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Abstract: Autofrettage is a widely used process to enhance the fatigue life of holes. In the theoretical
investigation presented in this article, a semi-analytic solution is derived for a polar, orthotropic,
open-ended cylinder subjected to internal pressure, followed by unloading. Numerical techniques are
only necessary to solve a linear differential equation and evaluate ordinary integrals. The generalized
Hooke’s law connects the elastic portion of strain and stress. The flow theory of plasticity is employed.
Plastic yielding is controlled by the Tsai-Hill yield criterion and its associated flow rule. It is shown
that using the strain rate compatibility equation facilitates the solution. The general solution takes into
account that elastic and plastic properties can be anisotropic. An illustrative example demonstrates
the effect of plastic anisotropy on the distribution of stresses and strains, including residual stresses
and strain, for elastically isotropic materials.
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1. Introduction

High-pressure vessels are often autofrettaged to improve their performance under service
conditions. Numerous theories of the autofrettage process of hollow cylinders under different end
conditions are available. The three main end conditions are usually adopted (plane strain, closed-end,
and open-end conditions). The earliest attempt on a strict mathematical theory of the autofrettage
process appears to have been in [1], where the plane strain condition has been considered assuming
an elastic, perfectly plastic material model. This theory has been extended to closed-end tubes in [2].
A theory of the autofrettage process of tubes with free ends has been proposed in [3]. The Tresca yield
criterion has been adopted, and the solution has been found by a finite difference method.

The elastic/perfectly plastic solutions mentioned above have been extended to other constitutive
equations. In particular, solutions for open-ended cylinders of strain-hardening material have been
derived in [4,5]. Both the Tresca and von Mises criteria, in conjunction with the corresponding
associated flow rule, have been adopted in [4]. In the case of Ni-Cr-Mo cylinders, it has been shown
that the effect of strain hardening is important in cylinders with radius ratios of 3 or greater. Hencky’s
deformation theory of plasticity, based on the von Mises yield criterion, has been employed in [5].
A solution for hollow cylinders under a constant axial strain condition has been provided in [6], using
the deformation theory of plasticity and the von Mises yield criterion. The corresponding plane strain
solution can be obtained as a special case. A nonlinear strain-hardening model for steel has been
proposed in [7]. Then, this model has been used for studying the process of autofrettage in close-ended
cylinders. A comprehensive overview of autofrettage theories for internally pressurized homogeneous
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tubes of perfectly plastic and strain-hardening materials has been provided in [8]. A plane strain
solution based on a gradient theory of plasticity has been found in [9]. Hencky’s deformation theory
of plasticity and a unified yield criterion have been adopted.

The Bauschinger effect can significantly influence the distribution of residual stresses and strains
in tubes subjected to internal pressure followed by unloading. Therefore, many theoretical solutions
for the process of autofrettage are based on material models that incorporate the Bauschinger effect.
A solution for a hardening law suitable for high-strength steel has been given in [10]. A distinguished
feature of this hardening law is that the material is perfectly plastic at loading, but shows a strong
Bauschinger effect within a certain range of the forward strain. The Tresca yield criterion and its
associated flow rule have been used. An approximate method of finding analytic solutions for generic
isotropic and kinematic strain hardening laws has been introduced in [11]. Another approximate
method has been employed in [12], using the concept of the single effective material. Numerical
methods have been developed in [13-15] for materials with nonlinear stress—strain behavior. An effect
of varying elastic and plastic material properties along the radius on the distribution of residual
stresses in autofrettaged cylinders has been evaluated in [16].

An efficient method of improving the performance of autofrettaged tubes is to use two- and multi-layer
tubes [17]. Several theoretical solutions for such tubes are available in the literature (for example, [18-23]).
The methods of analysis employed are similar to those used for homogeneous tubes.

In addition to the autofrettage treatment by internal pressure, thermal and rotational autofrettage
treatments are widely used. Thermal autofrettage has been studied in [24-27], and rotational
autofrettage in [28,29].

A comprehensive overview of theoretical and experimental research on the process of autofrettage
has been recently provided in [30]. It is seen from this review that initially anisotropic materials were
not considered. On the other hand, it is known from solutions to other problems in structural mechanics,
for example in [31-33], that plastic anisotropy may have a significant effect on the solution. In particular,
it is mentioned in [33] that even mild plastic anisotropy significantly affects the distribution of residual
stresses, which is of special importance for the process of autofrettage. In the case of circular discs
and cylinders, a common type of anisotropy is polar orthotropy. In particular, the effect of plastic
anisotropy on stress and strain fields in rotating discs has been studied in [34-39], using different
material models and boundary conditions. Various boundary value problems for orthotropic cylinders
have been solved in [40-44]. All of these studies demonstrate that it is important to take into account
plastic anisotropy in analysis and the design of structures. It is therefore reasonable to provide a
theoretical analysis of the autofrettage process for polar orthotropic cylinders.

In the present paper, the open-ended cylinder is considered. It is assumed that the elastic
strain and stress are connected by the generalized Hooke’s law. Plastic yielding is controlled by the
Tsai-Hill yield criterion. This criterion is often used in applications [45-49]. Therefore, the material is
initially anisotropic. The flow theory of plasticity is employed. It is shown that using the strain rate
compatibility equation facilitates the solution. In particular, a numerical technique is only necessary to
solve a linear differential equation and evaluate ordinary integrals.

2. Statement of the Problem

Consider the expansion of a thick-walled hollow cylinder of inner radius ag and outer radius by
by a uniform internal pressure Py, followed by unloading. The external pressure is zero. It is natural to
solve this boundary value problem in a cylindrical coordinate system (r, 6, z) whose z—axis coincides
with the axis of symmetry of the cylinder. It is assumed that the cylinder is sufficiently long to make the
stresses and strains independent of the z-coordinate. The ends of the cylinder are not loaded. The inner
pressure at the end of loading is high enough so that the annulus contained by the inner radius and
some internal radius = 7 is plastic, while the outer annulus contained by the surface r = r. and the
outer radius is elastic. The surface r = r. is the elastic/plastic boundary. Let 07, 0y, and o, be the stress
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components referred to the cylindrical coordinate system. These stresses are the principal stresses.
Moreover, 0, = 0 for the open-ended cylinder. The boundary conditions at loading are

o =—DPy 1)

forr = agp, and

for v = by. Let Py, be the value of Py at the end of loading. Then, the boundary conditions at
unloading are
Aoy = Py ®)

for r = agy, and
Ao, =0 4)

for r = by. Here Aoy is the increment of the radial stress in course of unloading.

It is assumed that the cylinder is polar orthotropic. Then, the principal strain directions coincide
with the principal stress directions. In particular, the generalized Hooke’s law, in terms of the principal
stress and strain components under plane stress conditions, is

€ = A0y + ar909, €5 = 0y + Agg0p, €5 = Arz0r + Ap;0p. (&)

Here ¢}, ¢, and ¢ are the elastic radial, circumferential, and axial strains, respectively.
The coefficients a,,, a,9, a7, and ay, are the components of the compliance tensor. In terms of the
principal stresses, the Tsai-Hill yield criterion reads

2 » X2 2
O'G—O'YO'Q-FO}W:X 6)
where X and Y are the yield stresses in the circumferential and radial directions, respectively. The flow
rule associated with the yield criterion (6) is

A 2X2 oeh el 2X2
atr:A1<Y20}_Ug>, afte:/\l(ZUg—Ur), Z:)\1|:<1—Y2>U'r—0'9:| (7)

where sf, sg , and eg are the plastic radial, circumferential, and axial strains, respectively; t is the time;
and A; is a non-negative multiplier. Since the model under consideration is rate independent, the time
derivatives in (7) can be replaced with derivatives with respect to any monotonically increasing or
decreasing parameter 4. Then, Equation (7) is replaced with

2 2
gr—)\<2YX2(7r—ag>, &b = M20p —0y), 5—A[(1—2YX2>0,—09] (8)

where & = 9t/ a9, (jg = BSZ/ aq, &l = 9eb/ dq, and A is proportional to A1. The total strains are
given by
e, =€ +ef, eg=¢ehteh, e =e +eb. 9)

The constitutive equations should be supplemented with the equilibrium equation of the form

ao, 0y — 0y
+

The solution is facilitated by using the equation of strain-rate compatibility. This equation is
equivalent to

Go

0
v +Cp —Cr = 0. (11)
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In what follows, the following dimensionless quantities will be used:

r ap Te Py Py,
= — =2 == =2 = = Xay,. 12
0 b’ a b’ Qe b’ Po= . Pm= 5 k Ary (12)

3. Purely Elastic Solution
The general purely elastic solution for stress can be written as

ﬁ _ -1 —71-1 @ _ -1 _ —1—1
F=Cip TG, P = T(Clp Cap ) (13)

where C; and C; are constants of integration and v = +/a;+/agp. Substituting Equation (13) into
Equation (5) supplies the solution for strain in the form
=G (1 + La;ZGT)PT_l +C (1 - Lazﬁﬂ)P_T_l,
AR L C R I a9
t=a(Erae)e e -gE)e
The solution for Equation (13) should satisfy the boundary conditions of Equations (1) and (2).

Then, using Equation (12), the constants C; and C; are determined as

_ Po _ Po
G=—g_ 71 2= 71 (15)

Substituting Equation (15) into Equation (13) results in

Or _ Po -t-1_ 11 ] _ _ TPo —1—1 -1
X~ (@l —at0) (v )% (@1 —a—t1) (). s

It is assumed that plastic yielding initiates at the inner radius of the cylinder, p = a.
This assumption should be verified for each set of constitutive parameters. The corresponding
condition follows from Equations (6) and (16), in the form

(aTl_PiTl)z [Tz (pf'rfl _’_prl)z I Plz(psz _ p2r) i (pfrfl _pr1>2§§} <1 a7

in the range a < p < 1. It follows from Equation (16) that

o g Tpo(1+4a%7)

X = —Po, X - (1 — EZZT) (18)
at p = a. Substituting Equation (18) into the yield criterion of Equation (6) and using
Equation (12) yields

2 X2 5 -1/2
_ 2T 2 2T _ At S 2T
pe—<1 a ){T (1+a ) +T(1 a )+Y2<1 a )] . (19)

Here p, is the value of py, at which point a plastic region starts to propagate from the inner radius
of the cylinder. In what follows, it is assumed that py > pe.

4. Elastic/Plastic Stress Solution

There are two regions, a < p < pcand p. < p <1, at pg > pe. The region p. < p < 1 is elastic.
The general solution for Equation (13) is valid in this region. However, the constants C; and C; are not
given by (15). The stress solution in the region a < p < p, must satisfy the yield criterion of Equation
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(6) and the equilibrium Equation (10). It is possible to verify by inspection that the yield criterion is
satisfied by the following substitution:

oy 2sing 0y sin ¢ X Y2
X Q0 ' X g OS¢ Q=y\i-% 20

where ¢ is an auxiliary function of p. Substituting Equation (20) into (10) yields

a£+ (sin @ — Qcos ¢) _o 1)

2 cos
op P

The stress solution in the region a < p < p. should satisfy the boundary condition of Equation (1).
Using Equations (12) and (20), this condition transforms to

P = @a (22)

where p = a, where ¢, is determined from the equation

2sin @, = Qpo (23)

The unique solution of this equation is found using the condition that the circumferential stress
at p = a at the initiation of plastic yielding is determined from Equation (18), in which pg should
be replaced with p,, given in Equation (19). The solution of Equation (21) satisfying the boundary
condition of Equation (22) is

P 20(¢ — ¢a) 2 )ln(Qcosrpu—sin(p,Z)' (24)

In; = (1+Q2) +(1+Q2 Qcos ¢ —sin ¢

Let ¢, be the value of ¢ at p = p.. Then, it follows from Equation (24) that

e _ 2Q(¢c — ¢a) n QCOS(pa—Sin(pa>

a (1+Q2?) (1+Q?) n(Qcosq)C—sin(pC

The solution of Equation (13) should satisfy the boundary condition in Equation (2). Therefore,
using Equation (12), it is possible to find that C; 4+ C, = 0. Then, the stress solution in the elastic region
pe<p<lis

(25)

% =C (pr—l _p—T—l), % =1C; (pr—l +P_T_1)~ (26)

The radial and circumferential stresses must be continuous across the elastic/plastic boundary.
Then, it follows from Equations (20) and (26) that

2sin _ e sin - —r—
_ Q(Pczcl(p-cr 1_ch l), _ QQDC_COS(pC:TCl(p-Cr 1+PCT l)_ (27)
Eliminating C; between these equations results in
2t (p2" +1)
1+ Qcotpe = ——5—7—. (28)
R

In this equation, p, can be eliminated by means of Equation (25). The resulting equation can be
solved numerically to find ¢, as a function of ¢,. Using this solution, p. as a function of ¢, is immediate
from Equation (25), and then C; is a function of ¢, from any part of Equations (27). Equation (23)
allows for all these quantities to be expressed as a function of py. Then, at any value of py, the variation
of stresses with p in the elastic region follows from Equation (26), and in the plastic region from (20)
and (24). The latter is in parametric form, with ¢ being the parameter. A difficulty is that this general
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solution may not exist. One of the restrictions is that plastic yielding is not initiated in the elastic
region. Using Equations (12), (6), and (26), the corresponding condition can be represented as

2 T 2 X2
2 (2,11 —7-1 (42T 2T —-1_ ,—7-1\"2 | <~
C1|:T (p e ) pz(p p )+(p P ) yz} <1 (29)
in the range p. < p < 1. Having found the value of C; the inequality in Equation (29), it can be verified
by inspection with no difficulty. Another restriction is immediate from (20):

Y

- <2 30

< < (30)
The physical sense of this restriction is that Equation (6) does not determine a convex yield

surface in principal stress space if Y > 2X. Still another restriction follows from Equation (23).

Since |sin @,4| < 1, the value of py must satisfy the inequality

po < Pp- (31)

Q™

If po = pyp, then the localization of plastic deformation occurs at the inner radius of the cylinder,
and the plastic region cannot propagate beyond the radius reached at this value of py.

Consider the state of stress in the cylinder when the entire cylinder becomes plastic, and the
localization of plastic deformation occurs at the inner radius of the cylinder simultaneously. The latter
condition requires ¢, = 71/2. On the other hand, the stresses in Equation (20) should satisfy the
boundary condition in Equation (2). It is reasonable to assume that at 0y > 0 at p = 1. Then, Equations
(2) and (20) combine to give ¢, = 7. It is evident that p. = 1. Substituting ¢, = 7/2, ¢, = 7,
and p. = 1 into Equation (25) yields

g 2mQ __0Qn (32)

1+Q) (1+Q*)

Here, Q can be eliminated using its definition. Then, Equation (32) determines a relationship
between a and Y /X corresponding to the state of stress in question. This relation is illustrated in
Figure 1. If the point corresponding to a pair (4, Y/X) lies above the curve, then the entire disc
becomes plastic before the localization of plastic deformation at the inner surface of the cylinder,
and vice versa.

Entire cylinder may become plastic

0.4 Localization of plastic deformation at the inner surface at @, <1

Figure 1. Geometric interpretation of two different mechanisms of plastic collapse (localization of
plastic deformation at the inner radius of the cylinder and occurrence of the plastic region over the
entire disc).
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It is also of importance to consider the difference between p, and p,. It is seen from Equations (19)
and (31) that p, is the function only of Y/ X, whereas p, depends on Y/ X, a, and 7. The variation of
pp — pe with Y/ X at a = 0.4 for several values of 7 is depicted in Figure 2. It is seen from this figure
that the difference is rather small if the ratio Y/ X is small enough. This means that the localization of
plastic deformation at the inner surface of the cylinder occurs at the very beginning of plastic yielding.

Ul
Pp-Pe

0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02

0.01

Y/X

0.1 .14 0.18 0.22 0.26 03 0.34 0.38 0.42

Figure 2. Effect of constitutive parameters on the magnitude of pressure at which plastic deformation
is localized at the inner radius of the cylinder.

5. Elastic/Plastic Strain Solution

The total strain is elastic in the region p. < p < 1. Therefore, using Equation (12), the principal
strains in this region are found from the generalized Hooke’s law in Equation (5) and the stress solution
of Equation (26), as

g=Cif (142 )or 1+ (e —1)p ],

e a )t () (33)
SZ

3

Cl Arz Tag, prl_’_ Tagy _ Aarz p*Tfl .

Ary Ary Arr Arr

Using Equation (12), the elastic portion of strain in the plastic region, a < p < p, is determined
from the generalized Hooke’s law (Equation (5)) and the stress solution in Equation (20), as

% — _7(2“’5/””') sin g — 7% cos ¢, % = —7(2“82:99) sin ¢ — 72 cos ¢,
& _ 2apzsing  ay, (sing (34)
T e E(T tcosg).
Substituting Equation (20) into Equation (8) leads to
P sin @ _4x?
br = A{ Q ( Y2 )2+ €os q)}’ (35)
gg = 2Acosqp, & = A[(% — )Slg(’) +COS(p}.
Eliminating A between these equations gives
P 2
& =3(% -1)tane-}, a6
p_ 4x? 1
&= _%<W - )tan(p—z.
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In what follows, it is assumed that g = ¢, and

o€, ¢ ¢} o oe o
e r e 0 e z r e 0 e z
= , = —, = —, = —, = —, = —=. 37
é(r a(pu g@ a({)g érz aqva gr aq)a CG‘ aq)u gz aq)ﬂ ( )
Then, differentiating Equation (34) with respect to ¢, yields
P 2+a,/ar P 9
& = [—LQ"’Z)cosq)—i- ZT‘jsm(p] %,
le — _7(2”8;;19") cos ¢ + 2 sin ¢ —aa (Z’; , (38)
e 24y, . : 3
F o[ 2 (5 —sing) 22

Substituting Equation (9) differentiated with respect to ¢, into Equation (11) and using
Equation (12) leads to

d
po -t —g o0 (39)

Moreover, using Equation (36),
4x? 1 4X? 1
&r = [(22()(2 - 1) tan ¢ — 2} Cp = [(22 (Y2 - 1) tang — 2] (6 — %5) (40)

Then, eliminating ¢} in Equation (39) by means of Equation (40) yields

0 4X? 4X2 1
o 5p-o(SE e[S e o

Using Equation (21), differentiation with respect to p in Equation (41) can be replaced with
differentiation with respect to ¢. As a result,

9%, 4x2 4X2

w(Q —tan @) + & [3 - Q(Y2 - 1) tanq)] + [Q(YZ - 1) tan ¢ — 1} Cp—2¢; =0. (42)
It is seen from (38) that the expressions for ¢; and ¢j involve the derivative d¢/d¢,. In general,

this derivative can be found from Equation (24), which is the solution of Equation (21). However,

it is more convenient to represent the solution of this equation satisfying the boundary condition

Equation (22) as

9

P _ cos 1

In a 2/ (Qcosn — sin;y)di7 (43)
Pa

where 77 is a dummy variable of integration. Differentiating Equation (43) gives

2cos ¢ 2.¢os @,

dg = 4
(Qcos ¢ —sin @) $= (Qcos ¢, —sing,)

do, + —.
Pa 0

It follows from this equation that

dp  cos@q(Qcos @ —sing)
09,  cos p(Qcos @, —sing,)’

(44)
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Equations (38) and (44) combine to give

c 24-a,9/ayr 0 o3 —t
% = {—7( aQ(’ frr) cos ¢ + ‘;Tf sin go} 7((37;;(;)),
e 2 . -
%9 — |- ”8;”99) cos ¢ + 7 sin ¢ 7((57 t?;;;)) , (45)
[ 2a,; 08¢ | ag, [ cos@ . (Q—tan ¢)
kT T | T a0 %( Q —Sm¢ }m'

Eliminating ¢; and ¢j in Equation (42) by means of Equation (45) results in the following linear
differential equation for ¢, /k:

8
A i) + o2 —q,

[ ( )tan (p} (Q —tang)?,

o) - {*] o4 - )ane 1]+

46
2[%cos¢—a79sinq)}. (46)

The circumferential strain rate must be continuous across the elastic/plastic boundary. Therefore,
the boundary condition to Equation (46) is

69 gc

=% (47)

for ¢ = .. Here, ¢, is the value of ¢y on the elastic side of the elastic/plastic boundary. Differentiating
the second equation in Equation (33) with respect to ¢,, and then putting p = p. results in

é — dC1 |:<ﬂ79 + Tﬂeg)pT 1 + <Tﬂ99 a79>PCT1:|. (48)

k d¢, Arr Arr Qrr Qrr

It is seen from this equation that it is necessary to find the derivative dC; /d¢,. It follows from
Equation (43) that

Pc
pe _ cos @
In a 2/ (Qcos ¢ —sin ) ap. (49)
Pa

Differentiating this equation and Equation (28) with respect to ¢, yields

dpc _ (Q —tan ¢c) { dpc N 2 (50)
deg 2 pcdp,  (Q—tang,)
and
dpc _ 8720271 sin? @, dp, (51)
Ao Q(p2*—1)* dga’
respectively. Solving Equations (50) and (51) for the derivatives dp./d¢@, and de./d¢, gives
dp. _ (Q—tang,) [SszZT 1gin? ¢c _ (Q—tan goc)] -
des — (than (Pa) 2T _1 2 20c 4
o . 2)
dgc _ 872021 sin? (pc(Q—tan ¢c) |:8T2p2T ! sin? (p _ (Q—tan (pc)}
4¢a Q(p2"—1)"(Q—tan s) Q(p2-1)" 2
The derivative dC; /d ¢, is determined from the first equation in Equation (27) as
dCy  2singc[(T —1)pf 2+ (t+ 1o "2 dp. 2cos @, do; (53)

Aa Qpr™ — o™ 1)2 A0 Q(pr "t —pr ") Ao
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In this equation, the derivatives dp./d¢, and d¢./d¢, can be eliminated by means of Equation
(52). In the previous section, ¢, and p, have been found as functions of ¢,. Therefore, Equations (48)
and (53) combine to supply ¢./k as a function of ¢,. Then, the solution of Equation (46), satisfying the
boundary condition of Equation (47), can be solved numerically.

By definition, (g = dep/9d¢, if {p and ey are regarded as functions of ¢, and p. However,
the solution of Equation (46) provides ¢y as a function of ¢, and ¢. In this case, dep 4 O 99 Co.

99a " 09 I¢q
In this equation, the derivative d¢/d¢, can be eliminated by means of Equation (44). Then,

deg | OJgg (Q —tang)
99a 99 (Q—tang,)

= Go- (54)

Using a standard technique, it is possible to find that the equation of the characteristics is

(Q —tang)
dp = ~——=d 55
@ (Q —tanq)a) Pa ( )
and the relation along the characteristics is
€
d(f) - %d(pa. (56)

Equation (55) can be immediately integrated to give

B Qcosp —sing \
Qlea—¢) +ln<Qcos @q—sing, ) p ©7)

where D is a constant of integration. The boundary condition to Equation (56) is that ¢g /k = ¢,/ k at the
elastic/plastic boundary. Here &} is the circumferential strain on the elastic side of the elastic/plastic
boundary. Using Equation (33), this boundary condition is represented as

T —Cl[(arumee)pf‘W (m@e—”’e>p;f‘l} (58)

Ary Ary Ary Ary

for p = pc (or ¢ = ¢c).

It is evident from Equation (57) that ¢ = ¢, is a characteristic curve, and that D = 0 on this
curve. Having ¢y /k as a function of ¢, at ¢ = ¢, (or p = a) from the solution of Equation (46), it is
possible to integrate Equation (56) along the characteristic curve ¢ = ¢, with the use of the boundary
condition in Equation (58), to find the circumferential strain at the inner radius of the cylinder without
solving Equation (54) for the entire plastic region. In order to illustrate the procedure for finding
the strain solution in the entire plastic region, consider a schematic field of characteristics shown in
Figure 3, where ¢, is the value of ¢, at the end of loading. Since ¢, as a function of ¢, is found
from the solution of Equation (28), the curve ¢ = ¢, is known. Choosing any pair (¢4, ¢) on this
curve, it is possible to find D from Equation (57). The corresponding characteristic curve follows from
Equation (57) at this value of D if ¢, varies in the range ¢, > @, > ¢ In particular, the value of ¢ at
@a = @ is determined. This value of ¢ is denoted as ¢j;. The value of the circumferential strain at
@a = ¢y and ¢ = @) is found from the solution of Equation (56) satisfying the boundary condition
of Equation (58). The plastic portion of this strain is immediate from Equations (9) and (34). Having
found the distribution of ¢y /k along the characteristic curve, it is possible to determine the distribution
of Q’g /k using the equation {,‘S /k = &,/k — &3/k and Equation (45). Then, Equation (36) supplies the
distribution of Cf /k and (;‘f /k.



Symmetry 2019, 11, 280 11 of 18

P,

Figure 3. A schematic diagram showing the field of characteristics.
By analogy to Equation (54), it is possible to get

oe! ¢! (Q—tang) p
+ a5 = Cps
Iga 99 (Q—tan¢a)

oe!  9¢f (Q—tang) p
o9 o= (Kmtang)  ap 59
ap. " (Q tangy) )

These equations can be integrated in the same manner as Equation (54). In particular, Equation
(57) is the equation of characteristic curves. The boundary conditions are

e =el =0 (60)

for p = p¢ (or ¢ = ¢¢). Once the values of ¢! and € at ¢, = ¢, and ¢ = @) have been found, the total
strains are immediate from Equations (9) and (34). The strain solution described supplies the variation
of strain components with ¢ at a given value of @,. In order to find the radial distributions, it is
necessary to use Equation (24).

6. Unloading

It is assumed that the process of unloading is purely elastic. This assumption should be verified a
posteriori. The general elastic solution of Equation (13), in which the stress components are replaced
with their increments, is valid in the entire cylinder. Then,

Ao,
X

Aoy
X

=Cp" T+ Cap T, = 7(Cop™ !~ Cap™ ) (61)

where C3 and C4 are new constants of integration. These constants are found from the boundary
conditions of Equations (3) and (4). As a result,

_ _ Pm

Here, Equation (12) has been taken into account. Substituting Equation (62) into (61) supplies the
radial distribution of Ao, and Acy in the form

Aoy _ Pm -1 _ —7-1 ﬂ _ TPm -1 —1—1
X (a‘T—l—aT—l)(p o) X (a—T—l—aT—l)(p ) @
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The variation of the residual stresses with p is found as
0,% = 0y + Aoy and 0 = 0y + Aoy. (64)

It is understood here that ¢; and oy are known from the stress solution given in Section 4,
at po = pm. The process of unloading is purely elastic if the yield criterion is not violated in the entire
cylinder. Using Equation (6), this condition can be represented as

O.‘ges 2 Ueres gres ores 2 X2
] — (X — <1
( X ) X X * X Y2 — (65)

in the range 4 < p < 1. The radial distribution of the strain increments is determined from the
generalized Hooke’s law in Equations (5) and (62), as

AS{; —_ m i —1 — —1 T
5 = ey (e ) e (-5
AgS m . _ ¥ T
Tg = (a*'fflj—a'f*]) [(ZT? + %frg)p‘r T (ZT‘: - TuL,G,e)p ° l}/ (66)

Ae _ Pm Arz 4 Tagy \ ,7—1 _ (arz _ Tdgz | ,,—7—1
k= (ﬂ_T_lfaT_l) |:<’1rr + arr P arr arr P '

The variation of the residual strains with p is found as

&° =& + Ney, €f° = €9+ Aeggand €° = e, + Ae, (67)

It is understood here that ¢,, €9, and ¢, are known from the strain solution given in Section 5 at
Po = Pm-

7. Numerical Example

This section illustrates the effect of plastic anisotropy on the distribution of stress and strain in
an a = 0.4 cylinder, assuming that the elastic properties are isotropic. In particular, it is assumed that
Poisson’s ratio is equal to 0.3 (i.e., 2,9 = —0.3). The value of k is immaterial, because all strains are
proportional to k. The solution given in Section 4 has been used to calculate the radial distribution
of the radial and circumferential stress corresponding to p. = 0.8. It is seen from Figure 1 that the
solution without the localization of plastic deformation at the inner radius of the cylinder exists only
if Y/X > 0.8. Therefore, the stress solution has been found at Y/X = 0.85, Y/X = 1 (isotropic
material), Y/X = 1.25, and Y/X = 1.5. This solution is illustrated in Figure 4 (radial stress) and
Figure 5 (circumferential stress). The associate strain solution has been found using the approach
described in Section 5. This strain solution is illustrated in Figure 6 (total radial strain), Figure 7 (total
circumferential strain), and Figure 8 (total axial strain). It can be seen from these figures that the effect
of the ratio Y/ X on the distribution of the strains is very significant in the range Y /X < 1.25. In this
range, the magnitude of strains is very large in the vicinity of the inner surface of the cylinder, which
indicates the tendency towards the localization of plastic deformation. Since the solution found is
for small strains, it is necessary to verify for each combination of material and geometric parameters
that the assumption of small strain is acceptable. The distribution of the residual stresses has been
determined using the stress distributions depicted in Figures 4 and 5, in conjunction with the solution
provided in Section 6. This solution is illustrated in Figure 9 (residual radial stress) and Figure 10
(residual circumferential stress). The associate strain solution has been found using the approach
described in Section 6. This solution for residual strains is illustrated in Figure 11 (residual radial
strain), Figure 12 (residual circumferential strain), and Figure 13 (residual axial strain). As in the case
of the strain distribution at the end of loading, it is seen from these figures that the solution is very
sensitive to the value of Y/ X in the range Y /X < 1.25. The residual circumferential stress is of special
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significance for autofrettage. It is seen from Figure 10 that the magnitude of this stress at the inner
surface of the cylinder is significantly affected by plastic anisotropy.

0i4
-0.1

-0.3
-0.5
-0.7

-0.9
YiX=1
Y/X=1.25
YiX=15

Figure 4. Variation of the radial stress with p in an a = 0.4 cylinder at several values of Y/X.

aa/X
08

0.6

0.2

-0.2

Figure 5. Variation of the circumferential stress with p in an a = 0.4 cylinder at several values of Y/X.

0.4 0.5 0.6 0.7 0.8 0.9 o 1

YIX=1.75

Y/X=1.25

Figure 6. Variation of the total radial strain with p in an a = 0.4 cylinder at several values of Y/X.
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Figure 7. Variation of the total circumferential strain with p in an a = 0.4 cylinder at several values
of Y/X.

v/ X=(.85

Y/X=1.25

Y/X=1.75

YIX=125 A7y X=1.75

Figure 9. Variation of the residual radial stress with p in an a = 0.4 cylinder at several values of Y/X.
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Figure 10. Variation of the residual circumferential stress with p in an a = 0.4 cylinder at several values

of Y/X.
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Figure 11. Variation of the residual radial strain with p in an a = 0.4 cylinder at several values of Y/X.
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Figure 12. Variation of the residual circumferential strain with p in an a = 0.4 cylinder at several values

of Y/X.
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10
E:—f"’l

Y/X=0.85

04 Y/X=15 05
Y/X=1.75

0.8 0.9 [ 1

Figure 13. Variation of the residual axial strain with p in an a = 0.4 cylinder at several values of Y/X.
8. Conclusions

A new theoretical solution for the distribution of residual stresses and strains in an open-ended,
thick-walled cylinder subjected to internal pressure followed by unloading has been proposed.
A distinguished feature of this solution is that the cylinder is initially anisotropic. In particular,
the paper is concentrated on a common type of anisotropy: polar orthotropy of elastic and plastic
properties. The elastic response of the cylinder is controlled by the generalized Hooke’s law, and the
plastic response by the Tsai-Hill yield criterion and its associated flow rule. The flow theory of
plasticity is employed. It has been shown that using the strain rate compatibility equation facilitates
the solution. In particular, numerical techniques are only necessary to solve the linear differential
Equation (46), and to evaluate ordinary integrals along characteristic curves.

The solution found can be directly used for the analysis and design of the process of autofrettage.
It is worthy of note that in this case, there is no need to construct the field of strain in the entire cylinder,
which is the most difficult part of the numerical solution. It follows from Equation (57) that ¢ = ¢, isa
characteristic curve, and this curve corresponds to the inner surface of the cylinder. The circumferential
strain along this curve can be immediately found from Equation (56). Therefore, the radius of the
cylinder after unloading is determined. The circumferential stress at the inner radius of the cylinder at
the end of loading follows from Equation (20) at ¢ = ¢,. Then, the corresponding residual stress is
immediate from Equations (61), (62), and (64).

An illustrative example is given in Section 7. In this case, it is assumed that the elastic properties
are isotropic. As a result, the effect of the ratio Y/ X on the distribution of stresses and strains has been
revealed. This effect is especially significant in the range Y /X < 1.25 (Figures 5-8 and Figures 10-13).
An exception is the distribution of the radial stress at the end of loading and after unloading. (Figures 4
and 9). This is because the boundary conditions on ¢; and Aoy, from Equations (2) and (94), dictate
that this stress vanishes at the inner radius of the cylinder.
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