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Abstract

:

We investigate the self-adjoint extensions of the Dirac operator of a massive one-dimensional field of mass m confined in a finite filament of length L. We compute the spectrum of vacuum fluctuations of the Dirac field under the most general dispersionless boundary conditions. We identify its edge states in the mass gap within a set of values of the boundary parameters, and compute the Casimir energy of the discrete normal modes. Two limit cases are considered, namely, that of light fermions with mL≪1, and that of heavy fermions for which mL≫1. It is found that both positive and negative energies are obtained for different sets of values of the boundary parameters. As a consequence of our calculation we demonstrate that the sign of the quantum vacuum energy is not fixed for exchange-symmetric plates (parity-invariant configurations), unlike for electromagnetic and scalar fields.
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1. Introduction


Over the last two decades, the application of the theory of self-adjoint extensions of elliptic operators to problems of quantum physics has motivated an intensive research activity. In particular, in the seminal paper of Asorey, Marmo and Ibort [1], the authors have reformulated the classical theory of self-adjoint extensions pioneered by Von Neumann. They have studied the properties of the Laplace-Beltrami operator over a compact manifold with boundary, in terms of physically meaningful boundary data. In turn, Ref. [1] was based on the previous general result obtained by G. Grubb [2]. Later on, the results in Ref. [1] were used in Refs. [3,4,5,6,7] to develop the theory of scalar quantum fields confined in domains with boundaries. In particular, those works have applied the theory of self-adjoint extensions to the computation of the so-called Casimir energy of scalar fields [8,9]. On the other hand, Ibort et al. have developed the theory of local self-adjoint extensions for Dirac-type operators, and have studied applications in condensed matter [10,11,12]. More recent works have shown how the theory of self-adjoint extensions can be used to describe physical systems confined to cavities [13,14]. In addition, the authors of Ref. [15] have applied the theory of self-adjoint extensions for Dirac-type operators to describe fundamental phenomena in topological insulators, such as edge states. The quantum vacuum energy for Dirac fields has been largely studied previously, for the case that the self-adjoint extension of the Dirac operator that represents the interaction of the quantum field with the boundary is given by the M.I.T. bag boundary condition in its most general form (see Refs. [16,17,18,19]).



In this paper, we compute the spectrum of vacuum fluctuations of a massive Dirac field confined in a one-dimensional filament, and study its Casimir energy. The remainder of the article is organised as follows. In Section 2 we describe the operators of our fermionic system, their basic properties, and the spinor representation. In Section 3 we deal with the spectrum of fluctuations for the Dirac field, starting with the construction of the boundary spinors and finalizing with the computation of normal modes and edge states. In Section 4 we compute the Casimir energy of a massive Dirac field in two limit cases, namely for light and heavy fermions. In addition, at the end of Section 4 we study the sign of the Casimir energy for parity-invariant cases. We summarise our conclusions in Section 5.




2. Fundamentals of the Approach


The Lagrangian density of the free massive Dirac field, Ψ(x,t), in one spatial dimension is L=Ψ¯(iγμ∂μ−m)Ψ, with Ψ¯=Ψ†γ0, where Ψ† is the transposed and conjugated of Ψ, from which the field equation reads


(iγμ∂μ−m)Ψ=0,



(1)




where the index μ takes the values 0,1, m is the mass and γμ are the Dirac matrices that form the Clifford algebra in 1D. If we consider the metric tensor of the form gμν=diag(1,−1), then


(γ0)2=−(γ1)2=I,{γ0,γ1}=0.



(2)







The Dirac Hamiltonian operator is


H=−iα∂1+mγ0,withα=γ0γ1,



(3)




and Schrödinger’s equation reads i∂tΨ=HΨ. Expanding Ψ(x,t) in normal modes,


Ψ(x,t)=12π∫−∞∞e−iEtψ(x;k)dk,



(4)




where ψ(x;k)=exp(ikx)u(k), the eigenvalue equation of the Dirac Hamiltonian for ψ(x;k) reads,


Hψ=Eψ,



(5)




which gives rise to the ordinary 2×2 eigenvalue equation for spinors,


h(k)u(k)=Eu(k),h(k)≡kα+mγ0.



(6)







Solutions to this equation have eigenvalues


E±=±ω,ω≡k2+m2>0,



(7)




and corresponding spinor eigenstates u+(k) for E+=ω (particles), and u−(k) for E−=−ω (anti-particles). It is of note that the exchange k→−k is obtained in momentum space with the following operations


h(−k)=γ0h(k)γ0,u±(−k)=γ0u±(k).



(8)







With these standard results, considering k>0 in all the cases, we can distinguish four types of free particle or anti-particle eigenstates ψ(x;k), namely,




	
Particles moving from left to right with E=ω and momentum k, ψ+(x;k)=eikxu+(k).



	
Particles moving from right to left with E=ω and momentum k, ψ+(x;−k)=e−ikxγ0u+(k).



	
Anti-particles moving from left to right with E=ω and momentum k, ψ−(x;−k)=e−ikxγ0u−(k).



	
Anti-particles moving from right to left with E=ω and momentum k, ψ−(x;k)=eikxu−(k).








Note that the explicit expressions for the spinors u±(k) depend on the choice of γ-matrices.




3. Spectrum of Fluctuations of the Dirac Field Confined in a Finite Filament


3.1. Construction of the Boundary Spinors and the Boundary Condition


Let us consider the Dirac field confined to a one-dimensional filament of length L, for which x∈Ω=[−L/2,L/2], and its boundary ∂Ω consists of the points x=L/2 and x=−L/2. In addition, we will consider its dual geometry, where the confinement takes place in the semi-infinite intervals x∈Ω˜={(−∞,−L/2]∪[L/2,∞)}. Hereafter, we will refer to the former as Casimir geometry for its analogy with the geometry of the original Casimir setup, in which the electromagnetic field is confined between two perfectly conducting plates separated at distance L; and as dual Casimir geometry to the latter.



In this situation the Dirac Hamiltonian (3) is not essentially self-adjoint on the spaces Ω, Ω˜. The obstruction to the self-adjointness of the Dirac Hamiltonian is due to the non-trivial structure of the space of boundary spinors, and is given by the integration by parts formula (see Ref. [20])


⟨ψ,Hϕ⟩−⟨Hψ,ϕ⟩=i∫∂Ωψ†(n·α)ϕds,∀ψ,ϕ∈L2Ω,



(9)




where n is the outgoing normal unitary vector to ∂Ω, α=x^α, x^ is a unitary vector along the x-axis, and ψ, ϕ are two independent spinors of a common mode k. Hereafter, for the sake of brevity, we will drop the dependence of ψ and ϕ on the wave number k. It is of note that the boundary term is the current flow throughout the boundary. Thus self-adjointness of Dirac fields is equivalent to the charge conservation. Hence the role played by unitarity in the quantum scalar field over the finite interval is translated into charge conservation for the Dirac field confined over the finite line. For the Casimir geometry, the normal outgoing vector to the boundary is given by n=−x^ at x=−L/2 and n=x^ at x=+L/2, so the general boundary term reads


⟨ψ,Hϕ⟩−⟨Hψ,ϕ⟩=iψ†(L/2)αϕ(L/2)+ψ†(−L/2)αϕ(−L/2),∀ψ,ϕ∈L2Ω.



(10)







Note that the boundary term for the dual Casimir geometry has the same expression with a global minus in the right hand side of (10) due to the switch in signs for n. Hence what comes next extends to the dual Casimir geometry with no change. In addition, let us emphasise here that the arguments to build up the space of boundary data from the bundle of boundary spinors can be extended to any dimension of the physical space, i.e., Rd×Ω.



In the sequel, we will follow chapter one of Ref. [20] for the construction of the boundary spinors. In the first place, since the nα matrix satisfies (nα)†=nα, and (nα)2=I, the space H of boundary spinors (spinors on L2(Ω) restricted to ∂Ω) can be written as the direct sum


H=H+⊕H−,



(11)




where H±={ξ∈H|(n·α)ξ=±ξ}. Hermiticity of (nα) ensures that elements in H+ are orthogonal to elements in H−. In addition, this ensures that any boundary spinor ξ can be written in a unique way as


ξ=ξ++ξ−,ξ+∈H+,ξ−∈H−.



(12)







This direct sum structure enables to write the boundary term in (9) in terms of the direct sum decomposition of ψ∂Ω=ξ1++ξ1− and ϕ∂Ω=ξ2++ξ2− as


⟨ψ,Hϕ⟩−⟨Hψ,ϕ⟩=i∫∂Ω(ξ1+)†ξ2+−(ξ1−)†ξ2−ds.



(13)







The central theorem in [20] states that all the self-adjoint extensions that do not present non-local behaviour (Global boundary conditions that involve changes in the topology are not included in the central theorem in chapter one of Ref. [20]. Nevertheless, they are also meaningful from a physical point of view as it is explained in Refs. [1,6,21]) at the boundary are in one-to-one correspondence with the local unitary operators


U˜:H+⟶H−,



(14)




and the domain of the self-adjoint extension associated, HU˜ is given by


D(HU˜)={ψ∈L2(Ω)|ψ∂Ω=ξ++U˜(ξ+)}.



(15)







This means that the self-adjoint extension HU˜ is determined by the domain of L2 spinors that satisfy the boundary condition


ξ−=U˜ξ+.



(16)







Taking now into account that {γ0,n·α}=0, (γ0)†=γ0, and (γ0)2=I,


γ0:H+⟶H−



(17)




is an isomorphism that enables to write any unitary operator U˜:H+⟶H−, as


U˜=Uγ0,



(18)




with U being any unitary operator of H− such that [U,n·α]=0, or equivalently {Uγ0,n·α}=0.



Let us now particularise the previous results to the (1+1) dimensional case with Ω=[−L/2,L/2]. In such a case


n·α=α,x=L/2,−α,x=−L/2,



(19)







We can choose a basis in R2 such that α is diagonal, i.e.,


α=σ3



(20)




without loss of generality. This means that any spinor mode of wave number k, ψ∈L2(Ω), can be written as


ψ=ψ1(x)ψ2(x)=ψ1(x)e++ψ2(x)e−,αe±=±e±,



(21)




where we omit again the dependence on k for brevity, and {e+,e−} form an orthonormal basis for one-dimensional spinors. Looking at Equation (19), it is obvious that for the decomposition ψ∂Ω=ξ++ξ− we need to take into account that:




	
At x=−L/2 the components ξ± are determined by the eigenvalue equation (−α)v=±v. This means that the e± component of ψ(−L/2) contributes to ξ∓.



	
At x=L/2 the components ξ± are determined by the eigenvalue equation αv=±v. This means that the e± component of ψ(L/2) contributes to ξ±.








Hence, the boundary data in this case are


ξ±=ψ1(±L/2)ψ2(∓L/2),



(22)




and the set of local boundary conditions that give rise to self-adjoint extensions of the Dirac operator (3) in the finite interval Ω=[−L/2,L/2] read


ξ−=Uγ0ξ+,



(23)




with U∈U(2) such that [U,α]=0 or, equivalently, {Uγ0,α}=0. Taking into account that any U∈U(2) can be written in terms of the Pauli matrices {σ1,σ2,σ3} as


U=eiθ[cosηI2x2+isinηnjσj],j=1,2,3,



(24)




with nj∈R, n12+n22+n32=1, θ∈[0,2π], η∈[−π/2,π/2], and that α is given by (20), the only allowed matrices of U(2) in (23) by the requirement {Uγ0,α}=0 are


U=eiθcosηI2x2±isinησ3=ei(θ±η)00ei(θ∓η).



(25)







Taking into account that {γ0,α}=0 and the general properties of γ0,


α=σ3⇒γ0=(−1)rσ1,r=0,1,



(26)




we find out


Uγ0=(−1)r0ei(θ±η)ei(θ∓η)0,



(27)




from which it holds that


ψ1(−L/2)=(−1)rei(θ±η)ψ2(−L/2),ψ1(L/2)=(−1)rei(θ∓η)ψ2(L/2).



(28)








3.2. Normal Modes


In order to find out the non-trivial solutions of normal modes, we plug into Equation (23) a generic linear combination of plane-wave spinors. We choose α as in (20), and γ0=σ1 in (26). With this election, the free spinors u±(k) defined in Equations (6) and (7) are explicitly given by


u+(k)=ω+kω−k,u−(k)=ω−k−ω+k.



(29)







The general static solution with negative energy has the form (the spectrum of positive energy is in all equivalent)


ψ−(x)=V+eikxu−(k)+V−e−ikxγ0u−(k),



(30)




where V± are constants to be determined. From the last equation we can immediately read out the components ψ1 and ψ2 that enter the boundary condition (23):


ψ1=V+eikxω−k−V−e−ikxω+k,ψ2=−V+eikxω+k+V−e−ikxω−k.



(31)







From Equation (31) it is straightforward to write down the boundary data ξ± using the definition given in (22):


ξ±=M±V+V−,M±≡e±ikL/2ω−k−e∓ikL/2ω+k−e∓ikL/2ω+ke±ikL/2ω−k.



(32)







Hence the local boundary condition for the 1+1 dimensional case with Ω=[−L/2,L/2] reads finally


M−−Uγ0M+V+V−=00,



(33)




with Uγ0 given by Equation (27). In order to have non-trivial solutions we must demand


h(k)≡detM−−Uγ0M+=0.



(34)







After some algebraic manipulations on the last equation, we arrive at the secular equation for normal modes,


h(k)=(ωcosθ+mcosη)sin(kL)−ksinθcos(kL)=0,



(35)




where θ∈[0,2π], and η∈[−π/2,π/2]. Equivalently, Equation (35) can be written as


tan(kL)=ksinθωcosθ+mcosη.



(36)







The usual planar chiral bag boundary conditions for massive fermions correspond to θ=−π/2, η=0 [22]. Finally, let us mention that the bound state spectrum of the dual Casimir geometry is in all equivalent, but for the replacement of L by −L in the secular equation. Nonetheless, the spectrum of energies for ω>m contains in that case, in addition to discrete modes, a continuum of modes.




3.3. Localised Edge States


For massless fermions Equation (36) reads tan(kL)=tanθ, and no localised states exist with k purely imaginary. On the contrary, for m>0 a unique localised edge state may exist within the mass gap with k=±iκ, 0<κ≤m. For this to be the case, it must hold that [ωcosθ+mcosη]L/sinθ>1. The equation for q=κ/m, with 0<q≤1, is


tanh(qLm)=qsinθ/(1−q2cosθ+cosη).



(37)







From the last equation we can write


cosη=qsinθcoth(Lmq)−1−q2cosθ.



(38)







The secular Equation (37) does not possess generally an analytical solution for q. However, if we take into account that η∈[−π/2,π/2]⇒cosη∈[0,1], we can obtain the regions of existence of edge states by representing the r.h.s. of (38), restricting ourselves to those areas in the domain (q,θ)∈[0,1]×[0,2π] such that 0<qsinθcoth(Lmq)−1−q2cosθ<1. These regions are shown in Figure 1. For the sake of illustration, we represent there the solutions of the above inequality for mL=1.



In conclusion, we have shown that the spectrum of vacuum fluctuations of a one-dimensional fermion confined in a filament of length L under the boundary conditions of Equation (28) contains both propagating modes and localised edge states. Whereas the former obey Equation (36), the latter are given by Equation (37). The modes of the well-known planar chiral bag correspond to the boundary parameters θ=−π/2, η=0.





4. Casimir Energy of the Dirac Field in 1D


The sum over the energies of the normal modes of the Dirac field in the Casimir geometry reads


E=2∑k∈R+−|Ek|h(k)=0=−∑k∈R+2m2+k2|h(k)=0,



(39)




where the minus sign can be intended as the result of the negative energy of the Dirac sea.



The modes in Equation (39) are the real zeros of the secular Equation (36) that hereafter we refer to as h(k). They depend implicitly on the parameters θ and η of the corresponding unitary transformation. We apply Cauchy’s argument principle to transform the infinite series of Equation (39) into a closed integral in the complex plane, with contour of integration the semiring of inner radius m and outer infinite radius, with Re(k)>m. In addition, we implement the regularisation scheme of Ref. [6] for odd spatial dimensions to arrive at—see also Refs. [23,24,25],


E=12π∫m∞dkk(1−m2/k2)12∂klogh(ik,ω(ik))h(−ik,−ω(−ik))−divergent terms=1π∫m∞dkk(1−m2/k2)12Re(∂klogh(ik,ω(ik)))−divergent terms,



(40)




where the lower limit of integration takes care of the restriction to propagating real modes out of the mass gap, and the subtraction of the divergent terms takes care of the ultraviolet (UV) regularisation of the integral. That regularisation consists of the discard of the divergent energies associated to the continuum of field fluctuations in free space (L-independent terms) as well as of the infinite self-energy of the boundaries (terms proportional to L). Hereafter, for brevity we drop the dependence of h with respect to ω(ik) in its argument. The factor ∂klogh(ik) reads,


∂klogh(ik)=coshkL(−sinθ+mLcosη+iLcosθk2−m2)−kcoshkLsinθ+sinhkL(mcosη+icosθk2−m2)+sinhkL(−kLsinθ+ikcosθ/k2−m2)−kcoshkLsinθ+sinhkL(mcosη+icosθk2−m2).



(41)







On the other hand, the UV divergent self-energy of the boundaries as k→∞ can be removed in Equation (40) by the subtraction of a term Lk(1−m2/k2)12 in the integrand, such that we end up with


E=1π∫m∞dkk(1−m2/k2)12Re∂klogh(ik)−L−L−independent divergent terms.



(42)







Formulas for the Casimir energy of massless and massive fermions in arbitrary dimensions were obtained in Refs. [22,26,27] under planar chiral bag boundary conditions. In the following we compute the Casimir energy for general boundary conditions, restricting ourselves to the limit cases of light fields, mL≪1, and very massive fields, mL≫1.



4.1. Casimir Energy of Light Fermions


We consider first the light field limit, mL≪1. We will be interested here in the leading order mass corrections. From Equation (42) we observe that E contains three different terms, namely E=E0+E1+E2. In order to clarify the origin of each term, we first expand the integral around its lower limit of integration for mL≪1, up to O(m2),


E=1π∫m∞dkk(1−m2/k2)12Re∂klogh(ik)−L=1πRe∫0∞dkk(1−m2/k2)12∂klogh(ik)−L−1πRe∫0mdkk(1−m2/k2)12∂klogh(ik)−L≃1πRe∫0∞dkk(1−m2/k2)12∂klogh(ik)−L|O(m2),



(43)




where the integral over the mass gap interval is purely imaginary and thus negligible, and we keep energy terms up to order m2L by expanding the integrand up to terms of order m2. In addition, the extension of the lower limit of integration to zero compels us to discard the zero mode in h(ik). Next, the integrand of the last equation must be expanded up to O(m2). Since the leading order expansion of the two factors, k(1−m2/k2)12 and ∂klogh(ik)−L, is of order m2 around m=0, we can distinguish three additive terms in E, namely,


E0=1πRe∫0∞dkk∂klogh(ik)−Lm=0,



(44)






E1=1πRe∫0∞dkk(1−m2/k2)O(m2)12∂klogh(ik)m=0,



(45)






E2=1πRe∫0∞dkk∂klogh(ik)O(m2).



(46)







The m-independent term is just the Casimir energy of a massless field, which depends on the parameter θ,


E0(θ)=12πLC2(2θ).



(47)







Here, C2(2θ) is the generalised even Clausen function of order 2, C2(2θ)=∑n=1∞cos2nθ/n2. In particular, for the usual planar chiral bag boundary conditions, θ=−π/2, we have E0(−π/2)=−π/24L, which coincides with the results of Ref. [26].



As for E1, once the first factor of the integrand of E1 is expanded at O(m2), we get


E1=−12πRe∫0∞dkm2k∂klogh(ik)m=0,



(48)




which presents an infrared (IR) divergence for k→0. We can go around this problem by evaluating the associated discrete sum instead. That is, getting back to the expression of Equation (39) in one spatial dimension and taking m=0 in the secular equation, we have that the normal modes satisfy tanknL=tanθ, from which kn=(nπ+θ)/L, n∈Z−{0}. Introducing these values into Equation (39) we obtain, up to O(m2),


E=−2∑n=1m2+kn2=−2∑n=1∞m2+(nπ+θ)2L2≃−2L∑n=1∞(nπ+θ)1+m2L2(nπ+θ)2=−2L∑n=1∞(nπ+θ)−m2Lπ∑n=1∞1n+θ/π=−2L∑n=1∞(nπ+θ)−m2Lπ∑n=01n+(1+θ/π).



(49)







The first term of the r.h.s. of the last equality is nothing but E0(θ), whereas we identify the second term with E1(θ). The infinite series of the latter term is the Hurwitz-zeta function ζH(s=1,q=1+θ/π), whose analytical continuation contains a finite digamma function ψ in addition to a simple pole of the form 1/(s−1). The subtraction of the latter is meant to be our regularization prescription for E1(θ). With this proviso, we end up with the following finite expression (In the above equations we have assumed implicitly that |π−θ|≫0. For θ≈π, a similar expansion is possible extracting the term n=1 out of the infinite series. By doing so one obtains the leading order m,L-dependent term E1(θ)=2m2Lπψ(2+θ/π) instead)


E1(θ)=m2Lπψ(1+θ/π).



(50)







As for E2, the expansion of k∂klog[h(ik)] contains a term of order mL which, once integrated, yields a logarithmically divergent L-independent term which we discard in application of the regularisation prescription. In addition, the term of order m2L2 is


k∂klogh(ik)=m2L24y2sinh3(y+iθ)[2ycosθsin2θcoshy−2sin2ηcosθsinhy−cos2ηcosh(2y+iθ)sinhy+cosh(2y+3iθ)sinhy−2iysinθsinhy],



(51)




where y=kL. The above expression is a complicated function of θ whose integration needs of numerical methods. Nonetheless, in order to provide some insight into the contribution of this term to the Casimir energy, we consider in the following boundary conditions closed to those of the chiral bag. That is, we will expand the above expression up to leading order in δ with θ=−π/2+δ, δ≪1. The real part of the resultant expansion contains terms of order zero and two in δ, which do not present any divergence neither in the UV nor in the IR. Its integration back in Equation (46) yields,


E2(δ,η)≃m2L[0.28cos2η+0.18δ2(1−2cos2η)],θ=−π/2+δ,δ≪1.



(52)







The dominant contribution to the quantum vacuum energy for light fermions is given by (47), where E0 depends only on θ. In Figure 2 we represent E0L according to that equation.




4.2. Casimir Energy of Heavy Fermions


As for the heavy fermion limit, mL≫1, we start with the regularised expression of Equation (42). For mL≫1 and k≥m, kL≫1 holds in the whole range of integration. In this limit, the factor ∂klog[h(ik)]−L within the integrand approaches


Re∂klog[h(ik)]−L≃12m(y+sin(η−θ))+12m(y−sin(η+θ))+e−2mLymL(cos2η−cos2θ)+2y2mLcos2θ−sinθcosη2m[y2−2ysinθcosη+(cos2η−cos2θ)],



(53)




where y=k/m≥1. The first two terms on the r.h.s. of the last equation provide L-independent divergent terms when integrated in Equation (42), which we discard in accordance to our regularization prescription. The third term, together with the factor my2−1, when integrated according to Equation (42) yields


E≃m2πe−2mL∫0∞dve−2mLvv2+2v−sinθcosη+mL[2(v+1)2cos2θ+cos2η−cos2θ](v+1)2−2(v+1)sinθcosη+cos2η−cos2θ,



(54)




where we have performed the change of variables y=v+1. In the limit mL≫1, the exponential factor suppresses the integrand for v≤1/mL≪1. Therefore, we can expand the remainder of the integrand of the above equation in powers of v which, in turn, implies an expansion of E in powers of 1/mL. In particular, up to order 1/(mL)3/2, we obtain


E≃me−2mL8π(1−2sinθcosη+cos2η−cos2θ)cos2θ+cos2ηmL+1(mL)3/2−sinθcosη+38cos2η+518cos2θ−3(1−sinθcosη)1−2sinθcosη+cos2η−cos2θ.



(55)







Note that the parameters of the boundary conditions θ and η can be chosen such that the leading order term vanishes. In particular, that is the case for θ=±π/4,η=±π/4, and θ=η±π/2. Hence, the planar chiral bag boundary conditions fit into the latter case. In Figure 3 we show the behaviour of the the quantum vacuum energy (55) as a function of the parameters of the boundary condition. As can be seen, this energy can be positive, negative or zero. In addition, Figure 4 shows the behaviour of (55) as a function of θ for different values of the parameter η.



A Remark on the Sign of the Energy for Heavy Fermions


It is of special interest to consider the fermionic Casimir energy for identical “plates” and study its sign, in a similar way as it was done in [28]. Before doing so, we need to determine the configurations that can be understood as identical plates. The main result in reference [28] states that the sign on the Casimir energy is well defined when there is symmetry exchange between plates. Taking into account that in our field theory the plates are placed at x=±L/2, the conditions of the central theorem in [28] will be satisfied by those boundary conditions that give rise to a parity-invariant quantum field theory. Since the free Dirac Hamiltonian is parity-invariant, all we need to know is which of the boundary conditions defined by Equation (25) are the ones that define parity-invariant field theories.



From [29] we know that the parity-transformed Dirac field mode ψ in 1 + 1 dimensional spacetime is given by


ψP(x)=γ0ψ(−x).



(56)







From this transformation and under the representation we have taken for the gamma matrices, it is straightforward to write the boundary spinors for the parity-transformed field,


ξP±=γ0ξ∓.



(57)







Using now Equation (23), we can write the boundary condition for the spinor ψP(x) in terms of its corresponding boundary spinors ξP±,


ξP−=U−1γ0ξP+=U†γ0ξP+.



(58)







Parity-invariant boundary conditions will be given by those that remain invariant under the parity transformation, i.e., that give rise to the same boundary condition for the spinor ψP(x). Hence, in our case parity-invariant boundary conditions are given by those unitary matrices in (25) that satisfy U†=U. This restriction imposes θ±η=πZ, and taking into account that (θ,η)∈[0,2π]×[−π/2,π/2] the unitary matrices that give parity-invariant field theories are finally given by


θ=±η;θ=π±η;θ=2π±η.



(59)







As can be seen in Figure 5, the sign of the quantum vacuum energy is not conserved for parity-invariant boundary conditions. It is of note that the same change of sign is observed for the energy of massless fermions for parity-invariant boundary conditions.



In addition, taking into account Figure 2 and the conditions (59), it is easy to see that since E0 in (47) does not depend on η, the sign of the quantum vacuum energy does not remain fixed for parity-invariant self-adjoint extensions in the light fermions case. Therefore, we can conclude with the following theorem that summarizes one of the main results of this paper:



Theorem 1.

Parity-invariant self-adjoint extensions of the 1D Dirac operator give rise to 1 + 1 dimensional quantum field theories where the sign of the quantum vacuum energy can be positive or negative.








5. Conclusions and Outlook


We have studied the self-adjoint extensions of the one-dimensional Dirac operator for massive fermions confined in a filament of length L, as well as in its dual geometry. The construction of the space of boundary spinors has been formulated in detail for the case of global and stationary boundary conditions. The spectrum of vacuum field fluctuations has been analysed as a function of the boundary condition parameters. It is found that, for a massive field, it is possible to find an edge state within the mass gap. However, its region of existence in the space of boundary parameters is bounded by Equation (37). As for the spectrum of discrete normal modes, we have computed its Casimir energy. Our regularisation scheme allows us to obtain finite results for the limit regimes of light fermions, mL≪1, and heavy fermions, mL≫1, for general boundary conditions. In the former case, we obtain analytical results up to terms of order m2L around the planar chiral bag conditions—Equations (47), (50) and (52). In the latter case, we compute terms up to order me−2mL/(mL)3/2—Equation (55). In either regime, the graphical representations in Figure 2, Figure 3 and Figure 4 show that both positive and negative Casimir energies can be obtained with different boundary parameters. For a fixed mass, the absolute value of the energy decreases monotonically with the distance. Therefore, attractive forces are obtained for negative energies whereas repulsive forces hold for positive energies in both regimes. Interestingly, it is found that the sign of the energy is not conserved for parity-invariant boundary conditions (see Figure 5). This result is in contrast to the one obtained in Ref. [28] for scalar and electromagnetic fields, where it was found that parity-invariant extensions of the Laplace operator ensure a fixed sign of the vacuum energy. Hence, it follows that in fermionic Casimir effect we cannot ensure that “opposites repeal” or “opposites attract”, as it happens for electromagnetic and scalar Casimir effects, where “opposites always attract”.



The self-adjoint extensions analyzed in this paper correspond to those arising from local boundary conditions that have a clear classical analogue, and thus can be implemented in a path integral approach (see Ref. [30]). It is worth mentioning that the case of global boundary conditions for the dual Casimir geometry includes as a limit case the Dirac-δ for Dirac fields as L→0 [29,31]. The case of global boundary conditions involving changes in the topology of the boundary, in the sense of Ref. [32], is left for future work.
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Figure 1. In light green, it is shown the region of boundary condition parameters for which edge states exist. Here λ=arcsin(tanh1), and mL=1. 
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Figure 2. Plot of E0L for massless fermions as a function of the self-adjoint extension parameter θ, according to Equation (47). 
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Figure 3. Plot of 2E/(me−2mL) according to Equation (55) for mL=20, as a function of the self-adjoint parameters θ and η. The purple line represents the curve E=0. Regions where 1−2sinθcosη+cos2η−cos2θ is identically zero are excluded. 
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Figure 4. Plot of 2E/(me−2mL) according to Equation (55) for mL=20, as a function of the self-adjoint extension parameter θ, for different values of the parameter η. In blue, η=−0.5; in yellow, η=0; in green, η=0.5. 
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Figure 5. Plot of 2E/(me−2mL) according to Equation (55) for mL=20. The blue curve corresponds to θ=η+π with η∈[−π/2,π/2], to θ=−η+2π with η∈[0,π/2], and to θ=−η with η∈[−π/2,0]. The orange curve corresponds to θ=−η+π with η∈[−π/2,π/2], for θ=η with η∈[0,π/2], and for θ=η+2π with η∈[−π/2,0]. 
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