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Abstract: The main purpose of this paper is to give several identities of symmetry for type 2 Bernoulli
and Euler polynomials by considering certain quotients of bosonic p-adic and fermionic p-adic integrals
on Zyp, where p is an odd prime number. Indeed, they are symmetric identities involving type 2 Bernoulli
polynomials and power sums of consecutive odd positive integers, and the ones involving type 2 Euler
polynomials and alternating power sums of odd positive integers. Furthermore, we consider two random
variables created from random variables having Laplace distributions and show their moments are given
in terms of the type 2 Bernoulli and Euler numbers.

Keywords: type 2 Bernoulli polynomials; type 2 Euler polynomials; identities of symmetry;
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1. Introduction

In this section, we are going to review some known results. We first recall the definitions of Bernoulli
and Euler polynomials together with their type 2 polynomials. Then, we introduce the bosonic p-adic
integrals and the fermionic p-adic integrals on Z, that we need for the derivation of an identity of symmetry.
As is well known, the Bernoulli polynomials are defined by

SRR U
et—le *H;OBH(x)n!/ (1)
(see [1,2]).

In particular, the Bernoulli numbers are the constant terms B, = B,,(0) of the Bernoulli polynomials.
By making use of (1), we can deduce that

n—1 1
I"=_——(B — Bis1), fork=0,1,2,--- . 2
g k+l( k+1(1) = Byeyq), for @
The type 2 Bernoulli polynomials are defined by generating function

P (3)

ot — ot
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(see [3,4]).
In particular, b, = b, (0) are called type 2 Bernoulli numbers. From (3), it can be seen that

ba(x) = k)jo (3 )b, @

(see [3,4]).
Analogously to (2), we observe that

(ST 1 ont
Ze( +) :m(en —1)
=0
. ) (5)
_y (bk+l (2n) bk+1) t
= k+1 k!
Thus, by (5), we get
n—1 1
Y (20 1) = o (B (20) —b), k=012, ®)

[=0 k+

Let p be a fixed odd prime number. Throughout this paper, we will use the notations Z,, Qp, C),

and C to denote the ring of p-adic rational integers, the field of p-adic rational numbers, the completion of

an algebraic closure of Q;, and the field of complex numbers, respectively. The normalized valuation in

Cy is denoted by | - |, with [p|, = % For a uniformly differentiable function f on Z,, the bosonic p-adic
integral on Z, (or p-adic invariant integral on Z,) is defined by

pN-1
p, JdH0() = Jim ), ()l o+ pry) _ﬁi‘lopN Z flx @)
Then, by (7), we easily get
t/ flx+D)dpo(x L/ f(x)dpo(x) = £(0), (8)
(see [5,6]).
The fermionic integral on Z,, is defined by Kim [6] as
pN-1
fx)dp—(x) = lim 2: f)pa(x+pNzy) = lim 3 f(x)(=1)". ©)
Zp N—eo =
From (9), we can show that
| fatDdna@ + [ fEdpoa(x) =2f(0), (10)
P P
(see [4,7-10]).
It is well known that the Euler polynomials are defined by
2 t - * £
m@x = 2 En(x)ﬁ (11)

n=0
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We denote the Euler numbers by E} = E*(0), (n > 0). Clearly, we have

n—1

2
_ 1,1t — nt =
2 Z;O( 1)'e ENY (e"+1), wheren =1 (mod?2). (12)
From (11) and (12), we obtain that
n—1
2y (-1)'’* = Ef(n) + Ef, (13)
=0

where 1 is a positive odd integer.
Now, we consider the type 2 Euler polynomials which are given by
2 = t"

t__ P
mex = SeCh(t)ex = nZ:OEn(x)E (14)

In particular, when x = 0, E,, = E,;(0) are called the type 2 Euler numbers.

In this paper, we obtain some identities of symmetry involving the type 2 Bernoulli polynomials,
the type 2 Euler polynomials, power sums of odd positive integers and alternating power sums of odd
positive integers which are derived from certain quotients of bosonic p-adic and fermionic p-adic integrals
on Zjy. In the following section, we will construct two random variables from random variables having
Laplace distributions whose moments are closely related to the type 2 Bernoulli and Euler numbers. All the
results in Sections 2 and 3 are newly developed. Finally, we note that the results here have applications in
such diverse areas as combinatorics, probability, algebra and analysis (see [11-13]).

2. Some Identities of Symmetry for Type 2 Bernoulli and Euler Polynomials

In virtue of (8), we readily see that

1 t
- (2x+1)t —
5 /Zn e dpo(x) = (15)
Hence, by (15), we get
E [ @x+1dpo(x) = o, (n20). (16)
2 )z,
In addition, it follows from (15) that
[ ey = et = Y b (7)
2 Jz, ef —et = n!
Hence, by (17), we get
1
2 )y 2y +x+1)"duo(y) = bu(x), (n>0). (18)
p

Using (15) and (17), one can easily check that

1 n—1
: (x+2n+1)t _ (2x+1)t _ (21+1)t
7 (/Zp e dpo(x) /Z e dyo(x)) t 1;:) e . (19)

P
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Next, we let Ty (n) = Z (21 + 1), (k € NU {0}). Note that Ti(n) represents the kth power sums of
=0

consecutive positive odd integers. By (19), we easily get

Zntf 2x+1)td‘u0( )

(2x+1+42n)t 4 _/ (2x+1)ty 20
e x e x
5 o) - [, ) = g (20)
Let wy, w, be positive integers. Then, we observe that
wlf 2x+1 td‘uo( ) w—1
2w xt - Z e (s
fz e?1¥dpg (x 1=0
oo wi—1 tk
=Y Y @+1)f- (21)
k!
k—0 1=0
0o tk
=) Te(wr = 1)55-
k=0

Now, we consider the next quotient of bosonic p-adic integrals on Z, from which the identities of
symmetry for the type 2 Bernoulli polynomials follow:

01y pr pr e(2wlx1+w1+2w2x2+wz+w1wzx)tdy0(xl)dyo(xz)

(w1, wy) = (22)
( 1 ) 2 pr eZzulwzxtdyO(x)
From (22), we have
2102x2+wz )t
I(wy,wy) = w2 (2x1+wzx+1)w1td# wl f dpo(x2)
4 2 Z, f ezwleXtdyo( )
00 k o0 l
w w
= wy Z bk(wa)k—'ltk Z Ty (wy — 1)T'2tl (23)
k=0 : 1=0 :
o v n n k+lt
= Z Z ‘ by (wox) Ty _ (w —1)w1w2 ot
n=0k=0 :
We note from (22) that I(wq, w;) = I(w,, wy). Interchanging w; and w,, we get
I _y "o T 1wk kL 24
(wp,wi) =) ) k k(w1x) Ty (w2 — 1wy ot (24)
n=0k=0 :

Therefore, by (23) and (24), we obtain the following theorem.

Theorem 1. For wy, wp € Nand n € NU {0}, we have
& n b T 1 n—k+1 __ 4 n b T -1 k., .n—k+1
2 k k(w2x) Ty g (wn )wlwz Z k (1) Ty (w2 — 1) whwy :

k=0 k=0

Setting x = 0 in Theorem 1, we obtain the following corollary.
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Corollary 1. For wy,wp € Nand n € NU {0}, we have

n n
Z ( )kan k 1)wkw§ 1 — Z <Z> kan_k(wz - l)wkwT k+1

k=0

Furthermore, let us take w, = 1 in Corollary 1. Then, we have

3 ()t 4 = 3 () eTomataon = vyt 5)

k=0

Therefore, by (4) and (25), we obtain the following corollary.

Corollary 2. For wy € Nand n € NU {0}, we have

bn(wr) = i (Z) b Ty (wy — Dw i ( )bkwlf_lu:él(ﬂﬂ”)n_k-

k=0

From (22), we observe that

2w xp+wy )t
Wy [, €522 2y (xq)
w»
I(wn,wy) = Fremonst [ ottty (x)) f g )
P

W2 _wiw xt/ (2w x1+wi)t (2141)wyt
— 2wz 11+ g 0 (x 2
5 ” po(x1) 2

: ’ =0 (26)
w1 — w
_ % / e(2x1+1+wzx+(21+1)ﬁ)wltdyo (xl)
i=0 /Zr
) wy—1 wh "
= sz Z b, <w2x+(21+1) ) l' .
n=0  i=0 w1/,
By interchanging w; and wy, we obtain the following equation:
00 wy—1 wgtn
I(w,, wy) Z Z by [ wix + 2l+1) — (27)
n=0 1=0 w2 :

As I(wy, wy) = I(wy, wy), the following theorem is immediate from (26) and (27).

Theorem 2. For wy,wy € Nand n € NU {0}, we have

wy—1 wy—1

wiwy Z by, (wzx—l- (21 +1) 1) = whw Z by, (w1x+ (21 +1) 2)

Example 1. We check the result in Theorem 2 in the case of n = 2,wy = 3, and wy = 7. We first note that
by(x) = 3(x* — 1). This can be obtained from By (x) = x* — x + £ and the relation by (x) = 2"~ B, (*51) which
follows from (1) and (3). Thus, we have to see that

i{(%ﬂ— 21+1)) —};i{(3x+ 21+1)) ;} (28)

=0
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Now, we can easily show that both the left and the right side of (28) are equal to 147x? + 294x + 1706,

Let us take wy = 1. Then, by Theorem 2, we get

wy—1 1
Wby (wpx +wy) = wh Y by (x + (21 4+ 1)w) . (29)
1=0 2
Equivalently, by (29), we have
1 Wy — 1 1
by (wox + wy) = W) Z by (x+ (21 +1)— - (30)
Similarly to (13), we observe that
2 'Y (<)@ = 5 (B + Ee(2m) & @
1=0 k=0 kt’

where n € Nwith n = 1 (mod 2). Thus, by (31), we get

n—1

2 Y (1) (21 + 1) = Ex + Ex(2n), (32)
1=0

where k € NU {0} and n € Nwith n =1 (mod 2).
From (14), we easily note that

En(x) =} (Z) Ex" %, (n>0). (33)

By (10), we get

/Z e(2y+x+l)tdy_1(y) _ Z En . (34)
v !

el +et e—f

Thus, we have
| @y x 1" (v) = Eal), (n20)

P

The next equation follows immediately from (10):

/Ze(2y+2n+l)tdy +/ @ty ( _226(21+1 1) (35)

P

where n € Nwithn =1 (mod 2).
n
Now, we let A¢(n) = ¥ (—=1)"(21 + 1)k, (k € NU{0}). Here we note that Ay(n) is the alternating kth

power sums of consecutive odd positive integers. From (35), we have

zf (2x+1) tdy,l(x)
pr eantd’u_l(x)

(2x+2n+1)t 2x+1 t
/Z K di_1(x) + / My (x) = (36)
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Let a, b be positive integers with a = 1 (mod 2) and b = 1 (mod 2). Then, by using the fermionic
p-adic integral on Z,, we get

2 pr e(2x+1)tdy,1 (x)

a—1
=2 6(21+1)t -1 1
[SEZETRO R "L

oo a—1 k
=12 120(21+1)k(—1)l;d (37)

=) i’k
k=0 '

We now consider the next quotient of the fermionic p-adic integrals on Z, from which the identities
of symmetry for the type 2 Euler polynomials follow:

fZ,, pr e(zaxl +a+2bxz+b+abx)td]/l_l (xl)dﬂ—l (xz)

](ﬂ/ b) pr EZ”bXtd}l,l(x)

(38)

From (38), we can derive the following equation given by

2 e(bez-‘rb)td‘u_l (X2)
J(a,b) :1/ ea(2x1+1+bx)tdy_l(x1) fzp _
2 )z, pr e2abxt gy (x)

k=0 : I=0

= i i (Z) E(bx)A, _i(a — 1)akb”_"§'.

We note from (38) that J(a,b) = J(b,a). Interchanging a and b, we get

J(b,a) = i y (’Z) Ep(ax) A, (b — 1)b’<a"—’<§!. (40)

n=0k=0

The following theorem is an immediate consequence of (39) and (40).

Theorem 3. Forn > 0,a,b € Nwitha =1 (mod 2) and b = 1 (mod 2), we have

i (:) Ex(bx)A,_i(a —1)db"F = i (Z) Ex(ax) A, (b — 1)b*a" ",

k=0 k=0

The next corollary is now obtained by setting x = 0 in Theorem 3.

Corollary 3. Forn > 0,a,b € N, witha =1 (mod 2) and b = 1 (mod 2), we have

n n e n n ne
Y (k) ExAy r(a—1)adp" =Y (k) EpA,_i(b —1)bFa"k,

k=0 k=0

Taking b = 1 in Corollary 3 gives us the following identities.
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Corollary 4. Forn > 0,a € Nwitha = 1 (mod 2), we have

f( )EkAn r(a—1)a*

k=0

_f<>15kakz ar+1)"

k=0
From (38), we have

ell

bxt 2 [, e@xtbitgy | (xy)
5 / 6(2“x1+”)td]/t_1 (xl) fZP
Zp

pr e2ubxtd‘1/171 (X)
eabxt a—1
— 5 /Z e(z’”ﬁ”)td;{_l(m) 22(71)16(2“—1)}”
4 =0 (41)
(_1)1/Z 6(2x1+1+bx+(21+1)%)atd‘u,1(Xl)

p

](arb) =

2
|
—_

N
Il
<}
2
|
_

NG
1
(=)'En(bx+ (21 +1) ),

I
hgk
pY
=

3
i
o
—_
Il
o

where a,b € Nwitha =1 (mod 2) and b = 1 (mod 2). Interchanging a and b, we get
o b—1 a th
J(ba) =Y ") (- 1) En(ax+(21+1)b)n'. (42)

n=0 1=0

As J(a,b) = J(b,a), by (41) and (42), we obtain the following theorem.

Theorem 4. Forn > 0,a,b € Nwitha = 1 (mod 2) and b = 1 (mod 2), we have

S (1) B (b + 21+ 1Y) = jf( 1) En(ax + (21 +1)
1=0 =

)-

SR

Let us take @ = 1 in Theorem 4. Then, we have

Eq(bx +b) = b" bil( 1)/ Ey(x+ (21 +1)
1=0

)-

(Sl

Example 2. Here, we illustrate Theorem 2 in the case of n = 2,a = 7, and b = 3. First, we note that Ey(x) =
x? — 1. This follows from E}(x) = x* — x and the relation E,(x) = 2"E};(*4L) that can be deduced from (11) and
(14). Here, we need to show that

Ié(— {(3x—|— (21+1)) 1}:(§)2i( 1) {(7x+ (2l+1)) 1}. (43)

=0

Indeed, we can easily check that both the left- and right-hand side of (43) are equal to 9x + 18x + 5 824
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3. Further Remarks

For s € C, the Riemann zeta function is defined by

(see [14-16]).
It is well known that

(see [14,16]).
By (44), we get

& (2i2)k
=iz+ ku0 By o

g i Bak_nok ok 2k
L iyt

k=1 7T

7T

) 00 ZZk
:1—2”2 (kzl ()T

Thus, by (45), we get

From (39), we easily note that

% (log(sin(z)) —log(z)) = i % <10g <1 B <Z)2)> .

By (47), we easily get

It is not difficult to show that

zcot(z) — 2z cot(2z) = ztan(z).

9 of 14

(44)

(45)

(46)

(47)

(48)

(49)
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From (45) and (49), we have

ztan(z) = zcot(z) — 2z cot(2z)

0 2\ 2 2\ 2 -1 © 5 -1 (50)
:22(;@ (1‘@1)) _22(1171>2(1_(n71)2) -
By (50), we get

2 (—togleostz) = - 12 4 (105 (1- 255 ) )+ & ot (108 (1= (2)7)) . 60

Thus, from (51), we have

sec(z) = f—o[ (%) = ﬁ (l - <(2nz—zl)7'c> ) , (52)

o0 2
cos(z) = }:[1 <1 - ((2112—21)7'(> > . (53)

A random variable has the Laplace distribution with positive parameter y and b if its probability

which is equivalent to

density function is

1 —
frl ) = g (-2, 64

(see [17]).

The shorthand notation X ~ Laplace(y, b) is used to indicate that the random variable X has the
Laplace distribution with positive parameters y and b. If 4 = 0 and b = 1, the positive half-time is exactly
an exponential scaled by %

We assume that the independent random variables Xi, X5, X3, - - - have the Laplace distribution with
parameters 0 and 1, (i.e., Xi ~ Laplace(0,1), k € N). Let us put

[e9)

X
=y 2k (55)
k; (2k—1)m
Then, the characteristic function of Y is given by
E { Z
n=
[e* Y ]

E[eTF m’i—ﬁmzit}

i E[Y"] (Zzt

n=0

I
32

(56)

58

E{E(Zk G 21ti|

»
Il
_
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Now, we observe that
Xk ;i e 2it
E [emzﬂ — / le((2k:1)n>x€*|x‘dx

0 i i
/ e((”‘z’a)")xede‘f' % /oo‘?((”‘z’tl)”)xe*xdx
0
1 1 1 (57)

1

= : + = .
2it 2it

21+ (2k—11)7'c 21— (2k—l1)n

(4 ()

By (53), (56) and (57), we get

= o \2\ 7
_H<1+((2k_1)”> ) (58)

Therefore, by comparing the coefficients on both sides of (58), we get
2""E[Y") =E,, (n>0). (59)

Now, we assume that
> X
k

Z = .
k; 2k (60)
Then, the characteristic function of Z is given by
> it)" °° it)"
E[Z”](n? :E[ZZ"(H? ]
n=0 : n=0 :
— E[eZit]
® XN, 61)
> —’;T it (
= E|:gk1(2 ) i|
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Now, we note that

From (61) and (62), we have

On the other hand, by (48), we get

By replacing t by 5, we have

12 of 14

Therefore, by (63) and (65), we obtain the following equation

%/w el )xe gy
= %/O e(2£tn)xexdx+% Oooe(zm)xe Xdx
_1 1 L1 1 (62)
2 \14,L — i
_ 1
L+ ()
- n (it)n _ = % it
ZE[Z] ] _HE[e( )}
oo N (63)
-1 (” (3=) )
0o ¢ o\ —1 " o
rg <1+ <”7T> ) “osin(it)  ef—e ! (64)
t 2\ t
<1+<2m) ) e
(65)
_ 00 1 n—1 #n
n—1
i"E[Z"] = (;) by, (1n>0). (66)

4. Conclusions

In this paper, we obtained several identities of symmetry for the type 2 Bernoulli and Euler
polynomials (see Theorems 1-4). Indeed, they are symmetric identities involving type 2 Bernoulli

polynomials and power sums of consecutive odd positive integers, and the ones involving type 2 Euler

polynomials and alternating power sums of odd positive integers. For the derivation of those identities, we
introduced certain quotients of bosonic p-adic and fermionic p-adic integrals on Z;,, which have built-in
symmetries. We note that this idea of using certain quotients of p-adic integrals has produced abundant
symmetric identities (see [5,7,8,18-21] and references therein).

We emphasize here that, even though there have been many results on symmetric identities relating
to some special numbers and polynomials, this paper is the first one that deals with symmetric identities
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involving type 2 Bernoulli polynomials, type 2 Euler polynomials, power sums of odd positive integers
and alternating power sums of odd positive integers.

In [22,23], we derived some identities involving special numbers and moments of random variables
by using the generating functions of the moments of certain random variables. The related special numbers
are Stirling numbers of the first and second kinds, degenerate Stirling numbers of the first and second
kinds, derangement numbers, higher-order Bernoulli numbers and Bernoulli numbers of the second kind.

In this paper, we considered two random variables created from random variables having Laplace
distributions and showed that their moments are closely connected with the type 2 Bernoulli and Euler
numbers. Again, this is the first paper that interprets the type 2 Bernoulli and Euler numbers as the
moments of certain random variables.
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