bn,i(I - HZKB(Q)A”n,i>
=0 i=0

n]E I - HpB )A“n,i/ A”n,i> : (27)

Ap(yn,v) < Dp(ugi,v) +2PGy H]Zlun,inPE{ (Tu,i)
- <Z Buidn oy (1 — T By) Ay, Y B i1 — HZKBE;‘)Aun,i> : (28)
i=0 i=0

Substituting (17) and (19) into (28), we have

AN (yn,v) <A (unl-,v) — [1 — 1
| (E0 Bualby (1~ T B Aty 320 B (1= T, cB) At )
LAl zl:oﬁn,ifb-z( — T By ) Aty | '

Thus, (21) holds as desired. O

We now prove our main result.

Theorem 1. Let g; : Kx K — R, i € I, be bifunctions satisfying (A1) — (A4) in (3). For 6 > 0 and
p,q € (1,00), let (I — HZKB(ST"), i € I, be demi-closed at zero. Let x4 € Eq be chosen arbitrarily and the
sequence {xy, } be defined as follows;

gi(un,ir y) + <]£l Ciun,i + ]gl Gn,ixn,}/ - un/i> + 9,‘(]/) - Qi(un/i)
+L<y_unir]glunz ]1’;7 xy) >0Vy ek, Viel,

o
n,i - . ‘ (29)
Yn = IZT (Zz ofxnz <]Elunz - Zi:o ﬁn,i/\nA ]ZZ(I - HZ\KB(sT,:)A”n,i>) ,
X4l = IZ; (’771,0]51 (f( xn)) + X2y Wn,i]gpl (Sn,i(yn))) nz1,
<]E anxﬂ Xn— U>
h = Uy = d 0,1) such that pg: ,
wnere ri’l,l ”]ElGn,ian ﬂn,z Hx HP T 1p—1 an ’)/ € ( )SMC a pE (,unl) zquHanpH]E nleIH
1 1
1 £ 0
TAT | £ B, (-0 B ) Ay ™ a
An = 1 H): Oﬁn1]52(l 1—[1’/’”( Zn)AuluHP U =0 (30)
s, — Y
AT g BT, (11U By ) Ay P
€(0,1)andt,; = T H” ———— are chosen such that
T;
! 15820 B il g, (I = T1G Bs) Ay, |7 1)

pE*(Tn,i): X =
! 221G AN ™ Ya i 1P| 220 BT, (I — T Byt ) Ay gl |PY



Symmetry 2019, 11, 722 11 of 21

with, lim 1,0 = 0, 77no < X1 i for M= 0, 1,0 < Y2 a1 < Xplg ity ne-1,iM < oo,
Yoo Mni = Lieo®ni = LiooPni = land k, = max{knl} IfT =QNwNS # @, then {x,} converges

strongly to x* € T, where Y2, ,BnleAKBén( *) =120 BniB 571( *), foreachi € I.

Proof. For x,y € Kand i € I, let ®;(x,y) = gi(x,y) + <]£] Cix,y — x) + 6;(y) — 6;(x). Since g; are
bi-functions satisfying (A1) — (A4) in (3) and C; are monotone and Lipschitz continuous mappings,
and 6; are convex and lower semicontinuous functions, therefore ®;(i € I) satisfy the conditions
(A1) — (A4) in (3), and hence the algorithm (29) can be written as follows:

®; (1t y) + (Jf, Guin, Y = ) + 7= (Y — i, JE thni = Jf, xn) =0

Yy eK, Viel,

v = Tl (T2 By (TE, i = 520 Buihn A JE, (1 = Iy Bl ) Auy ) ),
St = B (ol (F00)) 5 il (S0 ) 1> 1.

(32)

We will divide the proof into four steps.
Step One: We show that {x, } is a bounded sequence.
Assume that || 372 ,Bn,i]Epz (I- HZKBéT:;)

Gpixn|| = 0. Then, by (32), we have

1 .
D (uyy) + — <y —Up i, ]Eplu,,,i - ]Eplxn> >0VyeKk, Viel (33)

n,i

By (33) and Lemma 13, for each i € I, we have that u,,; = ]Z-* (Y, (]El Xn)). By Lemma 4 and for
i S
veTlandv = an’iv, we have

Ap(un,i,0) = Vp(an,l-(Ilen),v) < Vp(IZIXn,v) = Ap(xn,0). (34)

In addition, for eachi € I, letv = Bg iv. By Lemma 4 and for v € T, we have
A (Yn,v) = (Z ;B nifglunu > <A (unzr ) (35)

Now assume that || }72, ﬁn,ijgz(l - HZKBEZ)A”M” # 0 and H]El Gpixn| # 0. Then by (32), we
have that

1 .
D (i, y) + — <y — iy T i — (T, Xn = Tu il Gn,ixn)> >0Vy ek Viel (36)

Hl

By (36) and Lemma 13, for each i € I, we have u,,; = ]ZT (Y, (]fg1 Xp — T’n,i]gl Gnixn)). Forv eT,
by (22) in Lemma 15, we get

Ap(unw ) < A (xn/ ) (37)
In addition, for eachi € I, v € I, (21) in Lemma 15 gives

Ap(ynz >< A (an, ) (38)
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Letu,; = 0. By Lemma 1, we have
1 p
Ap(tty,0) = ?HUH (39)

and by (27), (39), Lemmas 4 and 15, we have

4
A]g(}/nr

Z:an/\nA ]E ( HZ}KB;Z)A”n,i

<1
- q
+Ap(”nzzv )+ An <Z,an]E HZKB}Z)Aun,i, Aun,i>
- )\n <Z :Bn,ijgz (I - HZKBEZ)Aun,i/ Z :Bn,i HZK )Aun z> . (40)
i=0 i=0

However, by (30) and (40), we have

Ap(ynrv)
0 T; 0 T; b
_11 <Zi:0 Buil g, (I =TTy Bs') Attyy i, Y52 Bi (1 — HZKB(sn)A”n,i>
=4 p 0o i P
714l Hzizo ,an‘]gz(l_HZKBi)Aun,i
T.
+A (”n % + /\n Z .Bn ZIE B,s,lz)A”n,i/ A”n,i>

_An<x ﬁn,i]]?z H]ZH( Aunz/Zﬁnz HZK )Aunz>

< Ap(uyi,0)
1 (X i:oﬁn,iIEQ(I—HZKB,Q)Aum, ?ooﬁni( —11h B(sT,i)Aun,z?p (1)
AP 15520 Ba,iJE, (1 — T By’ )Aumll’”
This implies that
Ap(ynz U) S A]ﬂ(ul’l,il U). (42)
By (42) and (37), we get
Ap(yn/ U) S Ap(xn/ U)' (43)

In addition, it follows from the assumption 77,0 < Y72 ; 77,4, (43), Definition 3, Lemmas 9 and 4
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Aﬂ(xn-Fl/’U)

— 5, (fzf (nn,of{; (FG) + YT, (5 <yn>>> )
i=1

=W <77n,0]§1 (f(xn)) + Zi’?n,i]gl(sn,i(]/n))/v)

SAATEN RS R AUACHINE
< o8 Dp (xn,0) + 10,0 (Lp(f(v),0)

{20 — T8 f(0), f(0) — o)) + inn,ikn,i By (o)

< o (Lp(f(0),0) + (JF, %0 = I, f(0), () = 0))

+ (77;1,05 + Z Un,ikn,i> AP (x"/v)

i=1

< o (Lp(F(0),0) + Tf 00— JF, f(0), £ (0) = 0))
+ <i 77n,i(€+kn,i)> Ap (xn,v)

i=1

{ (8p(F(@),0) + (31 = JE, f(0), f(0) = )
< max

ey , Dp(x1,0) } . (44)

By (44), we conclude that {x, } is bounded, and hence, from (42), (34), (35), (44), (38), and (37),

{yn} and {u, ;} are also bounded.
Step Two: We show that lll?’l Ap (xp41,%2) = 0. By Lemmas 1, 4, 10, and 7, we have, by the
m (o)

convexity of A in the first argument and for 17,10 < Y721 #7,—1,i,
Ap(xXni1,xn) = Ap(ﬂg; (7771,0151 (f(xn)) + ) Wn,i]Epl (Sn,i(]/n))> ,
i=1

f%f (’7111,0]51 (f(xn-1)) + i anl,ifgl (Snl,i(ynl))> )

i=1

<o D UE, (f(xn)), n—1,0]E, (f (1)) + iﬂnu]ﬁ (Su-1,i(¥n-1)))

+ 3 wi 20 g, (Sui(yn))s ta10JE, (f (8n1)) + Y u-1,4JE, (Sn-1,i(¥u-1)))
i=1 i=1

< o (2508, (G, JE, (Fxa-1))))

(o) (o) 1
+ ) e (2 iy 15n-110n DI + o £ )| f,é’l(snl,i(ynl))H)
i=1 i=1

10 <77n,0’19 1f )P + inm [ <f<xn1>>H>

+ )i & ((IZ] Sn,i(yn), I, Sn—l,i(ynfl))
iz

< (1 =1n0(1=0)) Dp (Xn, Xn-1) + Y 1 sup {8p(Sni(yn), Su—1,i(yn-1))}
i=1 nn—1=>

+ Y n-1,iM, (45)
i=1
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where

M = max {max{|| f(x)) ||, [|Sn-1,i(yn-0) |}, max{[| f (xa—1)ll, Sn,i(yn)[}} -

In view of the assumption } " ; Y °; 7,1 ;M < o0 and (45), Lemmas 11 and 8 imply

Lim Ap (xXp41,%0) =0,

Step Three: We show that lim Ny (Spiyn,yn) = 0.
n—oo
For eachi € I, we have

AP(Si(yn),v) < Ap(ynrv)'

Then,

0< Ap(]/nfv) - Ap(si(yn)rv)
= Dp(yn,v) — Dp(xn11,0) + Dp(Xut1,0) — Lp(Si(yn), 0)
< Ap(xn,v) - Ap(xnﬂ,v) =+ Ap(xnﬂr?’) - Ap(si(]/n)rv)

=A (xnr v) — Aio(xn+1/v) + Ap (IZT (7711,0])}571 (f(xn)) + iﬂn,il}?l (Si(yn))> ,Z))

= Lp(Si(yn), )
<A (xn, v) — Ap(an,U) + 10 Dp (f (xn),0) = 1m0 Ly (Si(yn),v)
—> 0asn — oo.

By (47) and Definition 2, we get

nll_>ngo A (Siynzyn) =0.
By uniform continuity of S, we have

lim A (Snriyn,yn) =0.

n—o00

Step Four: We show that x, — x* € I'.
Note that,

Ay (na ) = DT (nn,oﬁ;’l (f (xa)) + il . <sn,i<yn>>> )

< o Dop (F(¥a), ) + inm Ay (Sniyn). )
<0G Dp (s yn) + Dp(f ) yn) + (F(xn) = Fyn) T f(yn) = TE yn))
+277n1 nlyn) yn)

> (1 - ’7n,0(1 —10)) Ap (xnrl/n)
+ 1m0 (Lp(f(y >,yn>+<f<xn>—f(yn>,1£1f(yn)—151yn>>

+Z77n1 Sn,i ]/n) Yn)-

(46)

(47)

(48)

(49)

(50)
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By (49), (50), and Lemma 8, we have

lim Ay (xn, yn) = 0. (51)
Therefore, by (51) and the boundedness of {y, }, and since by (46), {x, } is Cauchy, we can assume
without loss of generality that y, — x* for some x* € E;. It follows from Lemmas 2, 3, and (48) that
x* = S;x*, for each i € I. This means that x* € &
In addition, by (31) and the fact that u,,; — x* as n — oo, we arrive at

(]glun,i - ]Elyn) - Zfio .Bn,i/\nA*]gz(I - HZ B Au}’ll ad

o € L anitl( (52)
By (21), we have
I iﬁn,l-(l — HZKBE)Aun,iH < {Ap(uﬁ’;'ﬁzl_[l&pl(]ymv)] —0asn — oo, (53)
and by (41), we have

Ap(”n i) — Ap(ymv)} ’
. — 0asn — oo. (54)
(pllAl)

From (53), (54), and (52), by passing n to infinity in (52), we have that 0 € Y72, a,,;U;(x*).
This implies that x* € SOLVIP(U;). In addition, by (48), we have Ay, — Ax*. Thus,
by (53), (54) and an application of the demi-closeness of Y° , B, i (I HZKBT ) at zero, we have that
0 € Y2 BniTi(Ax*). Therefore, Ax € SOLVIP(T;) as Y ;2 IBn,iHZK 5 (AX*) = Y2 BB ( ).
This means that x* € Q).

Now, we show that x* € (N{>,GMEP(6;,C;, G;, g;). By (32), we have

co T,
I3 Bi(1 — U, BE ) Auy | < [
i=0

1
q)i(un,ir ]/) + UE Gn,ixn/]/ - un,i> + r*<]/ — Upi, ]Elun,i - ]glxn> >0

i
YyeK, Viel,
Since ®;, for each i € I, are monotone, that is, forall y € K,
D;(upiy) + iy, i) <0
= r:{j@ — iy Jp i — T, Xn)

> cpi(y/ un,i) + <]£1 Gn,ixn/]/ - un,i>/

therefore,

1
7<]/ — Uy, ]Epl Upi— ]glxn> > CI)l-(y, un,z) <]E1 niXn, Y un,i>-

Tn,i

By the lower semicontinuity of ®;, for each i € I, the weak upper semicontinuity of G, and the
facts that, for eachi € I, u,; — x* asn — oo and J* is norm — to — weak™ uniformly continuous on
a bounded subset of E1, we have

0> ®;(y,x*)+ <]'£l Gpix™,y —x*). (55)
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Now, we set y; = ty + (1 — t)x* € K. From (55), we get

0> D;(ys, x*) + <]£1 Gpix™, yr — x*). (56)

From (56), and by the convexity of ®;, for each i € I, in the second variable, we arrive at

= D;(yt, yt) < tDi(yr, y) + (1 —1)D;(yt, x*)
< t0;i(yr,y) + (1= 1)(Jp, Guix*, yr — x*)
< 10y, y) + (1= Ot(JE, Grix™ y — x*),

which implies that
®;(yr,y) + (1= ) (Jg, Guix™,y — x*) > 0. (57)
From (57), by the lower semicontinuity of ®;, for each i € I, we have for y; — x*ast — 0
®;(x*,y) + (JE, Guix*,y — x*) > 0. (58)

Therefore, by (58) we can conclude that x* € (N>, GMEP(6;,C;, G;, §;). This means that x* € w.
Hence, x* € T.
Finally, we show that x, — x*, as n — oo. By Definition 3, we have

Ap (xn41,X7)

= AP(IZ"T <77ﬂ,0]£1 (f(x")) + i Un,i]gl(Gn,i(]/n))> /x*)

< 10 Oy (Jg, (f (un)), JE, %) + an 5 UE, (Gui(yn)), JE, x*)

< tnoG Dp (xn,x7) + nn,o(Ap(f(x*),x*)

UL = L F(), f(x) = ) +i1 ke 2 (4, )

<o (Lp(f (), x) + (20— T f(x), f(x) = 27))

+ <1 — iqm (1- kn)> DNy (x4, X7). (59)
By (59) and Lemma 8, we have that

lim Ay (x,x*) = 0.

n—oo
The proof is completed. [

In Theorem 1, i = 0 leads to the following new result.

Corollary 1. Let g : K x K — R be bifunctions satisfying (A1) — (A4) in (3). Let (I —I1", BT ) be demiclosed
at zero. Suppose that x1 € Eq is chosen arbitrarily and the sequence {x, } is defined as follows:

8(un,y) + (JE Ctn + J§. G,y — ) +6(y) — 0(utn)
gy — tn, JE, n — JE xn) = 0V €K,

8 (8 U AT ),
Xt = Iy (mlE, (FGon) + (1= ) JE, (Su(yn)) ) n > 1,

(60)
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7<]£1 Guxp,xn *'U>

= and
27Gg||xn H”IUE] Guxn|”

where r,, =

1 _ 1
T Goeal” 1 = Tyt @1 7 € (01) such that pi; (i)

1 1
T u 0
TAT H]g’z(pHQKBgn)AunH ;U F

/\'71 - 1 IUQZ(I*HZKBE;I )Auan(P*l) 0 (61)
AP ™, (I=T0 BT ) Auy [P U =1
and 1 € (0,1) and 7, = W are chosen such that
! 17, (1 — 11 BT ) Auy||P

e (Tw) = X ’ (62)
08 () =BG AT ™ TunllP 2, (1 — 1V BT ) A7

and lim =0, for M >0, 20 1y—1M < o0, and n, < 5. IfT = QNwNS # @, then {x,} converges
n—o00
strongly to x* € T, where T B (x*) = B] (x*).

3. Application to Generalized Mixed Equilibrium Problem, Split Hammerstein Integral
Equations and Fixed Point Problem

Definition 4. Let C C R" be bounded. Letk : C x C — Rand f : C x R — R be measurable real-valued
functions. An integral equation of Hammerstien-type has the form

u(x) + [ k(xy)f(y, uln)dy = w(x),

where the unknown function u and non-homogeneous function w lies in a Banach space E of measurable
real-valued functions. By transforming the above equation, we have that

u—+ KFu = w,
and therefore, without loss of generality, we have
u+ KFu = 0. (63)

The split Hammerstein integral equations problem is formulated as finding x* € E; and y* € EJ
such that
x* + KFx* = 0 with Fx* = y* and Ky* +x* =0

and Ax* € E; and Ay* € Ej such that

Ax* + K'F'Ax* = 0 with F'Ax* = Ay* and K'Ay* + Ax* =0
where F : E; — Ej, K: E] — Ej and F :Ey — E;, K : E; — E; are maximal monotone mappings.
Lemma 16 ([21]). Let E be a Banach space. Let F : E — E*, K : E* — E be bounded and maximal monotone

operators. Let D : E x E* — E* X E be defined by D(x,y) = (Fx —y,Ky + x) forall (x,y) € E x E*.
Then, the mapping D is maximal monotone.
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By Lemma 16, if K, K’, and F, F/ are multi-valued maximal monotone operators then, we have
two resolvent mappings,

BY = (J§, +oJE D) "'JE and Bf = (JE +oJE, D) 'L,

where F : Ey — Ej, K : Ef — E; are multi-valued and maximal monotone operators, D : E; X
Ef — Ej X E; is defined by D(x,y) = (Fx —y,Ky + x) for all (x,y) € E; x Ej, and F' : E; — E3,
K': E; — E; are multi-valued and maximal monotone operators, D’ : E; x E; — E} X E; is defined
by D'(Ax, Ay) = (F'Ax — Ay, K' Ay + Ax) for all (Ax, Ay) € E; x E;. Then D and D’ are maximal
monotone by Lemma 16.

When U = D and T = D' in Corollary 1, the algorithm (60) becomes

8(n,y) + (JF, Cattn + I, Gun,y — ) + 6(y) — 6(14)
+%<y_ unr]éjlun - ]Elxn> 2 Ovy (= K,

o = Tty (BE (TEymn = AnA" (1 =10 B) Ay )
e = I (B (FCon) + (1= ) JE, (Sulyn) ) n > 1

and its strong convergence is guaranteed, which solves the problem of a common solution of a system
of generalized mixed equilibrium problems, split Hammerstein integral equations, and fixed-point
problems for the mappings involved in this algorithm.

4. A Numerical Example
Leti =0,E; = E; = R, and K = AK = [0,00), for Ax = x Vx € E;. The generalized mixed
equilibrium problem is formulated as finding a point x € K such that,

g0(x,y) + (Gox,y — x) + 6p(y) — 6p(x) >0, Vy € K. (64)

Letrp € (0,1] and define 6y = 0, go(x,y) = % + % and Go(x) = Sp(x) = %x.

Clearly, go(x,y) satisfies the conditions (Al) — (A4) and Gp(x) = Sp(x) is a Bregman
asymptotically non-expansive mapping, as well as a 1— inverse strongly monotone mapping. Since Y,
is single-valued, therefore for y € K, we have that

1
<o(uo,y) + (Gox,y — up) + %Q/ —up,up—x) >0

2 2

y 2u0 1 S
T 4+ 20—y —uy, 0
o T + v (y —up, up) >

=

2 2 2
o ¥ Ayl X, (65)
ro rg ro

As (65) is a nonnegative quadratic function with respect to y variable, so it implies that the

. . . .. . 412 2
coefficient of y2 is positive and the discriminant % — % < 0, and therefore uy = x,/rg. Hence,
0 0

Yy, (x) = xy/70. (66)
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By Lemma 13 and (66), F(Y,,) = GEP(go, Go) = {0} and F(Sp) = {0}. Define

(0,1),x >0

Uy, To: R — R by Up(x) = Ty(Ax
0,10 y Up(x) of ){{1},x<0,

0, Ax € (—00,0)

Py i R —3 [0,00) by Py o (Ax) =
[0.00) (0:09) by Proo) (Ax) {Ax,AxG [0,00),
L’ >0
B = Bf : R — Rby B] (4y) = B (y) = { 1, y=
1Y <0
A A >0
s AY 2
Ploco)Bf : R — [0,00) by Pl B (Ay) = { 17(09)
0,Ay < 0.

It is clear that Uy and Ty are multi-valued maximal monotone mappings, such that 0 €
SOLVIP(Up) and 0 € SOLVIP(Ty). We define the {—contraction mapping by f(x) = 3, 0y = 2,1%,

1 1 1
Mn0 = 71, 'n,0 = 52 and { = 7. Hence, for

(o)
Uy, 0 <1+ (0,#) ) —Uy0

7 un,() > 0/

Ap =

1/ Upo = O/
1
‘un,OII un,O < O’
_ 1
Un,0 = 27 Xn,
1 Un,0
Yn= 75 1Y

—1), >0,
1+(0,2n%) (un,O ) Upn,0

yz _ Un,0
n 1
14(0,5:47)
3 2n+1u 0
Yn = 2;z+1j:1 (un,O + 1)/ Un,0 < Or
22””]/;1
,n=1,

Tn+l = 2(:fi1) + Ty

2
7 un,O = 0/

we get
s Xy nx2—2"x, x, >0
2(n+1) (n+1)<1+<20,2n%>>/ no
— Xn nxy —
= T G (o)) T
X n2" 1 (22 ) x, < 0.
2(n+1) PSS A
In particular,
2 _nn
ot S(ng@fl)x")f Xn >0,
Xn+1 = 2(:_':_1) + %, xn =0,
sy + e < 0.

By Theorem 1, the sequence {x,} converges strongly to 0 € T. The Figures 1 and 2 below
obtained by (MATLAB) software indicate convergence of {x,} given by (32) with x; = —10.0 and
x1 = 10.0, respectively.
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% 10 far x(1) <0

%alue of the sequence:xn

2 I I I I I
0 10 20 30 40 a0 60

Mumber of iterations:n

Figure 1. Sequence convergence with initial condition —10.0.

« 10" for x(1) = 0

45 T T T T T

“alue of the sequence:xn
= B2 o
—_ m %] (o] [43] [y}
T T T T T T
1 1 1 1 1 1

o
i
T
1

0 10 20 30 40 50 G0
Murmber of iterations:n

Figure 2. Sequence convergence with initial condition 10.0

Remark 1. Our results generalize and complement the corresponding ones in [2,7,9,10,22,23].
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