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1. Introduction

Consider the quasilinear viscoelastic problem:

| e + M (£) D%u (t) + Nuy (t)
t

—/0 ht—s)A%u(s)ds = ulul" >Inulf, inQx (0,0), @)
u(x,t) = g—z (x,t) = 01in 0Q) x (0, ), 2)
u(x,0) = 10, uy (x,0) = ul forx € O 3)
with:
M(t):= (Go+& lldu (B ) B2 1, @

where Q C RY is a bounded domain with a sufficiently smooth boundary 90, v > 2, k, & and & are
positive constants, p > 0for N =1,2and 0 < p < ﬁ for N > 3, and h is a relaxation function, which
will be specified later. From the physical point of view, the problem (1)—(3) is related to the spillover
problem with memory and the panel flutter equation. Viscoelasticity has an important role in the study
of biological phenomena, and it can have a strong effect on some factors that have a correlation with
biological phenomenain general. A viscoelastic material will return back to its original size after an
influential force has been detached, even though it will remain for a specific time in its original shape;
see [1-11].

Recently, viscoelasticity problems have been handled carefully in several papers, and other results
relating the global existence and decay of the global solution have been found (see [1-7,10-23]), where
the function of the relaxation was supposed to be either exponential decay or polynomial decay.
In [7], the mathematicians searched for a viscoelastic equation for more general decaying kernels
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and obtained some general decay results, from which the common exponential or polynomial rates
were more specific samples of them. Later, many papers, using almost identical techniques, achieved
analogous general decay outcomes. See [11,24]. Our decay rate obtained in the third section is less
general than that obtained in [7,8], where a common decay rate outcome was established in order to
let the functions of the relaxation satisfy:

§'(t) < —H(g(t)),t = 0, H(0) =0 Q)

a positive function H € C!(R*), where H is either linear or a strictly-increasing and strictly-convex
C? function on (0,7],1 > r. In [7], the exponential decay for the viscoelastic wave equation of the
solution with an unnecessarily decreasing kernel was handled. More specifically, the mathematicians
had an exponential decay outcome as time tended to infinity #'(t) 4+ yh(t) > 0 for all t > 0 provided
that (h'(t) +yh(t))e* € L!'(0,00) for some & > 0. Their proof depended on another technique,
the so-called “Lyapunov functional”. In this present work, we follow up with the same steps of
the previous result in [7,10] for a new class of Kirchhoff hyperbolic equations on bounded domain
polynomial decay of the Kirchhoff type in viscoelasticity combined with the right-hand side defined as
a logarithmic nonlinearity, and the kernel is not necessarily decreasing taking into account that the
similar conditions in the last ones in ([7,10]) are considered. The logarithmic nonlinearity is of much
use in physics, since it naturally appears in inflation cosmology and supersymmetric filed theories,
quantum mechanics, and nuclear physics (see [5,14]). This kind of problem can be applied in many
different areas of physics such as nuclear physics, optics, and geophysics (see [3,15]).

The outline of the paper is as follows. In the second section, we give some basic concepts related
to our problem given by (1)-(3). In Section 3, we prove our principle result.

2. Preliminaries and Assumptions

We use the standard Lebesgue space L? (Q) and Sobolev space H} (Q). For a Hilbert space X,
we denote (.,.)x and ||.||x, the inner product and norm of X, respectively. For simplicity, we denote
()2 and ||.[[2(q) by (-,-) and [|.|[, respectively.

As in previous work in ([7,10]), we impose the following conditions on the relaxation function /.
Namely, we suppose that the kernel i (t) is a C! (R, R ) function satisfying

(A1) / I (s) ds < &.
0
(A2) / W=T(s)ds < o0, for0 < T <2—7r < 1wherel <r < %
0
(A3) There exists a positive differentiable function ¢ (¢) such that:
W (8)+ & () h" () >0
and:

[ () +E (DI (1) € L' (Ry),

3
where (1 <r< 2) and for & > 0, and ¢ (t) satisfies some positive constant L,

<L &) <o, /OOOC(S)dS:oo, £>0. ©)

3
Furthermore, where 1 < r < > for any t > 0, there exists a positive constant C, depending only

on 7, such that:
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Notation: We denote by [, 1, 1, 1, and h the following expressions:

L) :=H (t)+E(t)h" (1),

- /O “l(s)ds, L= M1 (8), ®

and we recall the binary notation:
t
(hOw) (t) := /0 h(t—s)||w(x,s)—w(x, t)||iz(0) ds.
Lemma 1. The classical energy associated with (1)—(3) is defined by:

E() + = gh lue 0I5+ 3 (2o + g 18w (012 ) ) 18w (52 o)
+3 1A (1) 220, ff(mw )" fuf dx) + % Jlu (1))

and its derivative is:

d t
SHAE(M)} = /O Bt —s) (Bu(s), By (1) 2 ds. (10)
Proof. Multiplying (1) by u; and by integration over (), we have:

(sl 0 81 1))y + (M () 820 (1)1 (1))
+ (A%uy (t) , ug t)LZ(Q (fo (t — ) A?u(s)ds, uy (t))L2

_ (u \u|772 In |u| Ut (t)>

Q) (11)
12(0)

By using:

we get by direct calculation:
(Il s (8), 10 () 1oy = /Qlutlp%%{uﬂt)}dx
= o [P o ar—g [ & iy )
d{/ |ut|p+2dx} /O|ut\p7 g (F) ue (8) uf (£) dx
2 e 123} = 8 (el s (), (1)) .

then:
1

d
(il e 1) (1)) ) = 5 g e 01513 (12)
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By using integration by parts, we have:

(M (#) A%u (t), ur (1)) 12y
= (ot eulldu ) g ) JoA%u (1) ur (£) d
= éO"‘ngA“()HLZQ Jo Du(t) Auy (t) dx
= (Go+alau®)Eq) b4 {falouc |d?
= 24 {1u ()lIF0y f+ 3 18u (I ) £ {180 (B)1F2() }
= %O;tEHAu( Hiz %ﬂ(gw{nmmny fo'}
(D1 0y) 180 (1) T2 }

= a3

Integrating by parts, we have:

(Azutt<t)rut<t))L2(Q) = (Buy (t), Aup ()12
= b {llan (O}

Also integrating by parts, we get:

o 2
(fo (t — s)A2u(s)ds, u; (f))Lz(Q)
— _fo (t=s) (Au(s), Aut ()12 () ds.
By using:

"2 () g m 2 (u[y,

we get:
r—2 k
(™20l (1) L

= vadt{‘u |7}ln\u|kdx

= g {m@rmiufax—1 fou @) § {nfu} dx
= ;jéfﬂw t)|71n|u|kdx$—sf0|u(t)|7_2u(t)ut (t)dx
= 24 alu@Mnjuldx} = X5 [ & {Ju ()"} dx

= 4 {3 (Jolu @) mfufdx) — & Ju )2}

By replacing (12)—(16) in (11), we get:

szt {1 01533}
a1 (e ol 134 1) 18 010}
%g{mut uLz )}

Ch(t— Aut())LZ(Q)dS

-
— di{%(fn |'un|u| ax) = & lu (1)1},

then (17) is equivalent to:

2
%{plﬁuut()npjﬁ (20 + ity 8w ()15 ) ) 180 (1) 2

5 A ()22 = & (ol (O dx) + 5 u )17}
i —5) (), B 1)y 5,

and by using (9) in (18), we get (10) .

40f 24

(13)

(14)

(15)

(16)

(17)

(18)
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The proof is complete. [

Lemma 2. The modified energy for (1)—(3) is defined by:

e(t) —pﬁnumuzﬁ 3 (20— Joh(s)ds) [1au ()7
wﬂ) ||Au<>r|f“> L1au (1)]1320 (19)
—1 (ol O nfuf dx) + & flu ()17 + 3 (1Obw) (1)

and its derivative satisfies the following:

dr{e (D} (WEAu) (1) = 3h () |81 ()72

(20)

Proof. Now, for the estimation terms, we have:

t

—/0 Bt —s) (Bu(s), Bug (1)) 2y ds
t
= —/ h(t—s) [/ Au (x,s) Auy (x,t)dx} ds,

0 0

and using:
_1d 21 14 2
A (x,5) A (x,) = 5 o {|Au (x,5) — Au (x,1)] } o {|Au (x1)| }

then:

~—

—fo (t—s) (Bu(s), Dug ()12 ds
= fo (t—s) [ (%; |Au (x,5) — Au (x,t)|2}> dxds

—Joh(t=3) Jo (3 {|A” (x, t)|2}> dxds (21)
= %foth(t—s) (% Jo |Au (x,5) — Au (x,t)|2dx}> ds

—3Jon(t=s) (& {lIau (®)]72 0 } ) ds

Using the direct account, we find:
) 4

zfo (t—5s) 5 9 Jo |Au (x,8) — Au (x,t)| dx}ds

s)
{
= 1 Odt{ (t s)(fQ|Au (x,8) — Au (x,t)] dx)}ds
Oh’ t—s)( o |Au (x,5) — Au (x,t)] dx)ds
)

&‘&.r—’;\

~3 J;
= %%{ (t—s) Q|Au(xs) Au (x,t)]? dxds} @
%f W (t—s)( [qlAu(x,s)—Au(xt)| dx)ds
= 14 {mDAw) (1)} - %h’DAu ) (1),
and:
5 fyn(e=s) (4 {Unu ()22 }) s
= -1 foth(t—s)dS) (%{IlAu(f)Hiz(n)}) (23)
= 1 (g n(as) & {l18u ()] o)}
= 3 L (yn(s)ds) 8w () ny | + 3 (1) Au ()]0
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By replacing (22) and (23) in (21) , we get:

_f h(t—s)(Au(s ) Auy (t ))LZ(Q) ds
= H{008u) ()} - § (WD) (1)
%i{(fo s)ds) HAu( )20 } + 3k (1) | Au (1) 120 (24)

dt
= 4 {} (osw)

(1) -
—L(WOAw) (1) +

L (Jon ds) A (8) 22
+ 3 (1) 8w (5)] T2y

By replacing (24) into (18), we get:

4L Nl (D155 + 4 (8o + iy 1w (1) )||Au<t>|\%z<m

+ 18w (1)) %(fmu ()" In fuf*dx) + % Ju (1)1 }

+4 L3 n0su) (1) = 3 (Jyn ds>||Au()||Lz(Q)} (25)
3 (WOBw) (1) + 3 (1) [ Au (1) 20

7

I
=

then (25) is equivalent to:

%{,ﬁnumnziﬁ ( — Jyh(s)ds) 1w ()] 0

o 8 >||Lf;§§) 3 8 (Dl

-1 (fﬂru mnw dx) + 5 |lu (D)1 + & (hOAw) (1) ]
— O8N () - <>||Au<>||%zm>

by using (19) in (26) , we get (20).
Then, the proof is complete. [

(26)

3. General Decay and Polynomial Decay

In the previous work, it was supposed that i’ (£) < 0. Therefore, from (20), we see that ¢’ (t) < 0.
This implies that e (t) < ¢ (0), for all t > 0. In our case, we are not assuming that i’ () < 0. In fact,
we are allowing the function # (t) to oscillate.

To prove our result, we need to introduce the following auxiliary functional:

1

O () = m/ﬂ]ut|put () u (t) dx, 27)

and: f f )
Y () Ly (t—s) |Au () — Au(s)|” dsdx

8w, .

where: -
Ly (t) : =e ™™ [ Ly(s)ds
= et i+°°l(s)e“5ds @9)

and:

0o 3
/ LI %(s)ds < oo, for0 < T <2—r < 1wherel <r < 5 (30)
0
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[ (t) is defined in (8). Further, we consider the functional:

v o= ()+€C() ()+€§()(Mt()Au())L2(o)
40k (fo La (s)ds) [|8u (1) [}y
+25¢ (t {fQ Au (t fo Ly (t—s)Au(s )dsdx}
~2k; & (0) (it fus (s gjzds) 2ky¢ (0 ( Jo 183 ()12 s )
~2k3 (0) ( fo 185 (5) 2y ) = Kag (0) (fy I (5 ||*ds)
—2ks¢ (0) ([ (LLOAw) (s )ds),

(81)

3
where (1 <r< 2) and for some positive constants ¢, 1, k1, ko, k3, k4, and ks to be determined later.

Proposition 1. Let:

H(t) = =V () +268(0) (fy llus(s gjzds)Jrzkzg ) (Jo 8w (3)12(cr) 5)
+2k¢ (0) (fy l1Aus ()17 ds ) +ka (0) ( fo [l ()11 ds)
+2ksE (0) ([ (LEOAw) (s )ds)
—E(f)+€€(f)q>()+€§()(Aut() Au(t)12(0)
+nE (¥ (£) — (fo La (5)ds ) |1 (8) 720
+217¢ ( ){fQAu fo Ly (t—s) Au (s)dsdx},

(32)

then there exist positive constants C1 and Cy such that:

Ci {E () + (hOAw) (1)} < H () < Ca {E () + (hOAw) (£) + ¥ (1)} . (33)

Proof. For the function ® (t) definite in (27), by using Holder inequality <for p= z I 2 and g =p+ 2> ,

o
Young's inequality (fore =¢€1), ||us (t)||zJr2 < [(p+2)e(0)]@ , embedding H' — L2+1), and the
Poincaré inequality, we get:

1
o) < pﬁuutunziﬂwu)upﬁ
1
< (pﬂz e (D183 + ;1w ()72
2
= g I Ol I O+ 2k I (15,2 G4
2)e(0)] 7D +2 | GC 2
sl B e ()3 + B 1w (8) 2oy
where Cy comes from the embedding H! < L2(°*1) and the Cp constant Poincaré inequality.
By multiplying (34) by ¢ (¢) and using 0 < ¢ (t) < ¢ (0), we get:
€6 (1) @ (1)
() [(p+2)e(0)] 7+ pr2 | E(0)CC 2 (35)
< SOOIy 4))012 + LYO u (1) B
By using Young's inequality (for e = ;) and using 0 < ¢ (t) < ¢ (0), we get:
&g (t) (Au Au
() (Aup (), Du(t)) 2 (Q) 36)

< €0 Ay, (1 )||L2 )+ E 282 V| Au (t )H%Z(Q)
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Note that from (8) and (2

then, by multiplying (37) by ¢

9), we get:

fOtLa(s)ds < L1 FI(s)ersds

7

2SS ’

(t) and using 0 < ¢ (t) < ¢ (0), we get:

2 0) [ ato)ds) 12w 0y < T2 )

By using Young's inequality <for €= %3) and (28), we get:

Jo Au () fot Ly (t —s) Au(s)dsdx
s)Au

= foLa(t—s [fQAuuA <>dx}ds

= [y La(t—5) [[q [Bu(s) — Au(t) + Au(t)] Au

= [y La(t— [fQ [Au (s) — Au(t)] Au(t)dx] ds
+ fot Ly (t [fQ |Au ()] dx} ds

IN

483

+€3 fo LIX (t

foLa — [fQ|Au s) — ()|2dx}ds
{fQ]Au |dx} ds

(f0 La(s) ) 8w (1) 120

By multiplying (39) by ¢ (t) and using 0 < ¢ (f) <

By using (19), (35), (36),

H(t)

_%

AF

¥ (5)+ (1+3) (fy Las)ds) (180 (8) 720,

¢ (0) and (37

20 (1) { Joy D (£) Jo Lac (¢ -
28 (¥ (1) + 2SO Ay (1) 7

(38) and (40) in (32) , we get:

L E0ellpr (0] } e (B)]1573

p2 (p+1 p+2
(é‘o—ﬁ) _ %(0)CoCp  €2(0)
2&1 282

'7§(O) 277(1+€3)§(0

= lau ()20

/5+1

¥ (f0|”

(O] Infuf dx) + % Jlu (5] +

+n( ) EB¥().

(t)dx] ds

), we get:

Au(s)dsdx}

IT2(00)

| A (t HLZ’Z;T) +{}- <0 82} ||Aut Dtz q)
3 (hOAw) (t)

8 of 24

(37)

(38)

(39)

(40)

(41)
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Clearly, choosing;:
e = (p+1)
(0 +2)€5 (0) [(0+2) e (0)] ¥
1
2T 2e£(0)
ez:=1
’ (42)
(0+1)3/ (20— )
e < 5 ,
0)V/3C0Cy (0+2) [(p+2) € (0)) 7 +6 (p+1)?
(&1
O
By using (43) in (42), we get:
So—h
H) > o t<>np+2+»( ) 30 (1)
oy 1 1) + 5 1w Ol
1 k 1
- (/Q \u(t)|71n|u\ dx> + P |7 (t)\|§+ 3 (hOAu) ().
Then, 4C; > 0, where:
H(t) > Ci{E(t)+ (hOAu) (t)}. (43)

On the other hand, by replacing (19), (35), (36), (38) and (40) in (32) and taking €1 = &, =
ez =1, we get:

N < { 1, () [(p+2)e(0)7 }” e

p+2 2(p+1)° o
+{@mwﬂ®?%+¥mﬁ e O, }mwn@@
¢ (B+1)
2 18 )

{1+£§( )} (| Auy (t )||L2(Q) —% (/O u(t)|71n|u|kdx>
+;uwwm+2aﬂmaawf?amwa»
Then, 4C, > 0, where:
H(t) < G{E(t) + (hDAu) (£) + ¥ (1)}, (44)

by using (43) and (44) , we get (33).
The proof is complete. [
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Lemma3. Forr > 1and 0 < 0 < 1, we have:

t
| =) (@)l ds

1
Eo
< (-9 ool i) ([ 0
0

forany w € L? (Q).

r=1

r

(=) Jo(s) |20 ds) ,

Proof. It suffices to note that:

t
1 =5) [o(s) 320 s

t 0) 2 (r—1+6) 2(r—

(1—
= h T (=) ()l oy BT (f—S)IIW()IILzQ)dS

and applying Holder’s inequality for

r

o 1.
1 r>

p:;’"q:

The proof of the lemma is completed. [

Lemma4. Letv € L ((0,T); L* (Q)) besuch that vy € L ((0,t); L? (Q))) and h be a continuous function
on [0, T| and suppose that 0 < 6 < 1and p > 1. Then, there exists a constant C > 0 such that:

t
/Q Bt —5) [[0x () = 02 () |22y s

o—1

9 t 16 =146
< c<sup o C9)liEzqey [ - (s)ds)
0<s<T 0
0

< ([ 1 = o (1) = o Ny )

Proof. By using Lemma 3 with r := G

~1+80)

W,weobtain:
Jol(t=5) lox (. £) = vx (5) T2y 5
= (foh1—9<t—s>||vx<.,>—vx< o d) )

< (Jo e (t =) llox () =02 () )

It is easy to see that:

JoH Ot —s) Jox (1) —vx (8 >||L2 Jds

(46)
< Csupgrllox (s ||L2 fo h'= 9

By combining (45) and (46), the proof of the lemma is completed. [
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Lemma 5. Let v € L® ((0,T);L*(Q)) be such that vy € L® ((0,T);L?(Q)) and h be a continuous
function on [0, T| and suppose that p > 1. Then, there exists a constant C > 0 such that:

Jo Tt (t=s)[vx (- £) = vx (,5)|[72(r) s }
< oo DI+ Jo lox (9 2y ds) © 47)
X (fo 1 (=) oz (1) = 02 () 2y 45)

Proof. We use (45) for 6 = 1 to arrive at:

0
x </Ot 1 (£ =) l[ox (. ) = 0x (. 8) [22q) ds> %.

It suffices to note that:

Jo llox (1) = 0 () |2y ds

(48)
< 2t Jox (S D)lIT20 + 2.y ox (8) 17200y 45,

to obtain (47).
This completes the proof. [
Let:

(p+1) (Co *E>

| (60— )
€ (= min
0)V/3CoCy 0 +2) (p+2)¢ (0)] 77 + 6o+ 1)* 4 ([ 1277 (5)s)

—Z¢.
120 + 6L
Now, we are in a position to state and prove our first result.

and:

Iy <

Theorem 1. Assume that the hypotheses (A1)-(A3) hold, the initial data (ug, u1) satisfy E (0) > 0, and I, is
as above.

Then, the classical energy E (t) of (1)—(3) decays to zero exponentially and polynomially. That is, there exist
positive constants Cq, Cp, and Cs such that:

‘/C(O)e_gz(/otg(s)dS), r=1, t>0
1

7 - Yy

E(t) < (49)
-1

t 1
C<1+/§(s)ds>r1, l<r<2, t>0.
0

2
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Proof. Now, a differentiation of V (t) definite in (31) with respect to time gives:

$ vy +kg o (fonus zizds)mc (fOHAu ) ds)
ks (0) ( fy s (5) T2y ds) + ks (0) (fy llu ()17 ds)
52 0) (o (LiOAw) (s >ds)}

= & {e<t>}+edt {@( > (1) +€ (1) (B (1), A (1)) 20 } (50)
+14 {e ) (fo Lo (s)ds ) [|8u () 2
+2¢ (1) fQAu fo Ly (t ()dsdx}

—k1 (0) [Jur ()][615 — ko (0 > 180 (£) |72y = kag (0) [|Bue (1) 720y
—kag (0) [[u (D)7 — ks (0) (L TIAW) (£).

By a differentiation of (27), we have:

%{ [OLL0)
= () (fo e ] e (£) t)dx)erL‘? ) (i L1t e (£) e (£) d)
e (1) (fmt{mtmuu)u
+ 116 (8) (oo It vt ()  (8) dx)
= 8 () (o luel e (8 (£ dx) + FE () e (D515 1)
+%c<t> (ol e (8w (1) e (8) (1) )
+%§(t)( o |l g (£) u (t) dx)
- mé’“”o'ﬂflpuf w () dx) + g (0w (0)]513
G (8) (Joy lue]® wge () u (£) dx) .

By using u as a solution in (1)-(3), we get:

(1) (Joy luelP g (£) u () dx)

~2(1) Jo (G0 + &1 Iau ()75 ) ) A% (1) u () dx
—¢ (1) (Jo & ””(2 (t) dx) (52)
+¢ (1)

)

)
(
(
( fQ”()[/{)h(t—S)Azu(s)ds}dx
18 (1) (Joywlu 2 e (1) )

Integrating by parts, we get:

~E (1) Joy (Go+Euldu (DI ) ) A2 () u (1) dx
= —Z(t) o+¢1uAu<>||i’§ Joo A% () u (t) dx
&

(53)
= t) (8o + G [l Au ( )HLz 18w (1)][Z2(q)
= —&E () 8u (B)[F20y —f:lc<t> lau (O3
Also integrating by parts, we get:
-2t (Jq Nugy () u (t)dx
= —C(t) (Jq Aup (t) Au (t) dx)
= % {(A”t (t), B (£)) 200 | + & (8) 182 (£) 12y (54)
) Bu(8)) 2y p 48 (1) (Bu (£), D () 12
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By using integration by parts, we get:
' A%u(s)ds|d
= C(t){fQAu fo (t— sAu()dsdx}.

By direct calculation, we get:

& (b) (/Qu|u|7_21n|uku(t)dx) () (/Q|u(t)|71n|u|’<dx>.

(56)

By replacing (53)-(56) in (52) , we get:

(8) (Jo luae ] uge (£) u (t) dox)
= =20 () 1 (1) [ F2(qy — 1€ (1) [l (1) 7573,
i {2 (Au (1), A <t>>m>} 2 -
67 (1) (Buy (8), Au (1)) 12(0r) + & (1) [[Dur ()] T2
+§(t éfQAu fo (t—s) Au (s)dsdx}
) (S [ () dx)

By replacing (57) in (51), we get:
Flem @)}
= ¢ () (fnlutlpum (t) dx) + 118 () lue (D573

208 (1) |8 (1)|IF2(0) — 1€ (1) 180 (1) [ 285
_d (58)
d {g (1) (Auy (t),Au (t))Lz(Q)}

+¢'< ) (B (1), Bt (1)) 2y + & (1) [[ B (1) |2

(1) {fQAu fo (t—s)Au(s )dsdx}—i—{,‘ (f0|u (t)]" In |ul* dx),

p+2

dat
= 58 () (o Il ue (8 () dx) + 18 (1) e (D155

—20Z (1) | 8u (1) [F2(0y — E18 <t> A (¢ >|\L£g;> (59)

+€'()(Aut() A (£)) 120y + & (1) [|Aug (1)[[72(
{fQAu fo (t—s)Au(s )dsdx}+§(t) (f0|u\71n|u|kdx>

and: J i
SAEMY M= YO +E(0) 3 (¥ (1) (60)
On the other hand, we have:
FYOY = Jofo fi{La(t=9)} u(t) At >| dsdx 6D
+ Jq fo Ly (t—s) 4 { |Au ( }dsdx
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By using:

4 oy = et [T e
=y = g {e [T g ey

— e (t=s) /+°° ; (]/) e"‘ydy _ pult=s)y (t—s) ot (t=s)
(t=s)
= —aly(t—s)—1(t—s),

we get:
Jo 0 dt{Lw (t=s)}[Au(t) - (S>|2d5dx
o Jo {—aLa (t s)—l(t s)}|Au(t)—Au(s)|2dsdx
—a fo Jo L (£ = 5) |8 (8) = Au(s)|* dsdx (62)

_fnfo (t—s)[Au(t) — ()\stdx
—a¥ () — (I0Au) (t).

By direct calculation, we get:

Ja fot Ly (t—s) 4 {|Au (t) — Au(s)|2} dsdx
= 24 fO Ly (t —s) Aug (¢ ) (Au (t) — Au(s)) dsdx
= 2<f0tL,,¢ ds) Jo Au () Aug (t) dx

—2{f0 Auy (¢ fo Ly (t— s)Au(s)dsdx}.

(63)

Replacing (62) and (63) in (61), we get:

LOF (1)} = —a¥ (£) — (I0Aw) () +2 (f $)ds ) foo Mu (1) D () dx
-2 {fQ Auy (1) fot Ly (t—s) Au(s )dsdx}.

By replacing (64) in (60), we get:

G S ()Y (1)}
= C'(t)‘Y(f)—D‘C() (t) = 5()(ZDAu)(t)
+2 (fot Lo(s ) t) Jo Au(t) .Aug (t) dx

=27 (¢ {fo Auy (t fo Ly (t— s) Au(s )dsdx}.

(64)

(65)

By using direct calculation, we get:

2(f0tL,x ) (£) fo Dt () .Aug (£) dx
= (foLa @s) ¢ (1) & {||Au<t>||Lz
— {(fOLa $)ds) & () [ au (1) 72,
~ 4 (Jo Lals)ds) & (1)}l >||L2(Q)
}(f0 La(s)ds) & () | Au ()2
(1) + (Jo La(s)ds) & (¢ }I\Au(t)Ilizm)

(66)

|
| &\&
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By using direct calculation and % {La (1)} = —aLy (f) — 1 (t), we get:

= {d'®

Taking into account (20), (5

iV

Jrkg,(;r
+k5§

= 3 (WOAu

e
+m

+el (¢

+n{a<>-—a¢<>}w<>
1 {La 4+(kz¢ %)C%) 2L ()& (1) } | Au ()12

+27 (&'

—2n¢

—k1Z (0
—k4& (0

+2
-2

=28 (t) § Jq Aus (¢ fot Ly (t—s)Au(s)dsdx}

- _zg

+2§’
—2a¢

) Vo i {8u (D)} fo Lu (¢

) Au(s)dsdx}
j

{( (fQA” fotLa(t—S)Au(s)dsdx)

(£)

t
(0 {

o Au(t) fot Ly (t—5s) Au(s)dsdx}
o Au( fot Ly (t—s) Au(s)dsdx}

—2¢ (t {fQA” fo (t = s) Aus )dex}
+2La (0) & (1) [|Au (1) [ 72(0) -

Using (66) and (67) in (65) , we see that:

RtOR S

Lo (58
JORE
& (8) { fa B

() +kig (0
0)( | Aus (
0)

)

(t
(5) —ag (t
(1)

)|
)|

+2
ue (1)542

|
u ()] -

(fo La(s

+2¢ (1) (fQ Au (
—“5( )Y (

c){

Jadul

)ds ) & (1) [ (D)2
fo Ly (t—s) Au(s )dsdx)}
b =& () (108u) (¢)

(1) + (Ji Lals tk)§'<> 2Ly (0) € (1)} 1Au (D)[F2(qy

u fo (t—s) Au( )dsdx}.

(hnus

|L2 ds + k4§

s)l

o+2
p+2

1
b
(Jy (LEOAw) (s )ds)
() = 3 (1) [ Au (D172 +p+1 ()
& () [ue (£)]

9), and (68) in (50), we obtain:

2
675 ds) +ka¢ (0

(fo [ (s

— &80 (1) [|8u (D)1 T2
+ed’ (1) (Duy (), Du(£)) 2 (qy) + €8 (£) [| Due (¢ )H%Q(Q
{fQAu fo (t—s Au()dsdx}+e§

n¢ () (10Au) (¢)

fo Ly (t—s) Au(s)dsdx}

(knAu )2 ds)
]A’ds)

(#) (Jy L] up () u (t) dx)
) —ead (1) au (D7)

(f0|u ()] In |u[* dx )

{fQAM ) Jo La (t— S)Au(s)dsdx}

Next, we use the estimate (69).

By multiplying (34) by &¢’ (t) and

<

¢ (1)
40

p+l & (1) (Jo luel® e (1)

eLéy[(p+2)e(0)]

10+2)

2(p+1)

G (£) flu

)¢

)

{f Au ( fo (t—s)Au(s )dsdx}
—kag (0) [|Au (1)[|72(q
ksg (0) (LeDIAu) ().

—ks3

‘ < L, we get:

u (t) dx)

e +2+

eLCoCp
25,

&(0) [|Aus (B)I72(

& () 18 (1) 720y

15 of 24

(67)

(68)

(69)

(70)
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¢’ (t)
¢(t)

&g’ (t) (Bue (), Bu(t))12(q)
< SR2E () || dur 1)1z + 55 (1) 1A (B)[|F2(0)

By using Young's inequality (for ¢ = §,) and

‘ < L, we get:
(71)

ot B
By using Young's inequality (for ¢ = #7) and < / h(s) ds) < h, we get:
0

/Au </ (t—s)Au(s )ds)dx

1 &) | Au (1) 72

t 2
+z;(t)/0</0 h(t—s)(|Au(s)—Au(t)+|Au(t)|)ds> dx
}am 18w (£)[172 () + (1+ 70)B2E(E) | Au (8) 172

+ (1 + 7711> &) (/Ot hZ*(s)ds) (W DIAW) (£)

_ (i Ly m)i?) E() du (1) 1220

4 (1 + 7711) 0 ( / t hz"(s)ds) (WOAW) (8).

1

771) (é‘o1 h)’

e€(t) [o Du(t) (fo (t—s) Au(s )ds) dx

e (§+7) ) 1w (Ol (72)
2— r r

+(§O )g(t (fh ) ("OAw) ().

IN

IN

—h I
Choosing 771 := (601_1 ), hence (1+#1)h? = hand (1 + , we get:

IN

, -
By using Young's inequality (for e = 1) and ( / La(s)ds) < %, we get:
0

Jo Au(t) (fo Ly (t —s) Au(s )ds) dx
i 18u ®)ll2q i
+Jo (Jo La tfs)(|Au(s)fAu(t)\+|Au(t)|)ds) dx

2
L aw ()2 +2(l) 1 (8) 2 0 73)
42 ( Jirzr( )ds) (L1 OAw) (1)

=\ 2
= <}1 +2 (ij) > |Au (t)“%Z(Q) +2 (fot ijr(s)ds) (LrOAu) (t),

IN

IN
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g'(t)
g(t)
217 (&' (t) — ag (1)) [q Au(t) (fo Ly (t —s) Au(s )ds) dx
2
< p(L+w) <2+4(;) ) &) 18w (120

4 (L+ ) (Jo 1377 (s)ds ) &() (LE0Aw) (1),

Multiplying (73) by 257 (&' (t) — a¢ (t)) and using

‘ < L, we get:

Similarly, By using Young’s inequality (for e = d3) , we get:

—25¢ (t) {fﬂ Au ( fo (t—s)Au(s )dsdx}
< ZEE () (108u) (1) +27 (14 8) IE (1) [|Au (1) | T2

Making use of (70)—(72), (74) and (75) into (69), we get:

4{vi+he© (fouus 5i§ds)+kzc (fOHAu )2 )

k3 (0) ( fo lldus (5) 2y ds) + ke (0) (Jo llu (<) ds)
s (0) ( [y (Li0Aw) (s >ds)

I
eLo e(0)] (P2
B {kl _ €Ly [(p+2)e(0)] P+ (pil) G (t) [Jue (t )Hp+2

IA

2(p+1)”
S I

— 7 (L+w) <2+4(l“> —217(1+53)} & (1) [18u () 1720

—e1& (1) |8 (D50 = {ks = 52 —e} & (4) lAus (1) 20y

g (t (fQ|u|71n\u| dx) —kag (1) [lu ()]

—{; A )(thZf )}m(hmu)()
k5—4;7(L+zx)(f0L2f )}g (L DAu)

—{n(1-25) -1} oau) ().

Finally, we choose:

5 oo OLGC
o)
_aL
& 2 (go - E) ,
63:=1

17 of 24

(74)

(75)

(76)

(77)
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k1 :=
ok (p+1)

7N 2
- 1 Ly -
kyi= 7+ (L+a) (2+4<a) ) +- 4,

ks :=¢e(Lép+2),

ks :=8(L+a) (/Ot Lﬁ—r(s)ds)

and:
: (m (0+2)¢ (0)] 7 +2) ,

(78)

n:=1,
(G —h)

()

. (Co - )
Then, if [, < Tox 1oL & WeTequire from (76) that:

SV + ke © (Jius s ggds)ms (f0 8 (5) P20 )
ks (0) ( fy 18 (5) [Ty 5) + ks (0) (o llu (5)17 ds)
+k5g(o (fot (LLOAw) (s )ds)

B0 lur (0212 - Lo )(t)llAu(t)Hiz(Q)
etz () [ou DTS —5E @) du: ()Fxq)
+4 (1) (f0|u|71n\u| dx) ke (1) Il (8)]7
— 32 (1) (hDw) (1) — 58 (1) (Li0Aw) (8).

(79)

IN

By using (9) in (79) , we get:

{<t>+1¢ (IOIIus )l 2ds)

az ) Jy 180 (5) 2200 5

ks (0) (fo | Aus (s ||L20)ds + k4 (0) (fo 1 ()11 s) (80)
+ksE (0) (f (L' OAu) )ds)

~Gs& () {E (1) + (WOAW) (1) + (LLOBw) (1)}, C5 > 0.

IN

Casel. r=1.
From (80) , this is written in the form:

Ve +1ag ) (fy lus (s 5I§ds)+kzc (f0 80.(5) 72 )
+hsg (0) (Jfy uAus ||Lz<0 ds) + kg (0) (fy llu (s)]17ds) -
+ksé (0) (f (L OAu)
~Gsg () {E (1) + <hDAu>< ) (LaDlAw) ()}

IN
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By virtue of Proposition 1 (the right-hand side inequality) in (81), we find for all t > 0:

4{v e +ke©) (fllus s zizds)mg (fo 8 () 72y )

+
+k3¢<o>( ||Aus ||Lz yds) + ke (0) (fy llu (5)117 ds )
+k5(;(0)< (L' DAu) d)
rt2 2 (82)
< 20 () V() + kg (0 (fo [lus (s d5>+k2§ (fo [[Au ( )||L2(Q)ds)
-i-kg,(:,Z 0)

0 ||A”s ||L2 ) ds +k4C (fo l|u (s |7ds>
ks (0) ( Jo (LiDAw) (s )d

By a simple integration in (82) over (0, ¢), we find:

0 O) ([ e ()15 335 +1ag (0) [ 10 6) o )
g O) (s 9y ) + ki€ O) ([ ()17 )

st O) () (1408 (5) )

< v (O)E_Ez</()tg(s) d5>, £>0.

Notice that by our assumption E (0) > 0 in the theorem, we have V (0) > 0. Again,
by Proposition 1 (the left-hand side inequality), we conclude the assertion of our theorem:

VéO)e‘gz(/otg(S)ds) t>0.
1

Case2. 1 <r<%. Therefore, Lemma 4 (for 6 := T and p := r) and (A2) yield:

E(t) <

r—1 T

< /h“ d5> T (oA ) r—1+1

IN

(hOAw) (t)

< (OO ()T,

Similarly, using Lemma 4 (for § := 7 and p :=r) and (30) yields:

T
(LabAu) () < yp((LeDAu) (1) r =147,

for some 1 and 7, positive constants. Therefore, for any ; > 1, we arrive at:

}
22 + 1 (0]753)
(1) )

+2
220 + lu (D11753)
™

s (L0AW) (1) — 1T + 45 (WOAW) (1) 147 .

{E(t) + (hOAu

721 71(0) (s
+74 ((hOAu) (¢
751 71(0) (Jlu

() + (LaDAu) (¢

B)l[F2(cy) + [l B (¢

) +'74((LNDA”

B)l[72(cy) + [l (¢
™

IN
—_— — —~
= —_ ~— ~—

IN
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™
r—147

1
By choosing T = 5 andr; =2r—1 (hence

{E (t) + (hOAu) (t) + (LaOAu) (¢)
< Y {E(t) + (W"OAu)(t)) + (LLDAu) (1)}

By combining (84) and (33) into (80) , we obtain:

4LV +hg (fonus ziids)wczc ) (Jo 181 (3) [F2(cr) )
+k3¢o(0\|Aus )2y ds) + ke (0) (Jy llu (5)117 ds)

+ ks (0) ( Jy (LxOAw) (5 >ds)}
G

< = SE(){E () + (H080) () + (LDaw) ()}
C
< Cc (Ve (1 134

+s¢ (0) ( fo 1182 (5) 1720y ds)+k3f; ) (Jo 181 () 12y )

+ ka€ (0) (fo llu (s ||7ds)+k5§ (fo UDAu)()ds>} .

A simple integration of (85) over (0, t) leads to:

V(1) + kg (0) (fo llus (s 5i§ds)+kzc ) (s N80 (5) 72y )
+ksg (0 EfOHAus 172000 85) +Kag (0) (fy [l )17 s)

ks (0) ( Ji (LEOAw) (s )ds)
1

e <1+/0t§(s)ds>_rl_1, Wt > 0.

Therefore,
/0 { () + k1€ (0 (/ l|lus (s) ||Zi§ds>+k2§ (/ |Au (s HLz ds)
+hsE (0 </ 1Aus (5)]22 )ds>+k4§ </ it (s |“Yds)

S+ ksE (0) < /0 (L'OAw) (s) ds) } dt
< c;ﬂ/ooo ! et

(1 + /Ott;’(s)ds)rl_l

t
! 1> 0 and <1+/ C(s)ds) — 400 ast — 400, we get:
0

r —
/O { (£) + k1 (0 (/ us (s ||§Lds)+kzé‘ (/ 18w (5) 720 dS)
+k3¢ (0 </ || Aus (s HLz >+k4§ </ lu (s |7ds)

+ksE (0) ( /0 (L2OAw) (s) ds) } dt

< o0

Since

20 of 24

= 1) , estimate (83) gives, for some ¢ > 0,

(84)

(85)

(86)
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In addition, by using (7) in (86), we have:

t{ (t) + k1€ (0 (fo [lus (s gizds)+k2§ (fo | Au (s )HLz ds)
+hsg (0 (f0 s (3)1F2 0y 85) -+ ka (0) (fy Il (5)]7 )
+ksE (0) ( SO (s )ds)

Cit (87)
1

<l+ /Ot 5(5)015) n-1

S Cr.

IN

Therefore, we obtain:

stligt{ (t) + k1€ (0 (/ [lus ZizdS)Jrsz (/ [ Au (s HLZ(Q ds)
o O) (180 9) o ds) + ks ) [ (0)175)
st 0) ([ (1208w ()05 |

< oo

We use (87) and (89) to get:

/O { (£) + k1&g (0 (/ s ( gjzds)Jrkzéj (/ A (5) 172 dS>
+ks¢ (0 < 18w ()70 )+k4§ (/ s (s I”ds>

+ks¢ (0) < (L,OAu) (s >}

+s£109t{ B +kig (0 (/ lus (s |512ds>+kz§ (/ 4w (s ||L20>d5>
+s¢ (0) (/ |80 (5) 22 )+k4§ (/ lu (s I”ds>

st 0) ([ @iosw ()a5) |

< o0,
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Then, by using (90) and Lemma 5 (for p := r), we have:

(hDAu) (t)
r—1

i (¢ sl + [ s 9y ) "
X (/t W (t—s) ||Au(x,t) — Au(x, s)||%{ds>

IN

IN

t

o 0) (s 4) iy ) + ke O) ()17 )
t

ks (0) (/0 LIOAw) ( )}

+[Hvi+reo (/ e G35 ) +1g 0) [ 1809 B0 )

r—1
dt] " ((fOAw) ( ))r

ot O) ([ 180 5) o ds ) + ks 0) ([ st)
|

t
+ksE (0 ( (L7OAu) ( )
0

which implies that:
(h"OAu) (t) > C; ((hOAu) (1))",

Similarly, we get:
(LeOAwu) (1) = C5 (LaDAu) (1)",

for some constant C; > 0 and C5 > 0.
Consequently, a combination of (91) and (92) in (80) yields:

F{V 0108 0) ([ e ()5 545) + 1t ©) (1 100 9l )

ks (0) ( fo 185 (5) 1720 ds) +ka& (0) (fy Il ()17 ds )
€ (0) (Jo (L50Aw) (s >ds)
< —Cel(t) {E (1) + ((hDAM) (1)) + ((LaDlAW) ()"},

for some constant Cg > 0.
On the other hand, we can obtain:

{E(8) + (HOAwW) (1) + (LaDAw) (1))
< G {E() + ((hDdu) (1) + ((LaDdu) (1)},

{ { (t) + ki (0 </ llus (s) |Zizds> +ka¢ (0 (/ |Au (s ||L2(Q ds)

22 of 24

(88)

(89)

(90)

©1)
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for all t > 0 and some constant C; > 0. Combining the last two inequalities and (33) , we obtain:

${v )+ kg (follus 5izds)+kz¢ (IOIIAu ) F2(cy) 45)
kst (0) (fy l18us (5)F2(cry ds) + ke (0) (fo 1 ()17 ds )

(o
+ks¢ (0) ( Jo (Li0Aw) (s) ds)
< —CeZ(H) E (1) + (HOAw) () + (LOAw) (1)} ©2)
< G0 {v O +Rg @ (Ji s ziids)mc ) (o N 9) 220 )
kst (0) (fy l1aus ()12 ds)+k4c Sy Il (s)117 ds)
(%o

s (0) ( [y (LDAw) (s >ds) ¥

for some constant C; > 0. A simple integration of (92) over (0, ) gives:

118 O) ([ e ()13 ) +1a8 (0) [ 10 5) o 25
haf 0) (s (5) iy ) + ks 0) ()17 )

kst (0) ( [ o) ds)
1

< Cg(l—l—/;éf(s)ds) m, Vvt > 0.

Again by Proposition 1 (the left-hand side of the inequality), we conclude with the assertion of
our theorem: )

E(t)gC(lJr/Otff(s)ds) =1 yso.

Therefore, (49) is obtained. This completes the proof. [J

4. Conclusions

Our outcomes are natural extensions from the recent preceding ones in ( [7,8,24]), where the
authors dealt with a viscoelastic equation and the system in more general decaying kernels and gave
some common decay results, from which the usual exponential and polynomial rates are not only
general cases. Our decay rate obtained in the third section is less general then that obtained in [7,8]
with respect to the right-hand side defined as the logarithmic nonlinearity, which is familiar in physics,
since it appears clearly natural in inflation cosmology and supersymmetric filed theories, quantum
mechanics, and nuclear physics (see [5,14]). This sort of problem has many applications in several
branches of physics such as nuclear physics, optics, and geophysics (see [3,15]). In future work,
we will try to extend this study for the evolutionary case of the presented problem, but by using the
semigroup theory.
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