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Abstract: This paper deals with the existence of positively solution and its asymptotic behavior
for parabolic system of (p(x),q(x))-Laplacian system of partial differential equations using a sub
and super solution according to some given boundary conditions, Our result is an extension of
Boulaaras’s works which studied the stationary case, this idea is new for evolutionary case of this
kind of problem.
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1. Introduction

In this paper, we consider the following evolutionary problem: find u € L%*(0,T, H}(Q))
solution of

A = W) aa()f(0) + pe()h(w)] in Qr=(0,T) x O
O Ao = MY ab(x)g(w) + ad(x)7(0)] i Qr=(0,T) x O, W

u=v=0 on dQr=(0,T)x9Q,

u(x,0) = x1(x), u(x,0) = x2(x),

where Q) C RV is a bounded domain and the functions p(x), g(x) belong to C!(Q)) and satisfying the
following conditions:

1<p := Y1&f)p(x) <pt:= sgp p(x) <oo,1<q = xlg(f)q(x) <gt:= sugq(x) <o (2
A xe

and satisfy some natural growth condition at u = co.
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Ap(x) is given by A,yu = div(|Vu |p(x)72 Vu) is called p(x)-Laplacian, the parameters
A, A1, Ag, 1 and iy are positive with a, b, c, d are regular functions. In addition we did not consider any
sign condition on f (0),¢ (0),%(0),7(0).

The linear and nonlinear stationary equations with operators of quasilinear homogeneous type
as p-Laplace operator can be carried out according to the standard Sobolev spaces theory of WP,
and thus we can find the weak solutions. The last spaces consist of functions having weak derivatives
which verify some conditions of integrability. Thus, we can have the nonhomogeneous case of
p(.)-Laplace operators in this last condition. We will use Sobolev spaces of the exponential variable in
our standard framework, so that LP() () will be used instead of Lebesgue spaces L? (Q)) .

We denote new Sobolev space by W™ (Q), if we replace L? (Q)) by LP() (Q), the Sobolev spaces
becomes W-P() (Q). Several Sobolev spaces properties have been extended to spaces of Orlicz-Sobolev,
particularly by O'Neill in the reference ([1]). The spaces W™*() (3) and LP() (Q) have been carefully
studied by many researchers team (see the references ([2] and [3-5]).

Here, in our study we consider the boundedness condition in domain (), because many results
under p-Laplacian theory are not usually verified for the p(x)-Laplacian theory; for that in ([6])
the quotient
Ja ﬁ |V ulP™) dx

1

A = inf
uew"® oy o E3) |u|”<") dx

p(x

®)

becomes 0 generally. Then A, can be positive only for some given conditions. In fact, the first
eigenvalue of p(x)-Laplacian and its associated eigenfunction cannot exist, the existence of the positive
first eigenvalue A, and getting its eigenfunction are very important in the p-Laplacian problem study.
Therefore, the study of existence of solutions of our problems have more meaning. Many studies of the
experimental side have been studied on various materials that rely on this advanced theory, as they are
important in electrical fluids, which states that viscosity relates to the electric field in a certain liquid.

Recently, in ([2,6-8]), we have proved the existence of positive solutions of many classes of
(p(x),q(x))-Laplacian stationary problems by using the sub -super solution concept. The current
results are an extension of our previous stationary study to the parabolic case, where we follow-up the
same procedures mathematical proofs similar to that in ([2,7]) by using difference time scheme taking
into consideration the stability analysis of the used scheme and the same conditions which have given
in references mentioned earlier. Our result is an extension for our previous study in ( [2,7,9]) which
studied the stationary case, this idea is new for evolutionary case of this kind of problem.

The outline of paper consists as follow: In first section we give some definitions, basic theorems
and necessarily propositions in the functional analysis which will be used in our study. Then in
Section 3, we prove our main result.

2. Preliminaries Results and Assumptions

In order to discuss problem (1), we need some theories on W&’p *) (Q)) which we call variable

exponent Sobolev space. Firstly we state some basic properties of spaces W& Px) (Q2) which will be
used later (for details, see [10]).
Let us define

LP™) (Q) = { u : u is a measurable real-valued function such that / |u (x) |p(x) dx < o0
(@)

We introduce the norm on LP*) (Q)) by

p(x)

u(x) dx <1

A

1 ()], = inf { A >o:/
[@)



Symmetry 2019, 11, 332 3o0f12

and
W) () = {u e LP® (Q);|Vu| € LP®) (Q)},

with the norm

||u|| = ‘u|p(x) + |vu|p(x) ,Yu e Wl,p(X) (Q) :

We denote by Wé’p(x) (Q) the closure of Cg (Q)) in WP() ().

We introduce in this applying for problem (2), we will assume that:
(H1) pgeCl(Q)and1<p_ <pi,1<qg- <qy;

(Hy) f,g,hand T : [0, +0oo] — R are C!,monotone functions, such that

i, o) = o0 lim_g(on) = o lim o) = +o0, i, <) = oo

1

(Hz) lim (g T ) _ 0, forall M > 0;

U—r+00 14]’:_71
(Hy) lim h(flk)l =0,and lim L”‘)l =0;
U—r 400 ”I’f U——+00 Hf -

(Hs) a,b,c,d : O — (0, +o0) are contionous functions, such that

a1 =mina(x),by = minb(x),c; = minc(x),d; = mind(x),
xeQ xeQ) xeQ) xeQ)

ap, = maxa(x),bp = maxb(x),co = maxc(x),d, = maxd(x).
xeQ) xeQ) xeQ) xeQ)

The Semi-Discrete Problem

We discrete the problem (1) by difference time scheme, we obtain the following problems
U — T Dyl = T AP [Aya(x) f(0) + prc(x)h(ug)] + up_1 in Q,
O — T Ag(x)0 = T A [Aob(x)g(uy) + pad(x)T(0)] + v4_1 in Q,

(4)

U, = v =0o0nodQ,

Up = Qo,
where Nt/ =T,0< v < 1,and for1 < k < N.
We define
(L(1g),0) = / ViP5 72 Vauy Vodx, Yuy, 0 € WyP™(Q).
O

According to ([11] in Theorem 3.1), the bounded operator L : Wg’p(x)(()) — (Wl’p(x)(ﬂ))* is
a continuous and strictly monotone, and it is a homeomorphism.

We considere mapping A : W(}’p(x) Q) — (W&’p(x) (Q)) " as
(A(uy), ) = / (|wkv’<">*2 ViV + hx, uk)(p) dx, for all u, v € Wo"™(Q),
0

where h(x,u;) is continuous on Q) x R, and k(x, .) is increasing function.It is easy to verify that A is
a continuous bounded mapping. By the proof ([12]).
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Definition 1. An weak solution to discretized problems (Py) is a sequence (i, v)o<k<n Such that ug = ¢
and (uy, v) is defined by

U — T Dyt = TAPE) [Aya(x) f(0) + prc()h(ug)] + up_q  inQ,
O — T Ag(x)0 = T A (Aob(x)g (1) + pad (X)T(0)] + 051 in Q,

u,=v=0 on 90,

such that -
— Ay = APY) [Aqa(x) f(0) + pre(x)h(ug)] — H==L in Q,
—Bg(n0 = M) Aab(x)g (uy) + pad (x)T(0)] = = inQ, ®)
uy=v=0 on oQ.
We have the following:

(1) If (u,v) € (Wé'pm(ﬂ) X W&'q(x)(())) , (ug,v) is called a weak solution of (5) if it satisfies

/|Vuk|”(")72 Vuk.V(pdx:/
O

AP Dya(x) £ (0) + pre(x)h(n)] — "‘“} o,

T
@)
/ V0" 2 V0. Vpdx = / AT [Aob(x)g (1) + pad (x)T(0)] — ”"Tf’“} Y. ©)

Q Q
for all
(.9) € (Wo"" (@) x Wg ™ ()

with (¢, ) = 0.
(2) We say called a sub solution (respectively a super solution) of (1) if

/|Vuk|r’(x)—2 Vuy.Vedx < (respectively >) / [ Ma(x)f(0) + pre(x)h(ug)] — uk_Tukl} odx,
o}

/|V?J|q(x)_2 Vo.Vipdx < (respectively >) / { [Aab(x)g(ug) + pad(x)T(v)] — Uk_’:k_l} pdx.
o o)

Lemma 1. (Comparison principle) Let ug,v € Wé’p(x)(ﬂ) verify Auy — Av > 0 in

(Wg'p(x)(()))*, p(x) = min{u(x) —v(x),0}.If p(x) € Wé’p(x)(ﬂ) (ie., upy = v on 0Q)),
then uy > va.ein Q.

Here, we will use the notation d(x,dQ2) to denote the distance of x € () to denote the distance
of Q).

Denote d(x) = d(x,0Q)) and 0Q)e = {x € Q : d(x,0Q) < ¢} .

Since dQ) is C? regularly, there exists a constant 6 € (0,1) such that d(x) € C?(0Q3s) and
|Vd(x)| = 1.
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Denote also
yd(x), d(x) <,

2 2

01(x) = { 90+ [T Bty T (Ayay + )P Tdt, 5 <d(x) <25,

2

2
Yo+ [Z () (A + pady) P dt, 26 < d(x)

and
yd(x), d(x) <34,
2 2
v(x) =4 Y0+ fad(x) Y(EA) T (Aaag + paco) T Tdt, 6 <d(x) <26,
2 _2

Yo+ 2B T (Aaby + juaddy) T T dt, 26 < d(x).

Obviously,
0 < 01(x), 2(x) € CH(Q).

Considering

—Apmw(x) =7 inQ
@)
w=0 onodQ.
Lemma 2. ([13]), If positive parameter 1 is large enough and w is the unique solution of (7), then we have
(i) For any 6 € (0,1) there exists a positive constant Cy, such that

1
Cypr 146 < maxw(x).
xeQ)

(ii) There exists a positive constant Cy, such that

1
maxw(x) < Conr !
xeQ)

3. Main Result
In the following, once we have no misunderstanding, we always use C; to denote the

positive constants.

Theorem 1. Assume that the conditions (Hy)—(Hs) are statisfied. Then, problem (1) has a positive solution
when A is large enough.

Proof. We establish Theorem 1 by constructing a positive subsolution (¢, , ¢,) and supersolution
(zk, 2k,) of (1) such that ¢y, < z, and ¢y, < zy,, thatis (¢x,, ¢x,) and (zx,, 2, ) satisfies

[ 1906729, Vodx < [ |10 [aao) )+ meohien,)] - P2 ga
Q Q
[ 190077 Vo Tyt < [ 219 ablg(on,) + paderein)] - P g
Q Q
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and

Zk,

/ |Vzg, |p(x)72 Vzi,.Vodx - Tkl_l} pdx,
0

v
O

[AP(") [Ala(x)f(zkz) + ]/llc(x)h(zkl )]

Zky

x)— x z
/|Vzk2’q( ) ZVsz.ledx A7) [A2b(x)g(zk,) + pad (x)T(zk,)] — Tkll} Wdx,
0

vV
OD—

for all (¢,9) € (Wg'p(x)(Q) X Wé'q(x)(Q)) with (¢,¢) > 0. According to the sub-super solution
method for ((p(x),q(x))) —Laplacian systems see ([9,13]), the problem (1) has a positive solution.
Step 1. We will construct a subsolution of (1). Let o € (0,6) is small enough. Denote

k) —1, d(x) <o
Pr, (x) = ¢ kM) —1+f5 kek”(25 Lyp~1 —1dt o <d(x) <26,

2
k() 1 4 [P keko (2=tyim s, 26 < d(x)

and
k) 1, d(x) <o
2
Pr, (x) = ekd(x) —1 4 féd(x) keko (=LY -1dt, o <d(x) < 25,
2

eKA0x) 1 4 [P geko(2=Lyim T dt, 25 < d(x).

It easy to see that ¢, ¢, € C1(Q).

Denote

_ min infp(x) —1 infg(x) —
‘= {4<sup|w<x>+1>'4<sup|w<x>+1|>'1}

and
¢ =min {A1a1f(0) + p101h(0), A2b1g(0) + pody0(0), —1} .

By some simple computations we obtain

—k(H )P [(p(x) = 1) + (d(x) + o) Vpvd + 4], d(x) <o
= Rlnkek”) (3=2) = vdeJrAd”
2(

1 2px)-1) _ (2
2%-0 p——1 2
(x)-1) -1

< (k) (B=) T e <aw <2,

—Bp) Py =

0, 26 < d(x)
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and

—k(ekd(x))a(x) -1 [(q(x) —1)+ (d(x) + %)V&]Vﬂl + AT"Z] ,d(x) <o,

{ s 2 (%) [ (i) (3=0)7 vova -+ ad) |
—Dpo)Pr, = (o Z(q(_x)i— 1) »
X (Kek”) (%—j) g -1 , 0 <d(x) <26,

0, 26 < d(x).

From (Hj3) there exists a positive constant M > 1 such that

fM=1) > 1,gM-1)>1,
h(M-1) =2 1, 0(M-1)>1.
Letoz%lnM,then
ok = In M.

If k is sufficiently large, from (8), we have

— Ap(x)¢k] < —k”(")tx, d(X) <.

Let A = ka, then
RdCI

WV

—AP) g,

From (9), we have
—A )Py, < APIE < APO) (Aqay £(0) + pacrh(0))
< M@ (Aa(x) f(er,) + prc(x)h(gy,)), d(x) <o

Since d(x) € C?(9Q43;), there exists a positive constant Cz, such that

et /6 2(p(x) =1 |
p(x)- - ——
—Dp)Pr, < (Kek‘7> ( ) p—1 (A1 + pacr)

20— 0

1 2(p(x)—1) [(20-d
b—0c p -1 26—0
-1
< C3 (Kek”) = ()&1{11 + }1161) lnk, o< d(x) < 2.

X

2
x [<lnkek”) (i‘;:i)p C VpVd+ Ad

If k is sufficiently large, let A = ka, then we have

-1
C3 (Keka)p(X) (May+ o) Ink = C3 (kM)P™ 1 (Aqay + pyey) Ink

AP (Aqaq + Hic1),

IN

7 of 12

®)

©)

(10)
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then
= ApoyPry, < AP (Mqay +puer), o <d(x) <26

Since ¢, (x), P, (x) and f, h are monotone, when A is large enough, we have

By, < A (Ma(x)f(9r,) + me(0)h(er,)), o < d(x) <25

and
—Ap0 P =0 < AP (Aqay + pyer) < APS (Aqa(x)f (g, )

+ pe(x)h(¢y, ), 26 < d(x).
Combining (10), (12) and (13), we can deduce that

— Dy Pry < )‘p(x)()‘la(x)f(fpkz) + p1c(x)h(¢x,)),a.e.on Q.

Similarly
— APl < AT (Aab(x)g (¢, ) + p2d (x)T(y,)), ae.on Q

From (13) and (14), we can see that (¢, ¢k, ) is a subsolution of problem (1).
Step 2. We will construct a supersolution of problem (1), we consider
—A

p(x)%k = AP ()\1(12 + ]/llCz)]/l in Q,

—Dg(x)Zky, = AT (Aby + prd2) g(B(APT (Mag + prca)p)) in Q,

Zk, = Zk, = 0 on 9},

1

where

B =B (Maaz + jrcz)p) = maxz, (x).

We shall prove that (z,, z, ) is a supersolution of problem (1).
From Lemma 2, we have
1

maxzy, (x) < Cp [AP7 (Mg + pyca)p] 71
xeQ)

and .

max zi, (x) < Cp [AT (Aaba + pada) g (B(APF (Maz + pico)p))] 71

xeQ)

For ¢y € Wé’q(x) () with ¢ > 0, it is easy to see that

S V2 [T 2 V2 Vypdx = [ ATF(Aoby + pada) (BT (A + prco) ) x>
(@) (@)

b[/\‘”/\zb(x)g(zk])lﬁdx +K£/\q+#2d(x)g(/3(/\p+(/\1ﬂ2 + p1c2)p) ) pdx.

By (Hy), for u alarge enough, using Lemma 2, we have

8of 12

(11)

(12)

(13)

(14)
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S(BAPT (A4 + pica)p))

1

> T(Co [ATH (Aaby + pod2) g (B(APT (Arag + prca)p))] 1) (15)
> T(zg, ).
Hence
/ V2, "2 vz Vpdx > / ATH Asb(x)g (2, ) pdx + / AT 1pd ()T (2, ) . (16)
O (@) O

Also, for ¢ € WIP(¥)(Q) with ¢ > 0, it is easy to see that
/ |Vzg, |p(x)72 Vz, Vedx = //\P+(/\1a2 + i) pedx.
Q Q

By (H3), (Hy) and Lemma 2, when y is sufficiently large, we have

171 Pt
(Mag + )y > W{Qﬁ()\p+(/\1ﬂz+ﬂlcz)#)]

> h(BAPT (AMag + pica)p))

thf (CZ [MJF(/\ZbZ + 7"2d2)3(ﬁ(/\p+ (AMap + chz)ﬂm qll) .
Then

/[Vzkl|p(x)72 Vz, . Vedx > //\p+/\1a(x)f(zk2)(pdx+/Ap+y1c(x)h(zk1)(pdx. (17)
O o o

According to (16) and (17), we can conclude that (zx,, z, ) is a supersolution of problem (1). It only
remains to prove that ¢, <z, and ¢y, < z,.
In the definition of v (x), let

7= 5 (maxgn, (90 + max |91, | ()
Q QO

We claim that
(Pkl (x) S 01(x), Vx S Q. (].8)

From the definition of vy, it is easy to see that

Pr, (x) < 2max ¢y, (x) < vy(x), whend(x) =9,
9)

Pr, (x) < 2max ¢y, (x) < v1(x), when d(x) >4
Q

and
Pr, (x) <v1(x) whend(x) <¢.
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Since v; — ¢, € C1(00)s), there exists a point xg € 0Q);, such that

01(x0) — ¢, (x0) = min_(vy(x0) — ¢k, (x0))-
X9 €005

If v1(x0) — Px, (x0) < 0, It is easy to see that 0 < d(x) < ¢ and then
Vo1 (x0) — Vi, (x0) = 0.

From the definition of v;,we have

2
[Voi(xo)| = v = = [ max ¢y, (xo) + max |Vey, | (x0) | > [V, | (x0).
s\ 0 Q
It is a contradiction to
Vo1 (x0) — Ve, (x0) = 0.

Thus, (18) is valid.

Obviously, there exists a positive constants C3, such that ¢ < C3A.

Since d(x) € C?(dQ35), according to the proof of Lemma 2, there exists a positive constant C,
such that

—Dp(y01(x) € CopPD T < QAP0 30 O, where 6 € (0,1).

Since 7 > AP* is large enough, we have —A,,yv1(x) < 7.
Under the comparaison principle, we have

v1(x) < w(x), forall x € Q. (19)
From (18) and (19), when 7 > AP* and A > 1 is sufficiently large, we have
P, (x) < v1(x) < w(x), forall x € Q. (20)
According to the comparaison principle, when y is large enough, we have
v1(x) < w(x) < zg, (x), forall x € Q.
Combining the definition of v1 (x) and (20), it is easy to see that
P, (x) < ov1(x) Sw(x) <z, (x), forall x € Q.

When y > 1 and A is a large enough, from Lemma 2, we can note that
B(APT (Aqap + pyc2)p is large enough, then
AT (Agba + pada)(B(APT (Maz + prc2) )

is a large enough. Similarly, we have ¢y, (x) < zi,(x). This completes the proof. [

Asymptotic Behavior of Solutions
Definition 2. A measurable funtion u : Qr — R is an weak solution to hyperbolic systems involving of
(p(x),q(x))—Laplacien (1) in Qr if u(.,0) = ug in Q,

u € C(0,T; L2(Q)) N LF(0, T; H3(QY)),

Ju

= €L(Qr), Vue (L2(QT))N
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and for all ¢ € C'(Qr) and ¢ € C'(Qr), we have

T T L
//Qg—?(pdxdt—i—//Q|Vu|p(x)_2Vqu)dxdt+//Q(—/\p(")ylc(x)h(u))(pdxdt
0 0 0

T
- / /Q AP A a(x) £ (0) dxdt (21)
0

Lemma 3.

T T T
dv x)—2
= pdxdt + (Vo1 2 Vovpdxdt + [ | (AT \5b(x)g(u))pdxdt
of

[, v ] | /.

T
://Q/W(")yzd(x)a(v)lpdxdt
0

Lemma 4. Let u,u be the solutions of (1) with u (x,0) = ¢1,% (x,0) = @ Than u(x, t) is nondercreasing in
t,u (x,t) is nonincreasing and u > u forall t > 0,x € Q)

Theorem 2. Let hypotheses (Hy), (Ha) and (Hs) be satisfied. and let u (x, t) the solution of a new class of
hyperbolic systems (1) with ¥ € S* than

li t) =
fimy ()

ug (x) if s <Y < ug
s (x) ifus <¥ < i

Proof. The pair (u,, iis) and the pair (i, is) are both sub-super solutions of (4), the maximale and
minimale property of #; and u, in S* ensures that:
U, is the unique solution in [ils, us] and 7 is the unique solution in [u;, its]. O

4. Conclusions

Our result is an extension for our previous study in ( [2,7,8]) which studied the stationary case,
this idea is new for evolutionary case of this kind of problem, This paper deals with the existence
of positively solution and its asymptotic behavior for parabolic system of (p(x),q(x))-Laplacian
system of partial differential equations using a sub and super solution according to some given
boundary conditions, which is familiar in physics, since it appears clearly natural in inflation cosmology
and supersymmetric filed theories, quantum mechanics, and nuclear physics (see [3,14]). This sort
of problem has many applications in several branches of physics such as nuclear physics, optics,
and geophysics (see [7,15]). In future work, we will try to extend this study for the hyperbolic case of
the presented problem, but by using the semigroup theory.
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