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Abstract: In this work, an examination on the modal properties of a single-span steel-frame footbridge
is presented. The footbridge is situated in Jawornik (Lesser Poland). The footbridge is symmetrical
since its main structure consists of two steel frames of the same shape. The boundary conditions
for both frames are the same as well. The study was completed on the basis of numerical as well
as experimental investigations. For finite element (FE) analysis, a 3-D model of the single-span
steel-frame footbridge was created. For the experimental study, a research scheme for in situ tests
was developed. Three kinds of excitation techniques were used during the in situ tests: shock
excitation, operational vibration, and slow sine sweep testing. Different functions that estimate natural
frequencies, i.e., the power spectral density function (PSD) and the frequency response function
(FRF), were applied. The modal assurance criterion (MAC) was used as a mathematical tool for the
verification of the mode shapes of natural vibrations obtained in experimental and numerical ways.
Good compatibility was recognized between the results obtained for experimental and numerical
procedures in terms of both the natural frequency and the mode of vibration. The identified and
verified values of the five consecutive natural frequencies of the footbridge were smaller than
5 Hz, but they were recognized as being located outside the frequency range defined as having
“maximum risk of resonance”. The numerical and experimental modal analysis revealed that all
modes corresponding to the natural frequencies from the 0–5 Hz range have both a symmetrical and
an anti-symmetrical nature. In particular, the first vertical mode, which can play a central role from
the serviceability of the footbridge point of view has a symmetrical shape. The results of the research
might be applicable to the dynamic study of the structure type considered in the analysis, i.e., for the
dynamic assessment of a single-span steel-frame footbridge with a relatively large mass as well as
stiffness. The investigation proved that ambient vibration modal experiments are enough for the
experimental investigation of the modal properties of the structure.

Keywords: footbridges; dynamic analysis; modal analysis; steel construction; structural dynamics;
symmetric structures

1. Introduction

The dynamic behavior of pedestrian bridges is a significant factor which must be studied by the
creators of these structures. Even though static and serviceability requirements are significant issues,
dynamic aspects of the planning of footbridges are more challenging in the vast majority of cases [1–4].
In particular, the use of advanced materials, optimization techniques, and technologies has an effect
on the dynamic serviceability of modern footbridges [5–9]. As a consequence of their low levels
of stiffness, a great number of current pedestrian bridges have their first natural frequency within
the range that is typical for dynamic loading generated by users during walking or running [2,10].
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Taking into consideration the primary function of the pedestrian bridges, the risk of the resonance
phenomenon occurring has to be discussed for this type of structure [11–24]. In general, the estimation
of the modal properties of footbridges is the main component of the general dynamic evaluation
of these structures [25–28]. It must be pointed out that this part of the dynamic investigation has
significant value for the design stage of construction as well as being required prior to approval of
the structure for public usage, i.e., proof load testing (conduct in order to validate that a structure
can carry the design loads) and acceptance tests (conducted before a bridge structure is accepted for
exploitation).

A literature review proves that many researchers who carry out experimental tests on dynamic
characteristics of footbridges use different sources of excitations to measure the vibrations of these
structures. In particular, the experiments are based either on intentional shock excitations (i.e., a drop
of heavy mass or jumping of a group of people) or operational analyses (i.e., wind excitation, traffic
excitation or pedestrians walking). On the one hand, the operational analysis is performed on ambient
vibrations, which are executed during the normal serviceability of the footbridge. Hence, for comfort
criteria assessment this type of analysis appears to be more adequate. On the other hand, footbridges
may undergo some exceptional excitation, like vandalism or demonstrations. They also can be exposed
to strong kinematic excitations, like earthquakes, if located in seismic zones. In such cases, the modal
analysis based on strong energy sources seems to be more reliable.

The objective of this study is to find and quantify the differences in values of natural frequencies,
modes of vibrations and damping ratios, obtained on the basis of experiments in which different
sources of excitations were used. Furthermore, the dynamic characteristics found on a numerical way
are assessed, taking into consideration the results of the in situ experiments.

In particular, the investigation of the dynamic characteristics (natural frequencies, mode shapes
of natural vibrations, and logarithmic decrements of damping) of a single-span steel-frame footbridge
is presented in this paper. The pedestrian bridge located above the national road in Jawornik (Lesser
Poland) was chosen for the study [18]. The footbridge is symmetrical since its main structure consists
of two steel frames of the same shape. The boundary conditions for both frames are the same as
well. Three experimental modal models and one numerical modal model were constructed. For the
experimental modal models, different types of loading were used. These were shock excitation,
operational vibration of the studied footbridge, and slow sine sweep testing. In the case of the
numerical modal model, finite element analysis with the ABAQUS/Standard software program was
performed [29]. The Modal Assurance Criterion (MAC) was used for the verification of the numerical
and experimental modal models. For a given set of modal modes, the MAC matrix is symmetrical.
From a mathematical point of view, the analysis of the “level of symmetry” that could be recognized
in MAC matrixes was used to provide feedback about the compatibility of the numerical as well as
experimental modal models. It should be pointed out that this approach made it possible to verify the
numerical results as well as to validate the finite element (FE) model of the footbridge. The numerical
and experimental modal analysis revealed that all modes corresponding to the natural frequencies
from the 0–5 Hz range have both a symmetrical and an anti-symmetrical nature. In particular, the first
vertical mode, which can play a central role from the serviceability of the footbridge point of view, has
a symmetrical shape.

This paper is systematized as follows: Section 2 provides the literature review. Section 3 introduces
the terminology and the main assumptions of the adopted methodology as well as providing essential
information about the structural layout of the footbridge and experimental setup. Sections 4 and 5
combine the results from the experimental and numerical modal assessments. Finally, Section 6
presents the main conclusions from the research.

2. Related Works

Previous studies that considered the dynamic aspects of pedestrian bridges were prepared for
a variety of purposes. It is worth noting that investigations of these structures have been conducted
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by both commercial organizations and academic researchers. The main group of research interests
was focused on the dynamic response of footbridges to usage-generated loading. A literature review
that summarizes the most important issues regarding the usage-generated excitation of footbridges
was presented in this work [10]. However, other dynamic influences were also discussed. In the work
presented in [25], the authors delivered the results of the aerodynamic response of the footbridge.
A seismic assessment of the cable-stayed footbridge was presented in [30].

A correlation of finite element method (FEM) solutions with measured dynamic properties as
well as the structural health monitoring (SHM) of footbridges are other significant aspects of this type
of structure. In paper [27], an experimental modal model was used for the validation of an FE model
of the investigated structure. This approach made it possible to predict the reliable influence of the
tuned mass dampers for the dynamic serviceability of the footbridge under pedestrian excitation,
which was the main purpose of the analysis [27]. Vibration-based monitoring is also an efficient
tool which is used for SHM procedures. However, this technique requires a suitable number of
accelerometers as well as the application of effective ways to interpret collected data. In paper [28],
the authors delivered an analysis of the vibration serviceability of an in-service footbridge. Firstly,
ambient vibration tests were conducted. On the basis of registered data, an operational modal analysis
was prepared. The footbridge dynamic response under pedestrian excitation was then completed since
the comfort criteria assessment was the main purpose of the research [28].

In general, the methodology and technology of modal testing have become extensively developed
and practiced since the 1980s. The major requirements of modal testing were addressed as follows:
the theoretical basis of vibration, accurate measurement of vibration, and carrying out realistic and
detailed data analysis. In the book presented in [30], the primary assumption as well as proposals for
application in terms of planning, execution, application, and interpretation of the results of modal tests
are discussed. In particular, the approach for the modal experiments with slow sine sweep excitation
is described. The shock response spectrum is considered in work [31]. The advantages, disadvantages,
and limitations are widely described. Finally, the mathematical tools for the analysis and interpretation
of collected data during a mechanical shock are provided. The essential information and theoretical
background for operation modal analysis (OMA) are delivered in work [32]. The procedures and
methodology for experiments involving ambient vibration are summarized in [32].

In work [20], numerical and experimental evaluations of the modal properties of a cable-stayed
footbridge are presented. The investigation was carried out on a slender, cable-stayed footbridge
whose primary purpose is to transport pedestrians above the river. In the study, different types of
dynamic excitation were used. Hence, the appropriate mathematical tools were applied in order to
estimate modal properties. Finally, six eigenpairs with eigenvalues within the 0–5 Hz frequency range
were successfully identified. Strong agreement was found between the experimental methods in terms
of mode shapes, natural frequencies, and damping ratios. In this study, a similar methodology was
used for the modal property assessment of another structure—the single-span steel-frame footbridge.

3. Materials and Methods

3.1. Concepts and Methods of the Investigation

In bridge engineering, the application of modal testing has significant importance. Especially,
for pedestrian bridges, dynamic properties estimation is an important stage of structure assessment.
The studied footbridge, whose primary structural system consists of two steel frames, is not typical.
The total mass of the relatively small footbridge is unusually substantial since it equals about 400 t.
On the other hand, the structure is very stiff in relation to typical (usually suspended) footbridges—steel
frames have rigid nodes, they are fixed at foundations, and some parts of the frames are permanently
combined with the deck forming a steel-concrete composite. Hence, the strategy of experimental
investigation needed to take strong excitations into consideration. Otherwise, errors could appear in
the obtained results of the modal analysis.
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In Figure 1, the general concept with the main stages of research is presented. The modal
properties of the footbridge were assessed on the basis of data taken from experimental as well as
FEM studies.
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Figure 1. General concept of the investigation.

The numerical modal model was assembled using the ABAQUS/Standard software program.
The modal properties of the footbridge, i.e., the natural frequencies and modes of vibration, were
extracted using a linear numerical procedure with the Lanczos algorithm [29]. However, the geometric
nonlinearity, produced by the gravity load stiffness effects, was also taken into consideration.

The main purpose of the experimental part of the work was to assess the natural frequencies,
modes of vibration, and logarithmic decrements of damping of the footbridge. Three experimental
modal models were compiled during in situ tests (see Figure 1). The modal properties of the structure
were estimated on the basis of data collected during the vibration of the structure generated by three
types of loading: shock excitation (loading generated through the dropping of a pallet with paving
stones of 1500 kg weight), ambient vibration (dynamic excitation under normal operating conditions
of the footbridge without loading generated by pedestrians), and slow sine sweep testing (loading
produced through the use of the THOMAS vibroseis apparatus).

In the three studies mentioned above, standard techniques were adopted for modal identification.
The most common and least expensive excitation technique is the one in which ambient vibrations
are used. However, the studied structure is very stiff in comparison with other typical footbridges.
To execute strong enough output signals for the modal analysis, a strong source of vibration was
needed. Hence, the authors decided to use shock vibration as well as the Thomas apparatus (see
Figure 2) for modal identification. Additionally, the advantage of the shock excitation is that signals
registered as the dynamic responses of a structure can easily be used for the evaluation of damping
properties. Next, the advantage of using the THOMAS apparatus is that a shaker is the mechanism
of excitation, the frequency, and force of which can be steered and controlled. So, experiments with
shakers, unlike operational analysis, are repeatable. Hence, potential errors in particular tests can be
ruled out. The primary dimensions of the THOMAS apparatus are shown in Figure 2. The total mass
of the apparatus is equal to 32,000 kg, and the range of excitation frequencies is 2–250 Hz.
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Figure 2. THOMAS vibroseis apparatus.

3.2. Structural Layout of the Footbridge and Experimental Setup

A single-span steel-frame pedestrian bridge was chosen to achieve the aims of the present study.
The footbridge is shown in Figure 3. The structure is located in Lesser Poland and it transports people
above the S7 national expressway. The structure was erected in 2014, and it was designed according to
Polish national standards [18].
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Figure 3. The footbridge structure: (a) steel frame during the montage, (b) the footbridge after
assembly [18].

The structural layout of the footbridge is presented in Figures 4 and 5. The primary structural
system is mainly composed of two symmetrical steel (S355) frames. The steel frames are constant box
sections (see Figure 5a) with 30.00 mm wall thickness. The footbridge deck (16.00 cm thickness) is a
steel-reinforced concrete slab (C30/37) supported by steel-reinforced concrete girders (C30/37) and
steel cross bars (S355). The deck is attached to the steel frames with elastomeric bearings and steel
hangers (Macalloy M30) as linking elements. The steel hangers have a spacing of 2.50 m. Parts of the
frames are also permanently combined with the footbridge deck, forming a steel-concrete composite.
The total length of the steel frames (a distance between the extreme right point and the extreme left
point located on the right and left columns, respectively) is 50.50 m, and they are fully fixed in the
steel-reinforced concrete pile cups. The structure is founded on steel-reinforced concrete piles (1.20 m
diameter). The analyzed structure is relatively stiff in comparison with other typical footbridges.
The displacements obtained in the acceptance test were significantly smaller than those received for
other typical suspended footbridges erected over the same motorway in the last decade. The static
load that was applied during the acceptance test was realized by a set of pallets with paving stones.
The total load that was completed in this way was equal to 86.00% of the design static load (a crowd of
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people, i.e., 4.00 kN/m2). The maximum value of displacement was 8.64 mm, and this was achieved in
the middle span of the footbridge.Symmetry 2018, 10, x FOR PEER REVIEW  6 of 19 
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Figure 5. The structural layout of the pedestrian bridge over the national expressway located in
Jawornik (Southern Poland) [18]: (a) cross-section, (b) steel frames of the footbridge.

The locations of the measurement points, the THOMAS vibroseis apparatus, and the point
where the mass was dropped are shown in Figure 6. The measurement points were assembled from
three piezoelectric high sensitivity accelerometers (393B12 PCB Piezotronics, 10,000 mV/g) since the
signals were registered in the X, Y (horizontal) and Z (vertical) directions. All accelerometers were
wire-connected. The frequency range was from 0.15 to 1 kHz. The Z direction represented the axis
vertical to the deck of the footbridge, the Y direction represented the axis located along the deck of
the footbridge, and the X direction represented the axis perpendicular to the longitudinal axis of the
footbridge. At every control point, the values of vibrations in three directions were recorded. Data
sampling of the signal showed a frequency of 1024 Hz. The B and C measurements points were located
directly on the footbridge deck. The measurements points A1, A2, B, C, D1, D2, E1 and E2 were
located on the steel frames. However, the points E1 and E2 were placed on the parts of the frames that
are permanently combined with the footbridge deck. Measurement points G and F were located on
the foundations of the structure.
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3.3. Preliminaries

A set of mathematical tools and functions was applied for the analysis of the obtained signals [20].
For the first modal model (see Figure 1), the theory of random vibrations was used [30,31]. In this
part of the experiment, power spectral density function (PSD) was calculated for all collected signals.
The power spectral density function (PSD) was prepared for all output measurement points (A1, A2,
B, C, D1, D2, E1, E2). The PSD function is provided by the equation below:

Sxx( f ) =
∫ ∞

−∞
Rxx(τ)e−j2π f tdt, (1)

where Rxx is the autocorrelation for the x(t) signal registered in one of the output measurement points.
For the second modal model case (data collected during ambient vibration loading), the natural

frequencies of the footbridge were obtained on the basis of the estimator, which was obtained as
the summation of all combinations of auto- and cross-spectral density functions between all output
data registered in measurement points (A1, A2, B, C, D1, D2, E1, E2) [32]. The cross-spectral density
function (CSD) is defined as follows:

Sxy( f ) =
∫ ∞

−∞
Rxy(τ)e−j2π f tdt, (2)

where Rxy is the cross-correlation for x(t) and y(t) signals registered in one of the output
measurement points.

The third experimental modal model is based on dynamic loading generated by the THOMAS
vibroseis apparatus shown in Figure 2. The THOMAS apparatus can generate vibrations of the ground
by a movable plate striking the ground. These vibrations are transmitted to the foundations of a
structure. The apparatus can generate vibrations of constant frequency (from 2 to 250 Hz). It also may
execute sweeps, i.e., vibrations of frequency that linearly or exponentially fluctuate in the time domain.
Before the in situ experiments, the apparatus was tested on programming sweeps with maximum
amplitudes of vibration for the lowest frequencies. The characteristics of the linear and exponential
sweeps generated by THOMAS apparatus are shown in Figure 7a,b, respectively. The main parameters
of the sweeps were the time–frequency dependence and the short-time Fourier transform (STFT).
They illustrate the intensity of the obtained signals and the time period of low frequencies registered
at the footbridge support (F, see Figure 7). It is clearly visible in Figure 7 that better time–frequency
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characteristics (in terms of generating low frequencies with higher amplitudes) were obtained from
the exponential sweep.Symmetry 2018, 10, x FOR PEER REVIEW  8 of 19 
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For the data produced during this experiment, the frequency response function (FRF) was
extracted as a sum of the transfer functions of every combination of output- and input-registered
signals for the Y (horizontal direction) and Z (vertical direction) [30]. The transfer function H( f ) is
delivered by

H( f ) =
Sxy( f )
Sxx( f )

, (3)

where Sxy is the cross-spectral density for x(t) and y(t) signals; Sxx is the power spectral density for
x(t), the input signal; and y(t) is the output signal.

The peak picking method was used as the method for the estimation of natural frequency values.
The principal assumption of the peak picking method is that, for resonance, the value of the function,
which is obtained as an estimator of the natural frequencies for the system, has a maximum value.
The frequencies for which extreme values of the estimator appeared were identified as being the
eigenfrequencies of the structure. Then, for estimated eigenvalues, the mode shapes, as well as the
logarithmic decrements of damping, were obtained. At this stage of the study, the band-pass filter was
applied [20].

The modal assurance criterion (MAC) was used as a mathematical tool for the verification of the
obtained mode shapes from all modal models [30,33–35]. The MAC values for the i and j eigenvectors
were extracted on the basis of the following equation:

MAC(i, j) =
({Ψi}T{Ψj

}
)

2

({Ψi}T{Ψi})(
{

Ψj
}T{Ψj

}
)

, (4)

where Ψi, Ψj are modal vectors. For duplicate mode shapes, the MAC(i, j) index has a value equal to 1;
for different eigenvectors, the MAC(i, j) index has a value equal to 0. In practice, the boundaries of the
MAC(i, j) values, which verify modal model positively, were quoted as being greater than 0.8 and less
than 0.2 [30]. Firstly, the MAC(i, j) was used to check whether the locations of the measurement points
and the selection of degrees of freedom (DOF) of experimental models were sufficient. At this stage of
the study, the experimental sets of mode shape vectors were correlated with themselves. This version
of the MAC(i, j) is commonly known as AutoMAC [30]. Secondly, the MAC theory was used for the
verification of the experimental modal models and for the comparison of each modal model. Finally,
the MAC(i, j) was used to validate the numerical model of the footbridge (see. Figure 1).
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3.4. Finite Element (FE) Model of the Footbridge

For the numerical part of the study, a 3-D finite element (FE) model of the structure was assembled
with the ABAQUS software program. In the FE model, the structural parts of the footbridge were
represented as follows: the steel-reinforced concrete deck and the steel frames by shell elements,
the steel-reinforced concrete girders and the steel crossbars by beam elements, the steel-reinforced
concrete pile cups and the steel-reinforced elastomeric bearings by solid elements, and the steel hangers
(Macalloy M30) by truss elements. In the FE model of the pedestrian bridge, suitable constraints were
applied, including the differences in the number of degrees of freedom at the nodes of the solids,
beams, and shells. Fixed boundary conditions, suitable for the high rigidity of the foundations, were
applied at the end of the steel-reinforced concrete pile cups of the structure. For the steel frames
and a steel-reinforced concrete deck of the footbridge, type S4R linear quadrilateral elements were
applied. In the foundations and bearing cases, type C3D20R quadratic hexahedral elements were used.
The linear line elements of type B31 were used for the girders and crossbars. The total size of the FE
model was 83,085 nodes and 39,233 elements. The FE model with some details of the structure (i.e.,
frame foundation, elastomeric bearing, the steel grid of the deck, and the fragment of the mesh) is
presented in Figure 8.
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Elastic truss elements with no compressive stiffness were applied for the steel hangers to
ensure that compressive stresses would not be produced during numerical dynamic analysis [29].
However, when this “no compression” option is used, the instability of the FE model is usually
recognized. This numerical procedure error was repaired by overlaying each truss element with the
“no compression” option with another beam element with low compression stiffness. This method
enables a stiffness level greater than zero to be obtained, which has the effect of stabilizing the FE
procedures. In the FE model, all hangers were modeled as trusses (T3D2) with the “no compression”
option. For the FE model, stabilization beam elements (B31) were introduced. A level of 5% was
selected for the hanger stiffness to stabilize the calculations. ‘Tie’ constraints were used to ensure
identical kinematic behavior of the beam and the truss elements. For the hangers, a modulus of
elasticity of 205 GPa was adopted. A Poisson’s ratio of 0.29 was used.

The steel-reinforced concrete deck was equipped with elastomeric bearings, which are one of the
linking elements between the girders and the steel frames. Usually, the Mooney–Rivlin theory is used
as a nonlinear constitutive model for hyper-elastic elastomeric material. However, for the numerical
linear procedure, some simplifications can be assumed. Hence, the parameters of the Mooney–Rivlin
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material model (C10 and C01) were represented by the equivalent elasticity modulus: E = 6 (C10 +
C01) [36]. In the FE model of the investigated footbridge, these parameters (adopted as C10 = 0.292
MPa and C01 = 0.177 MPa [36]) represented the equivalent elasticity modulus (2.814 MPa). It must be
pointed out that the parameters of the material of elastomeric bearing were assumed strictly on the
basis of the real dimensions of bearings, which were installed in the structure. The Poisson’s ratio of
the elastomeric material was assumed to be 0.49.

4. Results

4.1. Numerical Calculation of Natural Frequencies and Modes of Vibration of the Footbridge

As the result of the study, the set of natural frequencies, mode shapes of natural vibrations, and
damping ratios were estimated. The dynamic properties were assessed on the basis of the experimental
as well as theoretical modal models (see Figure 1). It must be pointed out that only the frequencies
between 0 and 5 Hz were taken into consideration since this range is noted in the literature and
current regulations as critical being for footbridges [13]. In this range, five mode shapes were verified.
The natural frequencies estimated through the numerical investigation are summarized in Table 1.

Table 1. Natural frequencies (Hz) estimated through the numerical investigation.

Modal Model
Natural Frequency (Hz) Corresponding to:

1st Mode 2nd Mode 3rd Mode 4th Mode 5th Mode

Numerical 1.71 2.45 3.33 3.41 4.40

In Figure 9, the recognized modal shapes are presented as the results of the numerical investigation.
The first, second, and third natural modes represented transverse vibrations of the steel frame, whereas
the fourth and fifth modes were connected with the deck vibration—vertical and torsional, respectively.
The numerical modal analysis revealed that all modes corresponding to the natural frequencies from
the 0–5 Hz range have both a symmetrical and an anti-symmetrical nature. In particular, the first
vertical mode, which can play a central role from the serviceability of the footbridge point of view,
has a symmetrical shape.
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Figure 9. The mode shapes obtained through the numerical investigation: (a) first mode, (b) second
mode, (c) third mode, (d) fourth mode, (e) fifth mode.
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The values of the first, second, and third natural frequencies were located outside the frequency
range defined as a “maximum risk of resonance” for horizontal direction (i.e., 0.5–1.1 Hz) according
to the SÉTRA document [13]. The frequency corresponding to the first vertical mode shape, which
equaled 3.41 Hz, was also placed outside the resonant frequency range for the vertical direction (i.e.,
1.3–2.5 Hz); hence, the “low risk of resonance for standard loading situations” [13] appeared. However,
the value of this frequency can correspond with the vertical loading generated during very fast running
or jumping [2,10,13]. It must be pointed out that this type of loading is not typical for standard usage of
pedestrian bridges, especially for footbridges located above the highway in sparsely populated areas.

4.2. Experimental Evaluation of Dynamic Properties of the Footbridge

To validate the developed numerical modal model, the experimental research program was
prepared. The experimental modal models took three types of dynamic loading into consideration,
i.e., shock excitation, ambient vibration, and slow sine sweep testing. The shock excitation was
generated through the dropping of a mass of 1500 kg (a stack of paving blocks) from a height of
4 cm. The dropping of the mass was performed four times. The ambient vibrations were generated
by wind and road traffic since the footbridge is located over a motorway. Finally, slow sine sweep
testing was executed using the THOMAS vibroseis apparatus. The durations of the tests with the
Thomas apparatus were 30, 60, and 65 s long (see figure below) depending on the frequency range and
the character of the sweep: 30 seconds for linear tests starting from 2 to 20 Hz, 60 seconds for linear
tests starting from 2 to 50 Hz, and 65 seconds for exponential tests starting from 2 to 50 Hz. The total
number of tests with the THOMAS apparatus was 48 (the power of the vibroseis was also varied).

In all three experiments, accelerations at all measurement points in three directions were registered.
The recorded lengths of the signals used for the purpose of the study were as follows: 15 s for shock
excitation, 60 s for ambient vibration, and 65 s for slow sine sweep testing. The time histories of
accelerations registered at measurement point A2 (see Figure 10) in the vertical direction as a result
of particular types of dynamic loading, i.e., shock excitation, ambient vibration, and slow sine sweep
testing, are presented in Figure 10a-c, respectively.
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Figure 10. Time histories of accelerations registered at measurement point A2 in the vertical direction
resulting from (a) shock excitation, (b) ambient vibration, and (c) slow sine sweep testing.

Next, different types of mathematical functions, according to Equations (2)–(4), were used to
estimate the dynamic properties of the footbridge, depending on the source of excitation. In Figure 11,
the modal estimators of the investigated experimental modal models are presented (see Figure 1).
The power spectral density function of the accelerations resulting from shock excitation and registered
at measurement point A2 in the vertical direction (PSDA2z) is presented in Figure 11a. The summation
of all combinations of auto- and cross-spectral density functions (PSD and CSD) between all output
data registered at measurement points is illustrated in Figure 11b. Finally, the frequency response
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function (FRF) of the vertical accelerations generated as a result of ambient vibration and slow sine
sweep testing is shown in Figure 11c.Symmetry 2018, 10, x FOR PEER REVIEW  12 of 19 
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Figure 11. Natural frequency estimators for different sources of vibration: (a) shock excitation (power
spectral density function, PSD), (b) ambient vibration (the summation of all combinations of auto- and
cross-spectral density functions (PSD and CSD) between all output data registered in measurement
points, (c) slow sine sweep testing (frequency response function, FRF).

The local maxima of the calculated functions represent the natural frequencies of the footbridge.
The natural frequencies estimated through the experimental investigation are summarized in Table 2.
Very good agreement of the values of natural frequencies obtained from three different experiments
can be clearly noticed. The second method (ambient vibrations) indicated the largest errors (up to
20% for the fourth eigenfrequency). This could have been caused by the relatively small number of
sensors—the smaller the number of sensors used in the operational analysis, the more limited and less
reliable the method is [32].

Table 2. Natural frequencies (Hz) estimated through the experimental investigation.

Experimental Modal
Model

Natural Frequency (Hz) Corresponding to:

1st Mode 2nd Mode 3rd Mode 4th Mode 5th Mode

Shock excitation 1.72 2.61 3.04 3.49 4.44
Ambient vibration 1.76 2.68 3.15 4.19 4.47
Sine sweep testing 1.77 2.61 2.93 3.45 4.44

As the next stage of the experimental investigations on the dynamic properties of the footbridge,
the modal shapes were obtained for each estimated eigenvalue. In Figure 12, time histories of horizontal
accelerations in the X direction registered after the shock excitation at different measurement points
(A1 and A2) are presented. The unfiltered time histories at points A1 and A2 are shown in Figure 12a,b,
respectively. Next, the time histories at points A1 and A2, filtered around the first natural frequency
of 1.72 Hz, are presented in Figure 12c. Finally, the time histories of selected points, filtered around
the second natural frequency of 2.61 Hz are illustrated in Figure 12d. Third order Butterworth
band-pass filters with a width of 0.04 Hz were used in both cases. The analysis on the differences in
responses among sensors placed at different points proved that the accelerations of points A1 and A2
accompanying the first natural frequency were in-phase whereas the displacements corresponding
to the second natural frequency were 1800 out-of-phase. The amplitudes were similar in both cases.
The presented time histories show characters that are adequate for the first and second mode shapes.
On the basis of similar analyses, all experimental modal shapes were obtained.
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Figure 12. The shock excitation: (a) time history of horizontal accelerations in the X direction at point
A1, (b) time history of horizontal accelerations in the X direction at point A2, (c) time histories of
horizontal accelerations in the X direction at points A1 and A2 filtered around the first natural frequency,
1.72 Hz, (d) time histories of horizontal accelerations in the X direction at points A1 and A2 filtered
around the second natural frequency, 2.61 Hz.

As a final stage of the experimental investigations, the logarithmic decrements of damping were
obtained for every estimated eigenvalue. In the ambient tests, the dynamic response of the footbridge
was generated by wind and traffic under the structure. The registered signals included the dynamic
response of the bridge to heavy truck passage. The response executed by this type of excitation was
incomparably greater than the responses to weak wind and other vehicle passages. The time history
of vertical acceleration registered at point A1 is shown in Figure 13a. The time histories of all control
points were filtered around the estimated natural frequencies. The free decay plots were obtained at
every measurement point in all three directions. The signals filtered around the first eigenfrequency
(1.71 Hz) and the second eigenfrequency (2.61 Hz) are shown in Figure 13b,c, respectively. All obtained
free decay plots enabled the estimation of average logarithmic decrements for all eigenfrequencies.
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Figure 13. Time history of vertical acceleration registered at point A1: (a) due to ambient excitation
including the dynamic response to heavy truck passage, (b) 60 s-long signal filtered around the first
eigenfrequency, 1.72 Hz, (c) 60 s-long signal filtered around the second eigenfrequency, 2.61 Hz.

In sine sweep tests, the dynamic response of the footbridge was generated by the THOMAS
apparatus. During the exponential sweep, which lasted 65 seconds, the excitation frequency increased
continuously from 2 to 50 Hz. Hence, in both signals—the excitation and the dynamic response of the
structure—the value of each eigenfrequency appeared only once. By filtering accelerations registered
at control points around the eigenfrequencies, free decay plots of acceleration were obtained. For the
time history of vertical acceleration registered at point A1 resulting from the 65 s exponential sweep,
the signal filtered around the first eigenfrequency, 1.72 Hz, and the signal filtered around the second
frequency, 2.61 Hz, are presented in Figure 14.
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Figure 14. Time history of vertical acceleration registered at point A1: (a) signal resulting from the 65
s-long exponential sweep with frequencies starting from 2 to 50 Hz, (b) signal filtered around the first
eigenfrequency, 1.72 Hz, (c) signal filtered around the second eigenfrequency, 2.61 Hz.

The values of logarithmic decrement, which were obtained for every natural frequency as a result
of using three different sources of vibrations, are summarized in Table 3. The obtained values of
logarithmic decrement enabled the assessment of damping ratios for particular modes of vibration.
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The analyzed damping ratios for the first, second, and third natural modes decreased from 2.3% to 1%,
whereas the damping ratios for the fourth and fifth modes did not exceed 0.7%.

Table 3. Logarithmic decrement [-] estimated through the experimental investigation.

Experimental
Modal Model

Logarithmic Decrement [-] Corresponding to:

1st Mode 2nd Mode 3rd Mode 4th Mode 5th Mode

Shock excitation 0.145 0.108 0.075 0.046 0.029
Ambient vibration 0.131 0.101 0.056 0.035 0.025
Sine sweep testing 0.139 0.105 0.063 0.042 0.026

The logarithmic decrements of the investigated footbridge corresponding to the first, second, and
third mode shapes were relatively large in comparison with typical footbridge logarithmic decrements.
However, it must be emphasized that these modes represent transverse vibrations of the stiff steel frame.
The values of logarithmic decrement obtained for the higher modes, which represent vertical and
torsional vibrations of the deck, showed good agreement with the damping properties of footbridges
presented by other authors [2,17].

5. Discussion

5.1. Investigation of Self-Correlation of the Experimental Mode Shapes

After the local maxima of the calculated estimator functions had been identified as consecutive
natural frequencies and the modes of natural vibrations had been assigned to each natural frequency,
validation of the experimentally-obtained dynamic properties was carried out by means of the
AutoMAC tool. Using this tool, expressed by Equation (4), it was possible to verify the locations
of measurement points and, consequently, to select the degrees of freedom of the experimental modal
models. AutoMAC values were calculated as a self-correlation of the experimental sets of mode shape
vectors. The AutoMAC values (in 3-D graphic as well as matrix presentations), which were used for
modal shape validation, are shown in Figure 15 for the three experimental modal models. On the
basis of the presented AutoMAC values (less than 0.2 out of the diagonal), a correlation between mode
shape vectors was ruled out.
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Figure 15. Three-dimensional presentation of AutoMAC values for validation of: (a) the 1st modal
model (shock excitation), (b) the 2nd modal model (ambient vibrations), (c) 3rd modal model (sine
sweep testing).

5.2. Experimental and Numerical Modal Models Validation

Taking into consideration the AutoMAC positive validation of dynamic properties of the
footbridge in terms of the non-correlation of the mode shapes obtained in three experimental ways,
further validation of the experimental and numerical modal models was performed. Firstly, as shown
in Table 4, the values of natural frequencies obtained for the different modal models were compared.
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As a measure of the similarity of natural frequencies, the errors between numerical and experimental
results were analyzed.

Table 4. Natural frequencies (Hz) of the footbridge and the error (%) of the numerical frequencies with
respect to the experimental results.

Mode
Numerical

Analysis [Hz]
Shock Excitation Ambient Vibration Slow Sine Sweep Testing

fi [Hz] Error [%] fi [Hz] Error [%] fi [Hz] Error [%]

1 1.71 1.72 0.58 1.76 2.84 1.77 3.39
2 2.45 2.61 6.13 2.68 8.58 2.61 6.13
3 3.33 3.04 9.54 3.15 5.71 2.93 13.65
4 3.41 3.49 2.29 4.19 18.62 3.45 1.16
5 4.40 4.44 0.90 4.47 1.57 4.44 0.90

Secondly, the MAC tool, which is expressed by Equation (4), was used to validate the mode
shapes. This criterion was used to check the similarities between three experimental sets of mode
shape vectors (see Figure 16) as well as to verify the numerical modes with respect to each experiment
result (see Figure 17). It is clearly visible from Figures 16 and 17 that the MAC indices related to
different modes are not always equal to zero and that the MAC indices related to the same modes are
not always equal to one. This inaccuracy could be explained by the limited number of measurement
points used in the in situ tests (see Figure 6). However, still, more than 90% of the obtained MAC
values fulfilled the criteria of being greater than 0.8 on the matrix diagonals and being less than 0.2 on
the diagonals.
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2nd experimental modal models (shock excitation test vs. ambient vibrations test), (b) the 1st and
3rd experimental modal models (shock excitation test vs. slow sine sweep test), (c) the 2nd and 3rd
experimental modal models (ambient vibrations test vs. slow sine sweep test).
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Figure 17. Three-dimensional presentation of MAC values for correlations between (a) the numerical
and the 1st experimental modal models (numerical results vs. shock excitation test), (b) the numerical
and the 2nd experimental modal models (numerical results vs. ambient vibrations test), (c) the
numerical and the 3rd experimental modal models (numerical results vs. slow sine sweep test).
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Five natural frequencies located within the range 0–5 Hz were recognized. Strong agreement was
found between the results taken from the numerical and experimental methods (Table 4). The mean
error value reached 5%, and the maximal error value did not exceed 19%. The identified values of the
natural frequencies were located outside the frequency range defined as having the “maximum risk
of resonance” by the SETRA document [13] for both the vertical and horizontal directions. However,
the value of the fourth natural frequency, associated with vertical vibrations of the footbridge deck,
corresponded with loading generated during very fast running or jumping [2].

The results of the three experimental investigations indicated a strong resemblance. In particular,
the results of the experiment with shock excitation and slow sine sweep testing were very similar;
the differences did not exceed 4%. The values of natural frequencies obtained from the ambient
vibration analysis showed greater values (up to 20% for the fourth eigenfrequency) in comparison
with the results of the shock excitation experiment. The verified sets of experimental mode shapes (i.e.,
taken from shock excitation, ambient vibration, and slow sine sweep testing experiments) indicated
non-correlations of particular modes and showed strong similarity as far as the values of the MAC
indices were concerned. The experimentally-obtained mode shape vectors provided data for validation
of the FE model of the footbridge. Taking into consideration the satisfactory level of agreement between
the obtained numerical and experimental results, the FE model was not updated. Procedures that were
provided in the study allowed calibration of the FE model. First of all, the sets of verified eigenpairs
were extracted. Then, it was possible to calibrate the FE model. For better compliance of the numerical
modal model with experimental results, some modifications of the FE model properties are possible.
Firstly, the material properties should be verified. The numerical solutions for the different connectors
(e.g., the hangers’ connections with the deck and frame) in the structure could be modified as well.
Finally, the boundary conditions of the footbridge could also be modified.

6. Conclusions

In the presented research, an investigation of the dynamic properties of a single-span steel-frame
footbridge was performed. The structure that was chosen as an experimental setup is not a typical
example of a footbridge, because its mass and stiffness are both relatively large. Hence, verification of
the different types of excitation that could be applied for the modal analysis of this type of structure
was possible. The modal models of the footbridge were obtained on the basis of numerical and
experimental assessments. The authors positively validated the obtained results; the modal assurance
criterion (MAC) was used for this purpose.

The sets of mathematical tools that were used in the study were also verified. For the experiment
with shock excitation (dropping of a large mass) the power spectrum density (PSD) function was
used as an estimator of eigenfrequencies. This simple Fourier analysis tool was very effective for the
strong shock excitation resulting in free decay plots. For the experiment with the THOMAS apparatus,
the frequency response function (FRF) was adopted. This estimator used input and output data. In the
case of the shaker located near the structure, the input (sensors in points F, G) and output data (sensors
in points A–E) could easily be collected. Simpler tools operating on output signals only (like FFT or
PSD) were practically useless and could fail in this case, because the dynamic response of a structure
depends not only on its dynamic properties but also on the frequency–amplitude characteristics of
the source of excitation (input signal) as well. For ambient vibration analysis, the summation of
all combinations of auto- and cross-spectral density functions between all output data registered at
measurement points A1, A2, B, C, D1, D2, E1, and E2 was used. Since input signals were unknown,
the FRF estimator could not be used.

The results of the research might be applicable to the dynamic study of the structure type
considered in the analysis, i.e., for the dynamic assessment of single-span steel-frame footbridges with
relatively large mass as well as stiffness. The elaborated methodology could be also useful for other
types of footbridge structure. In general, on the basis of the results, the use of experimental modal
tests with different types of excitation increases the reliability and accuracy of the overall assessment
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of a structure. The results of the three experimental investigations indicated a strong resemblance. In
particular, the results of the experiments with two strong sources, i.e., shock excitation and slow sine
sweep testing, were almost identical. For unique structures, it is important to self-verify experimental
modal models. The investigation has also proved that ambient vibration modal experiments are
sufficient for the footbridge. Consequently, this type of dynamic excitation could be used for the proof
load testing and acceptance modal tests of similar footbridges.
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