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Abstract: A preference defined on a set of alternatives can be extended to a preference on the subsets
of alternatives (named opportunity sets) in different ways. We specifically consider the application of
the indirect-utility (IU) criterion in various stages, when both the alternatives and the preferences
can change over time. In other words, we maintain the symmetry over time as far as criteria are
concerned, but neither in the preferences, nor in the alternatives. We characterize this criterion by
three testable axioms. Our study bears comparison with Krause (Economic Theory, 2008) for the
two-period model.
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1. Introduction

In many decision problems, the final choice is made after a sequential process. A selection of a
subset of the alternatives from the universal set of options precedes the final decision. For example,
a hiring committee usually discards some of the candidates before making the final decision with a
comprehensive inspection of a part of all submitted CVs. Another simple example where an agent
ranks subsets of alternatives, already cited by [1], concerns menus or restaurants. The customer
eventually orders a meal, but she has first to select a menu from which she will later choose her
meal. Some other contexts where these problems appear include voting situations (the selection of a
committee), matchings and assignments (admission of sets of students in colleges, hiring of several
workers, etc.), or coalition formation (an agent assigns values to the feasible subsets of colleagues to
form a coalition).

In this framework, our paper concerns the problem of ranking subsets of alternatives, also called
“opportunity sets”.

The standard solution to this model considers an agent’s preference ordering on the set of
alternatives and then extends it to a ranking of the collection of its nonempty subsets. The rules
governing this process consist of axioms that are deemed suitable in the respective context.
Furthermore, in all of these situations, the elements to rank are opportunity sets (or menus of
feasible alternatives).

It is in this context that we examine the classical “indirect-utility criterion” (IU criterion). This rule
is suitable when the quality of the final choice is all that matters, that is to say, those subsets with better
top elements are preferred.

Our approach in this work is in line with the fundamental trend that determines the ranking of
the subsets by only looking at their best alternatives. In this sense, our model adheres to the principle
of limited rationality, so that the agent concentrates on some focal alternatives: the subset formed by
the best elements. Indeed, this model is the germ of the indirect-utility approach characterized in [1].

Symmetry 2019, 11, 241; doi:10.3390/sym11020241 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0003-1430-3603
https://orcid.org/0000-0002-4533-9281
http://dx.doi.org/10.3390/sym11020241
http://www.mdpi.com/journal/symmetry
https://www.mdpi.com/2073-8994/11/2/241?type=check_update&version=2

Symmetry 2019, 11, 241 20f9

Moreover, agents often make decisions over time. The successive sets of alternatives and criteria
may either be fixed or evolve. When the set of options does not vary, we can order the subsets by
looking at different attributes and apply them separately instead of sequentially to the same subsets
(see, e.g., [2]). However, here, we are concerned with choices in a finite number of stages, and we do
not discard the possibility of changes.

We define a ranking for tuples of ordered subsets (elements of a direct product), the i element
being extracted from the set of alternatives available in the i" period. This overall ranking is
defined using the indirect-utility criterion (put succinctly, A > B < max(A)Rmax(B) for any
subsets of alternatives A, B) in each period and with a lexicographic order. Fishburn [3] (see also [4])
characterized lexicographic preferences. Fishburn considered a condition that restricts tradeoffs among
different factors, which had also been used in the same sense by [5]. Nevertheless, we do not aim at
characterization of lexicographic preferences, but we focus on a specific criterion with a lexicographic
nature instead; nor are we concerned with ranking opportunity sets by the lexicographic application
of different criteria, but with ranking opportunity sets in different stages by an overall IU criterion
associated with the corresponding preference on the alternatives in each period. This unique criterion
has a preference for an earlier period over a later one.

This question has already been studied in [6] for the case of two periods. This setting (“present” vs.
“future”) is sufficient for creating a role for discounting. The IU criterion is applied to the alternatives
in the first period, and only in the case of ties at the top, to the second. Krause characterized this
criterion using five axioms, although three of them are dominance-style axioms. The notation there
is slightly different from ours, and it is supposed that for all the subsets, “it is natural” to assume
its equivalence with a two-element subset (the subset containing the best elements of the set in each
period), because he was concerned only with the indirect utility context. For this reason, Krause only
expressed the axioms for the two-element sets and used a complete quasi-ordering defined over the
set of alternatives.

By contrast, we characterize our criterion with only three axioms, that are different in nature to
the three axioms that [6] uses dominance, time discounting, and neutrality. Moreover in our model,
the preference relation on the sets of alternatives is not fixed. This feature is in line with [1], and clearly
separates our approximation from the analysis in [6].

Relatedly, we recall that the IU criterion is not universally accepted for ranking opportunity sets
in a freedom of choice framework. In order to represent the value of freedom of choice, the criterion
based on the number of alternatives of the subsets is an extreme case (see, for example, [7]), although
there are of course other approaches [8]. A variety of criteria provide a compromise solution between
extreme positions; a survey of the responses to the problem is [9]. However, more recently, a criterion
using the IU and a lexicographic ranking that takes into account the number of best elements in each
subset is characterized in [10,11]. Hence, not only is it important to have best elements in a set, but also
to have more than others. In the case of ties, the “second best” elements are tie-breakers, and so on.

The rest of the article is organized as follows. In Section 2, we introduce the notation and some
preliminary concepts. Section 3 gathers the axioms and the main results, and Section 4 is devoted to
some final conclusions.

2. Notation and Preliminaries

We denote by X a finite set of objects or alternatives, and by 2% the set of nonempty subsets of X.
A binary relation on X, R C X x X, captures the preference relation of an agent. The notation xRy is a
shorthand for (x,y) € R, and we interpret xRy if and only if the element x € X is considered at least
as good as the element y € X. Then, P and I respectively stand for the asymmetric and the symmetric
parts of R. Moreover, R is a complete preorder if it verifies reflexivity, transitivity, and completeness.

We deal with the problem of ranking opportunity sets, that is ranking subsets of the set of
alternatives X. More precisely, we investigate the criterion that ranks these subsets on the basis of
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their best elements with respect to an underlying ranking of alternatives. The next definitions fix
these concepts.

Definition 1. Given a total preorder R on a finite set X, a best element for R is an element x € X such that
xRx' forall x' € X.

Due to the finiteness assumption, the best element exists, but it may not be unique. Uniqueness is
guaranteed when the ordering of X is linear.

Definition 2. Let X be a nonempty set of alternatives and R a preference ordering on X. The indirect-utility
criterion =11 on textcolorblack2X associated with R is defined by letting A =y B < max(A)Rmax(B),
for each A, B € 2X. Here, max(X') stands for a best element of a subset X' C X.

Observe that the properties of R ensure that this criterion is well defined: either max(A)R max(B)
is true whatever the choice of elements in max(A), max(B) or it is always false.

Conversely, if we have a complete preorder 3= on textcolorblack2X, then we can naturally define a
complete preorder R on X as xRy < {x} = {y}.

Moreover, it is usual for a decision maker to make choices across time and to have different sets of
alternatives or to use different criteria in each moment. Citing from [6], “in reality agents typically make
a sequence of choices over time from a corresponding sequence of opportunity sets, rather than a single
once-and-for-all choice from a single opportunity set”. In order to study this situation, we consider
{(Xi,R;), i =1,...,n}, where X; is the finite and nonempty set of alternatives available in time i,
and R; is a complete preorder defined on X;. The space of alternatives is D = 2%X1 x ... x 2%n, and = is
a complete preorder defined on D. When we want to pinpoint period i, the sequence (Ay,..., A;) € D
is denoted by (A;, A_;). Similarly, D_; = 2X1 x ... x 2Xi-1 x 2Xiv1 x .. x 2%,

Our goal is to study the relationship among R1, Ry, ..., R, and = in a remarkable case. The next
section is devoted to this model.

3. The Indirect-Utility Criterion over Time

We now formalize the criterion consisting of the lexicographical application of the indirect-utility
criterion on D associated with the complete preorders Ry, ..., R,. They are respectively defined on
X1, ..., Xn, the successive sets of alternatives. As in the previous section, for each subset Xl{ C X,
the operator max gives a selection max(X/) € X! of a best element in X.

Definition 3. The indirect-utility criterion over time is defined by: for any A;,B; € 2% (i = 1,...,n),
we denote (A1, ..., An) =u (B1,...,By) ifand only if:

either max(A;)I;max(B;) foralli =1,...,n,or

there exists j € N = {1,...,n} such that max(A;);max(B;) for all i = 1,...,j—1 and

max(A;)P; max(B;).

The fact that the R;’s are complete preorders assures that the choice of best elements by max
does not affect the definition of »=;;. This criterion satisfies Axioms 1 and 2 below, which have
important implications on the structure under inspection. They refer to sequences that only differ in
the opportunity set that is offered in one of the periods.

Axiom 1 (A1). Forany pair (A;, A_;),(Bi, A_;) € D of sequences that differ only in state i, if (B;, A_;) =
(Ai, A_;), then it must be the case that (B;, A" ;) = (A;, A";) forall A’ ; € D_;.

Axiom 1 is similar in spirit to independence-style axioms in the literature. The intuition underlying
our axiom is as follows. Suppose that with respect to fixed situation, replacing the opportunity set
A; in period i by another opportunity set B; produces a sequence that is not worse off. Then in any
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situation where A; appears in period i, replacing it with the opportunity set B; produces a sequence
that is not worse off either.

Our next axiom extends a condition from [1] to an intertemporal setting. Kreps [1] provides a
characterization of the indirect-utility criterion on the set of subsets of alternatives in a model where the
preference ordering on the set of alternatives is not fixed. He used an extended-robustness condition
that establishes that adding less interesting alternatives to the possible choices of the DM does not
make him worse off. In our framework, we state the following variation:

Axiom 2 (A2). Extended robustness.
If (A, A_j) € Dand A} C X;, then:

(Aj, Ay) = (AL ALy) = (A, ALy) ~ (ATUALA L)

Now, we proceed to establish a proposition that is crucial for the subsequent analysis. It supposes
a key difference with the approximation in [6].

Proposition 1. Let = be a complete preorder on D that satisfies Axioms Al and A2. Then, for any
(A1,...,Ay) € D, thereexistay € Ay, ..., an € Ay suchthat (Ay,...,An) ~ ({a1},...,{an}). Moreover,
each a; € A; satisfies that ({a;}, A" ;) = ({a;}, A;) forall A’ C X;, j € N\ {i}, and for all a] € A;.

Proof. Letusselectanelement (A;,...,A,) € D and letus suppose A] = {a%, a%, el a},l }. We proceed
by induction. Because = is complete, we can suppose without loss of generality that:

({a1}, A1) = ({aa}, A) = o= ({ay, ), Aln)

The application of Axiom A2 and then transitivity yields:

({a1}, A1) ~ ({ap, a3}, Ay) ~ .o~ ({ag,..., 4y, }, Aq)

therefore
({a1}, A1) ~ (Ar,..., Ay)

Let us now suppose (induction hypothesis) that:
({al}, {a3}, ... (a7} Ay A) ~ (Ar, ... An)
and A; = {ail,. . .,a;i}.
We can consider:
(o} oo Aal}, A A) = ({0}, ab), A, ) Au)
== ({a%},...,{a;,i},A,'H,...,An)

Applying transitivity and then Axiom A2, we obtain:

({ai} Aad}, .. {at}, Aivr oo An) ~ (Areon, An).

We conclude (A, ..., Ay) ~ ({al},..., {a}}) by the recursive argument.
This means that the elements a; = a%, ..., ay = aj satisfy our first claim.

The second claim has been established above for the first period and the sets A,, ..., A;. Axiom Al
extends it for any subsets A} C X;,..., A}, C X,.

Proceeding in the same way for each A; = {a’i, ce a;i }, the proof is concluded. O
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In addition to the properties above, the ranking given in Definition 3 satisfies the next axiom
(impatience or A3).

Axiom 3 (A3). Forany pair (A;, A_;), (A}, A_;) € D with an only state being different,
(Ai/Afi) - (A;,A,l‘) = (Al, LA .,An) - (Alr- . 'fAifl/Azl'r A;+1,. . ,A;)
forall Al € Xiq,..., Ay € Xan.

The interpretation of A3 is as follows. Suppose that with respect to an initial situation in D,
the opportunity set in moment i changes (from A; to A’), and as a consequence, the decision-maker
is worse off. Then she has a strict preference for the initial sequence when the opportunity sets that
she faces after that period change too. Axiom 3 expresses a dictatorship of any period over its future.
This is exactly the spirit of a lexicographic criterion: it is meant to enforce a very strong preference
for immediate rewards. This behavior is therefore incompatible with the idea that future benefits can
compensate losses at the present as in the well-known discounted utility model (see e.g., [12] for a
technical explanation of its basic features). Albeit discounted sums of utilities yield analytical clarity,
they are not universally accepted in Economics. Chichilnisky [13] (Section 2) is a lucid critical account
of the pros and cons of this criterion in growth theory or sustainable development. Observe in addition
that neither Axiom 3 nor the indirect-utility criterion impose a dictatorship by any period. Formal
expressions of dictatorial behaviors appear e.g., in [13,14] in an intertemporal framework with an
infinite horizon, or in [15] in social welfare judgements in a finite society.

We are now ready to characterize the indirect-utility criterion over time:

Theorem 1. A complete preorder = on D satisfies A1, A2, and A3 if and only if there exist complete preorders
Rion X; (i=1,...,n)such that ===, i.e., = is the indirect-utility criterion associated with Ry, ..., Ry,.

Proof. We have already mentioned that the sufficient condition is easy to check, i.e., the ranking >=;
in Definition 3 satisfies Axioms A1, A2, and A3.

Let us now prove that if = is a complete preorder on D satisfying Axioms Al, A2, and A3,
then there exist complete preorders R; on X;,i = 1,...,n, and such that ==">;.

Given = on D, we define R; on X; in the following way: for all x;,y; € X;,

xiRiyi & ({xi}, A~i) = ({yi}, A-i) forevery A_; € D_;

By virtue of Axiom Al, R; can be defined by the alternative expression x;R;y; if and only if there
exists A_; € D_;such that ({x;},A_;) = ({vi}, A_i).

Now, let us denote by =; the total preorder on D associated with these Ry, ..., R, according to
Definition 3. We proceed to prove that === .

Proposition 1 establishes that for each (Aj,..., An) € D, there exist elements a; € A;, for all
i=1,...,nsuch that:

(A1,..., An) ~ ({a1},...,{an})

(o} Asy) = (laf}, A, Val € Ay YA, C X, j € N\ {i) .

Let us prove that it is also true that (Ay,..., An) ~u ({m}, ..., {an}).
Indeed, we know that = satisfies Axioms Al and A2; thus, there mustexistd; € A;,i =1,...,n,
such that (Ay,..., An) ~u ({@},...,{d,}) and:

({L_li},A_i) =u ({a;},A_i), th: € A;and VA] - Xj, j€ N\ {l}
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Taking i = 1and a] = oy
({a1}, A1) =u ({aa}, Aq), VA; C X, j e N\ {1}

Applying the definition of >={;, we have that @1 Pja; or a;I;a1. However, a1Pia; < ({a1}, A1) >
({a1}, A_1), which is impossible because of (1), and therefore, 41141, which leads to ({1}, A_1) ~u

({a1}, A1)

A similar argument applied to:
({al}/ {aZ}/ A3/ cee /An) >K_u ({a_]}, {ﬂz}, A3/ ey An)

leads to ({ﬁl}, {672}, Asz, ... ,An) ~u ({6_11}, {az}, Az, ... ,An).

An induction argument and the transitivity of ~y; justifies the assertion.

Let us now consider the elements (Ay,...,A;) ~ ({a1},...,{an}) and (A},..., A}) ~
({a}},..., {a,}) such that (A1,...,As) =u (A},...,A},). We must prove that (Ay,...,A,) =
(AL, ..., A}).

There are two possibilities:

1. There exists i € N such that a]-Ija;- forallj=1,...,i —1and a;Pa].

An application of the definition of R; produces ({a;},A_;) = ({aj},A_;) for all A; C X;,
j € N\ {i}, and in particular:

({ar}, ... {an}) = {m}, ..., {a}, ... {an}).

Axiom A3 leads to:

(a1}, .. Aan}) = ({an}, .. {ai}, ALy, AY)
forallA;» CXjj=i+1,...,n
Taking A;- = {a;.}, Vj=i+1,...,n, weconclude:

(o}, Aan}) = (o}, faicad Aai), - {ay}).

From ajlja; forallj=1,...,i — 1, and the definition of Ry, ..., R;_1, we have that:

(e}, Aaiab Aai}, - Aa ) ~ (a1}, Aan})

and transitivity leads to:
{ar}, - {and) = (a ), Aa}).
2. Foralli=1,...,n,a;la.

In this case, we have ({a1},...{a,}) ~ ({a1},...,{a,,}), thus, we conclude.

To end the proof, we have to justify that for all (Ay,...,Ay), (A}, ..., A};) € D such that
(A1,...,Ax) = (A}, ..., A)), it must be the case that (Ay,..., Ay) =y (A}, ..., A)).

Assume that ({a}},...,{a,}) »u ({m1},...,{an}) by way of contradiction, then we have that
there exists i € {1,...,n} such that a}lja]- forallj=1,...,i — 1 and a.Pa;. Therefore:

({ar}, - Aai}, A, An) = ({01}, Aaig b i}, Aiey, - An)

forallA]- C Xj, j=i+1,...,n
In particular:

(o}, Aa}) = (o}, {aid, o {an))
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and Axiom A3 ensures:

{ar} - Aa}) = (ad, o {aig ) {ad, o {and)

However, a;-lja]- forallj=1,...,i—1,1leads to:

({ar}, - Aaiq b Aait, o {an}) ~ ({an}, .o {an})
and then:
(a1}, Aan}) = ar}, - {an})

against the hypothesis. O
Remark 1. As a particular case, we obtain the result in [6].

In order to justify that our characterization is tight, now we present three examples that prove the
independence of the axioms in Theorem 1. We begin with a complete preorder satisfying Al and A3,
but not A2.

Example 1. Given A = (Ay,...,Ay),B= (By,...,By) € 2%X1 x ... x 2%u;

(i) |Az‘| = ‘Bi|/ Vi=1,...,n, or
A=B<s q (i) Jje{1,...,n}suchthat |A;j| = |Bj|Vi=1,...,j—1
and |A;| > |Bj|

Then, = satisfies A1 and A3, but not A2. <

The next example gives a complete preorder that contradicts Al, but satisfies A2 and A3.
Example 2. Let us consider a complete preorder R defined on X and the ranking on D = 2% x ... x 2% defined
in such a way that forany A = (Ay,...,An),B= (By,...,Bn) € D:

(i) A» B 3je{l,...,n}suchthat max (Ui_  Ag) I (Ui_,By),
Vi=1,...,j—1, and max(A;U...UA;)Pmax(B;U...UB;)
(ii) A~ B <& max(AjU...UA;)Imax(ByU...B;) foralli=1,...,n.

It is immediate to prove that this ranking satisfies A3.
A2 is satisfied because if:

(A1/~--/Ai/--~/An) = (Al,...,A;,...,An)

we have that:
max(A; U...UA;)Rmax(A; U...UA))
and then:
max(Aj U...UA;)Imax(A; U...UA; UA))

which leads to:
(A1,..., A, ..., An) ~ (Al,...,AiUAQ,...,An)

In order to prove that A1 is not satisfied, let us take a1, ap,bq,by € X such that a1 Pby Pby Pay. We have:
({al}/ {‘12}/ A3/ ey An) % ({al}/ {bz}/ A3/ cecy A}'l)

but:
({b1},{b2}, As, ..., An) = ({01}, {a2}, A3, .., An)
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because max({by} U {ba}) = bpPmax({b} U {a2}) = b;. <
Finally, Example 3 is very simple. It satisfies Al and A2, but not A3.

Example 3. Let us fix a complete preorder R defined on X and then define the associated ranking = on
2X x ... x 2% gs:

(Ay,...,Ay) = (By,...,By) © max(A1U...UA,)Rmax(B; U...UBy)

4. Conclusions

We have approached the problem of ranking opportunity sets (i.e., subsets of a finite set of
alternatives) over time. Situations where criteria and/or sets of alternatives change along several
periods, and the decision-maker has to choose time after time, abound in real life. In this framework,
we have considered different complete preorders defined on the corresponding sets of alternatives
for a finite number of periods. Then, the indirect-utility criterion ranks the subsets in each stage (the
decision-makers are supposed to focus on the best elements) and only evaluates a period when the
previous ones give ties. Formally speaking, this is a lexicographic ordering.

We have characterized this natural criterion with three testable axioms. The complete preorders
that justify this rule are endogenously derived from these principles. This feature distinguishes our
approach inspired by [6], whose focus is on the economic interest of the results rather than technical
efficiency.Krause’s approach is normative: a combination of his discounting axiom with other standard
and plausible axioms in the literature (dominance and neutrality) leads to a lexicographic order of
opportunity sets.

The possibility of extending these arguments to some other criteria of ranking opportunity sets
applied over time deserves further consideration in the future. It may also be possible to dwell on the
extended problem with an infinitely long horizon (see [16] for the motivation and related literature).
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