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Abstract: This paper considers the Lie symmetry analysis of a class of fractional Zakharov-Kuznetsov
equations. We systematically show the procedure to obtain the Lie point symmetries for the equation.
Accordingly, we study the vector fields of this equation. Meantime, the symmetry reductions of this
equation are performed. Finally, by employing the obtained symmetry properties, we can get some
new exact solutions to this fractional Zakharov-Kuznetsov equation.
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1. Introduction

As one of the important high dimensional nonlinear evolution equations, the Zakharov-Kuznetsov
(ZK) equation was first used to discuss the evolution of the propagation of plane waves in magnetized
plasma containing cold ions and isothermal electrons [1]. The dimensionless form in renormalized
variables of the ZK equation is as follows:

Ut + autty + bilyxx + Clyyy =0, 1

where u = u(t, x,y) is the normalized electric potential. a, b, ¢ are all normalized constants with respect
to different physical meanings. For details of these coefficients, see [1,2]. Due to its wide application in
maths and physics, the study of this equation was a wide range of theoretical and practical significance.
There are various results about the ZK equation, for more details, one can see [3-11].

In paper [12], Blaha et al. considered the following modified version of ZK equation.

us + auzux + Uxx + Uxyy = 0, ()

where the signs of a represents different physical phenomenon. In addition, Wazwaz [13] did a further
study about a nonlinear dispersive modified ZK equation(mZK) as follows:

ur + a(u’zi)x + by + k”xyy =0, 3)

where nn > 3 is odd and the sign is either positive or negative.
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To include as many physical applications as possible, lots of papers discuss the generalized
Zakharov-Kuznetsov equation of the following form [14,15].

Ur + ﬂ(lx[p)x + b(uq)xxx + C(Mr)xyy =0. (4)

Please note that the paper [15] systematically illustrated the detailed group classification algorithm
and the process of reduction by discussing Equation (4).

Recently, many important phenomena in various areas of science were well described by fractional
order differential equations [16]. Due to the realistic senses, a lot of attention has been given to
seek solutions of fractional differential equations (FDEs). Various methods such as the homotopy
perturbation method (HPM) [17], the variational iteration method (VIM) [18] and the homotopy
analysis method (HAM) [19] have been applied for fractional PDEs. Unfortunately, up to now,
there are no general methods effective enough to solve the fractional order systems.

Using a new extended trial equation method, the authors of [20] considered the exact solutions of
the generalized fractional Zakharov-Kuznetsov equations(FZK(p, g,7)) as follows:

?‘u + a(up)x + b(uq)xxx + C(”r)xyy =0, 5)

where u = u(t,x,y) represents the electrostatic wave potential in plasmas, 0 < a < 1 is the order
of fractional derivative. a,b,c are arbitrary constants and the coefficient of a is the nonlinear term,
the coefficients of b and c characterize the spatial dispersions in multi-dimensions. p,q,r # 0 are
integers. They successfully constructed some new exact solutions, i.e., the elliptic integral function
F,I1 solutions to (5). In particular, it is important to note that the symmetry analysis of (5) is not
considered yet in [20].

As one of the most efficient and important methods of studying differential equations,
the symmetry group theory has been extensively used to consider the symmetry properties of Zakharov-
Kuznetsov equations, see [21-27] for example. Furthermore, the authors of [28] provided an interesting
Appendix of how to proceed in the symmetry analysis of PDEs. Moreover, there have been excellent
books about the symmetry analysis, one can be referred to [29-31].

However, not the same as it has been done in PDEs, the symmetry Lie group method is not so
efficiently used in fractional differential equations (FDEs). To the best of our knowledge, there are lots
of studies on the group properties of FDEs. In [32], the authors considered the Lie symmetries of a class
of fractional order differential equations with an arbitrary number of independent variables. In [33],
analysis of Lie symmetries with conservation laws of a (3+1)-dimensional fractional KdV-Zakharov-
Kuznetsov (mKdV-ZK) equation has been considered. Some other results can be found in [34-37].

When it comes to fractional ZK equations, Lie symmetry analysis, conservation laws and exact
solutions for a modified fractional (2+1)-mZK equation was considered in paper [38]. The equation
reads as

?u + uzux + Uyxx + Uxyy = 0. (6)

Please note that Equation (6) is the special case of (5).

In view of the above discussion, we meant to study the group invariant properties of the fractional
ZK Equation (5) studied in [20]. For the convenience of discussion, system (5) can be rewritten
as follows

Dfu + pauP~uy + b [(q° — 397 +2q) uT3ud + (39% — 3q) uT ™ 2utiey + quT ™ iiygey]
+c [(73 —3r% +2r) ur_3uxu§ + (r — 1) WP uxuyy + (2% = 2r) u 2wy, + ru’_luxyy] )
=0

The organization of the rest of this paper is as follows: In Section 2, some preliminary results

needed in later sections and some notations, definitions are stated. In Section 3, we establish our
main results about Lie symmetries for the fractional ZK Equation (5). In Section 4, examples of group
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transformations of solutions are considered and new exact solutions are constructed. In Section 5,
we study symmetry reductions to the time fractional ZK equation. Finally, we present discussions
and conclusions.

2. Preliminaries

From the viewpoint of Brown motion, the modified Riemann-Liouville(RL) derivative is defined as

drf _
DIf(t) =4 w=1 8
e f) {g‘tnlnﬂf(t), 0<n—-1l<pu<n, ®)

where n € N, I'f(t) is the RL fractional integral of order v, i.e.,

I"f(t) = { ﬁ fot(t —s)'"1f(s)ds, v>0,

£, V=0, ©

where T'(e) is the Gamma function.
For the function u(t, x), a Riemann-Liouville time fractional partial derivative of order u can be
defined as below [35]:

e -
Diu(t,x) =4 "y o e ’ (10)
) { 1"("1—#)37 Jo(t=s)"# Yu(s,x)ds, 0<n—-1<pu<n.

In this paper, we also need the following generalized definitions.
According to [32,39], the generalized Erdélyi — Kober fractional differential operator is defined
as follows:

n—1 m
o,x L . 1 d S+a,n—u
D{ﬁ]rﬁZI“'I/gWI}g T ]:1_[0 (5+] +k=21 _ﬂ%kgkagk> (Ic{ﬁl,/gz,m,lgm}g> (61/62/- '*lém)/ (11)

where
. [] +1, a €N,
a , x €N,

and the generalized Erdélyi — Kober fractional integral operator reads

<IC({S'/3“1432,‘..,5M}8> (1,82 Cm)

o I " 1 1
= { ﬁﬁ (v— 1)ty O o(Zwhr, . EuvPr)dy, a >0, 12)
g(é(l/"‘/é‘m)r a=20

In the following, we will give a short introduction about how to find Lie point symmetries of
fractional order systems. For further information, one can refer to [30,31].
We now consider the following FDE

ltxu(t/ X, y) = F(t/ X, y/ U, Uy, uyr Uxx, uyyr uxy/ Uyxxx, ”xyy)/ 0 <a< 1/ (13)

with ¢, x, y independent variables, u dependent variables.
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According to the Lie theory, for some group parameter ¢, we need to determine a one parameter
Lie group of infinitesimal transformations

t*=t+et(tx,y,u)+O0(2),
x* = x+el(t,x,y,u) +0(e2), (14)
y* =y+en(tx,yu)+0(),
u* = u+ep(t, x,y,u) + O(e?).

The associated infinitesimal generator is defined by

0 J
X = T + 6 + = +qba
where
T dt* E— dx* 7@ ¢7du*
de e de |,_, de |,_, de |,_o

According to the infinitesimal invariance criterion [31], Equation (13) admits transformation
group (14) if and only if the following equation holds

prl®) X (A)[p—g = 0,A = Dfu — F. (15)

By keeping the essential terms, the operator pr(®3) X takes the following form

0 %) d 0 d
pr(“'3)X = X+¢M8D ) +¢* 3, + ¢¥ W +¢xxau +¢xy%
0 xXxx d d X J
%Y sy +¢ S + vy B + ¢V = (16)
where
"' = DF(¢) +EDf (ux) +nDf (uy) — Df (Gux) — Df (1uy)
+Df (uDy (1)) — DI (zu) + T (u),
¢ = Dxy($) — urDx(1) — uxDx(&) — uyDx (1),
¢y = Dy((i)) - MtDy(T) - ”ny(‘aT) - uyDy(;y)
‘Pxx = Dx(‘l’x) - uxth(T) uxxDx(‘:) - uxny( )
¢ = Dy(¢¥) — uyDy(T) — uxyDy(&) — uyyDy(77),
Y = Dy(q‘)x) —uxtDy(T) —”xny( &) — uxyDy( ),
¢ = Dye(¢) — Uyt D (T) — thxxx D (€) — thxny Dx (1),
¢ = Dy(¢") — uyytDx(T) — thyayDx (&) — tyyy Dx(17),
¢ = Dy(¢") — uyytDy(T) — ttyxy Dy (&) — uyyy Dy (17) (17)

Here, the total derivative operator D; is defined by

7“1‘"'/1’/]':1/2/3/}7:1/ (18)
j
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and (x',x%,x3) = (t,x,y), (u') = (u). We see that the explicit expression for the above ones can be
obtained in a standard procedure [31]. In addition, according to [40], after similar calculation as [35],
we can have the explicit expression for ¢**:

) {( . ) P — < L )DI’“(T)]a?”u—g< . )Df(@)a‘j‘”(ux)

(ﬁ) FON () + 3+ (fu — (7)) — g+ (19)

e

(PIX,t —

3
I

agk

n=1

where

HM\

n—u(__,,\r m n—m-+k
n k t ( M) L(uk—r) J 4 ) (20)
m r ) kiT(n+1—a)dm otn—moyk
Because we will use FracSym [40] in our paper, as request, hereafter, we only consider symmetries
where ¢ is linear in u (assume puf = 0), i.e.,

o(t,x,y,u) =uG(t,x,y)+ H(t,x,y). (21)

According to (15), by applying the operators pr(“'3) X to Equation (13), after splitting the obtained
relations by independent variables, we obtain a system of linear PDEs and FDEs by equating these
coefficients to zero. Finally, by solving this over-determined system, we can obtain the vector fields X
admitted by FDE (13).

3. Lie Symmetries for the Generalized Fractional Zakharov-Kuznetsov Equation

Applying the third prolongation pr@3) X to (7), we obtain

o™+ ap(p — 1)puP Puy + apuf ¢t + b {(q‘”’ = 3q% +29)[(q — 3)puT*u3 + uI 3 (§*)?]
+(34° = 30)[(q — 2)put P uxuyy + uT 2P Uy + ul U™

+’1[(q - 1)¢uq72uxxx + uqlqz)xxx]}

Fc|(rP =32 +2r)[(r — 3)4)ur*4uxu§ + uFB(quﬁ +u" P u(¢¥)]
=2 St 2+
+(2r% = 2r)[(r = 2)pu" P uyuy + <Py”xy + ' Puy ]

+r[(r — 1)pu" Py + urlcp’%’]} =0. (22)

Substituting (17) into (22), by the Maple package [40,41], we can obtain the determining equations
for the symmetry group. For simplicity, we omit the long expressions of the determining equations.
In addition, by the DESOLVII PDE solver pdesolv [42], we obtain the general solution of determining
equations with respect to 7, ¢, 77, ¢:

T(t,x,y,u) = (3p —2)cat +c3

n(tx,y,u) = (p— )ch4y+Cz 23)
&t x,y,u) = (p— q)acsx + 1

o(t,x,y,u) = —2acqu

where ¢; (i = 1,2,3,4) are arbitrary constants.
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Furthermore, due to transformation (14), to preserve the invariance of the RL fractional derivative
operator, we need
7(0,x,y,u) =0=c3 =0. (24)

In fact, transformation (14) is required to leave the lower limit of the integral in the expression
of (8), and therefore the equation t = 0 should keep the invariant form under this transformation.
Hence, the final symmetry for the time fractional ZK equation is:

T(t/ X, Y, u ) ( 2)C4t

n(t,xy,u) = (p— )M4y +0 -
E(tx,y,u) = (p—q)acgx + 1

¢(t,x,y,u) = —2acqu

Finally, the symmetry group of the time fractional ZK equation is given by the follwing
vector fields

0 %) %] %)
X1=5-,X= ay = @Bp—q-2)t5; —2uam + (p—qlaxo_+ (p - r)ocy@- (26)

From (26), we can find the symmetry generators. They form a closed Lie algebra as shown in
Table 1.

Table 1. Commutator table of Lie algebra (26).

[XilXj] X1 X> X3
X1 0 0 (p—q)aX;
X 0 0 (p—r)aXy
X3 —(p—q)aX; —(p—r)aXy 0

Here, the entry in row i and column j means [X;, X;]. It is the commutator for the Lie algebra
defined by
[Xi, Xj] = XiXj — X;X;.
4. Examples of Group Transformations of Solutions

In this part, by solving the following initial problems, we can get the Lie symmetry group from
the related symmetries to get some new exact solutions from the known ones.

*
% T t* |E*O = t/

: _
dcfg = 61 X*|£:0 = X, 27
dy* * (27)
i =1 Yle=o=y

dcﬁ = (P/ M*|£:0 =u.

Therefore, for the infinitesimal generator X; = %, the corresponding Lie symmetry group are
translation along the x-axis

Q1 (x5, ", u") — (L x+e1,y,u), (28)
where ¢ is an arbitrary real number. The group g1 shows the space-invariance of the equation along

the x-axis. Hence, if u = f(t, x,y) is a solution of (5), by group g1, we can obtain the corresponding
new solutions of (5), i.e.,

up = f(t,x —e1,y). (29)



Symmetry 2019, 11, 601 7 of 12

For X, = %, the corresponding Lie symmetry group are translation along the y-axis
g (B, 0%,y u*) = (t,x,y+e,u), (30)

where ¢ is an arbitrary real number. The group g» shows the space-invariance of the equation along
the y-axis. Hence, if u = f(t,x,y) is a solution of (5), by group g», we can obtain the corresponding
new solutions of (5), i.e.,

uy = f(t,x,y —e3). (31)

In addition, X3 = (3p — 9 — 2)t3 — 2uad + (p — q)ax2 + (p — r)ocyaa—y corresponds to the
nonhomogeneous scaling group

g3 (t*/ X*, y*/ Ll*) N (te(3p—q—2)£3’ xea(p—q)53lyea(p—r)s31 ue—2a53), (32)

where ¢3 is an arbitrary real number. The group g3 is the well-known scaling transformations. Hence,
if u = f(t,x,y) is any solution of (5), by group g3, we can obtain the corresponding new solutions
of (5), that is,

Uy = 62“S3f(te_(3p_q_2)€3, xe—“(r’—ﬂ)%,ye—“(P—V)Ss). (33)

Moreover, the above scaling transformations either expand or contract the size of not only the
independent variables but also the dependent ones. In addition, scaling transformation can provide a
way to associate the behavior of the solution from different perspectives, for example, a short time
solution with large initial values can be rescaled to a longer time solution with small initial values.

To illustrate this, we consider the following example discussed in [20]:

Consider p = q = r = n in the Equation (5), i.e.,

fu+a(u")y +b(u")xxx +c(U )y =0, 0<a <1 (34)
The author of [20] obtained two exact solutions of (34):

1
« n—1
(o) = | e (3 y = gy )] o]
(35)

—_

uz(t,x,y) _ exp [%(xjty — r(%j“)fﬂg)} + (a1 — az)ze;xp [%(xjty — r(%iw — 770)] + 2(aq + ap) ﬁ‘

Then, one can obtain the following two new exact solutions of (34) by applying the group (32).

1
n—1

us(t,xy) = ezafﬁ[exp@)m} ,

1

exp(®) + (a1 — a)? exp(—0) +2(a; + ap) ] "1
4 7

um(bxy) = o6 { (36)

where ® = % (xeilx(pfq)sS + yef’)‘(pfr)ES — w

we see that these new solutions are the size dilations of not only the independent variables but also the
dependent ones.

For the other two symmetry groups, new invariant solutions can be found through existed
solutions for the time fractional ZK equation. Maybe more interesting solutions from the physics point
of view can be found by applying the full group to the equation. Thus we enrich the former results
in [20].

— 1]0). Compared with the existed solutions,
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5. Symmetry Reductions and Exact Solutions to the Time Fractional ZK Equation

In this section, we mainly consider the symmetry reductions to the time fractional ZK Equation.

(i) For the generator X; = %, we have the invariant

(i)

(iii)

u=g(t,n), (37)

where T = t,5 = y are the group-invariant. Substituting it into (5) yields the following reduced
fractional ODE
Drg(z,n) =0. (38)

To solve (38), we need the Laplace transform
LLF(0)} :/ et F(1)dt = F(s). (39)
0
After taking the inverse transform to F(s), we have the solution, which is

g(t,n) = f4(17)rfi)r"“1, (40)

where f4(#) is an arbitrary function about 7, C is a constant.
Hence, for Equation (5), we give the following group-invariant solution:
Co ,a—
u= fdy)mt”‘ g (41)

Please note that this solution can be viewed as a kind of standing wave solution and it is
independent of the space variable x. In addition, due to 0 < & < 1, it decays in time. This solution
has not appeared in previous papers.

For the generator X; = %, we have the invariant

u=g(t,g), (42)

where T = t,{ = x are the group-invariant. Substituting it into (5), we obtain the following
reduced fractional differential equation

Dig+apg’'g: +b ((ff’ — 397 +29)87 g2 + (34° — 39)8" g 8zz + nglg;@é) =0. 43)

For the generator X3 = (3p —q —2)t9 — 2ua 2 + (p — q)ax L + (p — r)ocy%, by integrating the
invariant condition

dt dx dy du

Gp—q-2t (p-qax  (p-ray  —2ua’

we obtain the invariant "
u=g(gn)tr=2, (44)

_ (=g _ (p=n)a
where § = xt 3-1-2,5 =yt 3-1-2 are the group-invariant.

Hereafter, for simplicity, we note ag = f%, bp = — Sr(,p:qr)fz, 0= 35 72‘; —.
Substituting (44) into (5), for 0 < « < 1, according to the definition of RL fractional derivative,

we obtain o 1 3t
u -
o~ T(1-a) S (=) s (s, ys™) . “5)
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Lett = g, thends = — T—tsz, then (45) can be rewritten as
o*u 1 d Y Ca _ _ _
o _ r(l - 06) g[tlJrc[] i /1 (T _ 1) ar ((1+4co)+(1 ”‘))g(CT aO/UT bo) dT]. (46)

By the generalized Erdélyi — Kober fractional integration operator, from (46) we have

d“u d _ _
w _ E |: 1+co—a (IC‘}L#»C?,ltii}g) (6,77):|

a’ by

_ d 0 _
feos (1 oot aol gz + boﬂan) (K}*ﬂ“'lg}g) (&m). 47)
2’ bo

In addition, by the generalized Erdélyi — Kober fractional differential operator, (47) becomes

"u - 14co—a,n
— $o—« 0—&,
ai’“ t (D{_rzl[)'_lzlo}g> (Cr 17) (48)

Then, by (48), Equation (5) is reduced into the following nonlinear fractional partial differential
equation

'D1+CO*'X/“ tco(p71)+ag+¢x p—1
( {;O/JO}g> (&) +ap 8" s
+bgteola—1)F3a0ta [(q —1)g773((7 — 2)gz + 388z8¢ze) + g"lgggg}

+CT,iLco(r—l)—I—ao+2bo—~-zx [(1’ o 1)gr—3 (88587711 + 2ggqgg;, + (r o 2)868%) + gr—lggw}
=0. (49)

For X1, we have discussed the reduced equation (38) and obtained its solution (41). For X3,
we also have obtained the reduced equation (49). However, this equation is a nonlinear fractional
partial differential equation with generalized Erdelyi-Kober fractional differential operator and it is
difficult to discuss this FPDE.

In the following, we will do further study on symmetry reductions and exact solutions of (43)
in detail.

If Equation (43) is invariant under the point transformations

™ =T+€7(E,7,8) + O(e?),
& =C+ef(g,1,8)+0(e), (50)
g =g+¢€3(&1,8) +0(?),

with the group parameter ¢, the associated Lie algebra is spanned by

0 = 0 0
V=@ ) i85 2@ T 61)

in which 7(¢,7,¢),2(&,7,%),§(¢, 7T, g) are to be determined.
If the vector fields above generates a symmetry of (43), we obtain the following Lie
symmetry condition
prDV (A1)l =0 =0, (52)

where

Ay = Dig +apgP gz +b <(q3 — 347 +2q)8°g2 + (34° — 39)8" *gegez + nglg@@@) :
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As with the similar discussion given in previous sections, again by using the Maple package [31,40,41],
we can have the symmetry algebra of (43), which is spanned by the following vector fields

Vi = ;(.;,Vz = (310—/1—2)7% —Zgwaag + (P—q)aéaag- (53)
For Vi, we obtain the group invariant
8 = f5(7). (54)
Inserting it into (43), we have the following reduced fractional ODE
Dzfs(1) =0, (55)

which indicates that f5(7) = C; 7%~1 where C; is a constant. As a result, we obtain a group-invariant
solution of (5) of the form
u=Cyt* 1, (56)

This solution is only related to the time variable. In addition, it also decays in time.
For V,, we have the group invariant

g =h(&)T™ (57)

where & = &1%, 7 =t,& = x.
As the similar discussion in (ii7), we can see that (43) can be reduced into the following fractional
differential equation

(D}“ﬂ%"""‘h) (&) +aptop=DFaotapp =iy,

zh

1 _

+bgtcol1—1)+3a+a [(q — 1)W1 ((q = 2)hz + 3hhzhzz)

where D is the Erdélyi — Kober fractional differential operator.

6. Conclusions

In this paper, by using the Lie symmetry analysis method, we have considered the invariance
properties of a class of generalized fractional Zakharov-Kuznetsov equations. Lie point symmetries
to this equation is performed. The Lie algebra and the symmetry reductions of this fractional
Zakharov-Kuznetsov equation are obtained. Finally, some new exact solutions were constructed
to the fractional Zakharov-Kuznetsov equation. Although there have been lots of symmetry results for
the time fractional Zakharov-Kuznetsov equations, all those models considered can be viewed as the
special cases of the one we considered in this paper. Hence, we have extended some existing results.
However, as we see, the coefficients 4, b and c are all normalized constants according to different
physical meanings. To stay closely to the former research and to keep its specific physical meaning of
parameters, therefore, we only consider the fractional Zakharov-Kuznetsov equation with constant
coefficients. Furthermore, note that in [24], a class of generalized Zakharov-Kuznetsov equations with
variable coefficients was considered. Perhaps we will pay our attention to this more generalized model
for future studies.
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