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Abstract: The Girard and Waring formula and mathematical induction are used to study a problem
involving the sums of powers of Fibonacci polynomials in this paper, and we give it interesting

divisible properties. As an application of our result, we also prove a generalized conclusion proposed
by R. S. Melham.
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1. Introduction

For any integer n > 0, the famous Fibonacci polynomials {F,(x)} and Lucas polynomials
{L,(x)} are defined as Fy(x) = 0, Fi(x) =1, Lo(x) = 2, L1(x) = x and F,42(x) = xF,1(x) + F.(x),
Lyi2(x) = xLyyq1(x) + Ly(x) for all n > 0. Now, if we leta = @ and B = @, then it is
easy to prove that

1
a—p

If x = 1, we have that {F,(x)} turns into Fibonacci sequences {F, }, and {L,(x)} turns into Lucas
sequences {L, }. If x = 2, then F,(2) = P,, the nth Pell numbers, they are defined by Py =0, P; =1
and P,p = 2P, 1 + P, forall n > 0. In fact, {F,(x)} is a second-order linear recursive polynomial,
when x takes a different value x, then F,(x() can become a different sequence.

Since the Fibonacci numbers and Lucas numbers occupy significant positions in combinatorial
mathematics and elementary number theory, they are thus studied by plenty of researchers,
and have gained a large number of vital conclusions; some of them can be found in
References [1-15]. For example, Yi Yuan and Zhang Wenpeng [1] studied the properties of the
Fibonacci polynomials, and proved some interesting identities involving Fibonacci numbers and Lucas
numbers. Ma Rong and Zhang Wenpeng [2] also studied the properties of the Chebyshev polynomials,
and obtained some meaningful formulas about the Chebyshev polynomials and Fibonacci numbers.
Kiyota Ozeki [3] got some identity involving sums of powers of Fibonacci numbers. That is, he
proved that

Fi(x) =

(" —p") and L,(x) = a” + p" foralln > 0.

iF2m+1 _ 1 i i (2m+1) (F2 e — B +172'> .
k=1 % 5 j=0 Lom1-2j N/ (2m+1-2j)(2n+1) m i

Helmut Prodinger [4] extended the result of Kiyota Ozeki [3].
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In addition, regarding many orthogonal polynomials and famous sequences, Kim et al. have
done a lot of important research work, obtaining a series of interesting identities. Interested readers
can refer to References [16-22]; we will not list them one by one.

In this paper, our main purpose is to care about the divisibility properties of the Fibonacci
polynomials. This idea originated from R. S. Melham. In fact, in [5], R. 5. Melham proposed two
interesting conjectures as follows:

Conjecture 1. If m > 1 is a positive integer, then the summation
" romtl
LiL3Ls -« Lomi1 Y Bi'*

k=1

can be written as (Fyp i1 — 1)% Pay—1 (Fan1 ), where Py, 1 (x) is an integer coefficients polynomial with degree
2m — 1.

Conjecture 2. If m > 0 is an integer, then the summation
- romtl
LiL3Ls - - Loyi1 ) Loj'*
k=1

can be written as (Loy 11 — 1) Qom (Lant1), where Qo (x) is an integer coefficients polynomial with degree 2m.

Wang Tingting and Zhang Wenpeng [6] solved Conjecture 2 completely. They also proved a
weaker conclusion for Conjecture 1. That is,

n
LiLsLs -+ Lopyr Y, Fyp't!
k=1

can be expressed as (Fo+1 — 1) Payy (Fopt1), where Poy, (x) is a polynomial of degree 2m with integer
coefficients.

Sun et al. [7] solved Conjecture 1 completely. In fact, Ozeki [3] and Prodinger [4] indicated that
the odd power sum of the first several consecutive Fibonacci numbers of even order is equivalent
to the polynomial estimated at a Fibonacci number of odd order. Sun et al. in [7] proved that this
polynomial and its derivative both disappear at 1, and it can be an integer polynomial when a product
of the first consecutive Lucas numbers of odd order multiplies it. This presents an affirmative answer
to Conjecture 1 of Melham.

In this paper, we are going to use a new and different method to study this problem, and give
a generalized conclusion. That is, we will use the Girard and Waring formula and mathematical
induction to prove the conclusions in the following;:

Theorem 1. If n and h are positive integers, then we have the congruence

h
Ly(x)L3(x) - - - Lopga (x) ) F3(x) = 0 mod (Fyyiq(x) — 1%,
m=1

Taking x = 1 and x = 2 in Theorem 1, we can instantly infer the two corollaries:

Corollary 1. Let F, and L, be Fibonacci numbers and Lucas numbers, respectively. Then, for any positive
integers n and h, we have the congruence

h
LiLsLs - Lops1 Y F241 = 0mod (Fyyq — 1)°.
m=1
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Corollary 2. Let P, be nth Pell numbers. Then, for any positive integers n and h, we have the congruence

h
L1(2)L5(2)L5(2) - -~ Loy41(2) Y P2+ = 0mod (Pyyq — 1)%,

m=1
n n
where L, (2) = (1 + \ﬁ) + (1 - \/E) is called nth Pell-Lucas numbers.

It is clear that our Corollary 1 gave a new proof for Conjecture 1.

2. Several Lemmas

In this part, we will give four simple lemmas, which are essential to prove our main results.

Lemma 1. Let h be any positive integer; then, we have
<x2 4, Fyp i (x) — 1) —1,
where x> + 4 and Fy, 1 (x) — 1 are said to be relatively prime.

Proof. From the definition of F,(x) and binomial theorem, we have

1 2h+1 2h+1 ¢ ) 2h+217k
Fppi(x) = Mg( K >x (x +4)

1 22BN ko o1k (L2 =t
2t x2_|_4k;)( k )x(—l) (x +4)

h h—k
_ 4%2 <2h2:1>x2’< (@+4) (1)

k=0

Thus, from Equation (1), we have the polynomial congruence

h h—k
P Ey(x) = ) (Zh * 1) (2 ra) =@t
&\ ok

= (2h+1) (xz +4— 4)h = (2h+1)(—4)" mod (x* + 4)
Fpa1(x) —1= (2h+1)(=1)" —1 mod (¥ + 4). )

Since x* + 4 is an irreducible polynomial of x, and (2h + 1)(—1)" — 1 is not divisible by (x2 + 4)
for all integer i > 1, so, from (2), we can deduce that

(x2 4, Fypq(x) — 1) —1.
Lemma 1 is proved. [

Lemma 2. Let h and n be non-negative integers with h > 1; then, we have

(¥ +4)Fonr1)2n41) (X) = Lan(x) = Lopi2(x) = 0 mod (Fyyqq (x) — 1).
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Proof. We use mathematical induction to calculate the polynomial congruence for n. Noting Lo (x) = 2,
Li(x) = x, Ly(x) = x* + 2. Thus, if n = 0, then

(x* + 4)Fiong1y 2ng1) (X) — Lon(x) — Lopt2(x)
= (CH4)Fya(x)—2-x* -2
= (¥ +4) (Fap1(x) = 1) = 0mod (Fyy1(x) —1).
Ifn =1, then Ly(x) + Ly(x) = x% +2 + x* + 4x% +2 = x* + 5x2 + 4. Note that the identity 2th1( x) =

x%ﬂ <F3(2h+1) (x) +3Fy,41(x )) , S0 we obtain the congruence

(3% + 4) Fopi1)2n41) (¥) = Lou(x) = Lang2(x)

(x® +4)F 2h+1)(x)—x4—5x2—4

= (P +4) [(P+ A, (x) Py (x)] — 2 — 5% — 4
(x* +4) [F2h+1( ) — th+1(x)] + (7 +4) (7 + 1) Fyy g (x) — x* — 5x” — 4
(x?

4+ 4)2 (B (1) + Ega (v)) (B (%) = 1) = 0 mod (Bypaa () = 1),

which means that Lemma 2 is correct for n = 0 and 1.
Assume Lemma 2 is right for all integers n = 0,1,2, - - - , k. Namely,

(x +4)Fos1)2n41) (¥) = Lan(x) = Lapy2(x) = 0 mod (Fyqq (x) — 1), ©)

where 0 < n <k.
Thus, n = k+ 1 > 2, and we notice that

Lo(an+1) (%) Fans1) (2k+1) (%) = Foang1y2k+3) (%) + Fanany@k—1) (),

Lot (x) + Loga(x) = (2% +2) Lo (x) + (2% +2) Loa (x) — (Lok—o(x) + Lok(x))
and

Laans1)(x) = (¥ +4)F, 4 (x) =2 = x* +2mod (Fy11(x) = 1).

From inductive assumption (3), we have

(%% 4+ 4) Fapi1) (2n1) (%) — Lan(x) — Lous2(x)
= (@ +4)Fopi1) k1) (%) = Lakr2 (%) — Logsa(x)
= (P +4) Lygor1) (%) Fansn) k) (%) — (6 +4) Fop1ya—1) — Laks2 (%) — Lokra ()
= (P +4) (& +2)Fonriyaren () — (6 +2)Log(x) — (¥* +2) Loy 2 (%)

—(x® + 4)Figpp 1) 2k-1) (%) + Lag—2(x) + Lok (x)
(x* +2) {(xz +4) Fop 1) (2k+1) (*) — Lok(x) — sz+2(x)}

— [+ 4) Fanenyan-n) (x) = Lok (x) = Lok (x)
= (0 mod (P2h+1(X) — 1) .

Now, we have achieved the results of Lemma 2. [
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Lemma 3. Let I and n be non-negative integers with h > 1; then, we have the polynomial congruence

h
Ly(x)L3(x) - - - Lopga(x) Y {FZm 1) (¥) — (2n + 1)F2m(x)}

m=1

= 0mod (Fy1(x) —1)2.

Proof. For positive integer n, first note that af = —1, L, (x) = a" + ",

Z Fom(2n 1) (%) i [ m(2n41) 'BZm(ZnJrl)}

42(2n+1) (a2h(2n+1) _ 1) pRan+1) <‘B2h(2n+l) _ 1)

1
N x4+ 4 a2(@n+1) _q B pA(2n+1) _q
1
T Lo (®) {F(2h+1)(2n+1)(x) —an+1(X)} )
and
h h . .
Zl Fon(x) = x2 T4 Z [ - B m} - L) {F(2h+1)(x) — 1} . (5)
m= :

Thus, from Labels (4) and (5), we know that, to prove Lemma 3, now we need to obtain the
polynomial congruence

Ly(x) (F(zh+1)(zn+1)(x) - F2n+l(x)) — (2n+1)Lap11(x) (Fapga(x) — 1)
= 0mod (Fy1(x) —1)°. (6)

Now, we prove (6) by mathematical induction. If n = 0, then it is obvious that (6) is correct.
If n = 1, we notice that Li(x) = x, Fp41)(x) = (x* + 4)F23h+1( x) — 3F,41(x) and F2h+1( x) =
(Faps1(x) =1+ 1)> = 3Fy4q(x) —2mod (Fyyy1(x) — 1)* we have

L1 (%) Fons1)2n+1) (¥) = L1(x) Fany1(x) — (21 4 1) Loy 1 (x) (Fapg1(x) — 1)
= xF3op41)(x) — xF3(x) —3Ls(x) (Fant1(x) — 1)
= x(x2 + 4)1—"23thl (x) —3xFp1(x) — x(x2 +1) — 3(x3 +3x) (Fyp1(x) —1)
= (X% +4x) (3Fyp1(x) —2) = BxFypq(x) — (x° +x) = 3(x* +3x) (Fypya (x) — 1)
3(x° +3%) (P (x) = 1) = 3(x% +3x) (Fypyr (%) — 1)
= 0mod (Fy4q1(x) —1)%.

Thus, n = 1 is fit for (6). Assume that (6) is correct for all integers n = 0,1,2, - - - , k. Namely,
La(x) (Fanen) oen) (%) = Bans1 (%)) = (21 4+ 1)Ly (%) (B () = 1)
= 0mod (Fy1(x) — 1) )

forallm=0,1,--- ,k.
Where n = k+1 > 2, we notice

Logan+1) (%) Fans1) (2k4+1) (%) = Foangnyk43) (%) + Fang1y2k-1) (%)
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and

Lyoni1)(x) = (> +4)F5 4 (x) =2 = (2 +4) (Fyppa (x) — 1+ 1> -2
= (P +4) (B (¥) = 12+ 2(Bya () = 1)| + 22 +2
= 2(2? +4)(Fypa(x) = 1) + 2% + 2mod (Fapy1(x) —1)°.

From inductive assumption (7) and Lemma 2, we have

XFoni1)@nt1)(X) = xFany1(x) — (20 4 1) Loy 1 (x) (Fang1(x) — 1)
= xFopi1)(k+3) (%) — XFay3(x) — (2k + 3) Logy 3 (x) (Fanga(x) — 1)
= XL2(2h+1)(x)F(2h+1)(2k+1)(x) - xF(2h+1)(2k71)(x) — xFpry3(x)
—(2k + 3) Lok +3(x) (Fapga(x) — 1)
2x(x® +4) (Fyp1(x) — 1) Fap1)y gty (¥) + (6% +2) Fop1 (2x1) (%)
_xF(2h+l)(2 1)(x) = x(x% +2) Fypey1 (x) + xFpp_1 (x)

— (2% +2)(2k + 1) Lyg1 (%) (Fopga (¥) = 1) 4 (2k — 1) Lyg_1 (x) (Fappa (x) — 1)
—2x (Lok(x) + Loky2(x)) (Fanga(x) — 1)
(%) = 1) [ (2 + 4) Fian 1)) (%) = Lak(%) = Lok ()]

(42 +2) [*Fins1)2041) (¥) = ¥Foxs1 (%) = (2k + 1) Lot (%) (Fanea (x) = 1)]
- {XF(2h+1)(2k71)(x) — xFy—1(x) — (2k = 1) Log—1(x) (Fan41(x) — 1)}

2x(Fypy1(x) — 1) {(x2 +4)Fony)y@rr1) (%) — Lok(x) — L2k+2(x)}
= 0mod (Fy1(x) —1).

X

2x(Fypy1(x

Now, we attain Lemma 3 by mathematical induction. O

Lemma 4. For all non-negative integers u and real numbers X, Y, we have the identity

u m [7] u u—k u—2k k
X' +Y _k;)(—nku_k( L )(X+Y) (XY)F,

in which [x] denotes the greatest integer < x.

Proof. This formula due to Waring [15]. It can also be found in Girard [14]. O

3. Proof of the Theorem

We will achieve the theorem by these lemmas. Taking X = a?”,Y = —p?" and U = 2n + 1 in
Lemma 4, we notice that XY = —1, from the expression of F;,(x)

M:

2n+1 2n+1—
Fymans1y(x) = 1) (

k _ _
m L )(x2+4>n kF2277111+1 Zk(x)(_l)k

k:0

L 2n4+1 [2n+1-k _ _
= 22n+1( p >(x2+4)” Kt (). ®)
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For any integer h > 1, from (8), we get
h
Z {FZm 2n+1 (21’1 + 1)F2m(x)}
m=1
D 2n+1 (2n+1-k nk N Lotk
- ; nt1-k ( k ><x T L Bt ©)
If n = 1, then, from (9), we can get
h ) h
Li(x)La(x) Y, (Fom(x) = 3Fam(x)) = Li(x)La(x)(x* +4) ) B3, (10)
m=1 m=1

deduce that

h
2
Z F3(x) = 0 mod (Fyq(x) — 1)%.
This means that Theorem 1 is suitable for n = 1.
Assume that Theorem 1 is correct for all integers n = 1,2 , . Then,

h

Low1(x) Y, Fantl(x) = 0 mod (Fypq(x) — 1)
m=1

for all integers 1 < n <s

Ly(x)La(x) - -
When n = s + 1, from (9), we obtain

h
21 (FZm(Zs+3)( ) - (25 + 3)F2m(x))
> k
_ kzo sZi—;-Bk(ZS—l-f% )

h
+4)s+17k Z F22rsn+372k(x)
m=1
B i 2543

2s+3 k P _
ST ) +4)s+1 k Z F22;1+3 Zk(x)

m=1
h
x +4 s+1 2 FZS+3
From Lemma 3, we have
h
Li(@)La(%) -+ Lasy3(%) Y [Fam(assa) (4) = (25 +3) B (¥)
m=1
= 0mod (Fy1(x) —1).

Applying inductive hypothesis (12), we obtain

= 25+3—k k

h
(x? 4+ 4)sT17F Y7 F22372K(x) = 0 mod (Fypi1(x)

Ll(x)L3(x)"'L2s+1(X)i 2543 <2s+3—k>

m=1

—1)%.

From Lemma 1, we know that (x? + 4, Fy,.1(x) — 1) = 1, so, applying Lemma 3 and (10), we

(11)

(12)

(13)

(14)

(15)
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Combining (13), (14), (15) and Lemma 3, we have the conclusion

Li(x)La(x) - - Losya(x) - (x2 +4)5*! i F243(x)
m=1

= 0mod (Fy.q(x) —1)2. (16)

Note that (x> + 4, Fy,11(x) — 1) = 1, so (16) indicates the conclusion

n
Ly (x)La(x) -+ Losya(x) - Y F353(x) = 0 mod (Fypsq (x) — 1)°.
m=1

Now, we apply mathematical induction to achieve Theorem 1.
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