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Abstract: In this paper, we introduce central complete and incomplete Bell polynomials which can be
viewed as generalizations of central Bell polynomials and central factorial numbers of the second
kind, and also as ’central” analogues for complete and incomplete Bell polynomials. Further, some
properties and identities for these polynomials are investigated. In particular, we provide explicit
formulas for the central complete and incomplete Bell polynomials related to central factorial numbers
of the second kind.

Keywords: central incomplete Bell polynomials; central complete Bell polynomials; central complete
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1. Introduction

In this paper, we introduce central incomplete Bell polynomials T, x(x1, x2,- - - , X, k1) given by

ad 1 tm t}’l
k|( ; T 1) xm)m‘> ZTnk x11x2/"'/xn—k+1)ﬁ

and central complete Bell polynomials B,(f) (x]xq,x2,- -+, xn) given by

o) ti’l

1
exp(x Xi E(xi — (-1 ) 2 B (x|x1, %2, -, xn) —
i=

n!

and investigate some properties and identities for these polynomials. They can be viewed as
generalizations of central Bell polynomials and central factorial numbers of the second kind, and also
as ‘central” analogues for complete and incomplete Bell polynomials.

Here, we recall that the central factorial numbers T(n, k) of the second kind and the central Bell

polynomials B,(IC) (x) are given in terms of generating functions by

00 n t _t
%(65 _e_%)k _ Z T(n,k)%/ eX(eZ—e 2) — Z B’(f) (x)i
: n=k :

sothat T, (1,1, -+ ,1) = T(n,k) and BY (x]1,1, - ,1) = B (x).

The incomplete and complete Bell polynomlals have applications in such diverse areas as
combinatorics, probability, algebra, modules over a *-algebra (see [1,2]), quasi local algebra and
analysis. Here, we recall some applications of them and related works. The incomplete Bell polynomials
B i(x1,%2, -+, Xp_k11) (see [3,4]) arise naturally when we want to find higher-order derivatives of
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composite functions. Indeed, such higher-order derivatives can be expressed in terms of incomplete
Bell polynomials, which is known as Faa di Bruno formula given as in the following (see [3]):

B(F(1) = Y sOGFE)Bu(F (0, £(6), - £ 1))

k=0

For the curious history on this formula, we let the reader refer to [5].

In addition, the number of monomials appearing in B, , = By, x(X1, X2, - - , X—k+1) is the number
of partitioning a set with n elements into k blocks and the coefficient of each monomial is the number
of partitioning a set with n elements as the corresponding k blocks. For example,

Bioy = 3150x3x] 4 2520x3x2x7 + 210245

shows that there are three ways of partitioning a set with 10 elements into seven blocks, and 3150
partitions with blocks of size 2, 2, 2,1, 1,1, 1, 2520 partitions with blocks of size 3,2,1,1,1,1, 1, and
210 partitions with blocks of size 4, 1,1, 1, 1, 1, 1. This example is borrowed from [4], which gives a
practical way of computing B, x for any given n, k (see [4], (1.5)).

Furthermore, the incomplete Bell polynomials can be used in constructing sequences of binomial
type (also called associated sequences). Indeed, for any given scalars c1,¢cp,- -+ , ¢y, - - - the following
form a sequence of binomial type

n

Sn(x) - Z Bn,k(cll Cyr rcn—k+1)xk1 (Tl - Or 1r2r et )
k=0

and, conversely, any sequence of binomial type arises in this way for some scalar sequence
€1,€2, -+ ,Cy - - -. For these, the reader may want to look at the paper [6].

There are certain connections between incomplete Bell polynomials and combinatorial Hopf
algebras such as the Hopf algebra of word symmetric functions, the Hopf algebra of symmetric
functions, the Faa di Bruno algebra, etc. The details can be found in [7].

The complete Bell polynomials By, (x1,x2, - - - , xn) (see [3,8-10]) have applications to probability
theory. Indeed, the nth moment y, = E[X"] of the random variable X is the nth complete Bell
polynomial in the first # cumulants. Namely,

,ul’l = Bn(K],KZ, e /Kt’l)'

For many applications to probability theory and combinatorics, the reader can refer to the Ph. D.
thesis of Port [10].

Many special numbers, like Stirling numbers of both kinds, Lah numbers and idempotent
numbers, appear in many combinatorial and number theoretic identities involving complete and
incomplete Bell polynomials. For these, the reader refers to [3,8].

The central factorial numbers have received less attention than Stirling numbers. However,
according to [11], they are at least as important as Stirling numbers, said to be “as important as
Bernoulli numbers, or even more so”. A systematic treatment of these important numbers was
given in [11], including their properties and applications to difference calculus, spline theory, and to
approximation theory, etc. For some other related references on central factorial numbers, we let the
reader refer to [1,2,12-14]. Here, we note that central Bell polynomials and central factorial numbers of
the second kind are respectively ‘central” analogues for Bell polynomials and Stirling numbers of the
second kind. They have been studied recently in [13,15].

The complete Bell polynomials and the incomplete Bell polynomials are respectively mutivariate
versions for Bell polynomials and Stirling numbers of the second kind. This paper deals with
central complete and incomplete Bell polynomials which are ‘central” analogues for the complete
and incomplete Bell polynomials. In addition, they can be viewed as generalizations of central Bell
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polynomials and central factorial numbers of the second kind (see [15]). The outline of the paper is
as follows. After giving an introduction to the present paper in Section 1, we review some known
properties and results about Bell polynomials, and incomplete and complete Bell polynomials in
Section 2. We state the new and main results of this paper in Section 3, where we introduce central
incomplete and complete Bell polynomials and investigate some properties and identities for them.
In particular, Theorems 1 and 3 give basic formulas for computing central incomplete Bell polynomials
and central complete Bell polynomials, respectively. We remark that the number of monomials
appearing in T, ;(x1,2x2,- - -, 2" Kx,_;11) is the number of partitioning a set with 1 elements into k
blocks with odd sizes and the coefficient of each monomial is the number of partitioning a set with n
elements as the corresponding k blocks with odd sizes. This is illustrated by an example. Furthermore,
we give expressions for the central incomplete and complete Bell polynomials with some various
special arguments and also for the connection between the two Bell polynomials. We defer more
detailed study of the central incomplete and complete Bell polynomials to a later paper.

2. Preliminaries

The Stirling numbers of the second kind are given in terms of generating function by (see [3,16])

1 1’1
ke—l ZSznk—'. D

The Bell polynomials are also called Tochard polynomials or exponential polynomials and defined
by (see [9,13,15,17])

(e —1) _ i By(x)—. @)

S @3)

When x = 1, B, = By(1) are called Bell numbers.

The (exponential) incomplete Bell polynomials are also called (exponential) partial Bell
polynomials and defined by the generating function (see [9,15])

1,8 k= #n
S( L x) = ¥ Bkl % k1), (k20). @
Coom=1 : n=k :
Thus, by Equation (4), we get
_ n! X1\ /X0 \ 22
Bn,k(x1,~.. ,Xn7k+1) = 211'12'71n7k+]'(F> (i) X -
% < Xp—k+1 )inkarl
(n—k+1)! ’
where the summation runs over all integers i1, - - - ,i,_ 11 > Osuchthati; +ip+---+1i, 1 = kand

i1+2i2+"'+(71—k+1)in_k+1:7’1.
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From (1) and (4), we easily see that

Bnrk (1’ 1’ e /1) = SZ(n/k)/ (Tl,k 2 0)
—_———

-’
n—k+1—times

We easily deduce from (5) the next two identities:
k
Bn,k(l’(X1,DCX2, T /“xn—k+l) =« Bn,k(xl/ X2, 0 rxn—k+1)
and

2 n—k+1 _.n
B, i(axy, a”xp, -+, Xp—kt1) = &" By (X1, %2, -+, Xp_ky1),

where a € R (see [15]).

From (4), it is not difficult to note that

> Buk(x,1,0,0,-++,0) = 2 (xt + 5)
n=k :
tk k F\ "
=5 L () (5)
n=0 n
oy (R T,
_nzo k! n/)2an (n+k)'l
and
> h o) t7’l+k
Byx(x,1,0,0,---,0)— =) Byirx(x,1,0,---,0) .

ngk " n! 7;) n-+k, (n+k)!

Combining (9) with (10), we have

Kk 1

Replacing n by n — k in (11) yields the following identity

| n—k
B, x(x,1,0,--+,0) = % (nkk>x2k”(;) , (k< n<2k).

We recall here that the (exponential) complete Bell polynomials are defined by

[e) ti [e) tn
exp(leT) = ZBn(x1/x2/"' /xi’l)i"
i—1 1. =0 n.

Then, by (4) and (13), we get
n

Bn(xlz X, /xn) - Z Bn,k(xll X, /xn—k+1)‘
k=0

40f12

(6)

@)

®)

)

(10)

(11)

(12)

(13)

(14)
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From (3), (6), (7) and (14), we have

n
Bu(x,%,--- ,x) = Zkan,k(lllz"' 1)

p (15)
=) xSy (n,k) = By(x), (n>0).
k=0
We recall that the central factorial numbers of the second kind are given by (see [19,20])
1, ¢ _ ; d
k!(Z—ez :ZTnk (16)

n=k

where k > 0.
From (16), it is not difficult to derive the following expression

k

0= i ( ) G-3)" (17)

where 1,k € Z withn > k > 0, (see [16,20]).
In [20], the central Bell polynomials By (x) are defined by

n

B (x) = kz T(n,k)x*, (n>0). (18)
=0

When x =1, Bﬁ,c) = Bgf) (1) are called the central Bell numbers.
It is not hard to derive the generating function for the central Bell polynomials from (18) as follows
(see [15]):

t _ t 0 tn
2 e2) _ By (x) . (19)
n=0 :
By making use of (19), the following Dobinski-like formula was obtained earlier in [15]:

22 ()G E 0)

1=0j=

where n > 0.

Motivated by (4) and (13), we will introduce central complete and incomplete Bell polynomials
and investigate some properties and identities for these polynomials. Also, we present explicit formulas
for the central complete and incomplete Bell polynomials related to central factorial numbers of the
second kind.

3. On Central Complete and Incomplete Bell Polynomials

In view of (13), we may consider the central incomplete Bell polynomials which are given by

=1 NI "
< Z zim 1) xm)%) = Z Tn,k(xl/xZ/"' ’xl’l—k"rl)al (21)

m=1 . n=k

wherek =0,1,2,3,---
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For n,k > 0 with n — k = 0 (mod 2), by (4) and (5), we get

n! x1\i1/ 0 \i
ez i) = e (1) (2
nk (X1, %2 n—k+1) 211!12!---zn_k+1! 1) \2.21

X3 \B Xkl In—k41
X(22.3!) (2”*k(n—k+1)!) /

where the summation is over all integers 71,1, -+ ,i,_x+1 > Osuch thati; +---+1i, 1 = kand
ih+2ip+ -+ (Tl—k+1)in,k+l =n.

(22)

From (5) and (22), we note that

X3 Xn—k
Tok(x1, %2, -+, Xp—11) = By i (x1,0, ﬁf(),' -, ;Tf), (23)

where 11,k > 0 withn — k = 0 (mod 2) and n > k.
Therefore, from (22) and (23), we obtain the following theorem.

Theorem 1. For n,k > 0 withn > kand n — k = 0 (mod 2), we have

X3 Xn—k+1
r2710/"'1 ;nfk )

_Z n! (ﬂ)il( X3 )i3>< ><( Xp—k+1 )in—k+1
il d, gt N1 2231 2n=k(p —k+1)! ’

where the summation is over all integers iy,ip, - -+ ,iy_gr1 > 0 such that iy + i3+ -+ +i, 11 = k and
+3i34- -+ —k+1)iyg =n

Top(x1,%2, -+, Xy—g41) = Bpi(x1,0
(24)

Remark 1. Theorem 1 shows in particular that we have

-k
Tn,k(xlrzxZI' 20 xn7k+1) = Bn,k (xlror x3,0,- - rxn7k+1)-

From this, we note that the number of monomials appearing in T, (x1,2x2,- - - ,2”’kxn,k+1) is the
number of partitioning a set with n elements into k blocks with odd sizes and the coefficient of each monomial is
the number of partitioning a set with n elements as the corresponding k blocks with odd sizes. For example, from
the example in Section 3 of [4], we have

Ty3,7(x1,2x2,2%x3, 23 x4, 2% x5, 2°x6, 25 x7) = 200,200x3x] + 72,072x5%3%3 + 1716375

Thus, there are three ways of partitioning a set with 13 elements into seven blocks with odd sizes, and
200,200 partitions with blocks of size 3, 3, 3,1, 1,1, 1, 72,072 partitions with blocks of size 5,3,1,1,1,1, 1, and
1716 partitions with blocks of size 7,1,1,1,1,1, 1.
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For n,k > 0 withn > kand n — k = 0 (mod 2), by (21), we get

ad t" 1 B 5P k
2.3 n—k+1 _
En,ux,x,xwvx =t gt )
1 X X k 1 X k
-t = )
_ 1 k k=1 (1—5)xt
~ (=) et (25)

=

IR N T
(-1) HX::O(Z 5) X

()= 5

Now, the next theorem follows by comparing the coefficients on both sides of (25).

I

Il
o

1~
N T
—

I
e
1=

Theorem 2. Forn,k > 0 withn — k = 0 (mod 2), we have

x" Kk i ko | Tox(x,a?,-o 2K, ifn >k,
k!lg)<l>(_l> =30 = 0, ifn < k. (26)
In particular,
1 & 7k ki ke | To(,1,--0,1), ifn >k
k!g(l>(_1) (l_i) _{ , ifn < k. @7

For n,k > 0 withn — k = 0 (mod 2) and n > k, by (17) and (27), we get
Tux(1,1,---,1) = T(n,k). (28)
Therefore, by (26)—(28) and Theorem 1, we obtain the following corollary
Corollary 1. For n,k > 0 withn —k = 0 (mod 2), n > k, we have
Top(x, 2%, ") =2 T, (1,1, ,1)

and

1 1
Tor(1,1,---,1) =T(nk) = Bn,k(l,o,?,... ’W)

=) . (%)11(2%3')13 (2nk(nik+1)!)ink“’

iligh iy gyq!
whereiy +iz+ - +i, 1 =kandiy +3iz3+---+ (n—k+1)i, 41 =n.

For n,k > 0withn > k and n — k = 0 (mod 2), we observe that

- "1
Z Tn,k(x/ 1,0,0,--- ,O)E = H(xt)k. (29)

n=k
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Thus, we have
The next two identities follow easily from (24):
Top(x,x,---,x) = kan,k(l,l,- -, 1), (30)
and
Ty, 02, -+ @xy i) = @ Ty i (X1, %2, -+, Xyki1),
where 1,k > 0 withn —k = 0 (mod 2) and n > k.

Now, we observe that

exp(x:o1 (%)’(xl - <_1)l 1);)
i d i AL
B (E o)
© 1,2 1 AL
9 +£ka(; (3) (i = (V') ) ey
ti’l

[
—_
_l’_
hgk
=
.
agk

T (X1, %2, - - rxnfk+1)ﬁ
k t"
X Ty (%1, X2, - - /xnkarl))E'

T
X

Il

—_

_l’_
e
/N
1= 3

=
i
I\
T
[N

=

In view of (13), it is natural to define the central complete Bell polynomials by

1. ; # — o (c) "
exp(x Z (E) (xi — (1) xi)ﬁ) = Z By (x|x1, 22, - - ,xn)ﬁ. (32)
i=1 : n=0 :
Thus, by (31) and (32), we get
(c) -k
By’ (x|x1, %0, ,xn) = Y X Ty p(x1, %0, Xy_jes)- (33)
k=0
When x = 1, B,(f)(1|x1,x2,~~~,xn) = B,(f)(xl,xzf -+ ,xn) are called the central complete
Bell numbers.
For n > 0, we have
(<) -
Bn (xlle/ e /xﬂ) = Z Tn,k(x1/x2/ tt /xn—k+1) (34)
k=0

and
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By (18) and (33), we get
BYM,1, -, 1) = Y. Tu(1,1,---,1) = Y T(nk) = BY, (35)
k=0 k=0
and
n n
BY (2|11, ,1) = Y T e(1,1,-++,1) = Y & T(n,k) = BY (). (36)
k=0 k=0
From (31), we note that
> i i ti
exp( L (3)' (i — (~1)ix) )
i=1 '
© 1,2 1 . Hn
=1+ L (L Q)= (')
1& 1, A - R z
=1+ L () (= (D) + 5 (B () = (1)
N2 1 &1 - H\3 (37
Xxi)ﬂ) +§(g(§) (xi_(_l)lxi)ﬁ) + )
_ 1 20,1753 3

LK () Gr)

n=0 ~mi+2my+---+nmy=n
X3 \ "3 xn(l—(—l)") My 1
Ge) )

Now, for n € Nwith n =1 (mod 2), by (32), (34) and (37), we get

X

n
BY (1, %0, x0) = Y Tuje(xr, x2, -, Xy gi1)
k=0
n! x1 mq x3 ms3 Xn my (38)
- 2 m1!m3!---mn!(ﬂ> (3'7) "'(nlznfl) )

my+3mz+---+nmy=n

Therefore, Equation (38) yields the following theorem.

Theorem 3. For n € N withn = 1 (mod 2), we have

n

B (x1, %2, -, %) = Y Tuk(x1, 22, Xy gy1)
k=0

L p ey (n
N mqlma! -+ - my,! \ 1! 3122 ni2n-1/ ~

my+3mz+---+nmuy=n

Example 1. Here, we illustrate Theorem 3 with the following example:

B (1 2202000 250 2) = o (%)%%)0(%)1 + 31 (%)%%)%%)0

+ S (%)Y%)O(%)O =¥+ 10633 + 15
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Ts (x1,2x2,2%x3, 2324, 2%x5) = > (xl) (E)()(E)l = X5,

oot \11/) \3r) (5
5! rxq X3 51 /x1\5 5
Tsa(n,212,2%%) = oo (1 ) (g) = 103315, Tssl) = 2 (1) =21,

Ts0(x1,2x2,22x3,23x4,2%x5,2°x6) = 0, Tsp(x1,2x2,2%x3,2%x4) = 0, Ts4(x1,2x2) = 0.

On the one hand, we have

—
N =

exp (x

DMe LDTe
b
&
=
Il
I

(e} t}’l
=143 2 Y (L1, 1) (39)
k=1 n=k
o0 n tn
=1+ ) (L AT, 1)
n=1 k=1
On the other hand, from (19), we have
I o4l 1 1
exp(x ) (5) (1= (1)) 7) = exp(x(t+ 58 + 558 +--))
i=1 :
—exp (x(eé e_%)> i B (x) p (40)
= —_ — n .
n=0 n!
Therefore, by (39) and (40), we obtain the following theorem.
Theorem 4. For n,k > 0 with n > k, we have
n
Y T i(1,1,- -, 1) = BY ().
k=0
We note from Theorem 4 the next identities:
n n
Y AT (L1,- 1) = Y Ti(x,x,- -, x) = B (x,x,- -, x). (41)
k=0 k=0

Thus, Theorem 4 and (41) together give us the following corollary.

Corollary 2. For n > 0, we have

The Stirling numbers of the first kind are given in terms of the generating function by (see [3,21])

(1og1+t) ZSlnk —, (k>0). (42)
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In order to get the following result and using (42), we first observe that

D) =Ly (i5y)

(log (1+ m:

I
e L
wnn
Y
—
=~
=
N—
=%
—
—_
|
N R
N—
|

l°:°k1 2 (n—1\ ,1.n1 #3)
_ - - n—i n
_gllsl(l,k);<ll>(2)
e w1 n—1\,1.n-1\ ,
- L (gasen(ioy) 60
n=k " I=k
The following equation can be derived from (21) and (43):
[ee] tn
n:an,k(O!,l!,2!,~ (=) ) =
1 128 1uaf 1.6t k
a3+ 55+ )
44)
FNE 1 1+ 41\ (
k|(log(1+ =) - log(1—§)> :k‘<log<1_%))
: 2
1 t k& & Si(Lk) (n—1\ 1 01
:H(k’g(Hl_g)) :2((;( I (1—1>(2)n )
n= =

Now, we obtain the following theorem by comparing the coefficients on both sides of (44).

Theorem 5. For n,k > 0 with n > k, we have

12, o) = E S (1)1

4. Conclusions

In this paper, we introduced central complete and incomplete Bell polynomials which can be
viewed as generalizations of central Bell polynomials and central factorial numbers of the second
kind, and also as ’central” analogues for complete and incomplete Bell polynomials. As examples
and recalling some relevant works, we reminded the reader that the incomplete and complete Bell
polynomials appearing in a Faa di Bruno formula, which encode integer partition information, can be
used in constructing sequences of binomial type, have connections with combinatorial Hopf algebras,
have applications in probability theory and arise in many combinatorial and number theoretic identities.
One additional thing we want to mention here is that the Faa di Bruno formula has been proved to
be very useful in finding explicit expressions for many special numbers arising from many different
families of linear and nonlinear differential equations having generating functions of some special
numbers and polynomials as solutions (see [22]).

The main results of the present paper are stated in Section 3, in which we introduced
central incomplete and complete Bell polynomials and investigated some properties and identities.
In particular, in Theorems 1 and 3, we gave basic formulas for computing central incomplete Bell
polynomials and central complete Bell polynomials, respectively. We remarked that the number of
monomials appearing in T, x (x1,2x2, - - - , 2" %x, 1) is the number of partitioning 1 into k odd parts
and the coefficient of each monomial is the number of partitioning # as the corresponding k odd parts.
This was illustrated by an example. Furthermore, we gave expressions for the central incomplete and
complete Bell polynomials with some various special arguments and also for the connection between
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the two Bell polynomials. In the near future, we hope to find some further properties, identities and
various applications for central complete and incomplete Bell polynomials.
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