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Abstract: We consider a compact metric graph of size € and attach to it several edges (leads) of length
of order one (or of infinite length). As ¢ goes to zero, the graph G obtained in this way looks like
the star-graph formed by the leads joined in a central vertex. On G* we define an Hamiltonian H¥,
properly scaled with the parameter e. We prove that there exists a scale invariant effective Hamiltonian
on the star-graph that approximates H® (in a suitable norm resolvent sense) as ¢ — 0. The effective
Hamiltonian depends on the spectral properties of an auxiliary e-independent Hamiltonian defined
on the compact graph obtained by setting ¢ = 1. If zero is not an eigenvalue of the auxiliary
Hamiltonian, in the limit ¢ — 0O, the leads are decoupled.
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1. Introduction

One nice feature of quantum graphs (metric graphs equipped with differential operators) is that
they are simple objects. In many cases, for example in the framework of the analysis of self-adjoint
realizations of the Laplacian, it is possible to write down explicit formulae for the relevant quantities,
such as the resolvent or the scattering matrix (see, e.g., [1] and [2]).

If the graph is too intricate though, it can be difficult, if not impossible, to perform exact
computations. In such a situation, one may be interested in a simpler, effective model which captures
only the most essential features of a complex quantum graph.

If several edges of the graph are much shorter then others, an effective model should rely on a
simpler graph obtained by shrinking the short edges into vertices. These new vertices should keep
track of at least some of the spectral or scattering properties of the shrinking edges, and perform as a
black box approximation for a small, possibly intricate, network.

Our goal is to understand under what circumstances this type of effective models can be
implemented. In this report we give some preliminary results showing that under certain assumptions
such approximation is possible.

To fix the ideas, consider a compact metric graph G of size (total length) ¢, and attach to it
several edges of length of order one (or of infinite length), the leads. Clearly, when ¢ goes to zero,
the graph obtained in this way (let us denote it by G*) looks like the star-graph formed by the leads
joined in a central vertex. Let us denote by G such star-graph and by v, the central vertex.

Given a certain Hamiltonian (self-adjoint Schrédinger operator) H* on G¢, we want to show that
there exists an Hamiltonian H°* on G such that, for small e, H°% approximates (in a sense to be
specified) H®. Of course, one main issue is to understand what boundary conditions in the vertex vy
characterize the domain of H.
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It turns out that, under several technical assumptions, the boundary conditions in vy are fully
determined by the spectral properties of an auxiliary, e-independent Hamiltonian defined on the graph
gin — gin,s:l_

Below we briefly discuss these technical assumptions, and refer to Section 2 for the details.

(i) The Hamiltonian H* on G¢ is a self-adjoint realization of the operator —A 4 B¢ on G, where Bf is

a potential term. '

(ii) To set up the graph G we select N distinct vertices in G (we call them connecting vertices) and
attach to each of them one lead, which is either a finite or an infinite length edge. The domain of
H¢ is characterized by Kirchhoff (also called standard or free) boundary conditions at the connecting
vertices, i.e., in each connecting vertex functions are continuous and the sum of the outgoing
derivatives equals zero. ‘ '

(iii) Scale invariance; the small (or inner) part of the graph scales uniformly in ¢, i.e., G"* = eG"".
The Hamiltonian H® has a specific scaling property with respect to the parameter ¢; loosely
speaking, up to a multiplicative factor, the “restriction” of H¢ to G is unitarily equivalent
to an e-independent operator on G". The scale invariance property can be made precise by
reasoning in terms of Hamiltonians on the inner graph G"¢. This is done in Section 4 below.
Here we just mention that this assumption forces the scaling on the in component of the potential
Bi”'g(x) = ¢~2Bin (x/e),x€ g ng and, in the vertices of G"¢, the Robin-type vertex conditions
(if any) also scale with € accordingly.

(iv) The “restriction” of H* to the leads does not depend on ¢. In particular, B®*, the out component
of the potential, does not depend on «.

We prove that it is always possible to identify an Hamiltonian H?* on G that approximates the
Hamiltonian H¢. The Hamiltonian H"' is a self-adjoint realization of the operator —A + B on G°*,
and it is characterized by scale invariant vertex conditions in vy, i.e., vertex conditions with no Robin
part (see [3], Section 1.4.2); in our notation, scale invariant means @, = 0 in Equation (1). The precise
form of the possible effective Hamiltonians is given in Definitions 6 and 7 below.

The convergence of H¢ to H* is understood in the following sense. We look at the resolvent
operator R¢ := (H —z)~1,z € C\R, as an operator in the Hilbert space L?(G¢) = L?(G°*) @ L?(G").
In the limit ¢ — 0, the bounded operator R converges to an operator which is diagonal in the
decomposition L?(G#) @ L?(G™*). The out/out component of the limiting operator is the resolvent
of a self-adjoint operator in L?(G*), which we identify as the effective Hamiltonian on the star-graph.

Additionally, we characterize the limiting boundary conditions in the vertex vy in terms of the
spectral properties of an auxiliary Hamiltonian on the (compact) graph G = G"¢=1. We distinguish
two mutually exclusive cases: in one case (that we call generic) zero is not an eigenvalue of the auxiliary
Hamiltonian; in the other case (we call it non-generic) zero is an eigenvalue of the auxiliary Hamiltonian.

In the generic case the effective Hamiltonian, denoted by Ho#t is characterized by Dirichlet (also
called decoupling) boundary conditions in the vertex vy, i.e., functions in its domain are zero in v,
see Definition 6. From the point of view of applications this is the less interesting case, since the leads
are decoupled (no transmission through vy is possible).

In the non-generic case the situation is more involved. If zero is an eigenvalue of the
auxiliary Hamiltonian one can identify a corresponding set of orthonormal eigenfunctions (in general
eigenvalues can have multiplicity larger than one, included the zero eigenvalue). In the domain of
the effective Hamiltonian H°“, the boundary conditions in vy are associated to the values of these
eigenfunctions in the connecting vertices, see Definition 7. In this case, the boundary conditions in the
vertex v are scale invariant but, in general, not of decoupling type. For example, if the multiplicity of
the zero eigenvalue is one, and the corresponding eigenfunction assumes the same value in all the
connecting vertices, the boundary conditions are of Kirchhoff type.

The proof of the convergence is based on a Krein-type formula for the resolvent RE. This formula
allows us to write R¢ as a block matrix operator in the decomposition L2(G¢) = L2(G%*) @ L2(G"*)
(see Equation (31)). In the formula, the first term, 1022, is block diagonal and contains the resolvents
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of Ho"t and Hine (a scaled down version of the auxiliary Hamiltonian, see Section 2.4); the second
term is non-trivial, and couples the out and in components to reconstruct the resolvent of the full
Hamiltonian H®. As € goes to zero, the off-diagonal components in Rf converge to zero, hence, the out
and in components are always decoupled in the limit. A careful analysis of the non-trivial term in
Formula (31) shows that it converges to zero in the generic case. In the non-generic case, instead,
the out/out component of the non-trivial term converges to a finite operator, and the whole out /out
component of RE reconstructs the resolvent of the effective Hamiltonian Hy.

The limiting behavior of H® is essentially determined by the small € asymptotics of the spectrum
of the inner Hamiltonian €. The scale invariance assumption implies that the eigenvalues of FI"¢
are given by Ay = A, /€2, where A, are the eigenvalues of the (scaled up) auxiliary Hamiltonian H™.
Obviously, all the non-zero eigenvalues move to infinity as ¢ — 0; the zero eigenvalue instead, if it
exists, persists, and for this reason it plays a special role in the analysis.

Closely related to our work is the paper by G. Berkolaiko, Y. Latushkin, and S. Sukhtaiev [4],
to which we refer also for additional references. In [4] the authors analyze the convergence of
Schrodinger operators on metric graphs with shrinking edges. Our setting is similar to the one in [4]
with several differences. In [4] there are no restrictions on the topology of the graph, i.e., G is
not necessarily a star-graph; outer edges can form loops, be connected among them or to arbitrarily
intricate finite length graphs. In [4], moreover, the scale invariance assumption is missing. With respect
to our work, however, the potential terms in [4] do not play an essential role in the limiting problem
(because they are uniformly bounded in the scaling parameter).

As it was done in [4], to analyze the convergence of H to H"!, since they are operators on different
Hilbert spaces, one could use the notion of 4*-quasi unitary equivalence (or generalized norm resolvent
convergence) introduced by P. Exner and O. Post in the series of works [5-9]. In Theorems 1 and 2
we state our main results in terms of the expansion of the resolvent in the decomposition
L%(G¢) = L*(G°") @ L2(G™™*); and comment on the §°-quasi unitary equivalence of the operators H¢
and H° (or H"!) in Remark 6.

Our analysis, with the scaling on the potential B#(x) = e 2B""(x/e), is also related to the
problem of approximating point-interactions on the real line through scaled potentials in the presence
of a zero energy resonance, see, e.g., [10]. The same type of scaling arises naturally also in the study of
the convergence of Schrodinger operators in thin waveguides to operators on graphs, see, e.g., [11-14].

Problems on graphs with a small compact core have been studied in several papers in the case in
which G¢ is itself a star-graph, see, e.g., [15-19]. In particular, in the latter series of works, the authors
point out the role of the zero energy eigenvalue.

Also related to our work is the problem of the approximation of vertex conditions through
“physical Hamiltonians”. In [20] (see also references therein), it is shown that all the possible self-adjoint
boundary conditions at the central vertex of a star-graph, can be obtained as the limit of Hamiltonians
with é-interactions and magnetic field terms on a graph with a shrinking inner part.

Instead of looking at the convergence of the resolvent, a different approach consists in the analysis
of the time dependent problem. This is done, e.g., in [21], for a tadpole-graph as the circle shrinks to
a point.

The paper is structured as follows. In Section 2 we introduce some notation, our assumptions
and present the main results, see Theorems 1 and 2. In Section 3 we discuss the Krein formulae for
the resolvents of H® and H°! (the limiting Hamiltonian in the non-generic case). These formulae are
the main tools in our analysis. In Section 4 we discuss the scale invariance properties of the auxiliary
Hamiltonian, and other relevant operators. In Section 5 we prove Theorems 1 and 2. In doing so we
present the results with a finer estimate of the remainder, see Theorems 3 and 4. We conclude the paper
with two appendices: in Appendix A we briefly discuss the proofs of the Krein resolvent formulae
from Section 3; in Appendix B we prove some useful bounds on the eigenvalues and eigenfunctions
of H™.
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Index of Notation

For the convenience of the reader we recall here the notation for the Hamiltonians used in our
analysis. For the definitions we refer to Section 2 below.

HE is the full Hamiltonian.

H" is the auxiliary Hamiltonian

H"# is the scaled down auxiliary Hamiltonian (see Definition 2 and Section 4); Hin = fine=1,
HO" is the effective Hamiltonian in the generic case.

HO" is the effective Hamiltonian in the non-generic case.

H¢ is the diagonal Hamiltonian H¢ = diag(H*, H"*) in the decomposition L*(G%) =
L%(Go") @ L2(G™¢) (see Section 3).

2. Preliminaries and Main Results

For a general introduction to metric graphs we refer to the monograph [3]. Here, for the
convenience of the reader, we introduce some notation and recall few basic notions that will be
used throughout the paper.

2.1. Basic Notions and Notation

To fix the ideas we start by selecting a collection of points, the vertices of the graph, and a
connection rule among them. The bonds joining the vertices are associated to oriented segments and
are the finite-length edges of the graph. Other edges can be of infinite length, and these edges are
connected only to one vertex and are associated to half-lines. In this way we obtained a metric graph,

see, e.g., Figure 1.
s —

Figure 1. A metric graph with seven vertices (marked by dots) and 14 edges (three of which are
half-lines).

Given a metric graph G we denote by £ the set of its edges and by V the set of its vertices. We shall
also use the notation |€| and |V| to denote the cardinality of £ and V respectively. We shall always
assume that both |€| and |V] are finite.

For any e € £, we identify the corresponding edge with the segment [0, £,] if e has finite length
L, > 0, or with [0, +00) if e has infinite length.

Given a function ¢ : G — C, for e € &, ¢, denotes its restriction to the edge e. With this notation
in mind one can define the Hilbert space

H:=E L%(e),

ecf

with scalar product and norm given by

@)=Y (Pe P2y and [l = ()3

ec&
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In a similar way one can define the Sobolev space Hj := @,c¢ H?(e), equipped with the norm

1/2
HlPHHz = (2 ||1P6|%{2(e)> .

ec&

Note that functions in H are continuous in the edges of the graph but do not need to be continuous
in the vertices.

For any vertex v € V we denote by d(v) the degree of the vertex, this is the number of edges
having one endpoint identified by v, counting twice the edges that have both endpoints coinciding
with v (loops). Let & C & be the set of edges which are incident to the vertex v. For any vertex v
we order the edges in &, in an arbitrary way, counting twice the loops. In this way, for an arbitrary
function ¢ € H;, one can define the vector ¥ (v) € C4(0) associated to the evaluation of Yinvo,ie,
the components of ¥(v) are given by ,(0) or .(¢,), e € &, depending whether v is the initial or
terminal vertex of the edge e, or by both values if ¢ is a loop.

In a similar way one can define the vector ¥'(v) € C*®) with components y,(0) and —¢(£,),
e € &,. Note that in the definition of ¥’(v), 1, denotes the derivative of §, (x) with respect to x, and the
derivative in v is always taken in the outgoing direction with respect to the vertex.

We are interested in defining self-adjoint operators in # which coincide with the Laplacian,
possibly plus a potential term.

We denote by B the potential term in the operator, so that B : G — R is a real-valued function on
the graph; and denote by B, its restriction to the edge e. Additionally we assume that B is bounded
and compactly supported on G.

For every vertex v € V we define a projection P, : C* (©) — C?(®) and a self-adjoint operator @, in
Ran P,, both P, and ©, can be identified with Hermitian d(v) x d(v) matrices.

It is well known, see, e.g., [3] and ([22], Example 5.2) that the operator Hp g defined by:

D(Hpp) i= {1/; € Ho| PL¥(v) = 0; Py¥' (0) — @2, ¥(0) =0 Vo € v} 1)

(Hpoy)e := —9. + Beype Ye € £ )

is self-adjoint. Instead of Equation (2), we shall write

Hpoy = —¢" + By, ®)

to be understood componentwise.
We remark that for every P, and ®, as above, Hp g is a self-adjoint extension of the symmetric
operator H,,;,

D(Hyin) = {$p € Ho| ¥(0) = 0; ¥'(0) =0 YoV}  Hytp:= —¢" + By,

2.2. Graphs with a Small Compact Core

We consider a graph G¢ obtained by attaching several edges to a small compact core (a compact
metric graph of size ¢).

We denote the compact core of the graph by Gi™¢. The graph G*¢ is obtained by shrinking a
compact graph G by means of a parameter 0 < ¢ < 1, more precisely, we set

gin,s — egin. (4)

We denote by £ the set of edges of the graph G and by £7¢ the set of edges of the graph Gi<.
In the graph G in (or, equivalently, in G i"fs) we select N distinct vertices that we label with v4, ..., vy,
and refer to them as connecting vertices. We shall denote by C the set of connecting vertices. We denote
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by V" the set of all the remaining vertices, and call the elements of V" inner vertices (note that the set
V" may be empty).

To construct the graph G¢, we attach to each connecting vertex one additional edge which can be
an half-line or an edge of finite length (not dependent on ¢). We shall call these additional edges outer
edges and denote by £°%! the corresponding set of edges; obviously |£°/| = N. When needed, we shall
denote these edges by e, ..., en, so that the edge ej is connected to the vertex vj, j=1,..,N. Moreover
we shall use the notation

Ve =9; e j=1,.,N.

Note that if e € £ is of finite length the endpoint which does not coincide with the connecting
vertex is of degree one (all the finite length outer edges are pendants).

We shall always assume, without loss of generality, that for each edge in £ the connecting
vertex is identified by x = 0.

We denote by £¢ and V the sets of edges and vertices of the graph G¢. We note that £¢ = £°4f U £i¢
and V = VUt U C U V" where V" is the set of vertices in G¢ which are neither connecting nor inner
vertices.

Remark 1. For any v € C we denote by d*(v) its degree as a vertex of the graph G'"%, so that its degree as a
vertex of the graph G€ is d(v) = d™™(v) + 1.

As g — 0, the inner graph shrinks to one point, in the limit all the connecting vertices merge in
one vertex which we identify with the point x; = 0, x; being the coordinate along the edge ¢; € £ out,
j =1,...,N. In the limit the graph G* looks like a star-graph with N edges connected in the origin,
see Figure 2; we denote the star-graph by G°.

Figure 2. The dashed lines represent the edges of G, the large dots the connecting vertices. The graph
G is obtained by merging the connecting vertices. In the example in the picture, G°% has three
infinite edges and one edge of finite length.

We define the Hilbert spaces:

He= @D Ie),  H = P IXe), M= P I2(e).

ecée ecgout ec&ine

We remark that one can always think of H¢ as the direct sum
Hs — fHout @ /Hz‘n,s (5)

and decompose each function ¢ € H¢ as ¢ = (p°**, ") with p°** € H* and " € H". When no
misunderstanding is possible, we omit the dependence on ¢, moreover we simply write 1, instead of

lpout or l/]in .

In a similar way we introduce the Sobolev spaces

Hs = P H2(e), HY:= @ H2e)  Hy = D H(e).

ecé&e ec&out ecginge
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2.3. Full Hamiltonian

Next we define an Hamiltonian H* in H? (of the form given in Equations (1)—(3)); this is the object
of our investigation.

e Recall that if v € V", then d(v) = 1. For any v € V% we fix an orthogonal projection
Pyt : C — C, and a self-adjoint operator @9 in Ran(PJ*!). Since vertices in V°* have degree
one, PJ* is either 1 or 0; whenever PJ*! = 1 it makes sense to define ®%*f which turns out to
be the operator acting as the multiplication by a real constant. In other words, the boundary
conditions in v € V" (of the form given in the definition of D(Hp g)) can be of Dirichlet type,
Pe(v) = 0; of Neumann type 9, (v) = 0; or of Robin type ¢, (v) = app(v) with a € R.

It would be possible to consider a more general setting in which the outer graph has a non trivial
topology, in same spirit of the work [4], but we will not pursue this goal.

e For any v € C we define the orthogonal projection (see Remark 1 for the definition of d(v)):

Ky - (Cd(v) — (Cd(v), K, = ld(v) (ld(v)/ . )@d(v) Vv e,

where 1) denotes the vector (of unit norm) in C%(*) defined by 1,(,) = (d(v))"1/%(1,...,1). Ina
similar way, we define the orthogonal projection

K;‘}n . (Cdin(v) — (Cdin(?]), K’l(}n = 1di"(’0) <1di”(v)' . )Cd"”(v) Yo € C,

where 1jin(,) € C4"(©) is defined by Ljiny = (d"(v))~1/2(1,...,1). Both K, and K" have
one-dimensional range given by the span of the vectors 1,(,) and 14 (,) respectively.
A function ¢ satisfies Kirchhoff conditions in the vertex v (it is continuous in v and the sum of
the outgoing derivatives in v equals zero) if and only if K;-¥(v) = 0 and K,¥'(v) = 0.

e For any v € V" we fix an orthogonal projection P : C4(®) — C4(%), and a self-adjoint operator
O in Ran(Pi").

o We fix an e-dependent real-valued function B® : G — R, such that in the out/in decomposition (5)
one has Bf = (B*, B"*). With B : G/ — R bounded and compactly supported.

e Scale invariance; recall that G"* = €G"", see Equation (4). We assume additionally: that B"*(x) =
¢~2B"(x/¢), where B : Gi" — R is bounded; and that @ = ¢1@", for all v € V. For a
discussion on the meaning and the main consequences of these assumptions we refer to Section 4.

Definition 1 (Hamiltonian H®). We denote by H® the self-adjoint operator in HE defined by
D(HE) := {y € H5| P""¥(0) = 0, P"¥'(0) — @"<PI"¥(0) =0 Vo € V",

P (0) =0, P (0) — @FPIY¥ (0) =0 Vo € VO
Ky¥(v) =0, Ku¥'(v) =0 YoeC}

Hy:=—y¢"+ B V¢ € D(H).
Remark 2. In the out/in decomposition one has
(Hslp)out _ _lpout” + Boutlpout
(Hslp)in _ —l[)in// + Bin,slpin.

Note that the action of the outer component of H® does not depend on e.
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Remark 3. By the definition of Ky, in each connecting vertex boundary conditions in D(H¢) are of
Kirchhoff-type: the function  is continuous in v € C and

Y p(v)=0 wveC,

e~ov

where the sum is taken on all the edges incident on v (counting loops twice) and the derivative is understood in
the outgoing direction from the vertex.

2.4. Auxiliary Hamiltonian

We are interested in the limit of the operator H® as ¢ — 0. We shall see that the limiting properties
of H¢ are strongly related to spectral properties of the Hamiltonian FH:

Definition 2 (Auxiliary Hamiltonian, scaled down version).

D(E™*) := { € HI™| P ¥ (0) = 0, PI"¥'(0) — @“PI'¥(0) =0 Vo e V'

inl ing! ©
K)"¥(v) =0, K'Y (v) =0 Yoel}

I—°Ii”'51p = _lp// + Bin,s#) Vi,b c D(lflin’g).
Let H" = H"#=1 and define the unitary scaling group
uin,s . rHin N rHin,s , (uin,elpin)(x) = 8—1/2¢in(x/€);
its inverse is
Uin,efl . Hin,e N Hin , (uin,sfllpinxx) — 81/21P1'n (sx).
By the scaling properties ©7¢ = ¢~ 1@i" and B"#(x/¢) = ¢ 2B (x), one infers the unitary relation

}"Iin,e _ 872 uin,eﬁin Uin,s_l (7)
with H™ defined on H¢ and given by H" = H™*=1. One consequence of Equation (7) is that the
spectrum of H"* is related to the spectrum of H™ by the relation o( H"¢) = ¢ =20 (H™) (see Section 4
for more comments on the implications of the scale invariance assumption). For this reason, we prefer
to formulate the results in terms of the spectral properties of the e-independent Hamiltonian H™"
instead of the spectral properties of H"*.

Definition 3 (Auxiliary Hamiltonian H"). We call Auxiliary Hamiltonian the Hamiltonian '™ = Fim¢=1
defined on H™". ‘
Letting Hi' = H3"*=", the domain and action of H'™ are given by

D(H") = {p € H P ¥(0) = 0, P"¥/(0) — O P"¥(p) =0 Vo € VI, ®
K™ ¥(0) =0, KI'¥'(0) =0 Vo €C)
Iflinip _ 7¢H+ Bin#] qu c D(I:Im).

The spectrum of H™ consists of isolated eigenvalues of finite multiplicity, see, e.g., ([3],
Theorem 3.1.1). For n € N, we denote by A, the eigenvalues of H™" (counting multiplicity) and
by {¢n}nen a corresponding set of orthonormal eigenfunctions.

Definition 4 (Generic/non-generic case). In the analysis of the limit of H® we distinguish two cases:
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(1) Generic (or non-resonant, or decoupling) case. A = 0 is not an eigenvalue of the operator i

(2) Non-generic (or resonant) case. A = 0 is an eigenvalue of the operator H™.
In the non-generic case we denote by { Py }x—=1 ... a set of (orthonormal) eigenfunctions corresponding to
the zero eigenvalue. By Equation (8), functions in D(H™) are continuous in the connecting vertices (see
also Remark 3). We denote by ¢y(v), v € C, the value of @y in v, and define the vectors

~

&= (@r(v),.... ¢elon)) €CN,  k=1,...,m, v €C, j=1,...,N. )

Definition 5 (C — P). In the non-generic case, let C be the operator

m
= Z ék(ék/ ')CN : (CN — (CN.
k=1

o)

C is a bounded self-adjoint operator (it is an N x N Hermitian matrix). Denote by RanC C CN and
Ker C C CN, the range and the kernel of C respectively. One has that the subspaces Ran C and Ker C are
C-invariant. Moreover, CN = Ran C @ Ker C. In what follows we denote by P the orthogonal projection (Riesz
projection, see, e.g., (1231, Section 1.2)) on Ran(C), and by P+ = Ty — P the orthogonal projection on Ker(C).

Remark 4. We note that q € Ker C if and only if (&, q)cn = Oforallk =1,...,m. To see that this indeed

the case, observe that if q € Ker C then it must be (9, GQ)CN = 0, hence, Y 3* 1 (&, 9)cn |> = 0, which in turn
implies (¢, q)cy = 0 forallk = 1,...,m. The other implication is trivial.

Since P¢, € Ker C, we infer 0 = (&, PLéx)on = (PLég, PLéy)en = H13lék||éNfor allk=1,...,m;
hence, PL¢, = 0, or, equivalently, ¢, € Ran(C).

2.5. Effective Hamiltonians

We shall see that the definition of the limiting operator (effective Hamiltonian in H°"f) depends
on presence of a zero eigenvalue for H" (the occurrence of the generic case vs. the non-generic case).

Recall that for ¢ € H%"!, we used ¢; to denote the component of ¢ on the edge ¢; attached to the
connecting vertex v;. Moreover, we assumed that the vertex v; is identified by x = 0. With this remark
in mind, given a function ¢ € H5" we define the vectors

Y(0) == (1(0),...,pn(0)T €CN,  ¥(0) == (¢1(0),...,¢y(0))T € CN.

These correspond to ¥ (vg) and ¥'(vp), as defined in Section 2.1, where v is the central vertex of
the star-graph G°"!.

In the limit ¢ — 0, the connecting vertices in G ne coincide, and can be identified with the vertex
vg = 0.

We distinguish two possible effective Hamiltonians in H°.

Definition 6 (Effective Hamiltonian, generic case). We denote by H°"* the self-adjoint operator in H"t
defined by

D(H) := { € Hg"| P ¥ (0) = 0, P“¥ (0) — O P ¥ (0) = 0 Vo € VO,

¥(0) — 0} 1o

Ho”tl[J = _l/"// + Boutlp Vl/J c D(I_"Iout)‘



Symmetry 2019, 11, 359 10 of 29

Definition 7 (Effective Hamiltonian, non-generic case). Let P be the orthogonal projection given in
Definition 5. We denote by H*"! the self-adjoint operator in H°"* defined by

D(H™) := {¢ € H3"| P ¥ (v) = 0, PY"¥'(0) — @Y PI ¥ (0) =0 Vo € VU
Pt¥(0) =0, P¥'(0) =0}

Houtlp — 71\!)// +Bout¢ qu c D(I’_jout).

The boundary conditions in 0 in the definitions of D(H**) and D(H"") are scale invariant
(see ([3], Section 1.4.2)).

2.6. Main Results

In what follows C denotes a generic positive constant independent on e. Given two Hilbert spaces
X and Y, we denote by B(X,Y) (or simply by B(X) if X = Y) the space of bounded linear operators
from X to Y, and by || - || 3(x,y) the corresponding norm. For any a € R, we use the notation Opx y)(e”)
to denote a generic operator from X to Y whose norm is bounded by Ce” for € small enough.

Given a bounded operator A in H*® we use the notation

Aout,out Aout,in
s ( | - a1
Am,out Ainin
to describe its action in the out/in decomposition (5): here A*? : H? — H", u, v = out, in, are operators

defined according to
(Al[))out :Aout,outlljout + Aout,inlpin

in __ pin,out, out in,in,in (12)
(Ap)" =A Pt 4+ AT,
Theorem 1. Let z € C\R. In the generic case (see Definition 4)
B ﬁout _ -1 o)
(e —2)~1 = <( 5 ) @) + Oaes) (&), (13)

where the expansion has to be understood in the out /in decomposition (11).

Theorem 2. Let z € C\R. In the non-generic case (see Definition 4), let Co be the restriction of C toRan P.

(i) If Ker CccN , 60 is invertible as an operator in pCN ,and

((Houtz)—l 0

(HS_Z -1 — _ R ~ 1. R R
) O —z1 Y k=1 (‘Sk,k’ — (¢ Cy 1£k')<CN> Pr( Pl ) pgine

) + OB(HS) (81/2),
(14)
where the expansion has to be understood in the out/in decomposition (11). R
(i) IfKer C = CN, then P = 0, and expansion (14) holds true with H°"* = H°"t, (&, Cy¢x)en = 0 for
allk,k' =1,...,m, and the error term changed in OB(HE)(S).
(iii) If the vectors &, k = 1,...,m, are linearly independent, then (5;(,,(/ — (&, éalék/)cw) = 0 for all
kk =1,...,m and

fyout _ \—1
(H* _Z)fl _ ((H o z) g) + OB(HS)(gl/Z)' (15)

Remark 5. Finer estimates on the remainders in Equations (13) and (14) are given in Theorems 3 and 4 below.
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Remark 6. We recall and adapt to our setting the notion of 6°-quasi unitary equivalence of operators acting
on different Hilbert spaces introduced by P. Exner and O. Post, see in particular ([7], Section 3.2) and ([9],
Chapter 4). See also ([4], Section 5) for a discussion on the application of this approach to the analysis of operators
on graphs with shrinking edges.

Let | be the operator

] . rHout N He, ]lpout — (IPout’ 0) fOl’ all lIJout c rHout,
where (p°™**,0) is understood in the decomposition (5). Its adjoint J* maps HE in H™, and is given by:
]* CHE Hout’ ]*l/) — lpout f07’ all l,b — (lpout, lpin) c HE.

Note that J*] = 1°, where 1°“! is the identity in H"'.
The operator HE is 5%-quasi unitarily equivalent to a self-adjoint operator H" in HoU if

(=TT ) (H = 2) Y| ggge) S C& and  |[J(H™ —2) " = (H* = 2) ]| gagout 34y < C&, (16)
(H?) (Hout,He)

for some z € C\R.
Note that in the decomposition (12), one has

(= JJ)(H = 2) Ty = ((HE =) 7)™ o ((H = 2) 7)™y
and
(](Hout . 2)71 - (Hs _ 2)71])¢0ut _ (((Hout - 2)71 o ((Hs N Z)fl)omzouf)lpout/ 7((H€ o Z)fl)i”ﬂ”flpout)/

hence:

By Theorem 1, in the generic case the operator HF is e-quasi unitarily equivalent to the operator FH°U*,

By Theorem 2—(iii), in the non-generic case, if the vectors ¢, k = 1,...,m, are linearly independent,
the operator H® is €'/2-quasi unitarily equivalent to the operator H", More precisely, the second condition in
Equation (16) always holds true, while the first one holds true only under the additional assumption that the
vectors & are linearly independent.

We refer to [9] for a comprehensive discussion on the comparison between operators acting on
different spaces.

3. Krein Resolvent Formulae

In this section we introduce the main tools in our analysis: the Krein-type resolvent formulae for
the resolvents of H and H*". The proofs are postponed to Appendix A.

Given the Hilbert spaces X°*, Y, X', and Y™, and a couple of operators A% : X°# — YUt and
A X" — Yi" we denote by A := diag(A%, A™), the operator A : X — Y, with X := X @ X"
and Y := Y @ Y acting as Af 1= (A% fout, Ain fin) for all f = (o, fi") € X, fo* € X°* and
fin c xin,

We set

D(H¢) := D(H"") @ D(H™*) and  H¢:= diag(H, H""*), (17)

with F°“* and H"™¢ given as in Definitions 6 and 2

Given an operator A, we denote by p(A) its resolvent set; the resolvent of A is defined as (A —z) !
forallz € p(A).

For the resolvents of the relevant operators we introduce the shorthand notation

RS :=(H* —2)""  z€p(H); (18)

RE:= (A —2)""  z € p(H) = p(H™") N p(H™); (19)
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Rgut — (I_"Iout _ Z)fl = p(Irout); R\out — (Hout _ Z)71 = p(Hout); (20)
I"{;n,s = (Iflin,e _Z)fl = p(ﬁin’s). (21)

Obviously, all the operators in Equations (18)—(21) are well-defined and bounded for z € C\R,
moreover RE = diag(R2t, RI"),

Our aim is to write the resolvent difference RZ — RE in a suitable block matrix form, associated
to the off-diagonal matrix ® in Equation (29). To do so we follow the approach of Posilicano [22,24].
All the self-adjoint extensions of the symmetric operator obtained by restricting a given self-adjoint
operator to the kernel of a given map T are parametrized by a projection P and a self-adjoint operator
@ in Ran P. We choose the reference operator H¢ and the map T so that the Hamiltonian of interest
HE is the self-adjoint extension parametrized by the identity and the self-adjoint operator given by
the off-diagonal matrix ®. The Krein formula for the resolvent difference RS — R, see Lemma 2,
is obtained within the approach from [22,24].

We define the maps:

ot gt N oy = W (0); (22)

T g N

T
in 1 1 (23)
T = W(1dl’"(v1)rT(”ﬂ)@f‘ﬂ(mr e m(1di"(z;N)rT(UN)>(Cdfn<vN) :

Moreover we set,

TiHS = HSM @ HE —» CN 1= diag(t®", ™).
Note that we are using the identification C2N = CN @ CN.
The following maps are well-defined and bounded

Gout . zHout N (CN Gout . _ Toutl"{out z € p(Irout)

z : z ° z
and
Gime . yine 5 N Gime .= inRine z € p(H™*). (24)

Moreover we set
é; . zHe — Hout o er‘n,e — CZN G; — diag(égut,é;n,S)’

for z € p(H*") N p(H™*). Note that G¢ = TRE and that all the maps above are well-defined bounded
operators for z € C\R.
The adjoint maps (in Z) are denoted by

Ggut . (CN N Hout Ggut — Ggut*/

Gin,s . (CN N rHin,s Gin,e — éz;n,s* (25)
z * z ° z 4
(* denoting the adjoint) and
GE:C?N 5 HE GEi=GE

Obviously Gf = diag(G2*, G;"’S) to be understood as an operator from C2N = CN ¢ CN to
HE = fHout oy Hz‘n,s'

We note that, see Remark A2, G*' : CN — #3" and G : CN — HI*, for all z € p(H°*) and
z € p(H™*) respectively, so that the maps (N x N, z-dependent matrices)

My CN — N, MIM =Gz € p(H™M) (26)
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MP#CN - N, MPF=1"GlE 2 € p(H™), (27)
are well defined. Moreover, we set
M : C2N _ C2N, M = diag(Mg”t, M;”'E) z € p(I—cl"”t) ﬂp(holi”’s) = p(IfIS); (28)

obviously Mt = tG*(z).

In the following Lemmata we give two Krein-type resolvent formulae: one allows to express the
resolvent of H in terms of the resolvent of F[° ; the other gives the resolvent of H® in terms of the
resolvent of F. For the proofs we refer to Appendix A, Appendix A.1.

Lemma 1. Let P be an orthogonal projection in CN, and H* and H°"! be the Hamiltonians defined according
to Definitions 7 and 6. Then, forany z € p(H"*) N p(H"), the map PMZ*P : PCN — PCN is invertible and
Rout Rout GoutP( Moutp) éout

2

Lemma 2. Let © be the 2N x 2N block matrix

o @N In
0= (HN @N>. (29)

Then, for any z € p(H®) N p(H?), the map (M& — @) : C2N — C?N is invertible and

—1

RE = RE — GE(ME— @) G

We conclude this section with an alternative formula for the resolvent RS. We refer to Appendix A,
Appendix A.2, for the proof.

Lemma 3. Let z € C\R, then the maps (N x N, z-dependent matrices)
MMM Ty :CN - CN and  MPUMEPF —Ty i CN — CN (30)
are invertible. Moreover,
(MEPMZ —Ty) ' ME (MPEME —Ty)
R =R; -G ' ' G;. (31)
(M(thM;n,e . HN) -1 M(Z)Mt (Mzzn,eMgut _ I[N) -1
4. Scale Invariance

In this section we discuss the scale invariance properties of H"¢ and collect several formulae
concerning the operators RimE Gine G and M.

Recall that we have denoted by A, and {¢,},cn the eigenvalues and a corresponding set of
orthonormal eigenfunctions of H™.

The eigenvalues of H"™* (counting multiplicity) and a corresponding set of orthonormal
eigenfunctions are given by

M= gh(x) = Pgu(ase), (32)

where A, are the eigenvalues of H", and ¢, the corresponding (orthonormal) eigenfunctions.
By the spectral theorem and by the scaling properties (32), RY** is given by

Rine_ Z (Pn QDn,' Pu\Pns ) yine _ 2 Z §0n (Pn/' P\ Pus ) pine (33)
z .

_ _ 2
neN z neN n— &z
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Hence, its integral kernel can be written as

ﬁ;n,e(x’y) —¢ Z (P"(x/s)(l)ﬂz(y/s) X,y € gin,e. (34)
N Anp — €2

Since there exists a positive constant C such that sup, gin |¢u(x)| < C and A, > Cn? for
n large enough (see Appendix B), the series in Equation (34) is uniformly convergent for x,y &
G™t. Hence, we can write the operators G and G, and the matrix M in a similar way,
see Equations (35) and (36) below.

Note that, since functions in D( H¢) are continuous in the connecting vertices, the eigenfunctions
@5, can be evaluated in the connecting vertices, and, by the definition of T (see Equation (23)), one has

T = (¢5(01), . 95 (on))T

So that, for any eigenfunction ¢f, we can define the vector ¢, as

=n T Pn-
We note that ¢, = 8’1/2gn, with
T
¢ = (@n(01),-., pu(oN)) ",
and that the vectors ¢,, are defined in the same way as the vectors ¢, in Equation (9).
Remark 7. In the non-generic case, zero is an eigenvalue of "¢, We denote by { @} Yk=1,...,m the corresponding
set of (orthonormal) eigenfunctions given by ¢} (x) = e V2¢(x/€) where ¢y are the eigenfunctions

corresponding to the eigenvalue zero of H™. The vectors & = T"@¢ are related to the vectors ¢ by the
identity ¢§ = e=1/2¢,

By the discussion above, and by the definitions (24), (25), and (27), we obtain

Ginge _ 3/2 Z Cn (P )pyine Gine — ¢3/2 Z Pilc (35)
: neN An = ez ' : neN n— 822 '
and
ME = ¢ ZCr 36
n%ll\l /\n —ezz (36)

5. Proof of Theorems 1 and 2

This section is devoted to the proofs of Theorems 1 and 2. Actually, we shall prove a finer version
of the results with more precise estimates of the remainders, see Theorems 3 and 4 below.

Remark 8. By Equation (31), it follows that, in the out/in decomposition (11), the resolvent RS can be

written as 4
Rout [0 Rout,out,e Rout,m,s
R; = - sine | Zin,out,s Zin,in,s (37)
O R; R, R
with
Rgut,out,s — Ggut (M;n,sMgut _ HN) -1 Min,séoutl. (38)
R;n,out,s _ G;n,s (MgutM;n,s o HN) Gout (39)
Rgut,in,s — Ggut (Mén,eMgut _ HN) - G;n,s/. (40)

. . . 1 o
Rlzn,m,s — G;n,sMgut (Mlzn,sMgut _ HN) G‘zzn,s' (41)
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Note that since M, = M3 holds true both for the “out” and “in” M-matrices (see Equation (A2)),
one infers ’Ri”/‘)”trﬁ _ Rout,in,e*
z =R; .

5.1. Generic Case. Proof of Theorem 1

In this section we study the limit of the relevant quantities in the generic case and prove Theorem 1.
Proposition 1. Let z € C\R. In the generic case,

R = Op(agne) (€2); (42)

G = Oppyineony(€72) 5 GE = Open gyiney (€72). (43)

Proof. We prove first Claim (42). For any " € H", since {¢ },cn is an orthonormal set of
eigenfunctions in H"¢, and by Equation (33), we infer

1/2
ms in | QDn, )’H”’f|2 VATIR11
R ||'Hms = ¢ Z W < Ce ||1P ||’Hin,€r

neN

where in the latter inequality we used the bound |A, — €2z| =2 < 4|A,|~2 < C, which holds true in the
generic case because |\, — e2z| > |A,|/2 > C for all n € N and & small enough.
To prove the first claim in Equation (43), let ¢ € H"¢, then

Gineyin — /2 M

_ 2
neN An — €z

Hence, from the Cauchy-Schwarz inequality,

HGme l"H <S3/2 Z chH(CN |((P$1/¢in)7-[i"'f|

! Ay — €2z
e )
SSB/ZHIPZHH’HM,S (2 |)\n_éczl\]z|2> S CSB/ZHIPMHHM,S/
neN 17t

because HgnH%@, < Cand Yy |An — €22]72 < C¥en [An| 72 < C. This proves the first Claim in
Equation (43); the second one is trivial, being G the adjoint of G/, [

Proposition 2. Let z € C\R. In the generic case,
M = Openy(e). (44)

Proof. Recall Equation (36) and note that for any q € CN,

‘ llenllen [(en 9w llenllEn
IMPgllon <& 1 =t <ellgllen ¥ p—or < Cellgllen,
neN | n—¢€ Zl neN | n |

because ||§n||éN <Cand Yoy |An — 22|71 < CYpen |An| 7P < C. O

Theorem 3. Let z € C\R. In the generic case

RS . ﬁgut + OB(HO’”) (E) OB(H{H,S,HU“” (83/2)
z OB(H""',Hi"'C) (53/2) OB(’Hmﬁ) (‘(:2) ’

(45)
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where the expansion has to be understood in the out /in decomposition (11).

Proof. Note that (MY"*M2“ — Ty) - Ocn (1) by Equation (44) and because M is bounded and
does not depend on . Hence, (MY"*M2“ — Ty) “Imine = Ocn (e).

To conclude, by Equations (38)-(41), and by expansions (43), we infer:
Rout,in,s -

Routoute _ OB(Hauf)(S)}

OB(H”'S sty (372); Rinoute Op(3qout pine) (¢3/2) (this is obvious since it is the adjoint of
Rout in, s) nd Rm ,in,e OB(H”W) (83).
Expansion (45) follows by taking into account the bound (42), and from Remark 8. [

Theorem 1 is a direct consequence of Theorem 3.

5.2. Non-Generic Case. Proof of Theorem 2

In this section we study the limit of the relevant quantities in the non-generic case and prove
Theorem 2.

Recall that, in the non-generic case, { ¢} }x—1,.» denotes a set of orthonormal eigenfunctions
corresponding to the zero eigenvalue, see also Remark 7.

Proposition 3. Let z € C\R. In the non-generic case

m ANE ([ ANE

. Pr(Phr ) ggine

RIZH,E — _ Z u + OB(HM’E) <£2>, (46)
k=1

y 2 C( P ) pgine

Gy == ) 55 + Opgagine ony (€72); @)
= /2%
el A

, P (8 )en
G ==) kng + Op(en ey (€72). )

x-
I
A

Proof. We prove first Claim (46). By Equation (33) we infer

1 oi(en, in,e ¢ S/’ in,e
Rzzn,e — 2 qok(q)k' )H ’ +£2 Z ¢n/§§0n )23'-[ £ (49)
n:Ay, #0 n— €2z

Note that the second sum runs over A, # 0, hence one has the bound |\, — €%z| > |A,|/2 > C,
for e small enough. For this reason, the bound in Equation (46) on the second term at the r.h.s. of
Equation (49) can be obtained with an argument similar to the one used in the proof of bound (42).

To prove Claim (47) we proceed in a similar way. We note that, see Equation (35),

sine QDk, ) Hine 3/2 qvnr H'"S
G Z ang f Z —¢e2z
n:Ap7#0

and bound the second term at the rh.s. by reasoning in the same way as in the proof of Proposition 1.
Claim (48) follows by noticing that G** is the adjoint of G**. [

Next we prove a proposition on the expansion of the N x N, z-dependent matrix M. Recall
that C was defined in Definition 5.

Proposition 4. Let z € C\R. In the non-generic case,

‘ 1 ~
M;n's = —;C + OB((CN) (E) (50)
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Proof. The claim immediately follows from Equation (36), after noticing that

; 14 ¢, (Cpr )N
ME = _—C Zn\=ns")C
z ez te Z Ap — €2z

and by treating the second term at the r.h.s. with argument similar to the one used in the proof of

Proposition 2. [

We set
\gine . in,e
M .= eM?

and recall that Mg”t is invertible (see Remark A3), then

(M;n,eMgut _ HN)fl _ SMtzmtfl(M;n,e _ EMgutfl)fl' (51)

-1

In the following proposition we give an expansion formula for the term (M2 — sMg“Fl) in

the non-generic case.

Proposition 5. Let z € C\R. In the non-generic case, decompose the space CN as CN = PCN @ PLCN,
and denote by Cy the restriction of C to PCN. Then, the map ﬁimg”f‘lﬁi is invertible in P-CN,

Set
N; = (PTMg TPy~ PECN — PLCY, (52)
then
(M;n,s . sMgutfl)—l
B < Zé\al + OB(?(CN) (E) _Z(:\Ofll’)\MgutflﬁJ—Nz + OB(ﬁLCN,ﬁCN) (S)) (53)
= — R PO - ,
—zZN;PEMZT PCT + O o pieny (€) e 'Nz + Opprony(1)

to be understood in the decomposition CN = PCN @ PLCN.

Proof. We postpone the proof of the fact that the map ﬁlMg”Hﬁl is invertible in P-CN to the
appendix, see Remark A4.
Next we prove that the expansion formula (53) holds true. We start by noticing that the map

z71C + eM2" " is invertible. In fact, by Remark A4 and since (g, éﬂ)CN = Y (@ g)en]* > 0,
we infer

Imz

1A -1 ~ -1
Im (ﬂ, (z71C +em™ )ﬂ)(CN = —W(g, Cq)en — £ Im z|| GO MO™ QH%{W #0,

because it is the sum of two non-positive (or non-negative) terms and || Gg“tMg“t_l q I12,0. # 0 by the

Hout
injectivity of G M2 " see Remark Al.
Moreover we have the a-priori estimate

(M — M2 )71 = Openy (7). (54)
The latter follows from (see also Equation (A3))

lgllen | (M7 — eMZ™V)gllen >| (g, Mim< — eMZ™ q)on|
>[Tm(q, M — eM2" " q)cn|

; -1
=¢| Imz| (|GZ*q [ Fyine + G M gl 00) > CallglIEn,
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for some positive constant C,, from the injectivity of Gg“tMg"t_l. Hence, setting g = (M —

.SMg”t_l)’lg, it follows that || (M — sMg”t_l)*lgHCN < (eC2)Hlpllen-
Next we use the expansion (see Equation (50))

_ 1~
MIv = ——C+ Op(eny(€%), (55)
which, together with the a-priori estimate (54), gives
(M — M2 )7 = = (27 1C 4+ eM2 )T (271C 4 M2 ) T O oy (2) (M — eMgit )
= (z71C+eM™ )1+ (z71C + eMguffl)—log(CN) (¢). (56)

Here we used the formula (A + B)~! = A~! — A=!B(A + B) . Note that by using instead the
complementary formula (A + B)~! = A1 — (A + B)"!BA~!, we obtain

(M — M2 ™)~ = —(271C + eMZ ™)1+ Opony (€) (1€ + eMZ )~ (57)

Next we analyze the term (z~1C + sMgut_l)’l.

We start by noticing that the map z71Cy + sﬁMgl‘Flﬁ : PCN — PCN is invertible, because Cy is
invertible in PCN and ePM2" ' = Ocn (g).

By the identification (to be understood in the decomposition CN = PCN ¢ pLcN )

Aot ( pment='p pppoutT'plL ) 8)
- ~ 1a ~ 1a ’

z PJ_M(Z)ut P pJ_Mgut pL

we have the identity

B (zléo +ePMOutTIP ePMont T pL >

-1~ out—1
z "C+ EMZ ~ PN ~ 1a
ePL M P ePL Mt Pt

Hence, from the block-matrix inversion formula, we obtain

=R _ D¢ _Dsl’i out*ll’jL
ECreMt ) = (st e )
—N.P+M"""PDi e N, + N, P-M3"" PD:PMJ"™"P+N,

with Dg : PCN — PCN given by
~ ~ RN Y IR PN IR TN ~ 1. —1
D = (z—lco+ePMg“f 'P— ePMont T P (P Mot Py 1P ppout 1P) ;

note that Df is well-defined because it is the inverse of a map of the form 271Gy + OB(ﬁCN) (e),
and z’léo is invertible in PCN.
Moreover, it holds true,
D¢ =zCy ' + Oppeny (6)-

Hence,

(z71C+ M)~
_ ( zCy ! —zé&lﬁMgut_lﬁJ—Nz

~ lan N OGN P +0 €).
—zN, DMt PC Y e IN, 4 zN, P Ment ! PC  Pmant 1PLNZ> (e ()
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The latter can also be written as

~_ A1 71/\
zCy? —zCy 'PMZ" ™ PN

e Yal out—1y—1
z ' C+eM = ~ Nan
( =) (—zNzPng“f 'PCy e IN. + Oppreny(l)

> + OB((CN) (8)
Using this expansion formula in Equation (56) we obtain

i —1,_
(M;n,s o thzmt ) 1
2Cy ! —2C; ' PMent T PLN,
=- 5 “15A-1
—zNPEMT PG e N + Oppieny (1)
-C-1 _Z(’ffl]’)\Mout_lﬁLNz
+ L0 P 0 z Opnieny(€) + Opieny (e
<_ZNZPJ_M¢Z)ut 1PC0 1IN, 4 OB(ﬁl(CN)<1) B(C )( ) B(C )( )
~ PPN P
_ ZCO 1 —+ OB(ﬁ(CN)(E) _ZCO 1PMgut PJ-NZ =+ OB(I”J‘L(CNJ’J\C]\;) (8) .
Op(pevprem) (1) e !Nz + Oppien) (1)

On the other hand, using Equation (57), we obtain

. _ 2C; ! —2C1PMo PN
(M;n’S*EMgut 1)—1 — ( 0 0 Z z

5 -154-1 .
—zNPEMZTPCy e TNz + Oppieny (1)
2Cy ! —zéo_lﬁMg”t_lﬁiNz

p 154 +0 €
—z2N.PAM PG eI + OB(?L(:N)“)) 5@ )

+ Op(cn) (€) (

A1
_ zC 1 + Oppcn) (€) Oppeen,peny (1)
—zN:PEMZ ™ PCy ! 4 O pen preny () €Nz + O pieny (1)
Hence Expansion (53) must hold true [

Recall that, forImz # 0, ﬁMg”tﬁ is invertible in PCN , see Remark A3.
Proposition 6. Let z € C\R. In the non-generic case,
(MM — Tiy) M = P(PMZP) P+ O ).

Proof. Taking into account Expansion (55), rewritten in the decomposition cN = pCN @ pLcy,
one has R
. 1~ z71Cy 0
ine _ % 2\ 0 2
M = ZC+OB(CN)(£ ) = ( 0 0) +OB((CN)(S ).

So that, by Equation (53),

.y e sy 0
(W — et~ g = (Nzﬁf&gut_lﬁ 0>+Os<cw)<s>.
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By the latter expansion and by the identification (58) it follows that (recall Equation (51) and the
definition of N, in Equation (52))
(Min,sMout . ]IN) -1 Min,s
z y4 z
:M(th*1 (M;n,e . SMgut*1 ) 71]\71?1,6

PMy“~'P  PmguTIpL Ipcn 0
-~ 1~ ~ 1~ =~ 71/\
Pimout =P pLmeut T pL | \ —NPEMZ TP 0

) + OB((CN) (8)

_ (ﬁMgutlﬁ — PMo T PLN LMt TP 0

To conclude, we apply the block-matrix inversion formula to Equation (58) to obtain
Mout — 52 N *ﬁzﬁMgut:lﬁLNz
: —N.PLM'PD, N, + N.PLMou ' PD, Mo PN, )

with
D. = (PMZ™'P — PMg ' PLN P MO T D)L,

Hence it must be
PMY"P = D, = (PMZ“™'P — PMZ" ' PEN P M2 P) 1,

so that
(PM2“P)~1 = PMZ™'P — PMg“ ' PLN. P MO P

This, together with Equation (59), allows us to infer the expansion

(PM2“P)~1 0 ~

(MMMt — Ty) ~1 M — < . 0) + Opov) () = PBMZP) P+ Oy (e)

and conclude the proof of the proposition. [

We are now ready to state and prove the main theorem for the non-generic case. In the statement
of the theorem, we assume that Ker Cc CN,ie., P # 0. In this way the quantity (&, églﬁk/)(cw is
certainly well defined. We discuss the case Ker C=CN (i.e., P= 0) separately in the proof of point (ii)
of Theorem 2 (after the proof of Theorem 4).

Theorem 4. Let z € C\R. In the non-generic case assume that Ker C C CN, then

RS B R\gut + OB(’HDL;[) (8) OB(’HM/S,’HUM) (81/2)
ya OB(HuutI’Hin,S) (81/2) —Z—l ergk/zl (5k,k/ — (é , Co_lﬁk/)(cN) (Pi((Pi// ~)7.[in,s + OB(/Hin,e) (S) ’

where the expansion has to be understood in the out /in decomposition (11).

Proof. We analyze term by term the r.h.s. in Equation (37).
Term out /out: by Proposition 6 and Lemma 1, it immediately follows that

Rgut _ Rgut,out,e _ ﬁgut + OB(?—[‘“”) (8)
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Term out/in: by Equation (51) and by the definition of RZ“/", recalling that G2 and M '
are bounded, it is enough to prove that

~ — 11 =i
e(ML" — eMZ" ™) TIGI = Opyine ony (612). (60)

Taking into account the fact that for all € H™¢, || 271 & (95, §) gyine lon < Cllip|gyine, and the
fact that Y ; & (@}, ¥)yine € PCN (it is a linear combination of vectors in PCV, see Rem 4) we infer
that (see Equation (47)),

mo A (HE
<j & (Pl P)pgine
CrMy =gty =)

k=1

with ¢° € PCV, [lgllcw < Ce V2|l ypme, and [[pfllex < CE¥/2/[ll 5
Hence, by the expansion (53), we infer
\ 7in,e out—1y -1 =in,e
E(Mz - st ) Gz llJ
= —e(zCy 1 — NP M2 T PG + Op(cny(€))4° + e(M* — Mg )1 pe,

(61)

Here the leading term is
e(zé&l - zNzﬁlMgutflﬁéal)f,

and for it we have the bound
A = P
lle(2Cyt — zN. P M2 PC, 1)Q£||<CN < C£1/2HIIJHH1'“,E.
The remainder is bounded by
~ -1, _
105w (€)4° + e(ME* —eMZ*™ ) p e < Cellg° len + ClIpllon < Ce/2 |1l ine

in the latter bound we used (]\71;”’E — ‘€M§”t71)’1 = OB((CN) (e71), see Equation (53) (see also Equation (54)).
Hence, .
le(MZ — M) T EI Pl en < Ce'2 ([ qine,

and the bound (60) holds true. ‘
The bound on the term in/out follows immediately by noticing that RY*"/* =
Term in/in; by Equation (51), we have that

Rout,in,e*
- .

inine __ ine (A fin,e out—1y—1 =in,e
R} = eGIME (MUY — eMI™ )T GV

Taking into account Equation (61) and the expansion (48), we infer that, for all ¢y € Hi™¢ the
leading term in RZ""¢ is given by

m
Z q)k 51/22 (ZC ZNZPLMOM 1PC _81/2 Z Ck’ (CN
k=1
1 &, A1 €
Tz Y 96 Co ) en (Pl ) gine-
k=1

the remainder being of order €. From the latter formula and from the expansion (46) we infer

m

R = RIS = 270 V(o0 — (80 Cg M) ) 950 e + Ogagine) (©).
kk'=1
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O
Theorem 2-(i) follows immediately from Theorem 4.

Proof of Theorem 2 - (ii). If KerC = CN then & =0, forallk = 1,...,m, see Remark 4. Hence,
expansions (47), (48), and (50) read respectively

3/2),

G = Op(yine,eny (€72); G = Op(enpyney (%), MEY = Opien) (2)-

Reasoning along the lines of the analysis of the generic case, see the proof of Theorem 3, and taking
into account the expansion (46), one readily infers

e Rgut + OB('HOW) (¢) OB(HI'"'S,”H“’”) (83/2)

B = | O (77—, A 02
B('Hout,'Hm,s) (5 ) Zk:l Z + B(Hine) (8 ),

which implies the statement in Theorem 2 - (ii). O

Proof of Theorem 2 - (iii). To prove the second part of Theorem 2, recall that &, € PCN and
Coy 1 &y € PCN, hence CCy 1§k’ = CoCy 1 & = (. By the definition of C this is equivalent to

m
Y (Gepr — (60 Gy 'ew))er = 0.
k=1

If the vectors {¢}]" , are linearly independent this linear combination is zero if and only if
O — (Crs 60_ 1¢) = 0 for all k. Hence, expansion (15) follows from Equation (14). O
Remark 9. Denote by A the operator in H™¢ defined by
m

D(A) := H™*, A=) (5k,k' — (¢ ,C()*lgk,)@,) P (@i ) ggine-
Kk =1

A is selfadjoint and A> = A. The first claim is obvious (recall that Cy is selfadjoint). To prove the second
claim, note that, since (§j,, 9})ggine = Op ks
2 . A-1 A-1
A= Y (8= (@Gl een ) (ke — (@0 Cglawey ) @ (i)
Lkk =1

but
kmz1 (5l,k - (ézféo_lék)cN> (5k,k' — (s éo_lﬁk/)q:N)

m
A= 3 (8 — (@, G5 e )en ) @@ pne = A
Lk'=1

Hence, A is an orthogonal projection in H™¢.
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Appendix A. Proof of the Krein Resolvent Formulae

We use several known results from the theory of self-adjoint extensions of symmetric operators.

We follow, for the most, the approach and the notation from the papers by A. Posilicano [24]
and [22]. Other approaches would be possible, such as the one based on the use of boundary triples,
see, e.g., [25-28].

When no misunderstanding is possible, in this appendix we omit the suffixes “out”, “in”, and e.

Appendix A.1. Proofs of Lemmata 1 and 2

We denote by * the restriction of the maps T to the domain D(H), by Equations (22) and (23)
we infer
t:D(HY) —» CN, = diag(t™,");

Ut DAY — N, My =¥ (0);
# . D(H) - CN, Aty = (p(vy), ..., p(on) T

where in " we used the definition of T and the fact that functions in D(H™*#) are continuous in the
connecting vertices.

Remark A1. The map t is surjective. Hence, the map GE = TRE = TRE is also surjective as a map from
HE — C2N (the operator RE : HE — D(H?) is obviously surjective). We conclude that GE = G&* is an
injective map from C*N — HE (it is the adjoint of a surjective map). A similar statement holds true also for the
corresponding “out” and “in” operators.

Remark A2. We claim that for all z € p(H*) and q € C?N one has Giq € H5 and
(=A+B°—2)Gig =0, (A1)

and similar properties hold true for the “out” and “in” operators (here A denotes the maximal Laplacian in HE,
ie, D(A) :==H5 Ap =¢").
To prove that GZq € H5 and that Equation (A1) holds true we start by discussing the case B® = 0. In such a case
it is possible to obtain an explicit formula for the integral kernel of 1?;0 = RE,BS:O' see, e.g., ([2], Lemma 4.2).
By this explicit formula it is easily seen that the operator G, = G; pe_o maps any vector q € C?N in a function
in H5 and that (—A —z)GZ yq = 0. It is not needed to investigate the detailed properties of the boundary
conditions in the vertices of G¢, it is enough to take into account the dependence on x,y € G¢ of the integral
kernel lo{ilo(x,y) (see also ([22], Examples 5.1 and 5.2)). That the same is true for B® # 0 follows immediately
from the resolvent identity

RS = 03,0 - f{;oBER;
which gives GE = GE ) — GE (B*RE and Gt = GE ) — REBEGE .

In consideration of the remark above, we infer that the maps (N x N, z-dependent matrices) M,
in Equations (26), (27) and (28) are all well defined. Moreover, by the resolvent identities

R.—Ry=(z—w)R;Ry and R, =R}

it follows that

] 9]

G, — Gy = (z — w)G,Ry,
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G, — Gy = (z — w)RyG,,
M, — My = (z—w)GyG, and M, = M. (A2)

Let us denote by K the space C>N or CN depending on if we are reasoning with operators in H¢, H°"!
or H"¢. By Equation (A2), it follows that for any projection P in K and any self-adjoint operator © in
Ran P, the map Mf 0. PM,P — © is invertible in Ran P. To see that this is indeed the case, note that
by Equation (A2) one has

]

MP®O — MP® = (z - w)PGyG:P  and ~ MPP = MDO*.

So that, for Imz # 0 and for all g € K, such that Pq # 0, it holds
1
Im(q, MI€q)ic = 5 (q, (MI© — MP®)q) . = Imz[|GPq|[3, #0; (A3)

because G; is injective. Hence, Mf 9 js invertible in Ran P for Im z £ 0.

Remark A3. By the discussion above, it follows that the maps MZ* : CN — CN, PM2“tP : PCN — PCN,
and (Mg — ©) : C2N — C?N are invertible for all Tmz # 0.

By ([22], Theorem 2.1) (see also ([24], Theorem 2.1)) it follows that: for any z € C\R the operators
R and R¢ are the resolvents of a self-adjoint extension of the symmetric operators H“! [y sou and
HE Ker+ respectively.

We are left to prove that such self-adjoint extensions coincide with H and H¢ respectively.

Let us focus attention on RE (similar considerations hold true for R%). Since the self-adjoint
operator associated to RE is an extension of F¢ [, to prove that RS is the resolvent of H, we just
need to check that in the connecting vertices functions in Ran R} satisfy the boundary conditions
required by D(H?). The remaining boundary conditions are clearly satisfied because the map
evaluates functions only in the connecting vertices.

Define the maps:

Uout . ngt — (CN (Toutl/’ = ‘I’(O);

o™ ;i N

T
O'lnlIJ = - ( din(vl)(1di"(z11)"P,(Ul))cdi”(vl)'"" \/ din(vN)(1di”(Z)N)/‘P-/(UN))Cdi”(vN)> ;

and '
o Hs =HM @ HYE — CN o= diag(e™,0™).

We recall the following formula which is obtained by integrating by parts

— Bt — 2)¢, . — (¢, (—A+ Bt —z .= D'(0), ¥(0)) i) — (D(0), ¥ (0)) rao
(A4 B =20, 9)p = (0. (<2 + B =209y = L |(@0), Y@ = (@(0) ¥ (0))cao "

Ve, p € H5.

Fix x € H* and letg = (M — ©) 71(32)( € C?Nand ¢ = Gig.
For all ¢ € D(H¢) and ¢ as above, the identity (A4) gives

(74,9 caw = Eoee [(KE @ (0), K ¥ (0)) cay — (KED (0), KEF™ (0)) | + £, 977 (0)(0). (A5)

In what follows we use the decomposition C?N = CN @ CV, so that q = (g, gi”) and

¢ = (Tout(l)out’ Tin()bin)‘ B
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Let ¢ = (¢°**,0) € D(H?). Then Identity (A5) gives
(Tout out ﬂout)(CN — Z (Pout aut(o). (A6)

Take ¢* € D(H""), such that ¢¢“*'(0) = 1 and ¢t = Oforall j=2,...,N. Then (t%'¢"'); = &, ;,
j = 1,...,N and Equation (A6) gives ¢9"/(0) = g1. In a similar way it is possible to show that
$"(0) = gjforall j=2,...,N. Hence, gottyont = gout,

Next let ¢ = (0,$™). Then Identity (A5) gives

("™, q") e = ) [(KZ” D" (0), KJ' ¥ (0)) qate) — (K@ (0), Ky ™ (U))mv)}' (A7)
veC
Take ¢ such that ¢ (v;) = 1, CI>i”/(01) = 0 and O™’ (v)) = (v ) =O0forallj=2,...,N.
Hence, (Ti”(pi”)]- = 51,]-,]' =1,...,N, and K”:CIDZ”( 1) = (dm( 1) 172 ldm . Hence, Equation (A7)
gives

g = — (@™ (01)" 1o KEF™ (01)) ity = — (@7 (21) 2oy, 1 (01)) ey = (@91,

In a similar way one can prove q = (o i”lpi”) j=2,...,N, hence, o"p" = qi”

We also note that the function 1,0 is continuous in the Connectlng vertices (whenever the vertex
degree is larger or equal than two). To see that this is indeed the case, consider in Equation (A7)
a function 4;1'” such that 4>i”(vj) =0,j=1,...,N, <I>i”/(01) =(1,-1,0,...,0)T :=¢, CIDi”/(vj) =0,
j=2,...,N. Since Kil''¢ = ¢, condition (A7) gives (¢, ¥""(v1)) = 0. Repeating the process, moving
—1 in the vector ¢ on all the positions (from the second one on) one obtains the continuity of ¥ in the
vertex v1. The same holds true for every connecting vertex.

We have proved that for any x € H¢, setting g = (M — ©) 71(;5)( € C?N, one has:

outGoutqout q o-i”G;”;Eqi” = qi"; UGZﬂ =q. (A8)

Let x € H® and set y = R x. One has that
= (R — GE(ME —©) ' GE)x = (I— ME(ME — @) )Gy = —O(ME — @) LGt
TP =T(R - GE(M: - ©) Gi)x = (I- M(M;—©) ")Gix (M; —©)" Gzx.

On the other hand, noticing that oREx =0, by the definition of D(H?) (see Equations (10), (6), and (17)),
and by Equation (A8) it follows that

o = —(Mf - @) Gix.

We conclude that ¢ satisfies the condition Ty = @cy. Taking into account the fact that " is continuous
in the connecting vertices, it is easy convince oneself that the condition 7y = @c is equivalent to

T
) = _< A (01) (Lgin(oy), ¥ (01) ain -+ \/ A7 (ON) (Lgin ) F™ (UN))w<vN>) '

and
" (v;) = 9;(0);
which, in turns, is equivalent to the Kirchhoff boundary conditions in D (H¢).

The fact that the resolvent formula holds true for all z € p(H?) N p(H?), follows from ([29],
Theorem 2.19).
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To prove the resolvent formula for R, let y € H“ and set » = R%“!x. By the first formula
in (A8), one has

-~

¥(0) = —P(PM°“P)~1PGy,
hence, PL¥(0) = 0. Moreover,
P¥'(0) = Protty = (I — PMOB(PM™P)~1) PGy — 0.
Hence, the boundary conditions in D(H*) are satisfied, see Definition 7.

Appendix A.2. Proof of Lemma 3

Recall that we are denoting by K the space C*N or CN depending on if we are reasoning with
operators in H¢, Ho" or HiME.

Remark A4. By Identities (A2) we infer
Mt - M = (z—w)M,' GG M L.

Hence, for Imz # 0, and for any projection P in K, and q € PK
-1 1 -1 -1 ~1p_ (12
Im(q, PM; "Pq)x = 2—1,(Q,P(MZ — M; )Pﬂ)lc = —Imz||G;M; "Pq||3 #0 (A9)

because G, M3 ! is an injective map, being the composition of injective maps.
Hence, the map PM ' P is invertible in PK.

To prove that the map M Mout — Ty is invertible (the proof of the second statement in

Equation (30) is analogous) note that it is enough to show that M2 — Mgl”_l is invertible (because
Mg" is). Let g € CN, by Equations (A3) and (A9)

, . , »
Im(q, My = M2"""g)on = Imz([|GIq|[2 + G M q|[2n) # 0.

Formula (31), comes from the block matrix inversion formula

-1 -1 -1 i ~1,-1 —1 -1 i —1y -1
Mtzmt _HN Mgut _’_Mgut (Ménﬁ_Mgut ) Mgut Mgut (M;nﬁ_Mgut )

Iy M (M;”ﬁ _ M(thfl)*lMgutfl (M;n’g . Mgutfl)*l
together with the identities

out—1 in,e out—1\—1 __ in,e p fout
Mz (Mz - Mz ) - (Mz Mz

ine out—I\ =15 rout—1 __ out y gin,e
(Mz - Mz ) Mz - (Mz Mz

-1
~Iy)
-1
~Iy)
and
M(Z)ut*1 + M(th*1 (Mzzn,e o M(Z)utfl) —1M(th*1 — (M;n,sM(th o ]IN) —1M;n,£_

Appendix B. Estimates on Eigenvalues and Eigenfunctions of H""

In this appendix we prove the following proposition on the asymptotic behavior of eigenvalues
and eigenfunctions of H™.
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Proposition A1. Recall that we denoted by { A} e the eigenvalues of the Hamiltonian H™, and by { @} nen
a corresponding set of orthonormal eigenfunctions. There exists ng such that for any n > ny:

Ap > n*C (A10)
and

sup |gn(x)| <C (A11)
xegin

for some positive constant C which does not depend on n.

Proof. Claim (A10) is just the Weyl law. For B" =0a proof can be found in ([30], Proposition 4.2) (see
also [31]). For B # 0 bounded, claim (A10) can be deduced by a perturbative argument.

To prove the bound (A11) we follow the lines in the proof of Theorem A.1 in [32]. For b € L*(0, ¢)
and real valued, and A > 0 let f be the solution of the equation

— "+ bf = Af, (A12)

with initial conditions f(0) = fy and f/(0) = f;. Then f(x) can be written as

)= [ IO E D) iy + focosvVin) + B, iy

from which it immediately follows that

)1 < M+ [ b))y

with £
= Ifol + =K
fo Jr
Then from Gronwall’s lemma, see, e.g. ([33], page 103), one has
|f(x)] < Mexp (/ |b\(f)|dy) < Mexp </ |b(y) |dy> (A14)
0

where we assumed A > 1. By equation (A13) and by the estimate (A14) it follows that
f(x) = focos(VAx) — % sm(\fx)

f <Mexp(/ Ib(y |dy)/ ”’(ﬁ)'dy<c(|\f;‘%+§|>

where C is a positive constant which does not depend on A, fy and f;. We have then proved that

fo (IfoI |f6|>

x) = focos(VAx) + 2L sin(vVAx) + Ope + =5 ). A15
f(x) = focos( )\/X (VAx) =om |\ y T A (A15)
Any component of the eigenfunction ¢, satisfies in the corresponding edge an equation of the
form (A12) with some initial data in x = 0. Then the discussion on the function f(x) above applies
to all the components of the vector ¢,. By the normalization condition ||y |5« = 1 it follows that it



Symmetry 2019, 11, 359 28 of 29

must be || f[|12((o)) = C, with C <1 (here f denotes a generic component of ¢y, i.e., the restriction of

@y to a generic edge of G). Hence, from the identity

/OZ focos(VAx) + \f}sm(\ﬁx)

®F|M>gﬂi?*%ﬂz%q+h%m 230

one infers

\f A3/27

The latter estimate implies that there exists A such that, for all A > A, the inequalities |fo| < C;

2 2 2
o) = sz MA>+O<WILM vuhg

and |f}|/v/A < C; hold true for some positive constant C; which does depend on A. The bounds
Ifol < C1and |f§|/VA < Cy, together with estimate (A15) and the fact that A, — oo for n — oo,
imply (A11). O
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